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EIGENFUNCTION EXPANSIONS FOR NON-SYMMETRIC PARTIAL 
DIFFERENTIAL OPERATORS, II.* 


By Fezrx E. Browver.? 


. Introduction. In a preceding paper [7], we have established an eigen- 
function expansion theorem of the Weyl-Plancherel type for any pair of 
partial differential operators L and B having a realization A which is a 
subnormal operator in the Hilbert space Hp defined by the positive operator. 
B. It is the purpose of the present paper to extend this result to a much 
more general class of pairs (L, B) by interpreting the notion of eiger function 
expansion in a more general sense. The class of realization operators for 
which our results are valid include a significantly large subclass of the 
unbounded spectral operators in the sense of Dunford ([1], [9]). In addition, 
the proofs of the expansion theorems of the present paper, which are of a 
different type than those of [7], enable us to overcome the technical difficulties 
which arose in [7] as to the nature of the eigenfunctions obtained when the 

order of B is different from zero. 
l Let us state the results to be obtained in a more precise way. Let L 
and B be two partial differential operators defined on an open set G of the 
n-dimensional Euclidean space Æ”, I” the adjoint differential operator of L, 
Co” (G) the family of infinitely differentiable functions with compact support 
in G, and (u,v) the inner product in L(G). 

We suppose that B is positive, i.e. that (Bu,u) > 0 for each u in C,°(G), 
and that the Hilbert space Hy with inner product [ , | obtained by com- 
pleting C.” (G) with respect to the norm | y lp = (Bu,u)4, has a continuous 
imbedding in the space of distributions on G. The minimal realization of 
the pair (Z,B) in Hz is the operator A, in Hg with domain 0.” (G) defined 
uniquely by the condition [A ou, v] == (Lu, v), u,v E€ 0 (G). 

If, by a similar definition, the operator A’, in Hp is the minimal realiza- 
tion of the pair (L’,B) in Hpg, we define the maximal realization of (L, B) 


* Received April 1, 1958. 

*This paper was written while the writer held a National Science Foundation 
Senior Post-Doctoral Fellowship. 

* A summary of recent literature on the general theory of eigenfunction expansions 
for partial differential operators (including [2], [3], [4], [5], [10], [11], [12], [13], 
[14], and [18]) is given in the Introduction to [7]. 
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to be A, = (A’))*. More generally, an operator A in Hg will be said to be a 
realization of the pair (L, B) if A,C AC A,. 

‘A distribution u on G is said to be an eigenfunction of order one of the 
pair (L,B) with eigenvalue £ (£ a complex number) if (L—£Bju—0. For 
k > 1, by recursion, we define u to be an eigenfunction of order k of the pair 
(Z,B) with eigenvalue ¢ if (L—{B)u==Bv, where v is an eigenfunction 
of order (k-—1) of (L,B) with eigenvalue ¢ (In an intuitive sense, eigen- 
functions of order & correspond to generalized solutions of the equation 
(A, — £7) *u = 0.) g | 

Let C* be the set of complex numbers, 0 the o-algebra of Borel subsets 
of C*. In terms of the generalized definition of eigenfunction, the notion of 
eigenfunction expansion can be described precisely as follows: 


Definition 1. An eigenfunction expansion for (L, B) consists of a finite 
measure m on © and two double sequences {e} and {Fs} of functions from 
C* to the space of distributions on G such that: 


(a) For all 7, k, and 6, e.(¢) is an eigenfunction of order k of the 
pair (L,B) with eigenvalue ¢. 


(b) For each u in Ce” (G), the function cy(£) = (Bu, fj (¢)) lies in 
L?(m), and the mapping U;, defined by Vu) = cm can be extended by 
continuity to a bounded linear mapping of Hg into L?(m). 

(c) For each € in Z?(m), the integral f ex, (£)c(£)dm(£) converges 

Ci A 


in the distribution topology to an element h;x of H z, and the mapping Vy 
of Z?(m) into Hg defined by Vgc = hjp is a bounded linear mapping. 


(d) For each u in Hp, U == VU ju. 


We remark, writing property (d) out formally, that 


+ 
w(t) — Dix [en (0) cn (0) dm (0), 


C1 
justifying the terminology of ‘eigenfunction expansion.’ 


Definition 2. The eigenfunction expansion of Definition 1 is said to be 
regular if, for each ¢ in C*, fm(¢) is an eigenfunction of the pair (L’,B) with 
eigenvalue č. 


Definition 3. The eigenfunction expansion of Definition 1 is said to be 
normal if es (€) == fx(é) for all j, k, and 2, while Vy = Up. 


We shall prove in Section 4 that an eigenfunction expansion in the sense ~ 


~ 


-~ 
LA 


VE @ 
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of Definition 1 exists for each pair (L,B) having a realization A which 
belongs to the class of decomposable operators defined below, a regular 
expansion if A is decomposable of finite order, and a normal expansion if A 
has a normal decomposition. 

The operator A is decomposable if it possesses a decomposition, which, 
roughly speaking, is a certain infinite-dimensional analogue of the triangular 
form for finite matrices. More precisely, a decomposition for A consists of 
the following: a finite measure m on ©, a bounded linear mapping U of H B 
into L = Jj @(L*(m))j, a bounded linear mapping V of L into Hpg, and 
two bounded linear transformations F and G of L of the form 


F ( {ars} ) je = Dar Dir f jkrsðrss 
Lars} ix = 2 ur Grajx@ra, 
such that: 
(a) VU—T. 
(b) U(Au)—M,Uu+FUu, ue C0.” (G) (M, is the multiplication 
operator by ¢ in each component of L). 
(c)’ For {ax} in L?(m) with uniformly bounded support, {ax} € L, 
V{ax} lies in D(A), and 
AV({are}) = VMi({ars}) + VŒ({Grs}). 


The decomposition is of order less than ko if Un = Vy—0 for k= ko, 
and normal if V = U*. 

Every operator of the form A — S + N, where S is an unbounded scalar 
operator in the sense of Dunford and N is nilpotent and commutes with the 
spectral measure of 8, is decomposable of finite order. If A—S-+-N, with 
S a scalar operator, N commuting with the spectral measure of S, and Niu 


0 for u in a dense subset of Hz, then A is decomposable. 


A is said to be weakly normally decomposable if only (a) and (b) hold 
while Vis =U". Every restriction of a normally decomposable operator is 
weakly normally decomposable, so that, in particular, subnormal operators fall 
in this class. For weakly normally decomposable operators of finite order, 
we also obtain an eigenfunction expansion theorem. 

For subnormal operators, our present results are a sharpening of those 
of [7] since all the eigenfunctions obtained are distributions rather than 


3 This analogue of the triangular form has very little in common with the generalized 
triangular form constructed by Lifschitz [15] for operators whose imaginary part has 
a finite trace. ; 
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linear functionals of a more general type. The improvement is brought about 
by replacing the Banach space differentiation theorem of Birkhoff-Gelfand 
used in [7] by a result established below on the representation of general 
linear transformations from an L? space into the space of distributions of G. 
For hypoelliptic pairs (L, B), i.e. those for. which the distribution solutions 
of (L-—¿B)u==0 are differentiable functions for every č, we obtain as a 
result an eigenfunction expansion theorem with smooth eigenfunctions. 

Section 1 is devoted to the theory of decomposable and weakly decom- 
posable operators in a separable Hilbert space. Section 2 discusses the func- 
tional properties of the space Hy. Section 3 gives thé proof of the repre- 
sentation theorem for continuous linear mappings of Z?(m) into D’(G). 
Section 4 contains the proof of the expansion theorems for decomposable and 
weakly decomposable operators. Section 5 gives the application of the expan- 
sion theorem to hypoelliptic pairs. 


1. Let H be a separable Hilbert space with inner product [u,v], So a 
dense subset of H. Let T be a linear operator in H with domain D(T) dense 
in H and range R(T). We suppose that T*, the adjoint of T, is densely 
defined in H and that Se C D(T)N D(T*). 


Definition 1.1. Let m be a finite measure on Q, {firre} and {9sxrs} two 
quadruple sequences of m-essentially bounded functions on CT. Suppose 
further we are given {Uj} a double sequence of bounded linear mappings of 
H into L*?(m), {Vix} a double sequence of bounded linear mappings of L?(m) 
into H. Let L= XJ; ® (L'(m))y. If {os} is an element of L, we define 
the mappings F and G of L into itself by 


F ( {Ges} ) je == Derk Que f pers %rs, 
G ( {rs} J jk == Dek D Treik Ars 


In addition, the mappings U of H into L, V of L into H are defined formally 
by i | 
(Uu) = Uj, V({asx}) = Dir Vin (ax). 


The family (m, {furs}, {givre}, {Us}, {Vn}) is said to be a permissible 
system if the mappings F, G, U, and V defined above are all bounded linear 
mappings. ° 


Definition 1.2. The permissible system (m, {finra}, {girs}, {Uj}, {Vx}) 
is said to define a decomposition for the operator T in H with respect to the p. 
subset S, of H if: i ` 


EIGENFUNCTION EXPANSIONS. ‘D 
(a) | For every u in H, lu = Sie V pU jkt. 
(b) Forum & and ¢ in the complement of an m-null set, 
OU j,( Tu) (£) == CU (4) (£) + Esr Dir fiers (6) Urs (u) (E). 
(c) For « in 8, « in I (m) with bounded support in C1, 
[Vin(a), Tu] = [Va(a), u] + Sov SL Vea (gara), u]. 


We note that the sum in the last term in the right-hand side of (b) is 
precisely (FUu);, as defined in Definition (1.1) and is, therefore, a well- 
defined element of L? (m). Similarly, the sum which is the last term in the 
right-hand side of (c) is equal to [h,w], where h = VGB,,(a), By being the 
injection mapping of L?(m) into the (7, &)-th component of L. 

The following property, which we shall have.occasion to use in the dis- 
cussion of this Section, implies property (c) of Definition (1.2) for any 
subset S, of D(T*): 


(c’) For a in L?(m) with bounded support in C1, Vy,(a) lies in 
D(T) and 
PV aha) = Vin (la) + Deck Dr Vrs Yinrs@)- 


Definition 1.3. The decomposition of Definition 1.2 is said to be normal 
if Vi, Ur. 
-~ I£ a decomposition is normal, the mapping U of H into L as given in 
Definition (1.1) is an isometric mapping. 


THEOREM 1.1. Let T be an operator in H such that T=—RT,R", 
where T, has a decomposition with respect to So satisfying (c’) and R is a 
bicontinuous linear mapping of H onto H. Then T has a decomposition with 
respect to R(S:) satisfying (c’). | | 


Proof. Let (m, {fus}, {Girres} {Um} {Vxx}) be the permissible system 
defining the decomposition for T, with respect to S of the hypothesis. We 
define Up = Utat, Vy—RViy. It follows easily that (m, {fins}, {Gsnre}» 
{Ur}, {Vy}) is a permissible system. We shall verify by direct computation 
that properties (a) and (b) of Definition (1.2) are satisfied for this system 
with respect to T and R(S,), as well as property (c’) above. 


P For (a) : D VU jpu = (Sin VU tx) (Ru) = RR = uW, for all u 
K in H. 
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For (b): If uE R(S;), then Ru € So, and we have 


U jg (Lu) (€) = Ua (RTBU) (6) = Ux (TR Tu) (£) 
= EU y (R-tu) (£) —- Dek Dr finra (©) OU rs (Ru) (£) 
= EU x (u) (£) + Derk > fikrs (£) Us (u) (£) . 


For (c): T(Viy(a)) = AT, RRV: (a) == RT Vha) 
= EBV* jx (Ea) + Dae D EV, (9 inrs®) == Vin (Ea) + Deck >r V re ( Gjersa) , 


Definition 1.4. The permissible system (m, {fire}, {Ux} {Vx}) is said 
to define a weak normal decomposition for T with respect to Sy if (a) and (b) 
of Definition (1. 2) hold while Vin = ju". 


THeorEM 1.2. Let T be an operator in the Hilbert space H, which is 
a closed subspace of the Hilbert space H,. Suppose that TCT,, where T, 
is a normally decomposable-operator in H, with respect to Kı, So C Si. Then 
T is weakly normally decomposable in H with respect to So. | 


Proof. Let (m, {firs}, {Qjnre}, {UT}, {Vix}) be a permissible system 
defining a normal decomposition for T, in H, with respect to S, Let Uy, 
be the restriction of Ut to H, and Fi = PV, where P is the projection 
mapping of H, on H. We shall verify that (m, {fixes}, {Ui}, (Vin}), which 
is obviously a permissible system, defines a weak normal decomposition for 
T in H with respect to So. . 

For (a): Sy. VU ne P (San Vn pu) = Pu =u, foru in H. 

For (b): This follows directly from the fact that TC T, and that 
U ju = Utu for u in H. 


r 





To prove Vip = Up": We remark by hypothesis, Vi = (U+;,)*. ae 


U x is the restriction of U+;, to H, its adjoint is the projection of the adjoint 
of Ut into H. 

Following the terminology of the theory of spectral operators ([9], [1]), 
we shall denote by a spectral measure on H, a function # from Q to the 
bounded operators on H such that: 


(i) E(d) =0 (¢ the null set), E (C) = J. 
(ii) For all cı, c2 in Q, 
E (c, N 02) = E (01) E (02), 
E (0, U 02) = E (01) + E (02) — E (01) E (02). 
(iii) There exists a constant M with | Æ (e) SM for all o in Q. 
(iv) For each z and y in H, [E (e)z, y] is countably additive on Q. 


Bi 
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The scalar operator S associated with the spectral measure Ẹ is defined by 
[Su, v] i fE d[ Ewu, v] 


for all u in H for which the integral converges for all v in H. 

By a theorem due to Mackey [17] and Lorch [16] (a complete exposition 
of the proof is given in [20]), for each spectral measure # in H, there exists 
a bicontinuous linear operator À mapping H onto itself such that R1E(0)R 
is an orthogonal projection for every o in Q. It follows directly that 9 is 
closed and densely defined, that RSR is a normal operator in H, and that 
in (iv) above, we may replace weak countable additivity by strong. 

The class of scalar operators in a Hilbert space might thus be defined 
as the smallest class of (possibly) unbounded operators containing the normal 
operators which, with each S, contains all operators of the form RSR, for 
all bicontinuous linear mappings #& of H onto H. 

Let N be a bounded operator in H. WN is said to commute with the 
spectral measure E if E(o)N = NE(o) for every o in Q. WN is said to be 
semi-nilpotent if there is a dense subset D, of H such that for u in D,, there 
exists an integer j(u) with Niu =0. By a simple category argument, it 
follows that if D, == H, then N is actually nilpotent. 

The closed operator T is said to be a spectral operator with respect to 
the spectral measure Æ provided that: (1) Æ(o)u€ D(T) for each u in H 
and every bounded Borel set o; (2) For each o in Q, H(c)D(T) CD(T), 
while #(o)Tu=TH(c)u for u in D(T); (8) The spectrum of the operator 
T restricted to the space #(o)H is contained in the closure of e. If F is 
bounded, Dunford [9] has shown that T == S + N, where § is the scalar 
operator associated with E and N is a generalized nilpotent (| Nr |1” — 0 as 
n—>00) which commutes with the spectral measure #. Conversely, each such 
operator is a spectral operator. If S is unbounded, N a bounded operator 
commuting with the spectral measure # such that N is a generalized nil- 
potent on #(c)H for every bounded Borel set o, Bade [1] has shown that 
S + N is a spectral operator. 


We shall consider operators of the form S-+-N, where S is a scalar 
operator (possibly unbounded), W a bounded semi-nilpotent operator com- 
muting with the spectral measure # of 8. It follows from the result of Bade 
that if N is nilpotent, our operators are spectral operators. 


THEOREM 1.3. Let S be a scalar operator with respect to the spectral 
measure E on the separable Hulbert space H, N a semi-nilpotent operator 
commuting with E. Then T—S+4N is a decomposable operator with a 
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decomposition satisfying property (c’). If N is nilpotent, the decomposition 
- 48 of finite order. If N= 0, the decomposition may be taken of first order. Q, 


Proof. For the subset S, with respect to which the decomposition is 
defined, we choose D(T)M D(T*). It follows by the application of Theorem 
(1.1) that it suffices to consider the case when 9 is normal, E (o) a family 
of orthogonal projections forming the spectral family of S in the sense of 
the classical spectral theorem for normal operators. 

Let H= {u | N*u==0}. Hy, is a closed subspace of H for each k, 
and Dı == |]J Hr Since E(o)N"u = N*E (e)u for every a, it follows that à 
E(o)Hy C Hy For gE H, let H(g) be the cyclic subspace generated by g 
with respect to the spectral measure #, i.e. the span in H of the family 
{i(o)g: ¢€Q}. Since Hp is closed, if g € Hy, H(g) C Ay. 

© Let Hë =H, O Hra Since #(o)H;, C Hp for every k while £(c) is es 
self-adjoint, it follows that ÆF(o)H} C H,’. Thus if g€ Ay’, H(g) CH}. >e 
Since H and therefore H, are separable Hilbert spaces, we may choose a | 
sequence {gj,: 31,2,"  :} in Hg such that HK = 2y H (gr). We 
observe that H == $; D H (gim), since the dense subset D, is contained in 
the right-hand side. We choose the gj, such that | gx | — 1. 

Let my(o) == [E (c) Git) Gin], Ma) = Dyn i*m). Let yj be the 
Radon-Nikodym derivative of m; with respect to m. Let Rj, be the isometric 
mapping of L?(m;,) into L?(m) defined by Rye = yža, Ky, the projection of 
‘L?(m) onto the image of Ry: Kira = Eja, where Zy 1s the characteristic 
function of the set where wy, 5«0. 

Let W; be the mapping of L?(m,,) into H(gx) defined in the usual 


sense by | DRV 


Wara= f a(c)dBegn, a€ L? (my). 


Then W,, is a unitary mapping of L?{m;,) onto H (g), whose inverse we 
denote by Jj. We denote by Pj, the projection mapping of H on H (gix). 
We define the mappings U,x of H into L?(m), Vy, of L?(m) into H by 7 


U jpu = Rind Pag jkt 
Va = W beg kK jee 
It follows immediately that Vy = (Ux) *. 
We note that N (Hx) C Hi: = Doce Dr ® H (gre). Thus for each 7 and 
k, Non = Disk Dir Were(hiers), With hrs an uniquely defined element of L (mir). . ‘ 
We define the quadruple sequences {fjmrs} and {giure} by Pg 


~ 


Giera = Enix rh ikres Tjere = Grsjr- 
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We shall have occasion to apply Theorem XXII of [19], p. 85, which 
asserts that a set H of distributions on G is bounded in the topology of D’ (G) 
if and only if for each open subset G, with compact closure in G, there exists 
an integer r(@,) and a constant c(G)) > 0 such that 


(2. 2) | À| cor (70) agp)’ = C(Go); 


for all À in H. (In particular, each À in H is of order r(G,) at most on Go). 
We shall assume throughout tae rest of this paper that B is positive, i.e. 


(Do) (Bu,u) > 0, we 0," (G). 


The complex vector space C.” (G) with the inner product [u, v] = (Bu, v) 
is therefore a pre-Hilbert space, and we may complete it to a Hilbert space 
Hpg with inner product [u,v] and norm || u |p. 


Lemma 2.1. There exists a denumerable dense set in the linear top- 
ological space C.” (G). 


Proof. We shall sketch the proof which is elementary in character. 
Let 7 be an element from Ce” (4#") with fj(x) de==1. Let F, be the family 
of finite linear combinations with rational coefficients of functions of the form 
Jey (£) = er (t(s — y)), where e is a positive rational number, y is a point 
of G all of whose coordinates are rational, and e is so small that Jeg lies in 
C.” (G). It is easy to see that for each u in 0,” (G), u(a) == Jey (%) p(y) dy 
converges to zero in Ce” (G) as e— 0, and that the integral can be approxi- 
mated in C”? (G) by its Riemann sums taken over points y; with rational 
coordinates and with rational valuas assumed by the function u(y). 


COROLLARY. Hp ts a separatle Hilbert space. 


In addition to (pọ), we make the following sharper assumption on the 
character of the space Hp. 


(pi) The identity mapping of C.(G) into D’(G) can be extended to a 
continuous injective mapping J of Hg into D’(G). 


If (pi) holds, as we shall assume henceforward, Hz can be continuously 
identified by J with a linear subset of D’(G@). It follows from the argument 
of Section 2 of [17] that (pı) is implied by the following stronger positivity 
assumption on the differential operator B: 

(p2) There exists a function p in O” (G) such that (Bu, u) = (pu, u) 
for all u in C,” (G). 
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In the eigenfunction expansion theorems of Section 4, we shall assume 
only that (pı) holds, but our conclusions may be strengthened somewhat if 
(pə) also holds. In the latter case, J is a continuous mapping not only into 
D’(G) but also into L?(p). 

It follows from Theorem XXII of [19], as stated above, since the image 
of the unit ball in Hg under J is a bounded set in D’(G), that for each open 
subset Go with compact closure in G, there exists an integer r(G) and a 
positive constant c(G) such that 


(2. 3) | Jv | co? (Go) cag? = ¢( Go) | v I 
for all v in Hz. | 

In particular, if u is an element of C;°(G) and Gp is an open neighbor- 
hood of the support of u with compact closure in G, then l 


(2. 4) | (Lu, v)| = ¢( Gy) || Lu [crc | » lla, r==1(Go). 


Thus for u fixed, (Lu,v) is a bounded conjugate-linear functional 
defined on the dense subset C,” (G) of Hz. There exists, therefore, an unique 
element A,u of Hpg for which 


(2.5) | (Aou, v] == (Lu, v), vE Ce (G4). 


Definition 2.1. The operator À, with domain C.” (G) in Hs is said 
to be the minimal realization of the pair of differential operators (L, B). 

Let I” be the adjoint differential operator to L on G, defined by 
L'u == $ (— 1)! De(a,(z)u) for u in C.” (G). Let A’, be the minimal 
realization in Hg, of the pair (L’, B). 

Definition 2.2. A,==(A’))* is said to be the maximal realization of 
the pair (L, B). 

Definition 2.8. The operator A in Hp is said to be a realization of the 
pair of differential operators (£,B) if 4,C À C A1. 


3. This section is devoted to establishing the following representation 
theorem for the general continucus linear mapping from an Z? space into 


D’(G). 


THEOREM 2.1. Lei m be a finite measure on the o-algebra Q of Borel 
sets of C*, V a continuous linear mapping of Lr(m) (l= p <0) into D'(G). 
Then there exists a bounded weakiy measurable function f from C* to D’(G) 
such that i 


(2:6) (Pau) = f FO, ualt) dml), 
c! 
for all u in Ce” (G) and all a in L?(m). 


X 


= 
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The distribution j (£) may be chosen so that its order on each open subset ` 
Go with compact closure in G is bounded for all ¢ If V is a bounded linear 
mapping into L?(p) with pE C” (G), f may be chosen of order ed at 


most on G for every € in CA. 


- Proof. Without loss of generality, we may restrict ourselves to an open 
subset Go with compact closure in G. Indeed, if f,(£) and fa(¢) are functions 
satisfying the conclusion of the theorem for the open sets G, and G, respec- 
tively, (2.6) implies that 


(2.7) fu am — f (fale), u)a(e) dm (g) 


for all u in C.” (Gi N Gz) and all œ in L?(m). It follows that (f1(f), u) 
= (f2(¢),w) for € outside a m-null set depending on u. If Fy is the dense 
denumerable set in CO,” (G) constructed in Lemma (2.1), it suffices for the 
equality to hold for u in F, in order for it to hold for all u in C.” (G). 
Thus (f1(€),w) = (fa(¿) u) for all u in C.” (G) for ¿ in the complement 
of a fixed null set. Since f(£) may be taken zero on any m-null set without 
affecting the validity of (2.6), it follows that the distributions f,(¢) and 
fe(€) may be taken equal on G N G- for all & In particular, if Gi C Ga 
f1(£) and f.(€) coincide on G, for all ¢& Choosing an increasing sequence 
G, of open subsets with compact closure in G whose union equals G, we obtain 
the desired function for G by taking the common value of f,(£) on Gn for 
MONA. 
Let Goy be an open subset with compact closure in Œ such that Gy) C Gy’. 

On G,’, applying Theorem XXII of [19] once more, the image of L?(m) 
under V is contained in the subfamily of distributions of order &r, and for 
all a in L?(m), we have 


(2.7) | Vie corn) S c || & frem). 
Let &* be the dual space to Æ”, with the pairing <z, é = 2; for x 
in Er, éin À. Fors > 7/2, we define 


(2.8) (Tr) = f é |2- 1e tod dE, 


The function es(x), which is infinitely differentiable for s40, is a 
fundamental solution for the elliptic differential operator Q, == (—A-+1)%, 


where A is the Laplace operator (A = $; D). Let «> 0 be smaller than the 


distance from Ge to the complement of G,’, and let g(x) be a function from 
Ce” (£") which is equal to 1 for ;æ| <e/2, and equal to zero for |s| Z e. 
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Let ¢,(2) == q(v)e(x), ea(£) —e(r) —e.(x), ea (£) == Qeee(z). Since ez(x) 
== 0 in a neighborhood of «= 0, e, and es lie in C* (#"). 

Suppose that À is a distribution from (C'(G,’))’. For z in Go, e:(a—2z) 
considered as a function of x has its support in G,’. Suppose that 2s > r+ n. 
Then differentiating (2.8) under the integral sign, we see that e(x) lies in 
Cr(H#"), and hence e,(~—-z) considered as a function of x, e,,(x), lies in 
C? (Gy). Further, e,z considered as an element of C,"(G,’) varies con- 
tinuously with z for z in Gp. 

It follows immediately that h(z) = (A, ez) is a well-defined, uniformly 
bounded, continuous function of z in Go. For u in C.” (Go), we have, more- 
over, 


LS 
\ 
Vs 


(2.9) Qu) f a) Qu(ry ds (ey fe (e—2)Qu(s)de) 


== (A, U) — (Ag, Í. e,(x—z)u(z)dz). 


If we set &(z) = (Az, €&a(©— z2) ), the last term in (2.9) is equal to (k,u). 
Since ¢,(a—-z) has its support in Gy for z in G, and is infinitely differen- 
tiable, (z) is an infinitely differentiable function which is uniformly bounded 
on Go with a bound depending on the (Cr(G@)’))’-norm of À. 

Let H and K be the bounded linear mappings of (C’(G,’))’ into 0°(G,) 
defined by HA = k, KX == k, respectively. Then (2.9) can be written using 
distribution derivatives in the form 


(2.10) à = QHA + EX 


Let W and Z be the mappings of Z?(m) into C°(G,) defined by 
Wa—HVa, Za—KVa. By the Dunford-Pettis theorem [8], there exist func- 
tions w(2z,f), 2(x,€) measurable with respect to the product of Lebesgue 
measure on G, and m on C+ such that 


(2.11) (Wa) (2) = f w(z a(t) dm (8); sE Go a€ LP(m), 


(2.12) (Za) (a) = Í _ a(8,)a (0) dm (E); re Gy ae I(m), 
while there exists a constant c such that for all x in Go, | 
(2.13) | w(x, —) from) Seo, [2 —) [rem S co. 


(p’ =the conjugate exponent to p). 
From (2.12) and the Fubini theorem (using the boundedness of Ge), 
we see that for ¿ in the complement of a set M, of m-measure zero, w(x, £) 


'7 
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and 2(a,¢), considered as functions of æ with ¢ held fixed, yield elements of 
L? (Go) which we designate as w(£) and z(¢). For ¢ in Mo, we set w(£) — 0, 


2(£) =0. In terms of these functions from C* to L?” (Go), (2.12) and (2. 13 


become | 
(2.14) Wan f WOHE); Za= f aD atm). 


Finally, we see from (2.10) that Va—@,Wa-+Za. By a simple argu- 
ment on the convergence of integrals of distributions, 


(2. 15) Va f (Qw) +200) )a(e) dm (0). 


Equation (2.15) is equivalent to (2.6) if we set f(£) = Qw (¢) +-2(€). 
The distribution f(£) is of order 2s at most on Gy. If V is a continuous linear 
mapping into L?(p), then s may be chosen equal to [n/2] +1 and f(£) is 
of order n +2 at most on Co. 


4 Let A be a realization of the pair (Z,B) in the Hilbert space Hz. 
We note from the definitions of the minimal and maximal realizations that 
C (C) C D(A) N D(A*). 


THEOREM 4.1. For each decomposition of a decomposable realization A 
of (L, B) in the Hilbert space Hp, there exists an eigenfunction expansion in 
the sense of Definition 1 of the Introduction. If the decomposition ts of finite 
order, the corresponding eigenfunction expansion is regular. If the decom- 
position is normal, the corresponding eigenfunction expansion is normal and 


en (C) = fix (f). 


Proof. Let (m, {firs}, {girre} (Usx},{Vin}) be a permissible family 
defining a decomposition of A. We recall that by Definition (1.1), 


L = Din D (L? (m) ) in, 
F and @ are bounded linear transformations of L defined by 
(4.1) F ( {rs} ) i = Deor Der fjnre%rs, 
(4.2) G({Ore}) je = Dor Dir J jeraðra 


U is the bounded linear mapping of Hpg into L defined by (Uu);x = U yu, 
while V is the bounded linear mapping of L into Hs with 


(4.3) V({ars}) = Zrs(ars). 
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Let B,, be the injection mapping of L?(m) into the (r,s)-th component 
of L. For each positive integer r, we define T, == FU, a bounded linear 
mapping of Hg into L. If T,jyx—By*T, is the projection of T, on its 
(3,k)-th component, Tpx is a bounded linear mapping of Hp into L?(m). 
Let T’,y== VG"Bj,, a bounded linear mapping of L?(m)_into Hp. 

In terms of the above definitions, properties (b) and (c) of Definition 
(1.2) become, respectively: | 


(4. 4) Ujn(Au) (E) = EUnu) (E) + Tru) (2), 
(4. 5) [Vin(a), A*u] = [Vy(éa),u] + (Time), ul], 


for u in C.” (G), œ in L?(m) with bounded support. . 
For the same class of a and w, we obtain by applying nee (b) and 
(ce) of Definition (1.2) to Tej and 7”, x, themselves, 


(4. 6) Py, je (Au) (E) == Tru) (2) + Tra, m(u) (6) | 
(4. 7) [T (a), A*u] = [T "ne (Ea), u] + [Tn p(a),u]. 


We remark that equations (4.4) and (4.6) hold for € in the complement 
of an m-null set M(u). By Lemma (2.1), however, M(u) may be chosen 
independent of u, since we may take M — Uj: M (u:) for a dense denumerable 
family {u:} in C.? (G), and for ¢ in the complement of M, (4.4) and (4.6) 
will hold for all u in 0,” (G) by continuity. 

For r= k, T’,3,==0. If the decomposition is of finite order 7) T,—0 
for r= ro. 


We now proceed i the application’ of Theorem (3.1). The continuous 
linear mappings Uy,*, Va Try, and Tri of L?(m) into Hs may be 
considered, by property (pı) of Section 2, as continuous linear mappings of 
L?(m) into D’(G). Hence there exist functions fy,(£), ex (E(, U4 (Z) from 
C to D’(G), as described in Theorem (3.1), such that for æ in L?(m), 


(4.8) nt (a) = J fn(e)a (0) am (0), 
(4.9) Vala) = f KOELO, 
(4.10) Tnt (a) = È tn (0)a(o) dm (0, 


(4.11 T, pla) = J 4 rala dm (0). 
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For u in Ce” (G), œ in L?(m), 
S Ta OEO dm (0) — Lu, Ta (a)] = (Bu, f falL dm (6) 
ct ci 
=f (Bufa (E)E) dm), 


the equality of the first with the last term in the chain of equations implying 
that 
(4.12) U jn (u) (£) = (Bu, fak) ) 


for ¢ in the complement of an m-null set M. Similarly, the equations 
J Untau) DEE dm (2) — Lu Tn (a) 1 = (Lu, f fn(e)a(e) dm (0) 


= f (ui Fe )) (6) dm (6) 
for u in C.” (G), «in L?(m), imply that 


(4. 13) Un(Au) (6) = (Lu, fin (2) ) 
in the complement of an m-null set. Parallel arguments for T, ix yield 
(4. 14) Trg (u) (£) == (Bu, trie (é) ); 
(4.15) © Ton(4u)() = (Las tral) ) 


for all u in C.” (G) and ¢ in the complement of an m-null set. 
The equations (4.4) and (4.6) become, respectively, 

(4. 16) (Lu, f(E) ) = (Bu, fakt) ) + (Bu, tm (€)), 

(4.17) (Lu, ty, ju (E) ) = 6( Bu, tre (£) ) + (Bu, true (€) ), 


for all u in C.” (G) and é in the complement of an m-null set M. Since we 
may alter any of the functions fr, ex, tn, and Vr jp on an m-null set without 
affecting the validity of any of the previous equations, we may set all of them 
equal to zero on M. Then (4.16) and (4.17) are valid for all £ in Ct. In 
terms of distribution derivatives, they may be written as 


(4. 16)’ L’ fin (E) —CBfin(€) = Bes jx () 
(4.17)’ Lb, g(t) —CBty jr (E) = Boras, jx (0) 


If the decomposition.is of finite order ro, we have t,,j,,=-0 for r= 1, 
and fj is an eigenfunction of order rẹ of (L’,B) with eigenvalue £. 
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Similarly, equations (4.5) and (4.7) written in terms of the functions 
ex (8) and #’,4,(£) become for u in C.” (G), 


(4. 18) (en (€), Lu) = Een (8), Bu) + (Fix (€), Bu), 
(4.19) (ra (£), Lu) = E(w lE), Bu) + (Prali), Bu), 


which, after a change of the functions ey and Y, jx on a m-null set independent 
of u, are valid for all in C*. In terms of distribution derivatives, (4.18) 
and (4.19) may be written as 


(4.18) Les (€) — Bex (t) = Bis (€), 
(4.19)’ LE plt) — OBE, (E) == BË magl). 


Since tr jelt) may be chosen null for all £ in C1 if r = k, it follows that 
ex (€) is an eigenfunction of order k of (L, B) with eigenvalue é. 

Finally, if Vi = U;k", e (€) == fa (¢) for all £, and the decomposition 
is normal. 

Thus all of the conclusions of the theorem have been verified, since the 
functions {e;,(f)} and {fx(£)} yield an eigenfunction expansion in the sense 
of Definition 1 which is regular if the decomposition is of finite order and 
normal if the decomposition is normal. 


THEOREM 4.2. To each weak normal decomposition of finite order of a 
realization A of (L,B), there corresponds a fimte measure m on Q and a 
double sequence {fx(€) } of functions from C* to D’(G) such that for each u 
in Ce” (G), cé) = (Bu, fin(Z)}) lies in L?(m), the mapping U defined by 
Oj = Cj, defines an isometry of Hp into L, for each u in Hz, 


u— Dix f fn (E)Un(u) (@)dm (0), 


while fi (£) is an eigenfunction of (L, B). 


Proof. The present conclusions follow immediately from the portion of 
the preceding proof that remains valid for a weak normal decomposition. 


5. To derive eigenfunction expansions in the classical sense from the 
theorems of the previous section, we must restrict ourselves to a subclass of 
` pairs (L, B) for which the distribution eigenfunctions are ordinary differen- 





tiable functions. ‘The simplest, and the widest such subclass, is of course _ À 


that covered by the following definition. 


in G. 
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Definition 5.1. The pair of differential operators (L,B) is said to be 
hypoelliptic in the widest sense if every distribution solution u of the equation 
(LZ —¢B)u =v with v in O” (G), is itself an infinitely differentiable function 


It is an immediate consequence of Definition (5.1) that for a pair 
(L,B) which is hypoelliptic in the widest sense, every eigenfunction of arbi- 
trary order of (L, B\, for arbitrarv eigenvalue ¢, is an infinitely differentiable 
function. 

To obtain further regularity 2roperties for the eigenfunction expansions 
obtained in the theorems of Section 4, we introduce the spaces W°? (Ga) and 
the (r, G)-norm, where G is an open subset of G and r is an integer. For 
r= 0, 

Wr? (Gy) = {u: Due L(G) for | a| Sr}. 


The corresponding norm is given by (|| w fe)" == f Dialer | Dew |? de. For 
a 


r <0, W? (G) = {u: | (u, y)| Se(u) y leew ve Co? (Go)}. The corres- 
ponding norm is given by 


| u lra = sup{| (u, y} |: 4 E€ Co” (Go), |Y l-re 1}. 


Definition 5.2. The pair of differential operators (L, B) is said to be 
hypoelliptic in the strong sense if given two open subsets G and Gy with 
compact closure in G, GCG)’, and an integer j, there exists a constant 
¢( Go, Go',7) > 0 such that if u is a distribution solution of the equation 
Lu = Bv with | u lay <œ, |v lage <œ, then 


(5.1) fu llisa € e (Gos Go, PJE U lzer + Io sc} <o. 


Taxorem 5.1. Let (L, B) and (L’,B) be pairs of differential operators 
hypoelliptic in the strong sense on G, A a decomposable realization of (L, B). 
Then the functions {e,(€)} and {fm(f)} obtained in Theorem (4.1) may 
be chosen infinitely differentiable for all £ in C*. Further, for every open 
subset Go with compact closure in G, bounded Borel set o in C*, and positive 
integers r and k, there exists a positive constant c(Go,o,r,k) such that 


S LDcen (a €) | dm (£) £ e(Goy0,75 k), 
(5.2) : 


J Diala t) dm(t) S e(Goo,r,1) 


for all x in Go, |a| Sr. 
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Proof. It follows from the proof of Theorem (3.1) that there exists a 
positive integer s, depending only on G, and on the imbedding of Hg in 
D’(G), and sequences of functions (a, £)}, {an(s é) {ns 0) } 


{qr (£, €)} such that 
esx (2, £) = (—A te 1)°pyx (x, £), 
f(x, £) or (—A F 1) *Qyx (2, £), 
Vegla E) = (—A +-1)*p, a(s, €), 
tr, jn (T, £) ne (—A + L) Egr je (@, g), 


(5.3) 


while there exists a constant c(G,,B) such that 
S| (a0) P dm (¢) S0(G,B)I Va 15, 


Lane, 0) dm (e) So Go, B) | Un N, 
(5.4) 


A Pre (2, £) |? dm (£) = c (Go, B) | T rje | É 
S| sel 0 1 dm (0) S0(4,B)| Ten Ve, 


for all x in Ge. Noting by Definition (1.1) that | Uml and | Vy, || are 
uniformly bounded for all j and k, and that | Trg l = cr), | Trl Se(r), 
we obtain from (5.3), (5.4), and the definition of the negative norms given 
above. 


S Len (E) Pence dm (£) E cos 
Ci 
[1 fn © Pse dm (E) Seo 
(5:5) 
S ers (2) fau os dm (D) S clr), 
Cu 
J tn (O He dm (E) Se(), 
ct 


with the integrands in each of the integrals of (5.5) finite for € in the 
complement of an m-null set. If we set all the various functions equal to 


zero for ¢ in the m-null set concerned, the integrands will be finite for all ¢ X 


in C*, From the proof of Theorem (4.1), we have 


LE 


~e 


‘ 
4 
= 


4 
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Len (8) = ÉBen(£) + Blin(e); 
Le, (6) = EBE ri (E) + Bt rare (2), 

LD’ fin) = EBfn (t) + Btr (E), 
Liens) = CBtr,ge(2) + Berar (E). 


It follows from the Definition (5.2) of hypoellipticity in the strong sense, by 
a simple inductive argument starting from the finiteness of the (— 2s, G)- 
norms of all the functions concerned, that the (r, Go” )-norm of each function 
is finite for all r and every G” with compact closure in Gp. It follows from 
a well-known theorem of Sobolev ([19], vol. 2) that the functions ej,(2,£) . 
and f(z,) are infinitely differentiable in x in Gy for every ¢ in C. 

The inequalities (5.2) follow from (5.5), (5.6), and Definition (5.2) 
by a direct inductive argument. 


(5.6) 


Remark. Conditions for the hypoellipticity of (Z,B) in terms of the 
characteristic forms of the operators L and B may be obtained from the 
results of [14] and [6]. If Z is elliptic and B is of order less than the 
order of L, then (L,B) is hypoelliptic in the strong sense. Since every non- 
degenerate ordinary differential operator is elliptic, the latter class includes 
all pairs (L, B) treated in the theory for ordinary differential operators. 


VALE UNIVERSITY. 


REFERENCES. 





[1] W. Bade, “ Unbounded spectral operators,” Pacific Journal of Mathematics, vol. 4 
(1954), pp. 373-392. 

[21 W. Bade and J. T. Schwartz, “On Mautner’s’ eigenfunction expansions,” Pro- 
ceedings of the National Academy of Sciences, vol. 42 (1956), pp. 519-525, 

[3] Yu. M. Berezanski, “On expansion in eigenfunctions of general self-adjoint differ- 
ential operators,” Doklady Akademii Nauk (N.S.), vol. 108 (1956), pp. 
379-382. 

[41 F. E. Browder, “ Higenfunction expansions for singular elliptic operators, I and 
II,” Proceedings of the National Academy of Sciences, vol. 40 (1954), pp. 








454-463. 

[5] , “ Eigenfunction expansions for formally self-adjoint partial differential 
operators, I and IT,” ibid., vol. 42 (1956), pp. 769-771, 870-872. 

[6] » “Regularity theorems for solutions of partial differential equations with 


variable coefficients,” ibid., vol. 43 (1957), pp. 284-236. 


A AN 


ae FELIX E. BROWDER. 





[7] , “ Eigenfunction expansions for non-symmetric partial differential opera- 
tors, I,” American Journal of Mathematics, vol. 80 (1958), pp. 365-381. 


[8] N. Dunford and B. J. Pettis, “ Linear operations on summable functions,” Trans- 
actions of the American Mathematical Society, vol. 47 (1940), pp. 323-392, 


[9] N. Dunford, “ Spectral operators,” Pacific Journal of Mathematics, vol. 4 (1954), 
pp. 821-354. 


[10] L. Garding, “ Eigenfunction expansions connected with elliptic differential opera- 
tors,” Proceedings of the 12th Congress of Scandinavian Mathematicians, 
Lund, 1954. 


[11] , “Applications of the theory of direct integrals of Hilbert spaces to some 
integral and differential operators,” Lecture Series No. 11, Institute for 
Fluid Dynamics and Applied Mathematics, University of Maryland, 1954. 

[12] I. M. Gelfand and A. Q. Kostyucenko, “ On expansions in characteristic functions 
of differential operators and other operators,” Doklady Akademii Nauk 
(N.S), vol. 103 (1955), pp. 349-352. 

[13] I. M. Gelfand and G. E. Silov, “ Quelques applications de la theorie des fonctions 
generalisées,” Journal de Mathématiques Pures et Appliquées, vol. 35 
(1956), pp. 383-413. | 

[14] L. Hormander, “On the theory of general partial differential operators,” Acta 
Mathematica, vol. 94 (1955), pp. 161-248. 


[15] M. 8. Lifschitz, “On the spectral decomposition of linear non-self-adjoint opera- 
tors,” Matematiceskit Sbornik (N.S), vol. 34 (1954), pp. 145-199. 
(American Mathematical Society Translation Series 2, vol. 5.) 





[16] E. R. Lorch, “The spectrum of linear transformations,” Transactions of the 
American Mathematical Society, vol. 52 (1942), pp. 238-248. 


[17] G. W. Mackey, Commutative Banach Algebras, multigraphed Harvard notes, 1952. 


[181 F. I. Mautner, “On eigenfunction expansions,” Proceedings of the National 
Academy of Sciences, vol. 39 (19531, pp. 49-58. 


[19] L, Schwartz, Theorie des distributions, Vols. I and II, Paris, 1951. 


[20] J. Wermer, “ Commuting spectral measures on Hilbert space,” Pacific Journal of 
Mathematics, vol. 4 (1954), pp. 355-361. 


. + 


Ke 


SINGULAR INTEGRALS IN TWO DIMENSIONS.* 


By Joun J. McKipsen.} 


1. Introduction. We recall that a real-valued C* function u = (2, £2) 
of the two real variables x. and a, is said to be “rapidly decreasing” if the 


-absolute value of the function P(2z,,2.)Du is bounded on ÆR? for all real 


polynomials P (zı, %2) and all partial derivatives Du of u. The space of all 
C* rapidly decreasing function on ÆR? is topologized according to the method 
of Laurent Schwartz [6], and the resulting space will be denoted by (£). A 
“tempered distribution ” is a continuous linear mapping of (£) into the real 
numbers. 

It is well-known that every function which is locally square integrable 
is a distribution [6]. On the other hand, as this paper is written, it appears 
to be unknown whether or not even some of the simplest functions which are 
not locally square integrable—for example, the reciprocals of polynomials of 
several variables—are distributions. We prove here that the reciprocal of any 
polynomial in two real variables is a distribution and that it is, in fact, a 
tempered distribution. More significant, perhaps, is the fact that the proof 
we give is entirely constructive and yields a method for computing the 
reciprocal of any polynomial in two variables. As the author will show in 
another paper, a variant of the same method allows one to construct the 
reciprocal of an arbitrary analytic function of two real variables. 

It may be useful. to express the analytical content of our main result 
in terms of the more widely known, if somewhat more obscure, idea of a 
“partie finie” of a divergent integral. Rephrased, the theorem says that if 


q (41,72) is any polynomial in two variables, it is possible to define in the sense. 
of Hadamard the expression 


Pf. f (mst) [a (msm) 17 dde 


In our proof, we follow Hadamard’s procedure of integrating by parts and 
then discarding the boundary integrals which tend to become infinite. 


* Received February 12, 1958. 


+ This research was supported in part by the Office of Ordnance Research under 
Contract DA-11-022-ORD-1833 and in part by a National Science Foundation Fellowship. 
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We also mention an application to the theory of partial differential 
equations. Define the polynomial Q (m72) by setting 


Q (ni 42) = g (— Zrin, — rine) 


and let E be a tempered distribution reciprocal to Q, so that EQ ==1 (the 
existence of # is insured by our main result). Let F denote the Fourier 
transform operator - 


[Fu] (T1, To) = Je [— 2art (Tini + Tome) Ju (qu 72) did, 


for any u€ (£), and write qg(D) for the operation q(8/0m1; 4/0n2), q(— D) 
for the operator ¢(—0/dy1,—0/ém2). Then 


(1.1) [Fg (— D)u] (£1, 22) = Q (£1, 22) * {[ Fu] (21 te) }. 


Define the tempered distribution S by the formula § (u) = E (Fu), uE (£). 
Then, by the way differentiation of a distribution is defined and by (1.1), 


[q(D)S] (u) = S[g(— Du] = E (Fg (—D)u) = E (QFu) = [EQ] (Fu). 
But EQ — 1 and since the distribution “1” at any function w (z1, %2) of (6) 


takes the value f w dx.dz., we obtain, finally, by the Fourier inversion 
RZ 
formula, that [EQ] (Fu) = Í F (u)dz,dzı==u(0). Therefore | 
R? 


where ê is the Dirac distribution. Equation (1.2) says that S is an 
elementary solution for the operator g(D). It follows, therefore, that in 
two dimensions every partial differential operator with constant coefficients 
has a tempered elementary solution. 

This result improves (in the case of two dimensions) an earlier one due 
to Malgrange [3] and Ehrenpreis [1], who showed that any partial differ- 
ential operator with constant coefficients in any number of variables possesses 
an elementary solution. The question was left open whether or not, as 
L. Schwartz originally conjectured, there exists a tempered elementary solu- 
tion. Also, the elegant existence proofs of Malgrange and Ehrenpreis use the 
Hahn-Banach Theorem and give no indication how, for a given operator, 
its elementary solution may be constructed. Hôrmander [2] has given an 
explicit formula for these untempered elementary solutions, but one which 
again is non-constructive (involving the analytic continuation of a Fourier 
transform). Therefore it appears that our method is the first, even in the 


= 
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low dimension 2, which allows one to construct completely any kind of an 
elementary solution. 


A different proof of these results was part of the author’s doctoral 
dissertation at the University of Chicago [4]. The author would like to 
express his gratitude to Professor M. S. Stone for his long-continued help 
and interest. | 


Since this paper was written there has appeared a proof that the recip- 
rocal of an analytic function of n real variables is a distribution (see M. S. 
Lojasiewiez, “ Division d’une distribution par une function analytique de 
variables reelles,” Comptes Rendus de l’academie des sciences de Paris, Tome 
246, No. 5, February 1958). The general proof is unconstructive. It seems 
unlikely that it will ever be possible to construct the reciprocal of the most 
general analytic function (or even polynomial) in a number of dimensions 
greater than two. 


2. Notation. Let n= (m,72) be a real vector and let q = q (m, 2) be a 
polynomial in the variables 7, ». We assume throughout this paper that the 
coefficients of q are real numbers and that q has degree greater than zero.? 
Let V be the real variety given by the equation q(#1, 72) — 0. 

A point 7° of V wili be ‘called unexceptional in case there exists a 
neighborhood U of „° and a pair of functions v1(y), ve(7), analytic and with 
strictly positive Jacobian (with respect to m1, 72) in U, such that q is iden- 
tically equal to some integral power of v, in U. A point of V not satisfying 
these requirements is called exceptional. 


We say that q is irreducible if no polynomial of positive degree and 
with complex coefficients divides q; otherwise, we say q is reducible. A point 
7 of V is called singular if both first partial derivatives of q vanish at 7. 
Then, clearly, if q is irreducible, a point of V is exceptional if and only if 
it is a singular point. : 


If q is reducible, let g—=[[[gq.]* be its decomposition into integral 
i=l 


powers a; of distinct irreducible polynomials qi. Then it is easy to see that 
a point of V is exceptional if and only if it is either a singular point of some 
variety g;==0, (t= 1, : ‘,v), or else belongs to the intersection of two or 
more of these varieties. 


2 The problem of finding the reciprocal of a complex polynomial Q can be. reduced 
to the corresponding problem in the real case by means of the identity Q-1:= Q* | Q |7, 
where Q* is the conjugate, | Q | the absolute value, of Q. ` 
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Assume now that we have chosen coordinates 71,72 in such a way that 
their origin does not lie on V, and define polynomials p, p1,° * +, pp by setting 
P (m2 723 À) = q (Àq, Anz)» Pi (M 72 à) = qi (À; A2); (i=1, is v), and let 


(2.1) H (m92) = Buds | 
| 1 


where Ry is the resultant of p; and p D; the discriminant of p,; where p; and 
p; are considered as polynomials in the variable A. Since Ry and D; are 
homogeneous polynomials in the variables m and y, the variety H —0 is a 
cone with vertex at the origin. It is easy to see that every exceptional point 
of V will lie on the cone H ==0 as well as all points „° of F such that the 
line joining 7° to the origin is tangent to V at 7°. 

In order to save words later on, it is convenient to make the following 
convention. Let g(e) be any complex-valued function defined in the interval 
O<e<r. We shall write g(e) =co(c) in case there exists a finite set M 
of negative fractions, complex numbers a and dy, (uE M), and a complex 
function f(e) defined in the same interval as g such that lim f (e) exists and 

E>+ 


is finite and such that the equation 
(2.2) g (€) = Lane + alog e + f (6) 
HEI 


hold for 0 Ke<r. 
In case g(e) =œ (e), the complex number lim f(e) is uniquely deter- 


E->+0 
mined and we shall denote it by Pf.g(0). 


3. A preliminary theorem. 


THEOREM (8.1). Let g(m,y2) be a real polynomial in the two real 
variables 91, na and let V be the variety g==0. Let G be a region of Æ the 
closure of which contains no exceptional points of V and let Ge), e > 0, be 
that part of G where |q|>«. Then, for any u in (£), 


(3.2) J 60 UG) 1? nude = ce (e). 


Proof. By means of a partition of unity, the integral on the left side 
of equation (3.2) is expressible as a sum of integrals of the form 


(3.8) $06 Lan dde 


where w(y) is a C” function and where U(e) is the intersection of G(e). 
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and a neighborhood U which js either disjoint from V or satisfies the condi- 
tions described in the definition of an unexceptional point. In the first case, 
the integral (3.3) has a finite limit. In the second, there exist coordinates 
Va v in U such that q= (v,)* for some positive integer a. Settirg 


he) = Stn) )T (0) do 


where W(e) is the part of the level surface | g|—e lying in U and where 
J(v) is the Jacobian of the coordinates y= (1,72) with respect to the 
coordinates v == (41,12), we get that 


Jaa La Ca) 7 drda = J h (e) de. 


Since A(e) is C*, we may integrate by parts on the right side of the last 
equation and thereby obtain an expansion of the form (2.2). It follows that 
the integral on the left side of equation (3.2) is co (e) since it is a sum of 
expressions each of which is œ (e). This proves Theorem (3.1). 


4, The two main theorems. Let us again assume that ¢(0,0) 540 and 
define the homogeneous polynomial H (71,72) by equation (2.1). If we intro- 
duce polar coordinates p and @ in the usual way in the »:7.-plane, the cone 
H == 0 will be given by equations 6 = 6;,0==6,,- © *,0—01. If 8 is a positive 
number, we let the region (8) consist of all points (pcos 8, p sin 4) such that 
|@—6;| > 8, (t=1,2,---,T), and if e is a second positive number we 
denote by G(8,«) that part of G(8) where | q| >e For ue (£), set 


(4.1) gluz) = | w(n) a(n) dn 

G(5,e) 
By Theorem (8.1), gs(u;e) =œ (e) for 8 > 0. Define, for u € (£) and 8 > 0, 
(4.2) E(u;8) = Pf. ga(u;0). | 


THEOREM (4.3). Let q(msm) be a real polynomial such thai q(0,0) 
0. Forweé (£) and à> 0, define H(u;8) as above. Then H(w;8) ==% (8). 
Furthermore, if we set E(u) = Pf.H(u3;0), then E, considered as a func- 
tional on the function space (£), is a tempered distribution. 


THEOREM (4.4). For any real polynomial q in two variables, there 
exists a tempered distribution E satisfying the equation Hq = 1. 


The proof of Theorem (4.3) will be found in the last part of this paper. 
Theorem (4. 4) is a consequence of Theorem (4.8) as follows. We may assume 
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that the coordinates 7,72 have been chosen in’ such a way that g(0,0) £0. 
Then let Æ be the tempered distribution defined in Theorem (4.3). It must 
be shown that Hg = 1, or, what is the same thing, that w € (£) implies that 


E(qw) = f w dy. 
a7 R2 
From equation (4.1), we get that | 
ga(qw ;e) =f w (7) dn, 
G16,€) 


and hence 

E (qu ;8) == Pf.g5(u;0) -fj (7) dn, 
so that 

E(qu) =P}. E(qw;0) — f_w(7)dn 
This proves Theorem (4.4). 


5. Several lemmas. We assume g(71, 42) to be a polynomial such that 
q(0,0) 540 and define H(y) by equation (2.1). 


Lemma (5.1). Let y== (m;m) be a real vector such that q(y) 40 and 
H(y) 0. Then 


n= delia): 


where M,' + *,Ao are the distinct roots of the equation q (An, Anz) =0 and 
where ax(n,Ax) ts the residue of the function [q (An Anz) (A — 1) ]"t of the 
complex variable À at the point à == Àr- 


Proof. By Cauchy’s integral formula, 


COR Eg (Am, Ame) (A — 1) ]* da, 


where ( is a positively oriented circle with center at À— 1 and radius small 
enough that C contains none of the points À,,: + <, ào in its interior or on its 
circumference. (y) 5£0 implies that g(Am,Ay2) is not constant in A, and 
hence 


BJ [am Am) (A—1) da 0 


when È is greater than the maximum of the numbers lAa htt t lAo]. The 
lemma then follows from the theorem of residues. 


4 


N 
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Remark (5.2). The number o of distinct roots of the equation 
q (Ani, Ame) = 0 is constant in the region of R? where H3£0. See section 2. 


Lemma (5.8). If 7 is as in Lemma (5.1), 


On (ms Ax) = Pr Ax) [D"*p (7, Ax) (Ax — 1) x 


where Py is a polynomial in àx and n, where D = d/dà, and where mx is the 
multiplicity of A, considered as a zero of G(Am,Ane). Here k=1," > :,0. 


This lemma is proved by finding the coefficient of (A-~A,)~* in the 
Laurent expansion of the function [q (ànu Ame) (A—1)]* about A= àp. We 
omit the short calculation. 

It is convenient to let Q denote the unit circle in the m:7.-plane and to 
denote by &, & respectively the restrictions of m, m2 to Q. Let the single- 
valued algebraic function A; (£) be a branch of the complete algebraic function 
A(€) defined on Q(€) by the equations q(AË:, Ag.) == 0 and &,? + é? ==1. 


Lemma (5.4). If EEQ, let é, where j—1 or 2, be a coordinate func- 
tion for Q in a neighborhood of £. Then there exists a positive integer h, 
a determination z of (€&—£&,)/" and a positive number t such that rhé) 
can be expanded in a convergent power series 


(5.5) M(E) = > bia! 
for |z| <7. 


Proof. See Picard [5], Vol. II, Chap. 13. 


6. The function J,g(w; $, À). Let A denote the complex A-plane with 
the non-negative real axis removed. For A€ A, u€ (£), and €€ Q, set 


Jalu; A) — f “bu ( te té) (At) di 


where «, B are any non-negative integers. When À is a non-negative real 
number, the integral on the right need not converge, so that we must define 
Jag somewhat differently in this case. For À real, A> 0, set 


A~€ * h-e 
g{e) =f tou (tén, téz) (A— t) dt + f teu (té, téz) (A — t) P dt, 


where e is a positive number small enough that A—e>0. A repeated 
integration by parts of the two integrals on the right side of the above 
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equation shows that g(e) — œ (e), so that the number Pf.g(0) is well 
defined. Set | 4 
Tap(u;& À) = Pf. g (0) 


for all real positive A. We leave Jag undefined for À = 0. 


LEMMA (6.1). (i) Restricted to positive real values of », Jag ws a C® 
function of À, & and &. (ii) Jag and all its partial derivatives with respect 
to é and & are regular analytic functions of À for AC A. (iii) Let & bea 
real number, à > 0, and let À approach the point a, in such a way that Im À 
is non-zero and of constant sign. Then tf P(d/dX,0/0Ë)J4ps denotes an 
arbitrary partial derivative of Jap with respect to à, é,, and £z, P(d/dx, 0/0€) Jap 
has a well-defined finite limit as A— a. 


Proof. (i) is verified by a straightforward calculation which we omit. 
(ii) follows at once from well-known theorems. We prove (11). Since the a 
expression P(d/dd,0/0&)J,g differs in no significant respect from Jap, it 
suffices to prove (iii) for the latter. 

For À€ A and ¢ in the interval Ot <œ, we have that 0 < arg(A—?#) 
<2r. For À and ¢ in these ranges, we define Log(A—t) —log|A—#| 
+darg(A—1t). Then for A€ A, we integrate by parts and obtain that 


Tinie = È ax Fes f Lot DÉCO Le ter 


where the c, are certain complex numbers and f(t) is the B-th derivative of 
tuu (té, té) with respect to t. Furthermore, we can write 


(6.2) S Log(a—t)f (ie) dt | >" 
0 
= flog |a—t/ f(te)de+i f “arg(a—e)f (te) at, 
0 0 
Let A — «a + bi and suppose A—> a, in such a way that b is always positive. 
Clearly, the first integral on the right side of (6.2) tends to the limit 
f log |ao—t|f(té)dt. If we define h(t) —0 for 0St <a, and h(t) =r 
o 
for a = t <œ, then the second integral on the right side of (6.2) tends to 


the limiting value t f h(t) f(té)dt as A— ap, since arg(A—t) is bounded 
0 


and converges uniformly to h(t) as | a— ao | -+b— 0 in every subset of the 
real line which excludes a neighborhood of the point a). This concludes the X 
proof of (iii) and hence of the lemma. | 
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Let €°€ and let z be the function defined in Lemma (5.4). Then 
g== pw where ¢ is an A-th root of unity and w is a real parameter lying in 
the interval —+r<w<r. 


Lemma (6.3). (i) There exists a positive number r such that 
Jap(u3éAn(E)) is infinitely differentiable with respect to w for O<w<r 
and for —r<w<0. Furthermore, all derivatives of Jap(w;&An(€)) with 
respect to w are continuous in the half-closed intervals OSw<r and . 
—7r<wsod. (ii) Jog has the Taylor expansion 


(6.4) Top (36, M(E) ) = $ du! + wE a (w) 


for 0Sw <r, where n is any positive integer, the d; are complex numbers, 
K,(w) is infinitely differentiable for 0 <w <r and all its derivatives are 
continuous in the halj-closed interval OSS w <r. (iii) An expansion similar 
to (6.4) exists in the interval 0 = w > —r. 


Proof. (ii) and (ii) follow immediately from (i), so we prove only the 
latter. For the sake of brevity, we restrict ourselves to showing the existence 
of an interval 0 < w < 7 where (i) is true; a repetition of the argument 
will prove (i) for small negative values of w. We choose + small enough 
that A;,(é(w) ) is either everywhere real or everywhere non-real in the interval 
O<w<r. If Az is real for 0 = w < vr, then (i) follows from Lemmas (5.4) 
and (6.1) since a composition of differentiabie functions is differentiable. 
The same argument applies in the other two possible cases as well, except that 
if A, is real for w==0 but non-real for w=40, the derivatives of sag may 
have a jump discontinuity at w—0. But in any case, they have well-defined 
- finite limits as w->C. This proves Lemma (6.3). 

Let 2(8), for small positive 8, denote the intersection of the region @(8) 
with the unit circle Q and for small positive e let S(¢,@) denote that part of 
the interval 0 t <œ where | g(¢cos6,tsin@\|>«. Then for e> 0 and 6 
such that (cos 8, sin #) € Q(8), set 


(6.5) in (e, 6) = Í tou ( cos 8, tsin 8) (As (0) — t) -E dt, 
S(e,0) 


where A(@) is a solution of the equation q(A;(@)cos 8, A4(8)sin 8) = 0 and «, 8 
are arbitrary non-negative integers. 


Lemma (6.6). Let C(8) be the closure of some component cf 2(8). 
Then there exists a positive number ep a finite set M of negative fractions, 
functions c,(8), where » runs over M, and functions c(8), .4(8, e) such that: (i) 
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Ca (8), c(0) are defined and continuous for all 6 such that (cos 6, sin 6) € C(8) ; 
(ii) d(6,e) is defined and continuous in both 8 and e for 0 such that 
(cos 4, sin 0) EC(8) and 0OSe<e; (iil) wed) = à Ca (8)et + ¢(6)loge 
+ d(8,e) for all such values of « and 6. 


Proof. Since by assumption g(0,0) +0, we can choose a positive number 
yo such that g(0,0) Ær whenever 7 is a real number satisfying the inequality 
|r| <y. For real r, let 


q (m1 72) ri Lai (ns 92 5 7) |* 


be a decomposition of ¢(m, 42) —-7, considered as a polynomial in 7, and ns, 
into integral powers a; of irreducible polynomials gi(71, 7237) and let Dj(1, 23 7) 
be the discriminant of the polynomial q;(Amz, Amos T), Rulau 7237) the resultant 
of the polynomials q;(Ani,Ay2;7) and g;(Aqi,Ay237) Where these latter are 
considered as polynomials in À alone. Then set 


vp 
H (m7257) = H Rul 9237) Ds (mas 1257). 
+ 
i<j 


H (y1,7237) is homogeneous in m, 742, so that H =Q is a cone. By the 
definition of H, a line through the origin belongs to this cone if it is tangent 
to or passes through an exceptional point of the curve g =r. 

Let ©(8) denote the angular sector of À? consisting of all points which 
lie on a line passing through both the origin and a point of C(8). We have 
that H(y1,42;0) vanishes in T($) at just the point m—7:—0. Since 
H (m1, 7237) is a continuous function of + and homogeneous in yı and ne we 
can choose a positive number y; less than y, and such that for |r| < y, the 
polynomial H (qı, n257) does not vanish in I'(8) except at the origin. 

Now let V, denote the curve q= r and consider that part of it lying 
in (8). By our construction, if |r| <y» V-NT(S8) will consist of a 
number of disjoint components V,',: - -,V,*, each of which is non-singular 
and nowhere tangent to a line passing through the origin. If p denotes the 
radial distance from the origin, V, will be given by the equation p = p*(r, 6) 
where pê is an analytic function of + and 6 for |r| <yn 0 such that 


(cos 8, sin 8) € C(8). Furthermore, since the components V;',: - :,V,8 are 


disjoint, we may assume that 0 < pt(r, 8) <- - - < p8(r,0). From the 
definition of A;(0), we see that there are two possible cases: (i) Ax(0) + pt(0, 8) 
for 1+=1,- - -,s and all 4 such that (cos@,sin 4) € C(8); (ii) there exists a 
unique integer j, 1<7<s, such that A4(4) =p!(0, 9) while Ax (0) 4p (0,8) 


— 
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for 1==1,2,---,7—1,7-+1,--+-+,s and all 4 such that (cos6,sin 6) € C(8). 
In the first case, there is nothing to prove since w(e,8) will then be con- 
tinuous at e==0. So assume (ii) holds. Then V,/ will be flanked by two 
curve segments, one from the family Vi and one from the family V_,*. It is 
convenient to choose our notation in such a way that Vi is given by the 
equation p==p(—<«,9), Voi by the -equation p—p(0,6), and Vi by the 
equation p=p(e,0). Without loss of generality, we can assume that 
p(—e, 0) < p(0,8) <p 8) for e positive, e < y: < yy and for @ such that 
(cos 6, sin 8) €C(8). This being so, we have that 
l pt-6:6) 
(6.7)  w(e,6) = f. teu (t cos 6, tsin 0) (Ax (0) —t) -E di 
| 0 
i + teu (¢ cos 8, tsin 0)(A:(8) —#)-8 dt +W (e, 8), 
pleb) 

where W (e, 0) is continuous for 0 £ e < y, and 6 such that (cos 6, sin 8) € C (8) 
and where W(0,8)=—=0. It therefore suffices to prove that the integrals 
appearing on the right side of equation (6.7) have an expansion of the form 
required by (iii) of the lemma. We consider only the first integral and denote 
it by wi(e,9); the second integral can be treated in ‘an analogous manner. 

i Setting f(t, 0) = teu (tcos 0, tsinĝ) and integrating by parts B times, we 

~ obtain | 
| T | 
(6.8) Wx (e, 6) = 2 b fe (p (= € 0), 0) (x (8) —p(— e 0) ) ae 

+ bf (p (— e ) log | às (8) —p(— 6 0) | 
 p(-6,8) | | 
+b [TES 6) log | (8) — p(— 6 6)] dé 
| He... | | 

where ++ - : indicates that we have omitted those boundary terms (indepen- 
dent of €) which arise from the limit of integration t= 0, where bi bo, b 
are constants and where f® denotes the i-th partial derivative of f with 


respect to ¢. 
Now the function p(e, 6) satisfies the equation 


q(p(e, 9) cos 8, p(e, @)sin 8) =e 
for some irreducible polynomial g, and hence 
0p/0e == | (0q:/0m)co0s 6 + (0qi/0m2)sin 0]. 
€ Therefore | #p/de| Z= | gradq,|+> 0. It follows that we can write 
[Ax (8) — p(—«, 8) ex (e, 0) 


34 JOHN J. MCKIBBEN. 


for e < eo < yz and for all @ such that (cos@,sin@) € C(8) and where r(e, 6) 
is analytic for these values of e and @. 

For such values of e and @, the integral on the right side of equation (6.8) 
is obviously continuous. Consider the remaining terms on the right side of 
this equation. Each has an expansion of the kind required by (iii) of the 
lemma, since f)(p(—.e,@),0) is infinitely differentiable in e and can be 
expanded in a Taylor’s expansion in e about e==0, while by what we have 
said above, the quantity [Ax(8) —p(—e,6)]** can be expanded in a series 
of negative and positive powers of e and the coefficients of both expansions 
will be continuous functions of 0 as desired. Therefore w,(e,8) has an 
expansion of the form (iii). This proves Lemma (6.6). 


We recall that for u€ (£) and for § > 0, the number E(u; 6) is defined - 


by equation (4.2). 


LEMMA.(6.9). H(u,8) is equal to a linear combination of terms of 
the form 


(6. 10) JB (@Faows €(0), dv(6)) a 
where a, B are non-negative integers and for some other non-negative integers 
t, fis Jay . 
-R (0) = [ax (8) JTE (8) 1182 (0) J [Dp (E(0), Ar (0) ) rx 

where D = (d/dà) and where my is the multiplicity of A1(8) considered as a 
root of the equation p(£(8),Ax(0)) — 0. 

Proof. By definition (equation (4.1)), gs(u;e) = f u(n) La (n) J dy. 

i í G(8,€) 


Then by Lemmas (5.1) and (5.3), gs(w;e) is a linear combination of 
expressions of the form: 


(6. 11) Su qaga x (q) 1 LD”Ep (y, Az (9) ) Arla) — 1) ]-™ dy. 
Introducing polar coordinates y, ==? cos 9, y = tsin 0, and using the formula 
Ax (ny 72) = tA; (cos 6, sin 4) = tA, (6), we find that 

Dp (9, Arly) ) == "Dp (cos 6, sin 6, A1(8)). 
Hence (6.11) becomes 


(6.12) f R(6) ae f tau (t cos 8, tsin 8) (Ar (8) — £)": dé, 
02(8) S(e,0) 


where a = j, + je — i -+ m(1— mx) +1 and where S(e, 8) is that part of 
the interval OS <œ% where | g(fcos8,tsin8)| > e. 

Keeping 6 fixed always, let h(e) denote the expression (6.12). To prove 
Lemma (6.9), we must show that he) =œ (e) and further that 


wt 


` Jf 


5 


SINGULAR INTEGRALS. 39 


Pf.h(0) = if Pl) Top ws ECO), Ax(8)) a8, 


where we have put B—mx. Define w(e, 8) as in equation (6.5). Then, by 
Lemma (6.6), we can write w (e, 0) = F, Ca (0) -+ c(8)loge—+ d(8,eï. Then 
: Le 


he) = Det f R(8)cu(8)d0+ loge | R(6)c(6)d6 
BEM (8) Q(8) 
+f R(6)d(6,¢)d6. 
(8) 
From this equation, it follows that 
Pf.h(0) = Pf. { Í R(0)d(6, €) d0}c=0, 
Q(6) 


provided the quantity in brackets on the right has a finite limit as e— 0. 
However, this is the case since, by Lemma (6.6), d(8,e) is continuous, and 
therefore 
lim f R(0)d(0, e) d9 = f R(6) [lim d(6, e) 1d8. 
‘6) 2(8) 30 


€>0 Q: 


LS 


This proves Lemma (6.9). 


7. Proof of Theorem (4.3). This theorem states that E(u ;8) == œ (8). 
By Lemma (6.9), it suffices to show that an expression of the form (6.10) 
is œ (8) and this in turn amounts to showing that 


MD SRO Julus €(0),d4(0) )dd-— 00 (8), 


where 6° is a solution of the equation H (cos 6°, sin 6°) —0 and where 7 is a 
positive number such that 7 > ô and so small that the interval 8 < 6 < 8 +7 
contains no solution of this equation. Let é? = cos 6°, é? — sin 4° and define 
the parameter w on Q as in Lemma (6.3). By equation (5.5), equation 
(6.4), and the definition of R(@), we can write 


(7.2)  R(8)Jag(u:£(8),Ax(8) ) dd = { 2 yaw" -+ y log |w | + c(w) }dw, 


where yz, y are numbers independent of w, M is a finite set of negative 
fractions, and e(w) is continuous for those values of w corresponding to the 
interval 6° = 8 < 6°-+ 8. Substituting the expansion (7.2) inside the interval 
on the left side of equation (7.1) and integrating term by term, we prove 
equation (7.1) and hence that Æ(u;8) = œ (6). 

The proof of Theorem (4.3) will be complete if we show that, considered 
as a functional on the space (£), Æ is a tempered distribution. It is obvious 
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that # is linear, so we need only establish its continuity. We consider a 
sequence {un} where Un is a C” function of 1, 72 which tends to zero in the 
sense that for an arbitrary polynomial P(»,,72) and an arbitrary but fixed 
partial derivative D, the sequence {PDu,} tends to zero uniformly in K7. 
To show the continuity of Æ, it suffices to show that E (Un) —> 0 as no. 

Under these assumptions concerning the sequence {un}, we shall have 
that Jug(tn3é, À) — 0 for all fixed € and À and the convergence is uniform 
for éE Q, A3£0. This follows from the definition of Jag. Moreover, the 
statement remains true if we replace Jag by Didag, where D, represents any 
partial differentiation with respect to é and À. 

By Lemma (6.9), we shall be finished if we verify that the expression 


(7.3) J. B(0)Tap(tn3 ECO), Aù(8)) 49 
tends to zero as n—>co. But by formula (7.2), we have that 
R(0) Jap (un (0), Au (8) dB — { E ywr + ylog | w | + ow) Ju. 
Be 


Since the y,, y all contain a derivative of Jag as a factor, they tend to zero 
as n—>00. The function c(w) contains as a factor the remainder term. of a 
Taylors expansion of Jag about w-—0. Since all derivatives of J ag converge 
uniformly to zero as n—->œ, it follows that the integral of c(w) will tend 
to zero as n—>co. Hence (7.3) tends to zero as n—>co. This proves that E 
is continuous, and therefore Theorem (4.3) is established. 
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LINEAR DIFFERENTIAL EQUATIONS WITH ALMOST PERIODIC 
COEFFICIENTS.* 


By James C, LILLO? 


Introduction. We shall be interested in linear systems of the form 
t == A(t)xz+B(t), where A(t) is an n Xn matrix, B(t) is an n vector, 
and their entries are almost periodic functions (either real or complex valued). 
Historically, the approach to this type of problem has been to assume that 
the solutions of the system z’ == A (tìx have certain properties and then obtain 
the existence of an almost periodic solution of s’ == A(t)s + B(t). The 
limitations of such a procedure are apparent. While the results obtained in 
this paper are restricted to rather special types of almost periodic matrices, 
they do possess the advantage that the restrictions are placed directly upon 
the coefficients. For the case B==0, we shall concern ourselves with a 
modified form of the representation problem considered by Cameron [4]. 
Our results divide into two main types, the first type being when A(t) is a 
superdiagonal matrix. An example (example A) is obtained which illustrates 
the difficulties involved and suggests the restrictions imposed in Thaorem 1. 
The second type of matrix A(t) considered is that in which the frequencies 
of the a(t) are all positive and bounded away from zero. The results in 
this case are an extension of earlier results due to Wintner and Putnam [12]. 
For the case B340, we consider the existence of almost periodic solutions. 
The main result is found in Theorem 3. We shall employ the notation used 
by Besicovitich [1], writing a.p. for almost periodic and denoting the unique 
association of an a.p. function with its Fourier series by ~. | 


Part I. We consider here systems of the form 1) à == A(t})x, where 
A(t) is an nX n matrix of a.p. functions. A classical question for systems 
of this type is when may the fundamental solution be written in the form 
p(t) —=P(t)exp(At), where P(t) is an a.p. matrix and A is a constant 


* Received April 24, 1958. 

1 The above research was done while the author was a member of the O. N. R. project 
in differential equations at Princeton University. It comprises a part of the authors 
Ph. D. thesis at Princeton University. In this regard, the author wishes to thank his 
advisor, Professor S, Lefschetz, for his continual encouragement and advice. 
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matrix. We consider here a slightly more general representation problem. 
We ask when the components of every solution of 1) may be written in the 


k 
form exp (å;) > t!/1! Pi(t), where P(t) is a.p. and k is equal to or less than 
1=0 


the multiplicity of À} We consider first the case in which the matrix A(t) 
is superdiagonal. The results of Perron [10] and Diliberto [5] assure us 
that any equation z’==D(t)z, where D(t) is bounded and continuous, is 
kinematically [8] similar to an equation of the form 2’ == A(t), where A(t) 
is superdiagonal. Unfortunately, it is not known under what conditions the 
resulting A(t) will be almost periodic when the B(¢) is so restricted. Thus 
for the present at least, the restriction to the superdiagona: is a serious 
limitation. The results obtained, however, are quite complete, and example A: 
in particular has rather interesting implications. In preparation for the study 
of superdiagonal systems, we have the following three lemmas. . 


Lemma 1. If p(t)— Da;exp(iA;t) ts an a.p. function and Rex > 0, 
j=1 
then 


q(t) = 1 p(s) exp[A({—-s)]ds is a.p. and q) ~ 5 a; exp (iA) /(A + 1A;). 
t j=l 


Proof. The a.p. nature of g(t) was established by Murray [9]. The 
nature of the Fourier development of q(t) may be obtained by a simple 
generalization of the technique used by Bohr [3]‘to show the analogous fact 
for the integral of a.p. functions. 


Lemna 1’, If p(t) ~ San exp(iAzt) is an a.p. function and Rex > 0, 
h=1 
on t 
then f p(s) [(é¢—s)™thexp[A(t— 8) ] ]/(m!1!) ds — 3 (#/7!) gi (t), where 
t 3=0 


each gi(t) is a.p, gi (t) > [an/ (A+ iAn)™ ] exp(iAzt). Furthermore, 
if M =1.u.b. | p(t)|, the 1. ah | (E| S M/A.. 
Proof. The result is established in essentially the same way as Lemma 1. 
LemMa 2. Given any a.p. function b(t) ~ SB, exp (1A,;f) + bo, where 
|Aj—Ai|>8>0 (ji), | |A;|>8>0, ge ks an a.p. function 
h(t) ~ > hrexp (+ yä), where |y:—yur|>8/2 and |y|>3/2> 0,41 


t 
Se eee f b{e)h(s)ds==f(t) is not an a.p. function. 
0 


LA 


X 
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Proof. Define y; == [— A; + bj;hj/(j7 +%)*] where h; are chosen so that 
bihi Æ bxhx (754k), 3 | hı |? is bounded, and k is a positive integer such that 
: 1=0 


lu. b. | b;h; | Jk? <8/4. Then h(t) is an a.p. function and its indefinite 
integral is also an a.p. function. We now establish the fact that the integral 
of b(¢)h(t) is not a.p. Now 


b (DRE) ~ [E dyexp ast) + bo] LE exp (— int) ], 


and so, if the indefinite integral of b(t)h(t) were an a.p. function, by known 
results, its Fourier development would have to be similar to that obtained by 
formally integrating the above formal product. However, if one formally 


does this, he obtains a Fourier series 2 cy exp[ (iA;y:)t] for which the partial 
sums È AC cy |)? are unbounded. Thus we may conclude that the integral 


of ie oiid b(t)h(t) is not an a. p. function. 

We here note that it is possible to restrict oneself to real a.p. functions 
and still obtain the results of Lemma 2. The necessary modifications are 
suggested by the trigonometric identity: (cos A, + sin An) (cosy, — sin Yn) 
== CO8 ( An + yn) + 8N (An — yn). In this connection, it is noted that the 
example which appears in the following paragraph may be similarly modified. 

Consider now the linear system of the form 2’==A(t)z, where A(t) is 
a. p. and superdiagonal. We begin by using the results obtained in Lemma 2, 
to construct an example which illustrates the difficulties involved even for very 
special systems. Upon considering this example, the hypotheses of Theorem 1 
and its corollary are immediately suggested. 

Example A. We consider the linear system in two variables of the form: 


Co) o es a(t) a 

ed 0 ba(t) Lo J? 

where the functions a,(¢) and b, (£) are periodic 27 and mean M. There- . 
t t 

fore f a,(8)ds~= Mt +-h(4) and f b,(s)ds—~ Mt +- c(t), where c(#) and 
6 0 : 

h(t) are periodic with zero mean. We have that (exp(Mt -+ h(t)),0) and 

(exp (Ht + h(t) [1+ f exp(—h(s) + 0(8)) -a(s)ds], exp (Mt + o(#))) 

form a basis for the solution space. Since exp[—h(t) + ¢(t)] is periodic, it 

clearly satisfies the conditions of Lemma 2 for b(t) so that if we define a.(¢) 


as the corresponding h(t) of Lemma 2, then the given system will not admit 
a representation of the desired form. 
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Since, upon repeated integration of the functions a, (€) — M, ba(t) — M 
and a(t), we always obtain an a. p. function, it is clear that the imposing of 
integrability conditions on the ay(¢) will not suffice to give a representation 
result. A spacing condition on the frequencies is likewise seen to be adequate. 
The results of Lemma 1 suggest, of course, that a restriction be put on the 
integrability and mean values of the diagonal terms. This is done in the 
following theorem. 


THEOREM 1. If the system x’ — A(t)x = (ay(t))@ satisfies 1) ay(t) =0 
t 
fori < j, 2) the aj(t) are a.p., 3) f an(s) ds == mit + p(t), where pi(t) 18 
7 6 


a. p. and Mi Mm; for 154 j, then there exists a fundamental set of solutions 
T(t), © *,%n(t), where s(t) —exp(mat) > Pat (i), IZh; w(t) —0, 
j>h. -Here the Pyj*(t) are a.p. with their io dut contained in that of A(t).. 


Proof. This result is an immediate consequence of ae applications 
of Lemma 1. 


COROLLARY. If, in addition to the hypothesis of Theorem 1, we insist 
that the m; be lineary ordered and that no solution x(t) having an exponential 
multiplier exp(At) be such that exp(—At)ax(t) is bounded and positive twist- 
able with respect to the module of A, then any fundamental solution ®(t) of 
x’ — A(t)x has a representation of the form ®(t) == P(t)exp(At), where A 
is a constant matric and P(t) is an a.p. matrix whose module is contained 
in the module of A(t). 


Proof. The proof is a straightforward application of Theorem XIII of 
Cameron’s paper [4]. 

We next consider linear systems of the form 1) where the ay(t} are a.p. 
functions whose frequencies are all positive (or all negative) and bounded 
away from zero. This type of system was first considered by Putnam and 
Wintner [12] in the special case of a second order equation. Their results 
were extended by S. Sandor [11] to the case of an n-th order equation. 
In Theorem 2, we extend these results to general n-dimensional linear systems. 

Thus we consider the system 2’==A(t)a, where A(t) = (a;;(¢)) .and 
the ay(t) are a.p. functions having frequencies which are all of the same 
sign, say positive, and bounded away from zero. Let A denote the g.[.b. of 
the absolute values of the frequencies of the ay(t). We may assume, without 
loss of generality, that A >> 2 (i.e. a change of parameter will make it such). 
Let A, denote the matrix formed by the constant terms of the ay(t). We 
insist that the imaginary parts of the roots A; of A, are less than A so, as 
above, we may assume y==min(A-Im)) > 2. 
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Takorem 2. Corresponding to each solution of 2’ — At of the form 

exp(At)[0,- + -,.0,¢"/m!,0,- - +, 0], the system a’ — A (t)z, as defined above, 
m 

has a solution each of whose components are of the form exp (àt) D t/l! p(t), 
1=0 


where the p(t) are a.p. functions whose module is contained in the module 
of (A(t), Im). 


Proof. In this proof, we assume the frequencies are all positive since, by 
a change of parameter, this is always possible. Let a(t) denote a general a(t). 


We shall be interested only in general properties of the ay(t) ~ > c,exp (rAit). 
, 1=1 
Thus for f “exp[S (t— s)l'ay(s)ds— 5 cpexp(iA,t)/(8+%A,), we simply 
t Į=1 


write a(t)/A. Similarly, for f exp(t—_s))-a(s)-a(s)/A ds, we simply 
t 


write a° (t)/ (2 1A”), where the frequencies of a? (t) all exceed 2A. In the case 
of simple roots, we have, corresponding to the solution z == exp (Art) [0, "+, 


0,1,0,: - +,0] of the system x’ == Aoz, the solution x(t) =° (t) + S a(t) of 
i=1 


the system 2’=-A(t)x. Here z°(t) —exp{art)[0,- - -,1,0,: --,0], and the 
components of æ?(f) are defined in terms of the components of æ!-1(#) as 


follows for 74h: æt; (t) — exp (ut) fexp (— djs) Sam (t) a(s) ds. If the 
; m=1 
real part of (— A A) is <0 [> 0], then the limits of integration in the 
t t 
above definition are taken as f Cf |. For zt,({), we have 


at, (t) == exp (Ant) [ct + {exp (— Ans) 2 Gin (8) at1,,(s) ds], 


where ct is the value of the integral at its lower limit of integration. Thus 
a(t) = [a(t)/(An—Ay + iA) exp (Ant) and 2*,(t) = [a (t)/ (tA) Jexp (xt). 
In what follows, for convenience, we drop the A, —A;-+ tA and simply write y. 
Now assume 22,;(t) == nt1a?(t)exp(Agt)/(q!y2), where at(t) is an a.p. func- 
tion with no constant term and whose least frequency is greater than qy. 
Then: | 
z(t) = exp(at) | exp(— As) -È an(s) 28 (5) ds 
== exp (Ant) naat? (t) /L (g + 1) y], jh, 
+t n 
gt, (t) = exp (Ant) [et + j exp(— Ans) Dan(s)æ(s) ds] 
0 ~ = 


=n exp (Art)at (t) /L(g +1) I. 
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In the case of 29;(t), j=<h, the limits of integration are established as pre- > 
viously stated. Here a%*t(f) is an a.p. function which again has no constant €. 
term and whose least frequency is greater than (q+ 1)y. Since the a(t) are 
all a. p., there exists an M such that for all values of i, j, and t, | ay(¢)|< M, 
from which it follows that | ag*(¢)| < (241)9/[(q+1)1y241. From this 
last inequality, we obtain | 2%**,(#) S exp (Aat) [(2nM/y)t*/(¢+1) !]. Thus 


for x(t) = $ r, (t), we have the majorant exp (Art + 2nJf/y), and for the 
g=0 
series of a. p. functions which are multiplied by exp(Az¢), we have the majorant 
exp(2nM/y). By standard arguments, x(t) a 5 aî(t) is a solution of our 
q=0 


equation. Since the uniform limit of a sequence of a.p. functions is again 
an a.p. function, the desired result follows in the case of simple roots. We 
next consider the case of multiple roots. For a solution corresponding to a 
_given À, of multiplicity m + 1, the k-th component, corresponding to a root, 
À x, has the basic integral 


exp(at) f exp (—A,s)s"/m !at(s)exp (Azs) (t —s)*/h la (s) ds. 


Here we have 4 & r, the maximum multiplicity of all the À; Then integrating 
by parts, it follows that 


f. ‘exp [A(t — s) ] (t—s)*/h!at (s) s™/m l exp (Axs) a@(s) ds 


= 2 means (t)exp (At) /[ (m — s) 1(qgy)"]. 


KS 


Thus, except for the fact that à, is a multiple root, so that now we may have os 
up to r? terms and so that exp(2nMr?/(y) +Ax¢) is used instead of ” = 
—exp(2nM/(y) +aAxt) as a majorant, everything proceeds as before. In the 

case in which we are considering components x%,(¢) corresponding to Àg, we 

obtain after integration by parts an expression of the form 


exp (Mt) { È etana (t) /[(m—i) (gy) 4] + X tiat (0)/ [it (ay) 4D), 


(k= m). Therefore, we choose, as in the case of simple roots, a set of initial 
coordinates for these components so as to cancel out the set of terms due 

to the lower limit (i.e. 0) of integration. As before, the convergence of the 

sum of these initial coordinates follows from the convergence arguments for, 

the series itself. Now, except for this special choice of coordinates at t=0 ~ x> 
for certain components of s(t), the argument proceeds as ‘in the previous K 
cases except that now the bound on our series is of the form 
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exp (2nMn2/(y) + Art) Set (m—i) ', 


This completes the proof of Theorem 2. 
An immediate consequence of the above theorem and the work of Favard 
[6] is the following corollary. 


COROLLARY. If for the system à = A (t)z +- B(t), where B(t) is an a. p. 
vector and A(t) satisfies the conditions of Theorem 2, the associated A, has 
roots all of whose real parts are nonzero, then this system has a unique a.p. 
solution. 

Part II. In this section, we consider the question of the existence of 
a. p. solutions for systems of the form y —A(t)x-+ B(t), where A(t) is an 
nX n matrix and B({) an n vector of a.p. functions (Theorem 3). Before 
considering the statement of the theorem and its proof, it will be convenient to 
introduce several definitions for systems of the form 2’ = [A + C(#)]a-+ B$). 
Let A= a; -+ ij, J==1,:--+,h, denote the characteristic roots of A, m= 
min | a; |, and p be the number of A; that are conjugate roots of A. From 
now on, we assume that the parameters have been changed so that m = 1, 
and we denote the multiplicity of A; by m; If c denotes 1. u. b. | cy(t)|, then 

ti 


* the system z’ = [4 -H C(t)]r-+B(t) is said to satisfy the inequality I if 
h 

for some «>0, one has m—e > cX, (p-+m,)(m;)7. The statement of 
j=1 

Theorem 3 now takes the following form. 


THEOREM 3. Consider the system z == (A+C(t))x+B(t), where 
B(t) and C(t) have real a.p. entries. If this system satisfies inequality I, 
defined above, then it possesses a unique a.p. solution whose module is con- 
tained in the module of [C(t), B(¢), Im(A,;) ]. 


Proof. We first consider the case in which A has simple roots. We 


assume a solution of the form z(t) —#x°(t) +S at(2), where the z‘(¢) are 
q21 


defined recursively as follows: [#°(¢)]’=Aa°(¢)+B(¢) and [at(t)]’ 
== Ági (t) +C(t)c*"(t) for +>0. For convenience, we assume that 
Re(Ai) > 0 for +> 7 and Re(x) <0 for += 7. In the formula for the 
variation of constants for the i-th components, we choose the limit of integra- 
tion as œ (—o) ift+> 7 @j). Thus, if we denote by k the 1. u. b. | Bi(€) |, 


we have for the i-th component of 2°(¢),a°;(¢) = f “exp (An (¢— 5) ) Bi (s) ds; 
t 
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hence | 2°,(¢)| S k/m. In the case of a conjugate root A, we have for the k-th 
component f “exp [Ar(t —~s) ][Bz(s)cos mé —s) + Biss (s) sin m(t—s) | ds. 
t 


Thus the componentwise bound now takes the form | 2°,(¢)| S 2k/m. For ne 
induction step, we assume 


[a] (rS Let p)/m]: {+ p/m]; 
then by the formula for variation of constants, 

[b] | z',(t)| S [keln + p)/m][((n + p)e/m], 
or . 

[e] | T(t) | S[2ke(n + p)/m][((n + p)c)/m] 
in the case of a conjugate root. Thus 

[a] | o'(t) | S [e(n + p)/mIL(n + p)e/m}!, 


and the induction is complete. By assumption, (n + p)c/m =ô < 1, and 
the series for z(t) is majorized by 


[ (n+ p)k/m][1+3+- + -]= (n+ p)k/[m(1— 8) ] 


and so converges uniformly. By Lemma 1, the v(t) are a.p. and their 


modules are contained in the module described in the theorem. Since the . 


uniform limit of a.p. functions is again a.p., the proof of the theorem is 
complete in the case of distinct roots. In the case of multiple roots, the 
procedure is exactly the same except that now one employs Lemma 1’ and 
uses the fact that m > 1, so that |k ]/m? < |k |/m for any integer 1. Then 


À 

if J= >) (m;+p)(m;)?/m, the estimates [a], [b], [e], and [d] take the 
j=1 

form 


[a”] | 2 (E) | Sk (Te), 
[b] | 21, (t) | S kJ (Je) =e (m;)?, 
[e] an (t) | S 2J (Je) te (m;)?, 
[a] | zt (t) | S kJ (Je): 


and the proof proceeds as in the case of simple roots. This completes the 
proof of Theorem 3. 

The above result introduces the folowing problem. Given a matrix 
B(t), is it possible to find a constant matrix A such that, if § denotes the 


h $ 
l.u. b. | ai; — 0i;(¢) |, then the inequality I’) m —e > SX (p + m;) (m;)? holds 
AT 


K- 
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for some positive e where p and m; are as in Theorem 3? The matrix that 
immediately suggests itself is A? == (a°;;), where 


a? 4j == fl. u. b. ayt) + g. lob. aij (t) 172; 


since this will minimize the § which will be multiplied by at least n. Thus 
we have: 


COROLLARY. If the roots À; of the equation x” + ana? Lee at = 0 
associated with the system xt + prit) +- - -+ p(t) =Q(t) have 
nonzero real parts and if min |ReÀ;| satisfies the inequality I’ above, the 
system has à unique a. p. solution. 
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TAME COVERINGS AND FUNDAMENTAL GROUPS OF 
ALGEBRAIC VARIETIES.* 


Part I: Branch loci with normal crossings; Applications: 
Theorems of Zariski and Picard. 


By SHREERAM ABHYANKAR. 


Introduction. In this paper, we shall study the fundamental group of 
an algebraic variety V minus a subvariety W over an arbitrary ground field, 
the classical case being subsumed as a special case. This will be done via 
first studying finite alegbraic coverings of V with branch loci contained in W. 
Here in the introduction, we shall only approximately describe the situation 
and indicate some of the results. 

The finite galois groups over V of all tame (for definition see Section 2) 
finite galois coverings of V—isomorphic coverings being identified—with 
branch loci contained in W form an inverse system x’ (V— W) of a special 
kind which we shall call a group tower. A group G is said to be a weak 
parent group of a group tower r if G can be topologized so that the group tower 
of all continuous finite homomorphic images of G is isomorphic to r; if m is 
isomorphic to the group tower of all finite homomorphic images of @ (i.e. 
if G is regarded as a discrete group), then G is said to be a parent group 
of m. The possible existence of a finitely generated parent group (or some- 
what weaker: the possible existence of a finitely generated weak parent 
group) of z’ (V -—W) is the abstract analogue of the statement (Section 16) 
that in the classical case the topological fundamental group 7,(V—W) is 
finitely generated; and hence if such a finitely generated parent (respectively, 
weak parent) group exists, we shall call it a tame fundamental parent (respec- 
tively, weak parent) group of V — W. Now one main result of this paper 
(Section 12) is that if V is nonsingular and simply connected, if W has 
only normal crossings and if the irreducible components of W move in lineer 
systems of dimension greater than one, then denoting the number of these 


* Received April 23, 1958. 

2 Here we chose to overlook a condition that the intersection of subgroups of G of 
finite index be 1, see Section 5; and for the corresponding situation in the classical 
case, see Section 17, 
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components by t, we have that V — W has a tame fundamental weak parent 
group generated by ¢ generators and that any tame fundamental weak parent | 
group (and hence, in particular, any tame fundamental parent group) of 
V— W is t-step nilpotent and is abelian in case the irreducible components 
of W are pairwise connected, i.e. any two have a point in common. As a 
corollary of this, we deduce the abstract version of a theorem of Zariski which 
in the classical case says that the fundamental group of a complex projective 
space minus a hyperplane with normal crossings and ¢ irreducible components 
is an abelian group with ¢ generators and one relation. As another corollary, 
we deduce the abstract version of a theorem of Picard which says that any 
‘cyclic’ surface in the complex projective three space is simply connected. 


Now in the classical case, the recent work of Grauert and Remmert 
shows that any finite unramified topological covering of V — W can be com- 
pleted to an alegbraic covering of V with branch locus contained in W, and 
hence mı(V ——W) is a parent group of z’ (V — W}. Therefore the above 
results tell us that in the classical case, mı( V — W) is respectively ¢-step 
nilpotent, and abelian.* 

Our tools are mainly these: (1) Galois theory of local rings, including 
the concepts of splitting and inertia groups which are the higher dimensional 
analogues of the corresponding concepts in algebraic number theory and are 
due to Krull. These and other aspects of the galois theory of local rings were 
further developed by us in our previous work. In Section 2, we bring tcgether, 
in suitable form, concepts and results to be used from this theory. (2) From 
algebraic geometry proper, we use mainly three things all due to Zariski, 
namely (i) normalization in an algebraic extension, (ii) generalized Bertini 
theorem, and (iii) degeneration principle. (3) Results from the local theory 
of normal crossings developed by us elsewhere and summarized in Section 3; 
this in part is the arithmetization of local fundamental groups; in our 
previous treatment of this, we had used Zariski’s theorem on ‘ purity of branch 
locus,’ while in our forthcoming new treatment which makes the theory valid 
also in the Kroneckerian case, we shall use Chow’s recent work on ‘ connected- 
ness’ and ‘local Bertini theorem.’ (4). From topology, we derive our motiva- 
tion for the fundamental group tower, etc. All these tools put together enable 
us to study fundamental groups in the abstract case when no classical top- 
ological techniques are available. 


In forthcoming papers, we shall study fundamental groups of algebraic 
varieties when the branch loci have higher singularities, and there, in addition 
to the present tools, we shall employ analysis of singularities, quadratic trans- 
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formations and a concept of systems of curves with assigned singularities ; 


. and as an application, we shall obtain theorems on the nonexistence of irre- 
ducible plane curves of a given degree with prescribed singularities. Also in 
another paper, we shall develop a ‘ramification theory’ for complex manifolds 
and obtain similar results for fundamental groups of complex manifolds; in 
that set up, the role played in the algebrogeometric situation by the generalized 
Bertini theorem and the degeneration principle will be played by a result of 
Stein and a result of Serre. 

For the sake of brevity, definiteness and clarity of exposition, in this 
paper, we shall deal with algebraically closed ground fields and projective 
varieties. That most of the relevant material of this paper goes over for 
nonalgebraically closed ground fields or for the complete abstract varieties of 
Weil will be shown in a later communication. 

The contents of the various chapters and sections should be clear from 
their titles. . 

In concluding this introduction, I wish to express my great appreciation 
of Professor Oscar Zariski; for in the first place, the present investigations 
began in trying to carry over to the abstract case Zariski’s classical theorem 
on fundamental groups mentioned above; and in the second place, as indicated, 
some of the important tools in this study are due to Zariski’s foundations of 
abstract algebraic geometry. 
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A. Algebrogeometric Preliminaries. 


1. Conventions and notations. A ring Æ (always commutative with 
identity) will be said to be normal if it is integrally closed in its total ring 
of quotients. By “(R,M} is a local ring,” we shall mean that R is a (not 
necessarily noetherian) local ring and M is its maximal ideal. Let (R, M) 
be a normal local ring with quotient field K, let K* be a finite separable 
algebraic extension of K ; recall that the integral closure of R in K* has only 
a finite number of maximal ideals, the quotient rings with respect to these 
_ maximal ideals will be called the local rings in K* lying above R; if (R*, MY) 

is a local ring in K* lying above (R, M), then R == K N R* and M = K N M*, 
and hence we may call (#,M) the local ring in K lying below (A*, M*); 
also recall that if K*/K is galois, then the set of local rings in K* lying 
above À is a complete set of K-conjugates. A field extension K*/K will be 
said to be galois if it is normal algebraic and separable; G(K*/K) will then 
denote the galois group of K*/K ; unless otherwise stated, galois will mean 
finite galois. As usual, for a finite alegbraic extension K*/K, [K*:K], ard 
[K*:K |; denote, respectively, the separable and the pure inseparable degrezs 
of K*/K. For a subgroup H of a group G, the index of H in G will be 
denoted by [G:H]; in particular, [G:1] is the order of G., 

Let V be an irreducible algebraic variety in a projective space over an 
algebraically closed ground field & and let K==h(V), i.e. let K/k be a 
function field of V/k; then V is a projective model of K/k and is given by 
projectively related affine coordinate rings with quotient field K/k. Unless 
otherwise stated, we shall consider only those irreducible subvarieties (respec- 
tively, points) of V which are defined (respectively, rational) over k, thus the 
irreducible subvarieties of V will be in one to one correspondence with tae 
quotient rings of the various affine coordinate rings of V in K/k. For an 
irreducible subvariety W of V, we shall denote the local ring of W on V dy 
Q(W, V), and the maximal ideal of Q(W,V) by M(W,V); note that k is a 
subfield of Q(W, V) and K is the quotient field of Q(W,V). V will be said 
to be normal if the local ring of each point (and hence, of each irreducible 
subvariety) of V is normal. Unless otherwise stated, terms like ‘ connected,’ eic. 
will refer to the Zariski topology (over the ground field under consideratior.). 


2. Galois theory of local rings and branch loci. In this section, we 
shall collect together, in suitable form, concepts and results on galois thecry 
of local rings and branch loci. These will be based on Section 2 of [A2],? 


* References in square brackets refer to the References at the end of the paper. 
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Section 1 of [A1], Sections 1, 5 and 6 of [A8], and when proofs are not 
given, they will be found in these references. 

Let K*/K be a galois extension, let (R, M) be a normal local ring with 
quotient field K and let (R*,M*) be a local ring in K* lying above ZX. 
Recall that z 


G,(R*/R) = G,(R*/K) = splitting group of R* over R (or K) = group of 
automorphisms ¢ of K*/K for which A == JET, 


G,(B*/R) = G,(R*/K) = inertia group of R* over R (or K) = group of 
automorphisms ¢ of K*/K for which r€ R* implies that t(r) —r e M*. 


The fixed fields of G,(R*/R) and G,(R*/R) are respectively called the 
splitting and inertia fields of R* over R (or of R* over K). 


Lemma 1. Let G=G(K*/K), G,—G,(R*/R), = G,(R*/R). Then 
(i) [G:G,] = number of local rings in K* lying above R. 
(ii) G; is a normal subgroup of G, and [G,: Gi] = [R*/M*: R/M]e 


(iii) [G,:1] = [K*:K] [number of local rings in K* lying above 
R] [R*/M*: R/M]. 


Lemma 2. Let K’ be a subfield of K* which is galois over K, and let 
(R’, M’) be a local ring in K’ lying above (k, M) such that R* lies above RP’, 
Then (i) the natural homomorphism of G(K*/K) onto G(K’/K) induces a 
homomorphism of G,(R*/R) onto G,(R'/R) with kernel G,(R*/R’) and a 
homomorphism of G,(BR*/R) onto Gi(R’/R) with kernel Gi(R*/R’). Hence 
in particular : | 


(ii) [G,(R*/R) 11] = [G,(R*/B’) :1][G,(B’/R) :1]. and 
[G.(R*/B) :1] = [G,(B*/R’) :1] [@,(R’/R) :1]. 


Proof. (i) follows from a straightforward application of galois theory 
in view of the equations: R’ == R* N K’ and M= M* Nn K’. (ii) follows from 
(i), and can also be proved directly thus: Since [K*: K] = [K*:K’][K’: K]; 
[R*/M*: R/M]; = [| R*/M*: R’/M’],| /M':R/M],; and the local rings in 
K* lying above À are exactly the local rings in K* lying above the various 
local rings in K’ which he above R; in view of Lemma 1, it is enough to show 
that if R* is any local ring in K* lying above R and # = #*N K’, then 
G,(R*/R’) and G,(R*/R’) are of the same orders, respectively, as G,(R*/R’) 
and G,(R*/R’). Since R* and À* are K-conjugate, there exists t€ G(K*/K) 
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with £(R*) = R*, Let u be an element of G(K*/K’) considered as a sub- 
group of G(K*/K). Then ge G.(B*/Ř) if and only if g(È) == È*, Le. 
g(ECR*)) == t(R*), i.e, (t1gt)(B*) = RŸ, i.e., if and only if tigt E€ G.(R*/R"). 
Hence G,(R*/R’) and G,(Rk*/R’) are conjugate in G, and similarly for the 
inertia groups. 


LEMMA 8. Let K,,K.,: : -, K; be subfields of K* such that K* is their 
compositum and each of them ts galois over K. Let R; be a local ring in K; 
lying above R. Then G;(K*/R) 1s isomorphic to a subgroup of the direct 
sum of G,(Ri/R), Gi(R:/R), © -, G(R:/R) whose natural projection on 
each of the components G;(R;/K) is onto; hence, in particular, for each j, 
the order of G;(R;/R) divides the order of G;(R*/R) and the latter divides 
the product of the orders of G(R;:/R)," - -,G(R:/R). Similar statements 
hold for the splitting groups. 


Proof. Apply inductions on t and use Lemma 2 repeatedly. 


Now let K be an algebraic function field over an algebraically closed field 
k of characteristic p, let K* be a finite separable algebraic extension of K, 
let V be a normal projective model of K/k, let V* be a K*-normalization of 
V and let œ be the natural map of V* onto V. Recall that V* is characterized, 
up to natural biregular maps, by the property that for any irreducible suk- 
variety W of V, if W*,,- - -, W*; denote the irreducible components of 67(W}, 
then Y(W*,, V*),- + -,Q(W*,, V*) are exactly the local rings in K* lying 
above Q (W, V). Concepts and adjectives defined for Q(W*;, V) over Q(W, V) 
will be applied to W*; over V (or over K); thus, for instance, if K*/K is 
galois, then the inertia group of Q(W*,;,V) over Q(W, V) will be called the 
inertia group of W*; over V or over K and will be denoted by G,(W*,/V) or 
G;(W*,/K). Strictly speaking, these concepts depend on the particular 
rational map ¢ of V* onto V, i.e. on the particular embedding of &(V) into 
k(V*); however, this will be always clear from the context.’ 


Let W* be an irreducible subvariety of V*, let W == 46(W*), let (R*, MY) 


and (R,M) be the completions, respectively, of Q(W*,V*) and Q(W,V) 
canonically assuming that # is a subring of R*, let E* and E be the quotient 


2 For visual and mental facility, by an abuse of language, when the reference to V 
is clear from the context and there is no cause for confusion, we shall allow ourself 
to apply concepts and adjectives for W*, over V as if they were for W*, over W; thus, 
for instance, we may write @,(W*,/W) for G.(W*,/V), or we may call r(W*: V) the 
ramification index of W* over W and denote it by r(W*: W). [Note that if U* is an 
irreducible subvariety of V* containing W* and U=@#(U*), then r(W*/W) will in 
general depend on whether this is over U or F]. 
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fields of R* and À respectively, let Æ” be a least galois extension of Æ con- 
taining H*, and let R’ be the integral closure of R in B’. Since R is complete, 
R’ is a local ring and the only one in F’ lying above &; let W’ be the maximal 
ideal in W. We set 


r(W*:V) = ramification index of W* over V (or over K) 
== [E*: E| R*/M*: R/M]. 


We shall say that W* is ramified for ẹ (or over V, or over K) if r(W*: V) 1, 
i.e, r(W*:V) > 1, and we shall say that W* is tamely ramified for ¢ (or 
over V, or over K) if 


[H’: E] [R/M : R/M] +40 (mod p) 


in case p5£0 (and no restriction if p—0).# W will be said to be ramified 
for ¢* (or for V*, or in K* since this is independent of the model V*) if 
some irreducible component of ¢-?(W) is ramified for œ. Again, W will be 
said to be tamely ramified for #1 (or for V*, or in K*) if each irreducible 
component of ¢7?(W) is tamely ramified for ¢. If each irreducible sub- 
variety of V is tamely ramified in K*, then K* will be said to be a tamely 
ramified extension of V, or tamely ramified over V, or V* will be said to be 
a tamely ramified covering of V. The set of points of V which are ramified 
in K* will be called the branch locus of V in K* or the branch locus of K* 
(or V*) over V, or the branch locus of p> and will be denoted by A(K*/V) 
or A(V*/V). Since k is algebraically closed, A(K*/V) is the set of points 
P of V for which ¢7(P) consists of less than [K*:K] points. IfA(K*/V) 
is empty, then we shall say that K* is unramified over V or that V* is an 
unramified covering of V. ; 


Lumma 4. A(K*/V) is a proper subvariety of V, and an irreducible 
subvariety of V is ramified in K* if and only if it is contained in A(K*/V). 


Now let K’ be a least galois extension of K containing K and let W’ be 
an irreducible subvariety corresponding to W on a K’-normalization V’ of V. 


Lemma 5. A(K’/V) ==A(K*/V). 


t In [A3], we have defined ‘tamely ramified’ to mean r(W*: V) = 0 (modp). As 
was shown in Section 5 of [A3], these two definitions coincide for curves (over an 
algebraically closed ground field), However, for higher dimensional varieties, the 
definition given in [A3] is not the correct one and the present definition should be 
substituted in [A3]; for otherwise, Remark 9 of Section 9 of [A3], which is the 
generalization of Theorem 5 there to higher dimensional varieties, need not be true. 
Also note that ‘tamely ramified’ includes ‘ unramifield.’ | 
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Invoking Lemma 5 of Section 2 of [A2], Lemma 1 of Section 5 of [A3], 
and Lemmas 1, 3, and 5 of this section, we get the following two lemmas. 


Lemma 6. r(W:W)—[G(W'/W):1]; hence W is ramified in K’ if 
and only if [G,(W’/W) :1] 1, and W is tamely ramified in K’ if and only 
if [Gi(W’/W) :1] $0 (mod p) in case p30 (and trivially always for p=). 


Lemma 7. W is tamely ramified in K’ if and only if W is tamely 
ramified m K*. 


Hence ‘ramified’ and ‘tamely ramified’ for an irreducible subvariety 
of V can be defined without passing to completions of the local rings. Also 
for galois extensions K’/K, ‘ramification index,’ ‘ramified, and ‘tamely 
ramified’ can be defined for irreducible subvarieties of V as well as those of 
V’ without passing to completions of the local rings. 


Lemma 8 Lei KC K,CK, be finite separable algebraic extensions 
and let V, be the K,-normalizations of V. If K,/V is tamely ramified and 
K/V. ws tamely ramified, then K/V, ts tamely ramified. 


Proof. Use Lemma 4 of Section 2 of [A2]. 


Lemma 9. Let K* and K, be finite separable algebraic extensions of 
K and let K*, be a compositum of K* and K,. Let V* be a K*-normalization 
of V. If K,/V is unramified (respectively, tamely ramified), then K*,/V* 
is unramified (respectively, tamely ramified). 


Proof. In view of Lemmas 5 and 7, we may assume K*/K, K,/K and 
K*,/K are galois. Let W*, be an irreducible subvariety on a K*,-normaliza- 
tion of V and let W, W* and W, be the corresponding irreducible subvarieties 
of V, V*, and a K,-normalization of V. Then by Lemmas 3 and 6, we have 
that r(W*,: W) divides r(W*: W)r(W,: W), and by Lemma 4 of Section 2 
of [A2], we have that r(W*,:W) =r(W*,: W*)r(W*:W). Therefcre 
r(W*,: W*) divides r(W,: W). 

Part of Lemma 6 of Section 2 of [A2] is this: 


Lemma 10. Let UC W be irreducible subvarieties of V’. Then 
G(W'/V) CG(U'/V) and (W/V) C G,(U’/V). 


Lemmas 7 and 10 give the following: 


Lemma 11. K*/V is tamely ramified if and only if each point of F 
is tamely ramified in K*, 


Lemmas 2, 3 and 7 give the following lemma. 


Ta 


K 
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Lemma 12. Let K, C K, and also Li, Lo: © *,Ln be finite separable 
algebraic extensions of K and let L be a compositum of Ly, Lz’ ` -, Ly. Let 
D be a subvariety of V. Then 


(1) A(K./V) CD implies A(K,/V) CD; and A(L,/V) CD for 
j=1,:--,h implies A(L/V) CD. Also, (2) Ke ts tamely 
ramified over V implies K, is tamely ramified over V; and Ly ts 
tamely ramified over V for j—1," * -h implies L is tamely 
ramified over V. 


Lemmas 4 and 5 of Section 2 of [A2] imply the following: 


Lemma 13. Let K, be a field contained between K and the inertia 
field of W over W, and let W, be the irreducible subvariety corresponding 
to W’ on a K,-normalization of V. Then W, is unramified over Y. 


Since a one dimensional normal local domain is a discrete valuation 
ring, we have 


Lemma 14. If W’ is an irreducible subvariety of V’ of codimension 1 
and if K’ is tamely ramified over V, then G,(W’/V) is cyclic and its order 
is prime to p in case p 0. 


Let v be a real valuation of K/k and let v’ be a K’-extension of v. 
By G,(v’/v) =G,(v/K) and by G(v'/v) == Gi(v’/K), we shall denote, 
respectively, the splitting and inertia groups over K of the valuation ring of v. 
We shall say that v is ramified in K” if G,(v’/v) 1, also, we shall say that 
v is tamely ramified in K’ if [G,(v’/v) :1] 540 (mod p) in case p 0, (since 
K’/K is galois, this does not depend on v’). Then a part of Lemma 6 of 
Section 2 of [A2] gives i 


Lemma 15. If K’ is unramified over V, then every real valuation of 
K/k is unramified in K’. If K’ is tamely ramified over V, then every real, 
valuation of K/k is tamely ramified in K’. 


Zariski’s theorem on ‘purity of branch locus’ says the following: 


Lemma 16. If P ts a simple point of V, then at P, A(K*/V) is of 
codimension 1 (and hence of pure codimension 1). 


The proof of this given in [A1, Theorem 1] is incorrect. Professor: 
Zariski has a correct proof (to be published), and we have a proof of the 
following weaker form which will be published in [A5]. 
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Lemma 17. If P is a simple point of V and if P is tamely ramified 
in K*, then at P, A(K*/U) is of codimension 1 (and hence of pure co- 
dimension 1). 


Lemma 16 will not be used in this paper except for an incidental 
observation in Section 10 (Lemma 30). 


8. Local theory of normal crossings. Let (2, M) be the local ring of 
a simple point P on an irreducible n dimensional algebraic variety V, let 
W be a subvariety of V which is pure n—1 dimensional at P and let 
Wa We, © +, Wi be the irreducible components of W passing through P. Let 
q; and g be the ideals at P, respectively, of W; and W ; i.e, qp= RN M(W;, V) 
and g=4:Ng.N-:°*Nq. Let (Ë, M) be a completion of (R, M). We 
shall say that W has an h-fold normal crossing at P if there exists a minimal 
basis T1, Zo" ° *,4n Of M such that 


Gili = Lite * * Lyk, Jolt = Euu © Cuki 7, 


Tt is clear that the index h is uniquely determined by W at P, i.e., it is 
independent of the basis #,,:--+,%,. Note that À is a unique factorization 
domain, and hence each q; is a principal ideal and q is also equal to qige- - -qe 
We assert that W has an A-fold normal crossing at P if and only if any one 
of the following conditions holds: (1) There exists a minimal basis 71,- + -, £n 
of M with Zr Tres,” © * , Un in R such that we have (A) with À replaced by R. 
(2) There exists a basis %,°°-+,@, of M with Lrs Breos’ © ° En in A such 
that g = tits ` * Lak. (3) There exist elements 23,1, Tue, © En in À such 
that Qari’ * ‘nk is generated by the product of the elements in some 
minimal basis of M. For assume that there exists a minimal basis 21,: © -,æ, 
of M such that (A) holds. Fix v, in À with vR = q; for j—1,-- -,t. 
Then the generator of g,R exhibited in (A) differs from v; by a multiplicative 
unit in À, and hence by multiplying zu’ * +, by suitable units in R, we 
may assume that the generators of g;R exhibited in (A) coincides with v; 
for j==1,2,:-:+,¢. Now there exists y; in À with yj==2; (mod M). Then 
Das Das * +, Dhs Yhes Ymo” * '> Yn is also a minimal basis of M@, and hence we 
could assume that z; is in À for j = A-+1,h-+2,- + -,n; this gives (1), and 
(2) and (3) at once follow from (1). Now we shall prove the converse. 
(1) trivially implies that W has an A-fold normal crossing at P. That (2) 
and (8) imply that W has an h-fold normal crossing at P follows from the 
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fact that À is a unique factorization domain and that the elements of any 
minimal basis of M are mutually prime irreducible nonunits of R. 

W will be said to have a strong h-fold normal crossing at P if in (A), 
we have ta = Us — Uy == Ug — Ug =' == Uy — Uta = 1 and hence =h. In 
view of conditions (1) and (2) above, this is equivalent to saying that there 
exists a minimal basis 2,2, - -,%, of M such that 


(1*) gj; zB for j=1,2, <, ,t=h; or (2*) q= 2:22: + arh. 


Geometrically speaking, W -has a normal crossing at P if P is a simple 
point of each analytic sheet of W and the tangent hyperplanes to these sheets 
at P are linearly independent; if the number of sheet is A, then the normal 
crossing is k-fold. Furthermore, the normal crossing is strong if P is a simple 
point for each algebraic component of W so that at P, the number of algebraic 
components of W is equal to the number of analytic sheets of W. Also note 
that what we called a normal crossing in [A1] is now being called a strong 
normal crossing. 

Now let K be an n dimensional algebraic function Fone over an alge- 
braically closed ground field k of characteristic p, let K* be a galois extension 
of K, let V be a normal projective model of K/k, let V* be a K*-normalization 
of F, let ¢ be the rational map of V* onto V, let P* be a point of V*, let 
P==¢(P*) ; assume that P is a simple point of V, that P is tamely ramified 
in K* and that A(K*/V) has a normal crossing at P. Observe that since 
k is algebraically closed, we have that G;(P*/P) = G@,(P*/P). Now we assert 
the following: 


Proposition 1. G;(P*/P) is abelian. 
From Proposition 1, one can deduce the following: 


PROPOSITION 2. Let W be an irreducible component of A(K*/V) 
through P. Then W does not split (locally) at P*, i.e., only one irreducible 
component of d*(W) passes through P*. 


Now Proposition 1, in case of strongly normal crossings, was proved in 
Theorem 2 of [A], the proof there was based on ‘ purity of branch locus,’ i.e., 
Lemma 16 or Theorem 1 of [A1], or in fact, only on ‘ purity of branch locus 
for tame coverings,’ i.e., Lemma 17. The proof of Theorem 1 of [A1] is 
incorrect. For not necessarily strong normal crossings, one could adapt the 
proof of [A1], provided one has ‘purity’ also for algebroid varieties. Pro- 
fessor Zariski’s new proof (unpublished) of ‘purity’ is believed to be also 
applicable for the algebroid case. However, in a forthcoming paper [A5], 
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we shall prove Proposition 1 and 2 directly (and simultaneously), deriving 
‘purity’ (for tame coverings) as an incidental corollary; the treatment there 
will be applicable to algebraic, algebroid, as well as Kroneckerian varieties ; 
in that treatment, we shall use Chow’s recent work on ‘connectedness’ and 
‘local Bertini theorem’ [C2,8]. Here we shall briefly indicate the idea of 
how, for strong normal crossings, one can deduce Proposition 2 from Propo- 
sition 1. Let then W == Wi, Wat © +, Wh be the irreducible components of 
A(K*/V) at P; let (#, Af) be the local ring of P on V; choose a minimal 
basis æ.,° * *,@, of M such that 2,f is the ideal of W; at P. If the assertion 
is proved for an algebraic extension of Æ*, then it will a fortiori imply it for 
K*, and hence we may replace K* by a suitable algebraic extension. Making 
considerations as in Section 2 of [A1], Proposition 1 will imply that 
(extending K* suitably) we may arrange matters so that the completions of 
Q(P*,V*) and Q(P, V) are, respectively, 


DE — kel Loe, T/m, eer Lym, This Theo © “5 Enl] 


and R==k[[a,%2,--°,%]], where ms€0(modp) in case p05 The. 


matter being ‘local,’ we may replace K*/K by E*/E, where E* and E are 
the quotient fields of R* and À respectively. Now it is enough to observe 
that 2,R* is prime, or rather that the valuation v, given by 2,R does not 
split in Æ*; for instance, because in H*, v, is ramified to index m and 
acquires a separable residue field extension of degree (h—1)m: 

We remark that Proposition. 1, in the classical case, follows from the 
fact that the local topological fundamental group at a normal crossing is 
abelian. 


4, Linear systems. In this section, we recall needed information on 
linear systems [Z4,6]. Let K be an n dimensional algebraic function field 
over an algebraically closed ground field k and let V be a normal projective 
model of K/k. We shall use the notations and definitions of Section 2 of 
[Z6] with the following modification: (1) an (n—1) cycle on V will be 
called a divisor; (2) we shall not operate in a universal domain, but shall 
operate within K/k, i.e. all the divisors (unless otherwise stated) will be 
_rational over k, all the functions will be in K and so on. Let us, for instance, 
recall that for a positive divisor D on V, | D| denotes the complete linear 
system determined by D, it is the linear system of all nonnegative divisors 
on V which are linearly equivalent to D, and we have 


5 Actually, in [Al], the procedure was reversed, i.e., first it was shown that R* 
and À can be arranged thus, and from it, the abelian character of G,(P*/P) was deduced. 


A 


K 
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dim | D | == [k-dimension of the vector space of all functions f in K 
for which (f) + D20]—1. 


Part of the considerations of [Z4], especially Sections 14 and 15, can be 
stated in the following form: 


€ GENERALIZED THEOREM OF BERTINI.” Let L be a linear system free 
from fixed components and of dimension greater than 1. If L is composite 
with a pencil, i.e., if the rational map given by L maps V onto a curve, then 
each member of L is irreducible, and conversely, if L is not composite with 
a pencil, i.e, if the rational map given by L maps V onto a varisty of 
dimension greater than 1, then L contains an irreducible member, or equiva- 
lently, a “ generic” member of L is absolutely irreducible (here we are going 
outside our ground field k}. 


Note that if D is a prime divisor with dim | D | 21, then | D | ts without 
fixed components. Now let K* be a finite separable algebraic extension of K, 
let V* be a K*-normalization of V, and let @ be the rational map of V* 
onto V. Let L be a linear system on V without fixed components and of 
dimension greater than 1. Given D in L, write D=m,D,+- © °F mD, 
where the D; are prime divisors and m;> 03; let Dy, Diot + +, Djia, be the 


t 
irreducible components of 67(D;) ; set D* == >) m; Sr(D: Dj) Da: and let 
J=1 hzi 


L* be the set of divisors D* on V* spanned out as D ranges over L. Then 
it is easily verified that L* is a linear system on V* without fixed components 
and that the rational map of V* given by L*¥ is the compositum of ¢ and the 
rational map of V given by L; hence L* is composite with a pencil if and 
only if L is composite with a pencil. We shall denote the linear system L* 
by (L) and shall call it the 6 image of D. 


B. Preliminaries on Group Towers. 


5. Definitions. Let us recall the definition of an inverse system of 
groups [ES, Chapter VIII]: A partially ordered set S is a set with a relation 
s <t which is transitive and reflexive such that s < ¢ and ¿< s in S implies 
that st, A directed set S is a partially ordered set such that s, t in S 
implies that there exists u in S with s < u and t< u. Let 8’ be a (partially 
ordered) subset of a directed set S; 8’ will be said to be a cofinal subset of S 
if s in 8 implies that there exists s’ in 8’ with s < 7; S’ will be said to be a 
saturated subset of S if s<s in S with s’ in S’ implies that s is in 8’; note 
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that if S’ is a saturated subset of S and S” is a subset of 3’, then S” is a 
saturated subset of S’ if and only if S” is a saturated subset of S, also if 9’ 
is a saturated and cofinal subset of © then 8” must be S itself. An inverse 
system ~ of groups is a set {Gs} of groups indexed by s running over a directed 
set S, together with homomorphisms af: G:—> Gs for each s <t in SJ, such 
that a, — identity for s in S and asta == @ for s LÉ Lu in 8. If & is 
a directed subset of S, the corresponding groups {G,} with s in S’ form a 
subsystem x’ of x; x’ will be said to be a cofinal (respectively: saturated) 
subsystem of x if S’ is a cofinal (respectively: saturated) subset of 8’. Some- 
times we shall take the set {G,} of groups as it own indexing set. 

Let G be a group; let.S be the set of all normal subgroups s,¢,- - - of G 


with the relation s < t if and only if s D #, now the intersection of any two 


normal subgroups is again a normal subgroup, and hence S ts a directed set; 
when we talk of a partially ordered (in particular, directed) set 9’ of normal 
subgroups of a group G, we shall always be referring to this order relation; 
8’ will be said to be a saturated (respectively: directed, cofinal) set of normal 
subgroups of G if 8’ is a saturated (respectively: directed, cofinal) subset 
of 8. Let G be a group and let S be a directed set of normal subgroups of G; 
by G/&’, we shall denote the family of factor groups {G/s’} of G indexed 
by & running over S and together with the natural onto homomorphisms; 
G/S’ is then clearly an inverse system of groups; let 3 be the set of all normal 
subgroups of G, we shall call G/S the derived inverse ysstem of G; now G/S’ 
is a subsystem of G/S, and it is a saturated (respectively: cofinal) subsystem 
if and only if S’ is a saturated (respectively: cofinal) subset of S. 

Let + be an inverse system of finite groups. Then x will be called a 
group tower if for each G, in +, the inverse subsystem of m consisting of all 
G, with s <t is isomorphic to the derived inverse system of G; under an 
isomorphism which is the identity on G;. Observe that a subsystem of a 
group tower is a subtower if and only if it is a caturated subsystem; also 
note that a group tower has no cofinal subtowers other than itself. Now let 
G be a group, then the subset of all finite groups of the derived inverse 
system of @ is a saturated subsystem ê and it will be called the derived group 
tower of G; note that if 8’ is a set of normal subgroups of G, then G/S’ is a 
group tower if and only if &’ is a saturated set of normal subgroups of finite 
indices. If + is a group tower and p is a prime number, then the group in r 


e (i) Any subgroup containing a subgroup of finite index is again of finite index. 
(ii) From the isomorphism theorem, it follows that the intersection u of any two 
normal subgroups s and ¢ of finite indices is again of finite index; in fact, the index 
of u divides the product of the indices of s and t. 


+ 
+ 
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of G of finite index, let x be a group tower, and observe the following: (A’) 
there exists a normal subgroup M of G such that G/M is a weak parent 
group of v if and only if there exists a set S of normal subgroups of G such 
that G/S is isomorphic to 7. [‘If’: Set M — the intersection of all groups 
in 8S. ‘Only if’: G/M is a weak parent group of m implies that there exists 
a set S* of normal subgroups of G/M such that (G@/M)/S* is isomorphic to > 
and the intersection of all the groups in S* is 1; let S be the set of all -+(s*) 
with s* in 8*, where ¢ is the canonical homomorphism of G onto G/M.] 
(B’)G/N is a parent group of ~ if and only if m is isomorphic to the derived 
group tower of G. (C’)G/N is a modulo p quasi parent group of r if and 
only if there exists a subtower +” of the derived group tower of G such that +” 
contains the modulo p derived group tower of G, and x’ is isomorphic to r. 
(D’) G/N is a modulo p parent group of r if and only if there exists a sub- 
tower x’ of the derived group tower of G, such that +” contains the modulo p 
derived group tower of G, the intersection of “the kernels in G of the various 
groups in r”” is 1, and 7” is isomorphic to +. 


6. Topological considerations for group towers. In this section, we 
wish to make some incidental observations which easily follow from well 
known general facts [P, Chapter III; ES, Chapter VIII]. All topological 
groups considered will be assumed to be Hausdorff. 


Remark 1. Let G be a group which is the weak parent group of some 
group tower, i.e., there exists a saturated set S of normal subgroups of G 
of finite index such that the intersection of all the groups in S is 1. Then 
G can be topologized by considering the members of S as a system of neighbor- 
hoods of the identity, and then § will coincide with the set cf closed normal 
subgroups of G of finite index so that G/S will exactly be the group tower 
of all continuous finite homomorphic images of G. Conversely, if G is a 
topological group such that the intersection of all closed normal subgroups of 
G of finite index is 1, then G/S is a group tower, where 8 is the set of all 
closed normal subgroups of G of finite index. Thus we could give the 
following equivalent definition of weak parent groups (and call it a top- 
ological parent group): A weak parent group of a group tower x is a 
topological group G in which the intersection of all closed normal subgroups 
of finite index is 1 (or equivalently the intersection of all closed subgroups 
of finite index is 1) such that + is isomorphic to the group tower of all con- 
tinuous finite homomorphic images of G. Note that such a group G must be 
totally disconnected, and also observe that for a topological group G, a sub- 
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group of finite index is closed if and only if it is open. If G ts to be a parent 
group, then the topology must be the one—or any other stronger than the one 
—obtained by taking for a system of neighborhoods of the identity all sub- 
groups of finite index. 


Remark 2. Let r= {Ga %°,8€ S} be a group tower and let Go be the 
inverse limit of +. Recall that Ge is the subgroup of JG, consisting of 
seS 


elements = {z,} for which «,'(2,) 2, for all s <t in 8. If we consider 
the G, to be discrete topological groups, Gao becomes a compact group. Ga is 
a weak parent group of r since in Ge, the intersection of closed normal sub- 
groups of finite index is 1 and ~ is canonically isomorphic to the derived 
tower of continuous finite homomorphic images of Ge. Let @ be any weak 
parent group of + with a weak parent map f of G’ onto x and kernel S. 
For g in G’, set 6(g) = {tre}, where acer) = f(g). Then ¢ is easily seen 
to be an isomorphism of G’ into Ge. If we topologize G” by considering 
members of S as a system of neighborhoods of the identity, then ¢ is con- 
tinuous and $(G’) is dense in Gy». Conversely, a subgroup of Ge is dense 
if and only if the restriction of the natural projections of Ge into G, maps 
G onto G, for all s im S, i.e, if and only if these projections give an iso- 
morphism between + and the group tower of all continuous finite homomorphic 
images of @ thus making @ a weak parent group of x Hence (up to a 
topological isomorphism) Ge is the only compact “topological” parent group 
of r. 


Remark 3. Now assume that r is a group tower indexed by a countable 
set. Then the topologized inverse limit of m is compact totally disconnected 
and satisfies the second axiom of countability. Conversely, a compact totally 
disconnected topological group satisfying the second axiom of countability is 
canonically topologically isomorphic to the topologized inverse limit of its 
topological group tower (i.e. the group tower of continuous finite homo- 
morphic images). | 


y. Existence of weak parent groups, parent groups, etc. 


Example 1. KEïlenberg and Zippin have communicated the following 
example which shows that in a topological compact totally disconnected group 
satisfying the second axiom of countability, a subgroup of finite index need 
not be closed; and in view of Remark 3 of Section 6; this shows that the 
inverse limit of a group tower need not be tts parent group under the natural 
map. Let G be the product of countably infinite copies of a group Z, with 
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two elements 0 and 1. Considering Z, to be discrete, G then becomes compact 
totally disconnected and satisfies the second axiom of countability. Let G” 
be the corresponding direct sum considered as a subgroup of G. Then is 
dense in G. There exist subgroups H of G of index two containing G’ and 

hence not closed in G. For instance, (i) consider Z, as a field and treat G as 
_a vector space over Zz, then any subgroup of G is a vector subspace and since 
dim G/G is not zero (in fact is infinite), there are lots of subspaces H of G 
containing G’ with dim(G/H) ==1; or (ii) fix z in G not in @ and let H 
be a maximal element in the set of subgroups of G containing G’ but not x. 


Ezample 2. Let H be an infinite cyclic group, and let + be the modulo 
p derived group tower of H for a given prime number p; then it is clear that 
H is a finitely generated weak parent group of x and hence a finitely generated 
modulo p parent group of m. Suppose, if possible, that m has a finitely 
generated parent group G. Then (Proposition 4 of Section 9) G must be 
abelian. Since r contains a group of any order prime to p, it is clear that 
G cannot be finite. Hence G can be mapped homomorphically onto an infinite 
cyclic group and hence onto a finite cyclic group of any order including p. 
Therefore G cannot be a parent group of x. Thus m has no finitely generated 
parent group. 


Remark 4. Note that the inverse limit G of a group tower + cannot be | 


finitely generated unless G is finite, i. e., unless + contains only a finite number 
of groups. For since G is a compact topological group, G has a non-trivial 
left invariant Haar measure such that the measure of G is a non-zero positive 
real number, and since this measure is countably additive, it follows that G 
cannot be countable unless it is finite. 


8. Finitely generated group towers. 


Definition. A group tower m = {G,,a,',8€ 8} will be said to be finitely 
generated if there exists an integer n such that each G, is generated by n 
elements; we shall then say that m is generated by n generators. A family 
{ ($1, 82° * *, Sn), 8 € 8} will be said to be a consistent family of n-generators 
of w if for each s in S, (81,82: + *,S,) are generators of G, and for each 
s<tin S, as (tj) = s for j= 1,2,---,n. Note that if a cofinal subset of w 
has a consistent family of n generators, then it can uniquely be extended to 
a consistent family of n generators of m. If m has a consistent family of n 


generators, then m will be said to be consistently generated by n generators. A 
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Lemma 18. Let G be a finitely generated group and let m be a gwen 
integer. Then G contains only a finite number of subgroups of index m. 


Proof. Since any subgroup of G of index m contains a normal subgroup 
of G of index which is a factor of m! (= the order of the symmetric group 
on m letters),’ it is enough to prove our assertion for normal subgroups of G. 
Let Zi, Ta,‘ * *,% be a set of generators of G. Let Sm be the symmetric 
group on m letters. A homomorphism of G into #, is uniquely determined 
by giving the images of 2,,%,° - `, 2n, and for each s; there are at most m! 
possible choices, hence the number g of distinct homomorphisms of G into 
Sim is finite, namely, q & (m!)*. For a normal subgroup N of G of index m, 
let fy denote the canonical homomorphism of G onto G/N. Since any group 
of order m is isomorphic to a subgroup of Sm, we can fix an isomorpkism gy 
of G/N into Sm; set hy = gxfy. Then hy is a homomorphism of G into Sm 
and Ay” (1) ==N. Therefore distinct normal subgroups N of G of index m 
give rise to distinct homomorphisms of G into S,. Hence the number of such 
subgroups is <q and hence finite. 


Lemma 19. Let m= {G 8,8€ S} be a finitely generated group tower. 
Then for any given integer m, there are only a finite number of Gs of order m. 


Proof. Suppose ~r is generated by n generators and let Fa be the free 
group on m generators. By Lemma 18, there are only a finite number q of 
normal subgroups of F, of index m. Suppose, if possible, that there are more 
than g groups in m of order m, choose q + 1 of them, say Ge, Go,” © * , ag 
Since Ş is directed, there exists s in S with s > sj for 7—1,28,: -q+ 1. 
Let f be a homomorphism of F, onto G, and let f; == aff. Since ~v is a tower, 
the kernels of 18, @2°,- + *, sgy? are all distinct, and hence the kernels of 
fi» fo,’ © ‘fou are all distinct; since these are all normal subgroups of Fa 
of index m, this is a contradiction. 


Lemma 20. Let S be a countable directed set. Then S contains an 
ascending cofinal Sequence Sı L Se L: 


Proof. If 8 is finite,it is enough to take s, == 8 =: + :— the maximum 
of §. Now assume § is not finite and let ni, na ' - : be a counting up of S. 
Let sı = u,, choose s, with s, > sı and 8 > w, choose s, with sa > s, and 
Sa D> Ug,’ * +, ete. 


LEMMA 21. Let r= {Ga SE 8S} be a group tower. Assume that there 
are only a finite number of groups G, of any yen: order. Then S contains 
a cofinal ascending sequence. 


~~ 


Ə 
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Proof. The assumption implies that S is countable. Now apply 
Lemma 20. 


PROPOSITION 3. Let r= {Ga sE S} be a finitely generated group tower. 
Then S contains a cofinal ascending sequence. 


Proof. Follows from Lemmas 19 and 21. 


Lemma 22. Let == {G,,a,',s€ 8} be a group tower. Then the fol- 
lowing three conditions are equivalent: (1) m ts consistently generated by n 
generators; (2) + has a weak. parent group generated by n generators; (3) x 
is isomorphic to a subtower of the derwed group tower of a group generated 


by n generators. Furthermore, tf {(S1,82,° - ` Sn), SES} te a consistent 
family of n generators of m, then there exists a group G generated by n 
generators Q, az’ * *,G,, and a weak parent map g={gs: G—-> GasE S} 


of G onto w such that g,(a;) =s; for all s in S and 7=1,2,'-+°+,n; G ts 
unique in the sense that if H is any other group generated by n generators 
bibo: © *,0n with a weak parent map h= {h;: H>G;,8€ 8} such that 
h,(b;) =s; for all s in S and 1—1,2,: - - ,n, then there exists a (unique) 
isomorphism of G onto H with a;— b; for 7=1,2,- + -,n. 


Proof. It is obvious that (2) implies (3); also (3) implies that there 
exists a group P with n generators and a family p of homomorphisms of P 
onto the various G, consistent with the maps æt; if Q is the intersection of 
the kernels of all the members of p, then P/Q is a weak parent group of r 
and is generated by n generators, which implies (2) ; again it is obvious that 
(3) implies (1). Now assume (1) and let {(s:,82, + *,8),8€ S} be a 
consistent family of n generators of m. Let F, be the free group on n 
generators Z1,U2,‘ ‘ ‘Em and let fs be the homomorphism of F, onto G, given 
by fat) =s; Let M = (fe), let u be the canonical homomorphism of 

ge 


F, onto G==F,/M and let a; —u(x;). Since M C f,1(1), there exists a 

unique homomorphism gs of G onto G, with fs = gu. Then g = {gas € 5} is 

a weak parent map of G onto + with g.(a;) —5; for s in S and j—1,2," e,n. 

Now let H, by, bz, ©, bn h be as stated. Since F, is free, there exists a 

unique homomorphism v of #, onto H with v(#;) =b; for j==1,2,: - -,n. 

Then Aav (2;) == s; and hence h,v =f, for all s in 8, and hence w1(1) (Vf). 
gE 


Also dE Fn, dé w™(1) implies that v (d) 1, which, in view of the assumption 

that h is a weak parent map, implies that f(d) —h.(v(d))=<1, ie, 

dé f(1). Hence vt(1) DM f,*(1). Therefore v2(1)—= () fyt(1) = M, 
EFS] FETS , 


and hence vu"? is an isomorphism of G onto H with a ;— b; for j = 1,2, +, n. 
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Now let G be a group generated by ¢ generators @;,d@2,° * *,« such that 
a generates a normal subgroup A, in G,—G, a, generates a normal sub- 
group A, in Ga == G/A, a generates a normal subgroup A; in Gs = G/A», 
*-,@ generates a normal subgroup Ay. in Gpri=Gp2/Ape, and tt 
generates À, = Gy = Gi4/At4. 
For a normal subgroup H of G, let fx denote the canonical homomorphism 
of G onto Gy—G/H. Then it is clear that Gy has the same property as G 
with respect to th sequence fx(di),fu(a2),- - *,fa(@); also it is clear that 
the groups which now correspond to Gis Go: + +, G+, An Áz * *, À; are the 
canonical images of these under fx, i.e., in a natural way, they are f_(G:), 
fu(G@e),- > *,fa(G+), fu(Ar), fa(Az),° * ‘,fa(4+). Note that if the order 
of one of the a; in G; is finite, then it is divisible by the order of falaj) in 
fx(G,;). Also observe that the order of fa(a,) in Ga is simply the order of 
A,/(HN4A,), t.e., the order of a, in A / (HN À;). 


Lumma 23. Let nı, nao ° *,n: be given positive integers. Let S be the 
set of normal subgroups H of G such tat in fa(G;) the order of fn(a;) divides 
ny for j=1,2,--+,t. Then for any subset S of 8, [) H is again in BS. 

Heg 


Proof. First observe that § is not empty since it contains @ itself 
Let K = [| H. Now if K is in S, then any normal subgroup of G containing 
Hes 


S is obviously again in S, and since the intersection of the members of any 
subset of S contains K, that intersection must lie in 8. Hence it is enough 
to prove that K is in 8. Now we shall make induction on #. For ¢=1, 
G is cyclic, and hence K is the unique normal subgroup of G whose index is n, 
if G is infinite, and the greatest common divisor of n, and the order of G if 
G is finite. Next assume that t> 1 and that the lemma is true for t— 1. 
We have KN A, a. (HN 4A), and hence, applying the lemma to Aj, we 
; | 


conclude by the last italicized statement before the lemma that the order of 

a, in fx(G1) is a factor of nm, Next, let b be the canonical homomorphism 

of G= G onto G, = Q/A, Then H in S implies that b(H) satisfies the 

conditions of the lemma for G, with respect to (a), (as), © °,¢(a) and 

Ma, M3," ‘ * Mne respectively. Hence, applying the lemma for ¢—1 to this 

and observing that ¢(K) = oa ), we conclude that the orders of fx(az), 
€ 


"+ +, fx(@) in fe(Ge),- © -, fe (Ge) divide na’ - * ,n4 respectively. Therefore 
K is in 8. | 


Lemma 24. (i) Let m,- + :,ns be given positive integers. Then there 
exists at most one normal subgroup K in G such that fx(a;) is of order n; 
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in fx(@,) for j=1,--+-+,t. (ii) Now let my,- + -,mx be another set of 
positive integers such that m; divides n; for j—=1,---,t. Assume that there 
exist normal subgroups H and K of G such that fu(a;) and fr(a;) are, 
respectively, of orders m; and n; n fu(G;) and fx(@;) for j—1,: > >,t. 
Then HDK. 


Proof. (i) Let K and K, be two normal subgroups with the required 
property and let K* =K N K.. Then by Lemma 23, the order n*; of fre (a,) 
in fre(G;) divides n; Since K* C K, fr(@) is canonically homomorphic to 
fx+(G@), and hence, by the last but one italicized statement before Lemma 23, 
n”; divides nj Therefore n*;—n; Since G/K —fr(Gi) D fr(Ge) D> 
D fe(G;) D 1 is a normal sequence of G/K in which the orders of the succes- 
sive factors are m1,° ` +, na the order of G/K must be nina’ - +m. Similarly, 
the order of G/K, is nna’ -`n and the order of G/K* is n*¥n*,° + -n*, 
Mn" * ne Since K* C K and K* C KE., this says that K = K* = K.. 

(ii) Let L=HNK. Then by an argumnet similar to the one used in 
the proof of (i), we conclude that the order of G/L equals the order of G/K, 
and hence L=K, ie, HDK. 


9. Solvable, nilpotent and abelian group towers. [References: K1, 
Chapter IV and K2, Chapters XIV and XV.] Let G be a group. Recall 
that @ is solvable means that G has a finite solvable normal series and G is 
nilpotent means that G has a finite central series. We shall say that @ is 
m-step solvable if G has a solvable normal series of length m, and we shall 
say that G is m-step nilpotent if G has a central series of length m. In 
this section, for any group @, we shall denote by D,(G) and #,(G) sub- 
groups of G defined by setting: D(G) = #,(G@) = G, D;(G@) =the commu- 
tator subgroup of D,.1(G@), #;(G) =the subgroup of G generated by the 
commutators of G and #;,(@). It is well known that G is m-step solvable 
if and only if D,(G)—1 and that G is m-step nilpotent if and only if 
En(G) —1; in particular, G is 1-step nilpotent if and only if G is abelian 
and G is 2-step nilpotent if and only if the commutator subgroup D,(() 
of G is contained in the center of G. We shall say that a group tower x 
is m-step solvable (respectively: m-step nilpotent, abelian) if and only if 
every group in x is m-step solvable (respectively: m-step nilpotent, abelian). 


Lemma 25. Let f: GH be an onto homomorphism. i Then for all 7, 
we have f(D;(G)) =D,(H) and f(E,(G)) =B,(H). 


Proof. It is obvious for Dy and Hy; suppose j > 1 and assume it is true 
for Dja and E; Now u in D;(G@) implies that there exist a,b in Di.(G) 
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with u = abab; then f(u) —f(a)f(b)f(a)“f(b) and this is in D,(H) 
since, by assumption, f(a) and f(b) are in D;,(H) ; conversely, u* in D,(H) 
implies that there exist a*, b* in D,,(H) with u ==a*b*a*-1b*-1; then, by 
assumption, there exist a,b in D;,(G@) with f(a) —a* and f(b) — b*, hence 
u == abab- is in D;(G) and f(u) —u*. Again, u in H;(G) implies that 
there exist a in 4,.,(@) and b in G with either u == abab or u == babat ; 
then, by assumption, f(a) is in E,.(H) and f(u) =F (a)f(b)f (a) f(b) or 
f(u) =f(b)f(a)f(b)“f(a)- respectively, so that, in either case, f(u) is in 
E;(H ); conversely, w* in H#;(H) implies : -, etc. The proof is complete 
by induction. 


Lemma 26. Let G be a group and let 8 be a set of onto homomorphisms 
s: GH, of G such that () s*(1) —1. If there exists an integer m such 
ses 


that for all s in 8S, Hs is m-step solvable (respectively m-step nilpotent), 
then G is m-step solvable (respectwely, m-step nilpotent). For a and b in G, 
if s(a) and s(b) commute for all s in 8, then a and b commute; in particular, 
if H, is abelian for all s in S, then G is abelian. 


Proof. Assume that H, is m-step solvable for all s in &. Then by 
Lemma 25, for each s in 9, we have D,,(@) C s*(Dy(H;)) —=5s1(1). There- 
fore Dn(G) C N s+(1)=-1. Hence D,»(G) —1, i.e., G is m-step solvable. 

ses 


The statement for ‘m-step nilpotent’ follows similarly. For a,b in G, if 
s(a) and s(b) commute for each s in S, then 


ababe () s1(1) = {1}, 
ecs 


and hence a and b commute. 
Specializing Lemma 26 to group towers, we may state: 


PROPOSITION 4. Let G be a weak parent group of a group tower r. 
Then G is m-step solvable (respectively: m-step nilpotent, abelian) 1f and 
only tf x is m-step solvable (respectively: m-step nilpotent, abelian) if and 
only if every weak parent group of x is m-step solvable (respectively: m-step 
nilpotent, abelian). For a,b in G, a and b commute if and only if their 


images (under a given weak parent map of G onto x) in every member of x : 
commute, | 


LEMMA 27. In a finitely generated abelian G, the intersection of sub- 
groups of finite index ts 1, i.e., G is a parent group of its derived group tower. 


Proof. is a direct product of cyclic subgroups Gi, G2: © +, Ga; let f; 
be the projection of G onto G; We want to show that g€ G, g=£1 implies 
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that there exists a homomorphism ¢ of G onto a finite group such that g is 
not mapped onto the identity. Now gs41 implies that f;(g) < 1 for some j, 
hence we may replace G by Gy, i.e., we may assume that G is cyclic. If G is 
finite, we may take œ to be the identity isomorphism of @ onto G. If G is 
infinite, let a be a generator of G and let g =a", let n be a positive integer 
which does not divide u, let H be a cyclic group of order n with generator b 
and define ¢ by taking ¢{a) =b. 


Lemma 28. Let G be a group which is generated by t subgroups 
H., H, -+,H; such that H; is abelian and is normal in G. Then G is 
t-step nilpotent. 


Proof. First observe that if’A and B are two normal subgroups in a 
group C and C is generated by À and B, then denoting the centers of A, B, 
C by Z(A), Z(B), Z(C) respectively, we have that Z(4) NZ(B) CZ(C). 
For the assumption implies that C== AB, i.e., every element cE C is of the 
form c—ab with.a€A and 6€B. Now ue Z(A)NZ(B) implies that 
uc == uab = aub = abu = cu, i.e, uE Z(O). | 

The above statement together with a trivial induction shows that the 
center Z(G) of G contains the intersection of the centers of Hı, H2 © :,H,; 
* since each H; is abelian, it is its own center and hence Z(G) D H,NA2N-:: 
N A}. | 

Now we shall prove the lemma by induction on t For t=1, @ is 
abelian and hence 1-step nilpotent; now suppose ¿> 1 and assume the lemma 
.for ¿— 1. Let f; be the canonical homomorphism of G onto G/H;. Since 
G/H; is generated by the t— 1 subgroups H;/(H;N Hx) (k4) each of 
which is abelian and normal in G/H;, by the induction hypothesis, we conclude 
that #:1(G/H;) 1. By Lemma 25, we have 


Bia(@) C Å fr (E (0/8) = (fr (0) = ME, CZ(G). 
Hence #;(G) — 1. 


10. Algebraic fundamental groups. Let K be an n dimensional alge- 
braic function field over an algebraically closed ground field k of characteristic 
p and let A be a fixed alegbraic closure of K, Let V be a normal projective 
model of K/k and let W be a proper subvariety of V. Then as in Section 4 
of [A3], we define: 


8 The notions here will be much more refined than those introduced in Section 4 of 
[A3]; note that fixing an algebraic closure A does not affect the notions of that section. 
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— W) =the family of finite separable algebraic extensions L of K 
in A for which A(L/V) C W. 


2,(V—W) =the family of members L of Q(V—W) such that L/K 
is galois. 


0/,(V —W) =the family of members L of 0,(V—W) such that L/V 
is tamely ramified. 


Q*,(V — W) =the family of members L of Q,(V — W) such that [L:K] 
£0 (mod p) in case ps40 (and no restriction if p==0). 


The galois groups over K of the members of 0,(V—W), or 0’,(V—W), 
or O*,(V¥—W) form, under the natural homomorphisms, group towers 
(Lemma 12, Section 2). We set 


a(V—W) =the fundamental group tower of V — W 
=the group tower of galois groups over K members of 
Q,(V — W). 


a (Y — W) =the tame fundamental group tower of V —W 
=the group tower of galois groups over K members of — 
Y, (V— W). 


x* (V — W) =the reduced fundamental group tower of V — W 
=the group tower of galois groups over K members of 
a*,(V — W). 


For brevity, sometimes we shall omit the adjective ‘fundamental’ from the 
above group towers.® Note that «*(V-—-W) is a subtower of w (V — W) 
which itself is a subtower of +(V—W); if p0, then «*(V—W) consists 
exactly of those groups of 7(V—W) whose orders are prime to p, while 
if p==0, then r* (V — W) =x (V — W) =x(V—W). 

We shall say that V— W is respectively: (1) simply connected, (2) 
tamely simply connected, or (8) reduced simply connected; according as: 
(1*) r(V— W) = 1 (i.e., consists of the trivial group alone), (2*) m (V — W) 
= J], or (8*) x*(V—W) = 1. It follows (Lemmas 5 and ? of Section 2) that 
V — W is simply connected (respectively: tamely simply connected) if and 
only if there does not exist any finite separable algebraic extension K* of K 
(K* K, K*/K not necessarily galois) for which A(K*/K) C W (respec- 


° Changing the algebraic closure A of K will affect these group towers only up to 
canonical isomorphisms. | 
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tively: A(K*/K) C W and K*/V tamely ramified). We note the following 
trivial lemma. 


Lemma 29. (i) (V—W)—1, oe (V—W) =1, 7*(V—W) respec- 
tively imply that a(V) =1, x(V) =1, e*#(V) =1. (1) (V) =x (V) 89 
that, in particular, V is simply connected if and only if V ts tamely simply 
connected if and only if there does not exist any finite separable algebraic 
extension K*/K (K* AK, K*/K not necessarily galois) such that K*/V is 
unramified. 


Also we have the following: 


Lemma 30. If Vi and VY, are two nonsigular projectwe models of K/k, 
_ then «(Vi1) ==2(V2), e, the fundamental group tower is a birational 
invariant for nonsingular projectwe models. 


Proof. Let K*/K bé a galois extension. Lemmas 15 and 16 of Section 
2 imply that K*/V is unramified if and only if each valuation of K/k is 
unramified in K*. 


Lemma 31. If V, and V, are two nonsigular projective models of K/k, 
then «*(V,) ==2* (V2) [so that m(V;) —r(V,) in case p==0], t.e, the 
reduced fundamental group tower (and hence the fundamental group tower in 
case p = 0) is a birational invariant for nonsingular projectwe models. 


Proof. This is a corollary of Lemma 30 and also follows from Lemmas 
15 and 17 (Section 2). | 


Remark 5. Note that in the classical case when the ground field is the 
field of complex numbers, a stronger assertion can be made, namely, it is 
well known that the topological fundamental group is a birational invariant 
for nonsingular projective models. 


Let G be a group. Then G will, respectively, be said to be (1) an 
unrestricted fundamental weak parent group of V—W, (1’) an unrestricted 
tame fundamental weak parent group of V — W, (1*) an unrestricted reduced 
fundamental weak parent group of V— W if G is a weak parent group, 
respectively, of +(V—W), a’(V—W), w*(V—W). Secondly, G will, 
respectively, be said to be (2) an unrestricted fundamental parent group of 
V—W, (2) an unrestricted tame fundamental parent group of V—W, 
(2*) an unrestricted reduced fundamental parent group of V— W if G is a 
parent group, respectively, of r(V—-W), x (V — W), r*(V—W). Thirdly, 
G will, respectively, be said to be (3’) a tame fundamental weak parent group 


} 
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of V—W, and (3*) a reduced fundamental weak parent group of V— W if 
G is finitely generated and if G is a weak parent group, respectively, of 
a’ (V—W) and x*(V—W). 

Next, G will be said to be (4°) a tame fundamental parent group of 
V—W if G is finitely generated and G is a parent group of (V— W) 
a’ (V —W) ~-2*(V — W) in case p==0, while G is a modulo p parent group 
of «’(V—W) in case p40. Finally, G will be said to be (4*) a reduced 
fundamental parent group of V—W if G is finitely generated and G is a ~ 
parent group of +(V-- W) =x (V — W) =r*(V — W) in case p = 0, while 
G is a modulo p parent group of +*(V— W} in case p40. 

The adjectives ‘fundamental’ and ‘group’ from all the above objects 
may be omitted for brevity. Observe that for p —0, the adjectives ‘tame’ 
and ‘reduced’ are superfluous. 


Remark 6. Proposition 4 of Section 9 tells us that if one restricted 
tame fundamental weak parent group of V— M is {-step solvable (respec- 
tively: ¢-step nilpotent, abelian), then so is any other unrestricted tame funda- 
mental weak parent group of V — W and hence, any tame fundamental parent 
group of V — W, etc. 


Remark 7. The galois groups over K of the compositums, respectively, 
of Q,(V—W), 0%,(V—W) and Q2*,(V—W) are naturally isomorphic to 
the inverse limits, respectively, of ¢(V—W), x(V — W) and «*(V—W), 
and hence they are, respectively, an unrestricted fundamental weak parent 
group of V—-W, an unrestricted tame fundamental weak parent group of 
V—wW and an unrestricted reduced fundamental weak parent group of 
V— W. In connection with the existence of unrestricted parent groups, see 
Example 1 and Remark 4 of Section Y. For further discussion of the defini- 
tions of this section, see Section 16. 


C. Main Results. 


Throughout the rest of the paper, k will denote an algebraically = 
field of characteristic Dp. 


11. Finite coverings. Let V be a nonsingular projective n dimensional 
algebraic variety over k, let K—%(V), let K* be a finite separable algebraic 
extension of K, let V* be a K*-normalization of V, and let @ be the rational 
map of V* onto V. 
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Proposition 5. If W is an irreducible n—1 dimensional subvariety of 
V such that dim|W|>1, then 67 (W) is connected. 


Proof. Since dim|W|>1 and W is irreducible, it follows by the 
generalized theorem of Bertini (Section 4) that | W | is not composite with 
a pencil. Therefore ¢+(|W]|) is not composite with a pencil, and hence, 
again by the generalized theorem of Bertini, a ‘general’ member of ¢7(W) 
is irreducible. Therefore by Zariski’s degeneration principle [Z5, see also 
C1], (the support of) every member of ¢*(| W |) is connected. Since $7(W) 
is the support of the divisor in ¢*({| W |} corresponding to W, we conclude 
that ¢*(W) is connected. | 


Proposition 6. Now suppose that K*/V is tamely ramified. Let W be 
a pure n—1 dimensional subvariety of V, with Wi, Wast ++, We as its dis- 
tinct irreducible components, such that A(K*/V) CW. Assume that: (1) 
dim | W; | > 1 for j=1,2,-+-,t; and (2) W has only normal crossings. 
Then @+*(W;) is trreductble for j =1,2, = *,1. 


Proof. Let K’ be a least galois extension of K containing K*; then 
Kk’/V is tamely ramified and A(K’/V) C W (Lemmas 5 and 7, Section 2), 
and if the “Inverse image’ of W; on the ’-normalization were irreducible, 
then 6“(W,) would a fortiori would be irreducible; therefore we may assume 
that K*/K is galois to begin with. By Proposition 5, 6*(W,) is connected. 
Suppose, if possible, that ¢“(W,) is reducible; then at least two distinct 
irreducible components of b-1(W;) must have a point P* in common. Let 
P == h(P*). Now W; is an irreducible component of A(K*/V) and W has 
a normal crossing at P implies that A(K*/V) has a normal crossing at P; 
therefore, by Proposition 2 (Section 4), only’ one irreducible component of 
pt(W;) passes through P*, This is a contradiction, and hence the propo- 
sition is proved. 


THEOREM 1. Let K be an n dimensional algebraic function field over 
an algebracally closed ground field k of characteristic p, let V be a non- 
singular projective model of K/k, let W be a pure n—1 dimensional sub- 
variety of V with distinct irreducible components Wa, W,,: °°, Wa. Let 
K*/K be a galois extension such that K*/V ww tamely ramified and 
A(K*/V) CW. Let V* be a K*-normalization of V and let D be the 
rational map of V* onto V. 

Assume that: 


10T.e., W has a normal crossing at each of its points. 
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(1) dm|W,[>1 for 7—=1,2,---,¢; 

(2) W has only normal crossings; and 

(3) V is simply connected. 

Then : 

(A) W*;=¢671(W;) is irreducible for j—1,2," + -,t. 


(B) The inertia group Gi( W*;/W;) is a cyclic normal subgroup (of order 
prime to p in case p0) of G(K*/K) for 7=—1,2,:--,t. Let a; be 
a generator of G,(W*;/W;). 


(C) G(K*/K) is generated by Gi(W*1/W:1), Gi(W*2/We),- © +, GW#,/Wi), 
Hence 


(D) G(K*/K) is generated by the t generators &,@2,° * *,@& each of 
which generates a normal subgroup. 


(E) G(K*/K) is t-step nilpotent and its order is not divisible by p in 
case p40. 


(F) If W; and W, have a point in common, then a; and a, commute im 


G(K*/K). 


(G) If Wa, Wa: © +, W: are pairwise connected, i.e., any two have a point 
in common, then G(K*/K) is abelian. 


Proof. (A) follows from Proposition 6. Hence we can talk of 
G,(W*,/W;); since Q(W;, V) does not split in K*, G(W*,//W;) = G(K*/K), 
and hence (B) follows from Lemmas 1 and 14 of Section 2. Now let H be 
the subgroup of G(K*/K) generated by a1,@2,° > +, a; and let K, be the fixed 
field of H. Then W,, W2,: © +, W: are unramified in H (Lemma 13, Section 
2) and K,/V is tamely ramified (Lemma 12, Section 2), and hence K,/V 
is unramified (Lemma 17, Section 2). Therefore assumption (8) implies 
that K, =K, ie, H=G(K*/K), which gives (C). (D) is only a re- 
phrasing of (C). (E) follows from (D) and Lemma 28 of Section 9. 

Now assume that W; and Wy have a point P in common and let P* be a 
point in ¢“(P). Then P* € W*; and P* € W*, so that G(W*,/W,) C G(P*/P) 
and Gi(W*;/W:z) C G:(P*/P) (Lemma 10, Section 2), i.e., a; and a; are 
in G;(P*/P). Now assumption (2) implies that P is a normal crossing of 
A(K*/V), and hence, by Proposition 1 (Section 2), G;(P*/P) is abelian; 
therefore a; and ay commute, which proves (F). Finally, (G) follows from 
(D) and (F). 
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12. Fundamental weak parent groups. 


THEOREM 2. Let K be an n dimensional algebraic function field over 
an algebraically closed ground field k, let V be a nonsingular projectve 
model of K/k, and let W be a pure n—1 dimensional subvarvety of V wth 
irreducible components Wa, Wat © °, Wi. Assume that: | 


(1) dim|W,[>1 for 7=1,2,: ::,t; 
(2) W has only normal crossings; and 


(3) V ws simply connected. 
Then: 


(A) V—W has a tame fundamental weak parent group G generated by t 

generators Gy, z` `, a, with a weak parent map f of G onto x (V — W) 

such that, in each member H of x (V — W), a; (1. ¢., the f image of a;) 

generates the cyclic (and normal in H) inertia group over W; of the 

unique irreducible subvariety corresponding to W; on a normalization 

of V in the galois extension of K corresponding to H; also, a; and ax 
commute in G if W; and Wy have a point in common. 


(B) Every unrestricted tame fundamental weak parent group of V—W 
is t-step nilpotent. 


(C) If Wi, Wa,: + +, W; are pairwise connected, then every unrestricted tame 
fundamental weak parent group of V—W ts abelian. 


(D) «w*(V—W) =x (V—W). 


Proof. First we assert that (a): x'(V— W) contains an ascending 
cofinal sequence; we shall give several proofs of this. (1) By Theorem 1, 
x’ (V—W) is finitely generated, and hence («), follows from Proposition 3 
of Section 8.12 (ii) For any K* as in Theorem 1, G==G@(K*/K) and the 
generators @1, 42, ‘ *,@2 satisfy the description given before Lemma 23 of 
Section 8; using the notation cf that description, we can set n;(K*) == orcer 
of a; in G;; note that n;(K*) does not depend on the particular generator a; 
of G(W*;: W,).8 Then in view of the fact that the inertia groups project 


41 In particular, G and the inverse limit of #’(V — W), i.e the galois group over 


K of the compositum of Q°,(V — W), as well as every unrestricted tame fundamental 
parent group of V-—- W. 

12 Proposition 3 is based on the general group theoretic Lemmas 18 and 19 and also 
on Lemmas 20 and 21, whereas Lemma 24 is based on Lemma 23 dealing with ‘nice’ 
groups, and so the proof of Lemma 24 is less sophisticated than that of Proposition 3. 


18 G will stand for G(K*/K) only in this sentence and should not be confused with ` 
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properly (Lemma 2 of Section 2), taking compositums and applying Lemma 
24 of Section 8, we conclude the following : 1? Given galois extensions K, and 
K, of K which are tamely ramified over V and for which A(K,/V) and 
A(K,/V) are contained in W, n;(K,) == n;(Ka) for j==1,28,: * +,t implies 
that Kı =K} and nj;(K,) divides n;(K,) for j =1,2,' + -,¢ implies that 
K, C Ko From this, it follows that 7’(V—-W) is countable; and hence we 
can conclude AY, from Lemma 20 of Section 8, or we may proceed thus: 
Let m1, ma * > be a sequence of positive integers such that m, divides my: 
for all g and any positive integer divides some m,; for instance, take ma = q !. 
By Lemma 24, there exists a unique (finite) galois extension K, (in a fixed 
algebraic closure of K) tamely ramified over V, with A(K a/ V) CW, for 
which n;(K,) divides mg for 7—=1,---,¢ and such that K, contains every 
other finite galois extension of K with these properties. Again by Lemma, 24, it 
follows that @(K,/K) < @(K./K) <:++<G@(K,/E) < @(Kgu/K)<: °° 
is a cofinal ascending sequence in 7’ (V-—-W). (iii) Since there are only a 
finite number of tamely ramified coverings of V of a given degree with branch 
loci contained in W (Remark 9 of Section 6 of [A3]),* (a) follows from the 
trivial Lemma 21 of Section 8. 

Now let 1=@<G*<---+ be an ascending cofinal sequence in 
a(V—W), let K—K'C K?C--- be the corresponding galois extensions ` 
of K with G(K%/K) = G4, and let ¢, be the rational map of à K%-normaliza- 
tion of V onto V. By Theorem 1, dg*(W;) is irreducible; let 


Gy = Gy (hq (W;)/W;). 


Theorem 1 tells us that G4, Ga, - +, G% are cyclic normal subgroups of G3 
_and they generate G2. We shall show that generators b4; of G4 can be so 
chosen that for all q, we have u,,:(b%1,) — 0% for j==1,2,:--,¢, where 
Wg 18 the canonical homomorphism of G4*t onto G4 For g— 1, we of course 
have b1, == b1, ==: : Oyen 1; now suppose g>1 and that 5%; have been 
so chosen for all h < g. Lemma 2 of Section 2 tells us that ug (G4) == G0", 
and hence ug, (b4) is a generator of Qt; and we set bt, —,,,"1(ba,) 
Since G < G?* <- - + is cofinal in v (V — W), invoking Lemma 22 of Section 
8, we can find a group G@ on ¢ generators Qi, @z' * *,@ and a weak parent 
map f of G onto 7 (V—W) such that the f image of a; in GA is 69; for all 
q and 7=1,---,¢. Again since Œ < G? <- - - is cofinial in x (V—W), 
it follows from Lemma 2 of Section 2, conclusion (F) of Theorem 1 and 


the Œ in the conclusion (A) of Theorem 2, Also only in this sense, the notation of 
Theorem 1 is used, for instance W*,, etc. 


1 
~ 
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Proposition 4 of Section 9 that G satisfies the description of conclusion (A) 
of Theorem 2 with respect to the set of generators a, &s,' - +, a; and the weak 
parent map f. (B) and (C) follow from (A) and conclusions (E) and (G) 
of Theorem 1 by invoking Proposition 4 of Section 9. (D) is given in con- 
clusion (B) of Theorem 1. Q. E.D. 


Remark 8. Referring to the conclusion (A) of Theorem 2, Lemma 22 
of Section 8 tells us that G is unique in the following sense. If G’ is a group 
on $ generators @1,@'2,° * *,@+ with a weak parent map f of @ onto 
x (V—W) such that for j7=-1,2,: * +, t, and for each H in x’(V—W), the 
f and f images respectively of a;, a’; coincide, i.e., a; and a’; are mapped onto 
the same generator of the said inertia group, then there exists a unique 130- 
morphism of G onto G’ with a:— a’; for j=—1,: --,¢.. This Remark applies 
to Theorem 3 of the next section as a special case. 


Remark 9. In deducing Theorem 2 above and Theorem 3 of the next 
section from Theorem 1, one could probably pass to the compositum cf 
0’,(V-——W) and use ramification theory of infinite galois extension. 


Remark 11. In this remark, we shall be speaking very roughly and 
approximately. From the proofs of Theorems 1 and 2, it is clear that if we 
do not assume V to be simply connected, then the same methods would give 
us information about the kernel of the natural homomorphism of the funca- 
mental group of V—W onto the fundamental group of V and would imply 
that this kernel has approximately the description given for the fundamental 
group of V — W in these theorems. Thus we would get the effect of removing 
W on the fundamental group of V. In the same vein, if W, and W, are. 
two subvarieties of V satisfying suitable assumptions, then those methods 
would give a description for the kernel of the natural homomorphism of the 
fundamental group of V— W,— W, onto the fundamental group of V— W.. 
We shall exploit these things in a later communication. 


Remark 12. The assumption in Theorems 1 and 2 that dim | W,;| > 1 
can be replaced by the weaker assumption that dim|mW,|>1 for some 
positive integer m and that there exists a prime divisor in the linear system 
| mW;|. This remark, in conjunction with our forthcoming work on funda- 
mental groups for branch loci with higher singularities, will be applied to 
deducing theorems on the nonexistence of irreducible ee curves of a given 
degree and prescribed singularities. 
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D. Applications. 


13. Theorem of Zariski, As an application of Theorem 1, we shall 
now deduce the following results which, in the classical case (i.e. for the 
ground field of complex numbers), is due to Zariski. 


THEOREM 8. Let P, be the n dimensional projective space over k with 
n>1, let W be a hypersurface in Pa with normal crossings only, let 
9" 15 92 © +59: be the orders of the irreducible components of W. Let d=1 
in case p==0 and d= the highest power of p which divides g*1,9*s,° © +, gë: 
in case p03 let g;— g*,d+, and let G be the abelian group on t generators 
Qi Ga, © +, a, with the only relation 


Qla + at = 1. 


Then G is a tame fundamental parent group of V—W. Also, r*(V—W) 
=a (V—W), and hence G is a reduced fundamental parent group of Y —W 
as well. G isa direct product of a free abelian group on t— 1 generators and 
a cyclic group of order equal to the greatest common divisor of 91,92,° © *, 98 
i.e., equal to the greatest common divisor of g*1,9*2,° + *,g*; in case p—0 
and to the part of this prime to p in case p30. 


First, we shall give three lemmas. 


Lemma 32. Let A be a unique factorization domain with quotient field 
K such that A contains an alegbraically closed ie k of characteristic p. 
Let A be an algebraic closure of K. Let d,,d2,- + *, di be pairwise coprime 
irreducible nonunits in A. Let Z be the set of all positive integers in case 
p==0 and let Z be the set of all positive integers prime to p in case p54 0. 


Then we can choose elements tm, dy/™, doV/™,- + -,dp/™ in A such that um is 
a primitive m-th root of 1 and d,4/", dm... dim are m-th roots respec- 
tively of dy, da’ * +, di such that if m and m* are in Z with m* =0 (mod m), 


then (Us) /M == Um, and (dr) nm == dim for j==1,2,--°,t. Form in 
2, let LaK (h, dm... dr). Then tmj: nie dj" dm 
for qj is an automorphism of L,/K of order m; G(Ly,/K) is the direct 
product of the t cyclic subgroups of order m generated bY Tmi, Tms * 3 Tmt 
respectively, so that G(Lm/K) is an abelian group of order mt, Let Q, 
denote the set of all field extension of K contained in Ly» for the various m 
in Z. Then Q, is closed with respect to subfields and finite compositums. 
Hence the galois groups over K of all the various members of Q, form a 
group tower m. Let F, be the free abelian group on t generators a4, %e,° * +, a. 
Then there exists a unique weak parent map f of Fi onto m, such that if for 
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À 


M in Q,, we denote by f(M) the homomorphism, belonging to f, of F; onto 


G(M/K), then we have f(Lm) (aj) == Tm; for 7—=1,2,---+,¢ and for all m : 


in Z. Furthermore, if p—0, then f is a parent map and if pO, then f is 
a modulo p parent map and gives an isomorphism of the modulo p derwed 
group tower of F: onto m. 


Proof. The existence of Um, dj'/™ follows thus: Fix an ascending sequence 
1 = Ms < Mo <L Ms °°: +: of integers in Z such that mg divides m, for all 
q and each integer in Z divides some mą. By induction on q, we shall define 
for h= 1,2, + -,q, a primitive m,-th root Um, of 1 in A and an m,-th root 
dj/™ of d; in A such that for all integers g, h with lS gSh=gq, we have 
(Wong) "o == Um, and (dja) mmo = jme, For g==1, we set Um,=1 and 
d,i/™ == d;; now suppose g > 1 and assume that this has been done for g—1. 
Then there exists a primitive m,-th root v of 1 in A and a m,-th root of dy 
in A such that (u)ma/mes y, and (e;)™/mer—— des, and we can take v 
for Um, and ej for d/a Now for m in Z dividing a particular Ma. set 
Um = (Um, )”/™ and dj/™ == (dj/me)ma/m, and observe that this is -independent 
of Mg. | 

Since d; is irreducible in A, K(d;/")/K is a galois extension with galois 
group cyclic of order m and generated by djy” —> undj/™. Lm is the com- 
positum of K(d,/™),---,K(d//"); hence D,/K is galois and G(Ly,/E) 
is naturally isomorphic to a subgroup of the direct product of G(K(d,?/")/K), 
- ++, G(K(d#/")/K), and hence if we showed that 


[Lm: K] = mt = [K(d/™): K]: © -[K(de/): K], 


then the assertion about G(Lm/ K) would follow. Let v be the valuation of 
K given by the irreducible element d, of the unique factorization domain A 
with v(d,) == 1 and let v* be an extension of v to Lm; then v*(d,1/#) = 1/m, 
and hence r(v*: v) ==0 (modm). For 741, d; and d, are coprimes irre- 
ducibles, and hence the discriminant of X™ — d; is of v-value zero so that v 
is unramified in K(d;/"). Hence v is unramified in K (d, m, - -,dp/*) 
which implies that r(u*: K(d.V™,+ - +, dm) == r(v*: v) =m. Now making 
induction on m, we can conclude that [Lm: K] = mt. 


It is clear that the automorphism Tm; form a consistent family of 


generators for the cofinal set {G (Lm/E), mE Z} of m, and hence, by Lemme 
22 of Section 8, we can find a (unique) group G on t generators ay, üa * *, 2% 
with a weak parent map g=={g(M): G>G(M/K),M€Q,} such that 
g (Lm) (45) = Tm; for j= 1,2," + -t and mEZ. By Proposition 4 of Section 
9, Gis abelian. Let nı, no - < ne be arbitrary integers not all zero and let 


ra 


s 
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b = aa" + -at Say m=<0. Then there exists m in Z with m 320 
(modm); let M==K(d,/"). Since g(M) equals g(Lm) followed by the 
canonical homomorphism of G(Z,,/K) onto G(M/K), we can conclude that 
g(M)(a;)—1 for j==2,3,---,# and g(M)(a:) is the automorphism 
dr umd” and hence is of order m; therefore g(M) (b) = (am) 41 
since m,520(modm). This shows that @ is the free abelian group on 
Gus Ge, © °, and we can take G= Fe, a; —a; and f—g; the uniqueness 
follows from Lemma 22 of Section 8. 

Now assume that p340. Since every member of Q, is contained in 
some Lm, it follows that the order of each group in m, is prime to p. Observe 
that in G(Ly/K), m— order of Tm; = order of tm; in the quotient group of 
G(Lm/K) by the subgroup generated by Tmi, Tm23° * ‘> Tmy13 hence Lemma 24 
of Section 8 tells us that any normal subgroup of G@ of finite index prime to 
p contains g(Lm)7*(1) for some m in Z and hence g is a modulo p quasi 
parent map of GŒ onto mı Now let ni, na, - + ng be arbitrary integers not 
all zero and let b == gg," + ‘ant, Say 1.540. Then there exists m in Z 
with n540 (modm). Let L==K(d,/™). Then g(Z) (0) = 9(L) (a,)%¥1 
since the order of g(Z) (a1) is m. Therefore g is a modulo p parent map. 
If p=0, omitting any reference to p in the above argument, we conclude 
that g Is a parent map. 


Lemma 33. Let the situation be as Lemma 32. Let g*1,9*%2,° © :,g*: 
be given positive integers. Let d==1 in case p—0 and let d= the highest 
power of p which divides 9*1,9%2,° - +, gt in case p0. Let g= g* jd. 
Let N be the subgroup of F, generated by 


B = 71002 = >» MTS. 


Let q be the canonical homomorphism of F; onto G—F,/N and let a; == q(a;). 
Let x’ be a subtower of m, and let ©’ be the corresponding subset of Oy. 
Assume that LEQ, and G(L/K) cyclic implies that LEX tf and only if 


CL) (an) of (L) (22): f(D) (a) =1. (I) 
Then 
N= N f(L)+(1), 
LeQ 


so that for each L in X, there exists a unique homomorphism $(L) of G 
onto G(L/K) with f(L) = $(L)q, and p = {p (L), LEQ} is a weak parent 
map of G onto x. Furthermore, if p—0 then $ is a parent map, and if 
pÆ then pis a modulo p parent map. G is a direct product of a free abelian 
. group on t— 1 generators and a cycle group whose order is the greatest 
common divisor Of 915 ga` 75 Gt 


6 
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Proof. Let E be a finitely generated abelian group; then Æ is a direct 
sum of cyclic subgroups Ei, Ho, - -, Hn; let ep be the projection of E onto Ep, 
then given v€ E with 73<1, there exists A such that e,(x) 41. Using this 
argument, we can at once conclude that given any LEQ, LE Q if and only 
if (I) holds. Let N* be the cyclic subgroup of F; generated by 


$ mn ud Fa a . + g 
B — AI AS 2 at, 


Then for all L in 0’, N* C f(L)>(1) so that there exists a unique homo- 
morphism #*(L) of G* = F,/N* onto G(L/K) such that f(L) equals the 
canonical homomorphism of F, onto G* followed by ¢*(Z). If p=0, then 
. f is a parent map and hence, invoking Lemma 27 of Section 9, we conclude 
that bŸ == ¢ is a parent map of G*== G. Now assume that p40. Since f is 
a modulo p parent map of F, onto m, we conclude that ¢* = {¢*(L),L€ 0} 
is a modulo p quasi parent map of G* onto w’. Let x be the greatest common 
divisor of g*,,9*2,° © +, 9%, let p” be the highest power of p which divides x 
and let z=-ap¥. Let h;— g*;x and let 


y = oa," » >» > at, 


so that B == y% and B* = y7. Since the greatest common divisor of hy, ha, ``, he 
is 1, by well known properties of finitely generated free abelian groups, we 
can find ya ya," < °, ye such that y = yı Yo - *, ye is a free abelian basis of F. 
Let k = hy, kot - -, kt be the images in G* of y1, yo." * +, y: respectively. Then 
G* is a direct sum of the free abelian group V, generated by the free generates 
Ko, ka, © >, ke and the cyclic group V- generated by kı. Let v; be the pro- 


jection of G* onto V; For all L in 0’, the order of 6*(L) (k,) is prime to p, — 


and hence it divides z so that $*(L) (k,*) —1. Now let us, Us’ - +, be 
arbitrary positive integers and let h = k tik,"2- + - kt. Assume that ¢*(Z)(h) 
== 1 for all L in W. Applying the consideration of the last paragraph in the 
proof of Lemma 32 to Ve, we conclude, via va, that ts == Ug ==" > = u= 0. 
Next, let r be a homomorphism of the cyclic group V, of order x onto a cyclic 
group of order z Then rv, maps V onto a finite group of order prime to p, 
and hence there exists L in Q’ such that the kernels of rv, and ¢*(L) coincide. 
Therefore ¢*(Z)(k,) is of order z. Since ¢o(L) (kim) —=*(L) (h) —1, we 
conclude that u,==0 (modz). This shows that 1I b*(L)1(1) is generated 
ne 


by kı”. Therefore is a modulo p parent map of G onto x’. 


The following lemma is well known; we give it here for the sake of 
completeness. 
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Lemma 34. The projective n dimensional space Pa over k is simply 
connected. 


Proof. We shall make induction on n. For n==1, this is well known 
(Proposition 3 of Section 3 of [A3]); now assume that n > 1 and that P,: 
is simply connected. Let K* be a finite separable algebraic extension of 
k(P,) which is unramified over P, let, [K*: &(P,)]—1m, let V* be a K*- 
normalization of P, and let @ be the rational map of V* onto Pa. Since the 
hyperplanes of P, form a linear system of dimension greater than one and 
is without fixed components, by the generalized Bertini theorem (Section 4), 
we can find a hyperplane P, in Pa such that U*=-=¢"(P,,) is irreducible, 
and since Q(P,1,P,) is unramified in K*, we must have [(U*): k(Pi+) | 
= [K*: k(P,) | =m (Section 2). Since k is algebraically closed and K*/P, 
is unramified, for each point of Pa, there are exactly m points on F*, and 
hence, for each point of P,:, there are exactly m points on U*, and hence 
k(U*)/P,+ is uoramified. Therefore, by the induction hypothesis, k(U*) 
= (Py), Le, m==1, Le, K* = k (Pa). 


Proof of Theorem 3. Since n > 1, the dimension of the complet: linear 
system determined by an hypersurface in P, is greater than 1 and eny two 
hypersurfaces in P, have a point in common; also, by Lemma 34, P, is simply 
connected. Therefore, by Theorem 1, each group in a’(P,—W) is abelian 
and also r*(P,—W) =x (Pa-—W). Now fix an algebraic closure A of 
K = k (Pa). Choose an affine coordinate system Tr £a, * -,æ, in P, such 
that the hyperplane at infinity is not in W. Then K=—k(a,@2,- - `, 2n) 
and W; is given by an irreducible polynomial d; = d;(%1,Z2,- * *, £n) of degree 
g*; in the polynomial ring A==<k[2,,2.,:--,2,]. Now A is unique fac- 
‘torization domain and dı, da,’ --,d, are pairwise coprime irreducible non- 
units in A. Hence we can apply Lemma 33; we shall use the notation of 
that lemma. We shall show that 0’,(P,-—-W) CQ,. Since each member of 
Q’,(P,— W) is an abelian extension of K and since an abelian extension is 
a compositum of cyclic extensions, it is enough to show that each cyclic 
extension of K contained in 0’,(P,— W) is contained in Q,. So let L be in 
Q (P,—-W) such that L/K is cyclic. Let [L: K] =m. Since 7’ (P,— W) 
—7*(P,—W), m is prime to p in case p40, and hence there exists a 
polynomial 

Aa (1) 


with y in K such that L is the root field of K in A. We can arrange matters 
so that y€ A and that y is not divisible by the m-th power of any nonunit 
in À. Then the hyperplanes in P, given by irreducible factors of y must be 
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ramified in L, and hence, after multiplying y by a suitable element of k, 
we have: 


y == dd- =. dit. (2) 


Hence L C Ly, Le. LEQ, Thus 07,(P,—W) Ca. 
Next, let L be any member of Q, such that G(L/K) is cyclic. We assert 
that LE Q,(P,— W) if and only if 
CL) (a) Of (L) (%2): F(E) (ae) = 1. (3) 
Let [L: K] =m and arrange matters so that L is a rootfield of (1), where 
y is given by (2). Then the part of A(L/P,) at finite distance is contained 
in W, and hence A(L/P,) C W if and only if the hyperplane at infinity is 


not ramified in Z. It is easily verified that the hyperplane at infinity is not 
ramified in L if and only if 


Vagi + Veg" + +09 =0 (mod m). (4) 
Note that L C Lm and that f (Lm) (@;) = Tmj; let e be the canonical homomor- 


phism of G(L,/K) onto G(L/K). Then f(L) =ef(Lm), and hence (3) is 
equivalent to 


t 
[I e (rmi) = 1, (3”) 
h=1 
l. €., to 
£ 
e| TI rm] = 1, (3*) 
k=1 | 
i. €., to 
ł : 
T= [I] ema € 62 (1) = G(Lm/L) C G(Ln/K). (5) 
hed 


Thus we have to show that (4) is equivalent to (5). Next, 


t 
d — ai (dpn) 
h=1 


is a primitive element of L/K, and hence the automorphism r of Z,./K is in 
G(Lm/L) if and only if r(d) =d. Now 


t t 
v(a) = II Tm [ TE (da) 
j=1 A=1 
t t 
= TT [rm (IE (d) I 
gal h=1 
t 
= TT [tm (d) | 
j=l 
t 
— JI [im (amy) | 
j= 


== | (Um) vg rg t +019" | d. 


san 


"x 
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Hence r(d) =d if and only if 


(thn) DG tV9g* ot +019" 4 me J ; 


i.e., if and only if (4) holds. This proves the italicized assertion. Now 
the theorem follows from Lemma 33. 


Remark 13. Referring to Theorem 3, let G* be the abelian group 
generated by ¢ generators a*,,a%,- - -,a*,; and the only relation 


a* "19% ,9"2 a> tee a*,9"s ee 1. 


Then it follows from the proof of Lemma 33 that for p—0, G* = G, i.e, G* 
is a (tame, reduced) fundamental parent group of P,—W ; and for 9340, 
G* is a modulo p quasi parent group of w’(P,— W) =7*(Pr, —W). 


14. Theorem of Picard. As another application of our main results, 
we shall deduce a result (Theorem 5 below) which, for dimension two in the 
classical case, was asserted by Picard. In the following Definition, and in 
Lemmas 35, 86 and Theorem 4, K is an n dimensional algebraic function 
field over k, A is a fixed algebraic closure of K and V is a normal projective | 
model of K/k. 


Definition. Let W be an irreducible n — 1 dimensional subvariety of V. 
Since linear equivalence preserves degress (in the embedding projectiv2 space 
of V), it follows that the positive integers m such that there exists a divisor 
D on V with WæmD are bounded, the maximum of these integers will be 
called the embedding degree of W in V and will be denoted by 8(W,V). 
Also, we define the reduced embedding degree S(W, V) of W in V by setting 
it equal to 8*(W,V) in case p==0 and equal to 8*(W,V) divided by the 
highest power of p which divides 8*(W, V) in case p<0. It is obvious from 
the definition that 8*(W,V) and hence 8(W,V) is a biregular invariant. 
The biregular invariance of 8(W, V) will also follow from Lemma 36 and 
from that lemma, it will also follow that 6(W,V) equals the maximum as 
well as the least common multiple of all integers m prime to p (respectively, 
all integers m) in case p40 (respectively, p=-0) for which there exists a 
divisor D on V with W=:mD. Also note that if V is a projective space Pr, 
then 8*(W, V) is the usual order of the hypersurface of W; and in this case, 
8(W, V) will also be called the reduced order of W. 


Lemma 35. Let V* be a normalization of V in a finite separable 


~- algebraic extension K* of K and assume that V* is simply connected. Then 
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any one of the following two conditions implies that V is simply connected: 
(1) there exist an irrreducible subvariety of V* whose ramification index over 
K equals [K*: K]; (2) any field between K and K* other than K is ramified 
over V. 


Proof. In view of Lemma 4 of Section 2 of [A2], (1) implies (2). 
Now assume (2). Let K, be any finite separable algebraic extension of K 
such that K,/V is unramified. Let K*, be a compositum of K* and K.. 
Then by Lemma 9 of Section 2, K*,/V* is unramified. Hence K*, = K*, 
i.e, K, C K* which, in view of (2), implies that K, = K. 


Lemma 36. Let W be an irreducible n—1 dimensional subvariety of 
V. Assume that V ts nonsingular and simply connected. Let K* be the 
compositum of all finite abelian extensions of K which are tamely ramified 
over V and for which the branch locus over V is contained in W. Then K*/K 
is a cyclic extension of degree 8(W,V). 


Proof. Let L/K be a finite abelian extension in A such that L/V is 
tamely ramified and A(L/V) C W; let V* be a L-normalization of V and 
let @ be the rational map of V* onto F. Since L/K is abelian and since the 
inertia groups over K of the various irreducible components of p> (W) are 
K-conjugates, all these inertia groups must be the same; let L* be the fixed 


field of this inertia group. There L/L* is cyclic (Lemma 14, Section 2), | 


and L*/V is unramified (Lemmas 18 and 17, Section 2); since V is simply 
connected, we have L* — K ; this also shows that [L: K] = ramification index 
over K of any irreducible component of p> (W). 

Therefore it is enough to show that for an integer m > 1, which is prime 
to p in case p £0, there exists a cyclic extension L/K of. degree m such that 
L/V is tamely ramified and A(L/V} C W if and only if there exists a divisor 
=- D and V with W=mD. Assume that L exists; then L/K is the root field 
of a polynomial X™—y with y€ K. Then A(L/V) contains each of the 
prime divisors which occur in the divisor (y) of the function y with a coeffi- 
cient which is not divisible by m. By the above italicized remark, it follows 
that W occurs in (y) with a coefficient g which is prime to m. Then we can 
find an integer g* prime to m such that gg*==1(modm). Replacing y by 
y1, we can assume that g==1 (mod m), which implies that (y) —W is equal 
to m times a divisor D so that We=mD. Conversely, assume that D exists. 
Then there exists y in K such that (y) = W — mD, and we may take L to 
be the root field oyer K of the polynomial Æ"— y. 


THEOREM 4. Let W be an irreducible subvariety of V. Assume that W 


if: 
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has only normal crossings and dim | W | > 1 and that V is simply connected. 
Let K* be the compositum of all the fields in O'3(V—W). Then (i) K*/K 
is cyclic of degree 8(W,V); and V—W has as a tame (as well as 
reduced) fundamental parent group a cyclic group of order 8(W,V). Let 
V* be a K*-normalization of V and let à be the map of V* onto V (so that 
V*—p (W) is the “tame universal covering” of V—W). Then (ii) 
V*—¢1(W) is tamely simply connected. Finally, (iii) the normalization 
of V in any field between K and K* (in particular, V*) is simply connected. 


Proof. That each group in a (¥— W) is abelian is exactly Theorem 1 
for 1. However, the argument for ¢=-1 is rather easier and is briefly 
thus: For K, in 0’,(V—W), let V, be a K,-normalization of V and let : 
be the rational map of V, onto V. Then by Proposition 6 of Section 11, 
W,—¢,7(W) is irreducible, and hence K is itself the splitting field of 
W,/W. Then K,/K, is cyclic (Lemma 14, Section 2) and K,/V is unramified 
(Lemmas 13 and 17, Section 2) ; since V is simply connected, we have K == K. 
Now (i) follows from Lemma 36 above. (ii) follows from (i) in view of 
Lemma 9 of Section 2. From (i), it follows that V* is simply connected 
(Lemma 29 of Section 10) and this, together with Lemma 35 above and the 
italicized statement in the proof of Lemma 36, gives (iii). 


PROPOSITION 7. Let V* be a normal projective variety over k. Assume 
that there exists a rational map p of V* onto a nonsingular projective simply 
connected variety V of finite index such that: (1) p and D? are both Free 
from fundamental points, (2) V*/V ts tamely ramified, (3) A(V*/V) is irre- 
ducible, (4) A(V*/V) has only normal crossings, and (5) dim | A(V*/V)| 
>1. Then V* is simply connected, k(V*)/k(V) is galois with galois group 
cyclic of order dwiding 8(A(V*/V),V), and V*—-d1(A(V*/V)) is tamely 
simply connected in case [k(V*): k(V)] = 8(A(V*/V),V). 


Proof. This is essentially Theorem 4 stated from a covering to the 
projection instead of the other way around. 


Proposition 8. Let W be an irreducible hypersurface of reduced degree: 
g with normal crossings only in projective n dimensional space P, over k.. 
Let K* be the compositum of all the fields in Q,(P,—W). Then (i) 
K*/Kk (Pn) is cyclic of degree g so that P,—W has for a tame (as well as 
reduced) fundamental parent group a cyclic group of order g. Let V* be a. 
K*-normalization of Pa and let $ be the rational map of V* onto Pa. Then 
(ii) V¥—p*(W) is tamely simply connected. Finally, (iti) the normaliza- 
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tion of P, in any field between k(Pn) and K* (in particular, V*) is simply 
connected. 


Proof. For n—1, this means that P,—W (W is a point) is tamely 
simply connected and P, is simply connected ; this is well known (Proposition 
6 of Section 8 of [A3]); now assume that n>1. Then this proposition 
follows from Theorem 4 in view of Lemma 34 of Section 13 or, alternatively, 
(i) is exactly Theorem 3 for t==1 and (i) and (iii) follow from (i) as in 
the proof of Theorem 4. 


THEOREM 5. Let V* be a hypersurface in projective n+ 1 dimensional 
space Px. having an affine equation 


Xna” —f(X1,X2,° | "> Àn) = 0, 


where W: f(X1,Xe,° + °, Xn) =0 is an irreducible hypersurface (1.e., f is 
an irreducible polynomial) in projective n space P, (with affine coordinates 
X1,X2,° © t Xn) having only normal crossings (in particular, say, W is to 
be nonsignular, or ‘ generic’), such that m divides the reduced order g of W. 
Then V* is simply connected. If m==g, then V*— (f(X1, Xe," - +, Xn) 
== V*) is tamely simply connected. 


Proof. Project V* on P, by the natural projection and call this pro- 
jection map œ. By the Jacobian criterion, the singularities of V* lie above 
the singularities of W, and hence the singular locus of X* is of dimension 
less than n—-1. Therefore V* is normal. That ¢ and #1 are free from 
fundamental points is obvious. Now either apply Proposition 8 or apply 
Proposition 7 together with Lemma 34 of Section 13. 


E. Classical Case and Motivation. 


In this chapter, C will denote the field of complex numbers, no reference 
will be made to the Zariski topology, V will denote a normal projective model 
of an # dimensional algebraic function field over an algebraically closed 
ground field & of characteristic p and W will denote a proper subvariety of V. 
Also, +; will denote the usual topological fundamental group of a topological 
space, and furthermore, Iw, will denote the intersection of all subgroups of 
x, Of finite index and ya, will denote the factor group 72/I'r,. In this chapter, 
since its main purpose is motivation and description, we shall not try to be 
completely precise. $ 
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15. Existence of algebraic coverings. Suppose k—C, so that V 
becomes a topological space in the classical manner. Then V— W is con- 
nected, and finite regular unramified topological coverings of V-—W are in 
one to one natural correspondence with finite homomorphic images of 
ai(V—W). Let V’ be a finite unramified topological covering of V — W. 
Then by the recent work of Grauert and Remmert ([GR}, see also Enriques’ 
work on this topic in |E] and Chapter VIII of [Z2]|)—-which can be called 
the general Riemann Existence Theorem—implies that V” can be uniquely 
completed to a normal algebraic variety V*, thus making V* an algebraic 
covering of V with A(V*/V) C W. Now if the covering V” is regular, then 
k(V*)/k(V) is galois and the covering group of V’ over V is naturally 
isomorphic to the galois group G(’k(V*)/k(V)), and hence we can conclude 
that yri(V—W) is, in a natural way, a parent group of 7(V—W) 
=x (V — W) =a*(V—W). This explains our terms, . . . fundamental 
group tower . . „ in abstract algebraic geometry. Even if the Existence 
Theorem were not available, these group towers would, in the abstract case 
carry the same weight; however, in the presence of the Existence Theorem, 
these concepts do carry more weight for considerations of the classical case, 
and, for instance, from Theorem 2 (Section 12), we can at once conclude 
the following new result for the classical case. 


PROPOSITION 9. Suppose k==C. Assume that V is nonsingular, W is 
pure n— 1 dimensional with irreducible components Wi, Wa, © °, Wi, and 
that: (1) dim | W; | > 1 for 7=1,2,- - +, t; (2) W has only normal crossings; 
and (3) V has no finite unramified topological coverings (this would certainly 
be so tf V is topologically simply connected, i.e., tf mı(V) =1). Then 
ymı( V — W) is t-step nilpotent and it is abelian in case Wi, Wat + +, Wi are 
pairwise connected (here topological connectedness and algebrogeometric con- 
nectedness are the same). Also V—W has an unrestricted tame fundamental 
parent group, namely yr,(V—W). 


Now consider Theorem 3 of Section 13. In the classical case, this was 
proved by Zariski, namely in [Z1], also Chapter VIII of [Z2]; he proved 
the following: 


(A) Let W be a curve with only normal crossings in the complex pro- 
jective plane P, and let g1,g2,° * +, gt be the orders of the irreducible com- 
ponents of W. Then mı(Pa— W) is an abelian group with t generators 
di; Go, © *, a, and the only ade 


APA: + -at— l. 
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Then in [Z3], he proved the following theorem. 


(B) Let W be a hypersurface in complex projectwe n space Pn and 
let Paa be a generic hypersurface in Pa. Then 


11(P,— W) and mı (Para — Pr ‘a W) 
are naturally isomorphic. 


Putting together (A) and (B), invoking the Existence Theorem of 
Grauert-Remmert, and observing that in a finitely generated abelian group, 
the intersection of subgroups of finite index is 1 (Lemma 27 of Section 9), 
there results Theorem 3 in case k= C. Also note that Theorem 3 gives an 
evidence of (B) in the abstract case. 

Next, consider Theorem 5 of Section 14. For n==2 and k==(, this 
was asserted by Picard (Sections 12-14 of Chapter IV of [PS]) in connection 


with his statement that any nonsingular surface in complex projective three — 


space is simply connected. Note that in the classical case, in view of (B) 
above, the theorem for general n follows from the case n — 2. 


16. Finite generation of fundamental groups. Consider the following 
statement which one expects to be true: (a) Let W be a subvariety of an 
algebraic variety V over C; then V can be triangulated so as to make Wa 
subcomplez. Now (a) implies that 7,(V— W) is finitely generated; for 
instance, take the third barycentric subdivision of F, then V—-W can be 
‘projected’ onto a (closed) subcomplex XY of V — W, thus making XY a 
deformation retract of V-— Wy; hence (VV — W) = (X ) and, X being a 
finite complex, mı (X ) is the fundamental group of a ‘tree’ and hence is finitely 
generated. Hence the group tower r(V— W) =x (V—W) =7*(V —W) 
has a finitely generated parent group and, in particular, a finitely generated 
weak parent group. ‘This is the reason why we have included finite generation 
in the definitions of (1) a tame fundamental parent group, (2) a reduced 
fundamental parent group, (1*) a tame fundamental weak parent group, and 
(2*) a reduced fundamental weak parent group. The reason for not at all 
defining, in case of p340, a fundamental parent (respectively: weak parent) 
group, say as a finitely generated unrestricted fundamental parent (respec- 
tively: weak parent) group, is that the entire group tower (including tame 
as well as untame coverings) can be way too large( as is exhibited in [A3, 4], 
and in general we do not expect it to have a finitely generated parent or 
weak parent group. | 


id 
? 
a 
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~The explanation of the concepts (1*) and (2*) is now complete. How- 
ever, concerning the concepts of (1) a tame fundamental parent group “ of 
V— W and (2) a reduced fundamental parent group G* of V — W, we must 
explain one point, namely that in case of nonzero characteristic p40, G (res- 
pectively : G*) is required to be just a little less than a finitely generated parent 
_ group of n’ (V — W) (respectively : x*(V — W)), namely we have required that 
G (respectively: G*) be finitely generated and that there exist a weak parent 
map f of G (respectively: G*) onto x/(V—W) (respectively: a*(V—W)) 
such that the kernel of f include all the normal subgroups of @ (respectively: 
G*) of finite index prime to p. The reason for this is that in general there 
does not exist a finitely generated parent group of x’(V—W) (respectively: 
r*(V—W)); for instance, certainly we can have a situation in which 
x’(V—W) and r*(V—W) are isomorphic to the modulo p derived group 
tower of an infinite cyclic group—for instance, take V to be the projective 
line and for W, take two points (Proposition 6 of Section 3 of [A3]), or take 
V to be the projective plane and for W, take two lines (Theorem 3 of Section 
18)—and this group does not have any finitely generated parent group 
(Example 2 of Section 7). | 
Thus the complete analogue for the abstract case of the existence in the 
classical case of a topological fundamental group which one expects to be 
always finitely generated is the following statement which we state as a 
conjecture. 





A 


CONJECTURE 1. For any normal projective algebraic variety V and a } 
subvariety W, there exists a tame fundamental parent group of V — W. 


A proof of this conjecture would be a good contribution to the theory 
of coverings in the abstract case. Note that the existence of a tame funda- 
mental parent group implies the existence of a reduced fundamental parent 
group. Now if one proves Conjecture 1, then out of the class of all tame 
fundamental parent groups, how far one can choose one (or more) which one 
would like to call a fundamental group of V—W, is another matter—for 
instance, can one somehow tell the right number of gensrators—, perhaps in 
the abelian case this is rather easy. A somewhat weaker form of Conjecture 
1 is this: 


CONJECTURE 2. For any normal projective algebraic variety V and a 


subvariety W, there exists a tame fundamental weak parent group of V —W. 


Note that for V— W, an unrestricted tame (respectively: reduced) 
fundamental weak parent group exists trivially, for instance, the inverse limit 


` 
-awt 
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oo 


of x’(V—W) (respectively: «*(V—W)) will do. In general, the possible 
existence of an unrestricted tame (respectively: reduced) fundamental parent 
group does not follow from such general considerations. However, note that 
in the situation of Theorem 2 of Section 12, in case the W; are pairwise 
connected (and hence, in particular, in the situation of Theorem 3 of Section 
13), 7 (V— W) =7*(V—W) has a weak parent group which is finitely 
generated and abelian; now it is easily shown that if a compact abelian group 
G has a finitely generated dense subgroup, then every subgroup of @ of finite 
index is closed; hence the inverse limit of v (V — W) =«*(V—W) is an 
unrestricted tame (as well as reduced) fundamental parent group of V— W. 

Also recall the result, given in Remark 9 of Section 6 of [A3] (see also 
footnote 4 of the present paper): For any normal projective variety V and 
a subvariety W, there exist only a finite number of tame coverings of V of a 
given degree with branch loci contained in W. Note that this is a trivial 
consequence of Conjecture 2. 


Now in this paper, we have given affirmative answers to these conjectures 
in certain fairly general situations, namely, in the situation of Theorem 2 
(Sceion 12), we have affirmed Conjecture 2, and in Remark 8 (Section 12), 
we have affirmed Conjecture 3 and in the situation of Theorem 3 (Section 13), 
we have affirmed Conjecture 1. Returning to statement (a): the ‘proof? of 
this given by van der Waerden [V, Appendix to Chapter ITI] has recently 
been pointed out by Whitney [W, Footnote 1] to be not entirely correct (for 
nonsingular V and empty W, (a) is well known). Hence, at least at the 
present time, the following is another contribution to the classical case. 


PROPOSITION 10. In the situation of Projosition T (Section 15), the 
derived group tower of mı( V — W) has a finitely generated (by t generators) 
parent group, or equivalently, the inverse limit of yr:(V—W) contains a 
finitely generated dense subgroup. 


17. Miscellaneous remarks. 


Remark 14. It is clear that the conjectures made in Section 4 of [A8] 
concerning a comparison between ramification theory in nonzero characteristic 
p and the ramification theory in the corresponding zero characteristic situation 
can onw be refined using the concepts of this paper; for instance, Conjecture 
2 of [A3] would now be refined to read: Let S, be a situation in nonzero 
characteristic p and let S, be the corresponding situation in characteristic zero. 
Then: è 
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(The subtower of the fundamental group tower of S, consisting of all the 
members whose order ie prime to p) 


— (the reduced fundamental group tower of Sp) 
C (the tame fundamental group tower of Sp) 
C (the fundamental group tower of So), 


where inclusion stands for being a subtower. 


It is obvious that the results of the present paper give some evidence in 
support of this refined conjecture; to give one instance, this. conjecture has 
been verified in the situation of Theorem 3 of Section 13; see Remark 13 
of Section 13. 


Remark 15. Suppose k=C. We do not know if the intersection of 
subgroups of finite index of m,( V — W) is 1. Observe that this is not a 
consequence of the (almost certain) statement that these groups are finitely 
generated, or even finitely presented (Chapter VIII of [Z2], page 56 and 
Appendix G of [K2], and [H]). Note that every finitely presented group 
can be realized as the fundamental group of a four dimensional real manifold 
(Example 3 on page 180 of [ST]). However, one does not know which 
groups can be the fundamental groups of algebraic varieties (complete or not). 
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RATIONAL POINTS OF ABELIAN VARIETIES OVER 
FUNCTION FIELDS.* 


S. LANG: and A. NÉRON. 


We intend to give here a systematic and simplified exposition of the 
theorem of the base for divisors [5]. Since the appearance of [5], the 
theory of the Picard and Albanese varieties has become available, as well 
as Chow’s theory of algebraic systems of abelian varieties (the K/k-trace 
and image). Using first an elementary equivalence criterion [9], we reduce 
the theorem of the base on a variety (projective, non-singular in codimen- 
sion 1) to a theorem concerning the group of rational points of an abelian 
variety defined over a function field, by means of the above ‘mentioned 
theories. We then prove the finiteness statement in two steps as usual: 
First, the so-called weak Mordell-Weil theorem, for which we reproduce the 
_ proof given in [3], and second the infinite descent. 


We also take this opportunity of reproducing simultaneously a proof of 
the ordinary Mordell-Weil theorem concerning the group of rational points 
of an abelian variety defined over a number field, to the effect that this group 
is finitely generated. This proof is contained in § 38, 8 5, 86, and § 7. 


Aside from the above mentioned equivalence criterion, which is used 
_ only in §1, we assume only that the reader is familiar with the basic theory 
of abelian varieties, as it is done for instance in [2]. We do not need the . 
full theory of distributions, and reproduce the definition of the height of a 
point, together with its elementary functorial properties. This is all that is 
needed to carry out the infinite descent. We thus make this paper indepen- 
dent of [5], [6], [8]. 


1. The theorem of the base. If G denotes a set of geometric objects, 
we shall denote by Gs the subset of these objects which are rational over a 
field k. | 

Let V be a projective variety, non-singular in codimension 1, and 
defined over an algebraically closed field & which we may take to be a 


* Received May 6, 1958. 
1 Fulbright Fellow. 


96 S. LANG AND A. NÉRON. 


universal domain. The group of divisors D(V), contains the usual sub- 
groups of divisors which are algebraically equivalent to 0 and linearly equiva- 
lent to 0 respectively. 


D(V >s D De(V) 4 DV): 


The Picard group D,(V):;/Di(V), can be given the structure of an abelian 
variety, the Picard variety. The theorem of the base asserts that the factor 
group D(V); modulo Da(V);, is of finite type, i.e. fimtely generated. We 
are going to show here how this theorem can be reduced to a theorem con- 
cerning abelian varieties. 

Let C, be a generic curve on V over k, depending on generic linear 
parameters u. This means that there is a generic linear variety L, over k 
such that C,==V-Z, (Cf [1], Ch. 7.) Let J be its Jacobian, defined over 
the field k(u) =K. Let Do(V), be the subgroup of D(V),; consisting of 
those divisors X € D(F), such that X-C, is of degree 0. Then D(V);/Do(V)x 
is infinite cyclic, and it will suffice to prove that Do(V)s/Da(V)x is of 
finite type. 

Let 6: C,—>d be a canonical map of C, into its Jacobian, defined over 
the algebraic closure of k(u). Then 


a—> §(d(a)) 


is the canonical map of D,(C,) = D,(C,) into J. We have a homomorphism 


h: Di(V) i> J (4) 
given by the formula 
h(X) = S(P(X Cu) ). 


According to the elementary equivalence criterion, one knows that the kernel 
Æ of h, which contains Di(V)x, is of finite type modulo D,(V),. Hence 
the factor group [E + Da(V)x]/Da(V)x is of finite type. To prove the theorem 
of the base, it will therefore suffice to prove that D, (V )a/[E + Da(V)x] is of 
finite type. 

The inverse image A*(h(Da(V)x) is precisely equal to H+ D,(V)z. 
We have therefore an injection 


O—> D (V)x/LE + Da(V) x] — Jre /hDo(V) 


Now let y: V->A be a canonical map of V into its Albanese variety. 


For a suitable constant b € À, we have a commutative diagram 
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Let us look at the inverse images of divisors in D,(A), under the 
composite maps (1, +b)o and yoi. The formalism (fog)*t==giof? 
can be applied to the first according to Appendix 1 of [2] since J and A are 
non-singular., A direct verification using intersection theory (associativity 
and the definition of C,—V-L,) shows that it can also be applied to the 
second. According to the definition of the Picard variety, which one knows 
is obtained by pull back from the Albanese variety, we see that the map 


h: Diu(V) 4 J x(a) 


î 
Cy 
+| 
J-——- 
tae +b 


where i, is the induced homomorphism. 


induces the rational homomorphism *,, on A,;—D,(V) /DUV) ty if we 
denote as usual by the upper index £ the transpose of 7, on the Picard 
varieties. Consequently we have an injection 


0 Do (V )a/ LE + Da(V) x] > Feu / ty Ar. 


By Chow’s theory of the K/k-trace (whose definition is recalled below), one 
knows that (Â, tig) is a k(u)/k-trace of J —J ([2], Ch. 8, Th. 12). Conse- 
quently, to prove the theorem of the base, it will suffice to prove the following 
result. 


THEOREM 1. Let K be a finitely generated regular extension of a field k. 
Let A be an abelian variety defined over K, and let (B,r) be its K/k-trace. 
Then Ag/rBy is of finite type. 


For the convenience of the reader, we recall that a couple (B,r) con- 
sisting of an abelian variety B defined over k and an injective (i.e. purely 
inseparable) homomorphism r: B— A defined over K is said to be a K/k- 
trace of A if it satisfies the following universal mapping property: For any 
abelian variety C defined over an extension Æ of e which is free from K 
over k, and a homomorphism a: (— A defined over KE, there exists a 
homomorphism g’: C—>B defined over Æ such that the following diagram 
is commutative. 


(eA 
C ——> A 


EN Ar 
B 
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Essentially the same arguments which will be used to prove Theorem 1 
will also give us 


THEOREM 2. Let K be an algebraic number field, of finite degree over 
the rationals. Let A be an abelian variety defined over K. Then Ag is 
finitely generated. 


From these two theorems we recover immediately the fact that if K is 
finitely generated over the prime field, then Ay is also finitely generated. 
It suffices to apply the two theorems to K and the algebraic closure of the 
prime field in K, viewed as a constant field. 


2. Reduction steps. The propositions which we prove in this section 
will be used to reduce our main theorem (Theorem 1) to special cases which 
_are technically easier to handle. Throughout this section, K will denote a 
finitely generated regular extension of a field & By a regular extension, 
we shall always mean a finitely generated one. 

_ We first show that to prove our main theorem, we may extend our 
function field by a finite separable extension. 


PROPOSITION 1. Let LD K be a finite separable extension of K, also 
regular over k. Let A be an abelian variety defined over K. Let (AE, tx) 
be its K/k-trace and (A¥/*,7,) its L/k-trace. Then the factor group 


[ra (AL) x N Ar] /rr (AB) x 
is finite. 
Proof. Let Ty, be the graph of tz. It is defined over L. Let us take 


the intersection H — {]} Tr" of Tz and its conjugates over K, where o ranges 
g 


over the distinct isomorphisms of L over k, Then H is K-closed and is an 
algebraic subgroup of A2*x A. Its connected component He is therefore 
defined over K by Chow’s theorem ([2], Ch. IT). 


Ps N [(A"*), X Ar] =H [(A*™)2 X Ax] 


and this group contains Ho [(A2*); X Ax] as a subgroup of finite index, 
since Me is of finite index in H. 
We have a surjective homomorphism 


Tr, [ (AL), x Ag] oe ry (ATK), N Ar 


by projection on the second factor. We contend that the inverse image of 
rx (AK/*), contains H, N [(A2"*), X Ar]. 


Ho [ (AM), X Ar] > re (A**), 


From this it will be clear that the des:red factor group is finite. 
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Since H, is contained in the graph of a homomorphism of A¥4/* into A, 
it is itself the graph of a homomorphism £ of its projection B on the first 
factor into A. Furthermore, B is contained in A¥/*, is defined over K, and 
hence over k by Chow’s theorem. By the universal property of the K/k-trace, 
there exists a commutative diagram 


with 8’ defined over k, and hence @(B;) is contained in rx(A*/*),. This 
proves our contention, and concludes the proof of our proposition. 


COROLLARY. If Theorem 1 is true for L/k, then it is true for K/k, i.e. 
if Ar/rz (Al), is finitely generated, so is Ar/rr(A%/#). 


Proof. This is immediate from the proposition and the fact that we 
have an injection : 


0— Akx/lrz (AT) ae Ax| — A,/rr (Al) ke 
Next, we show that we may extend the constant field. 


Proposition 2. Let k* be any extension of k which is independent of K, 
and let K*—Kk*. Let À be an abelian variety defined over K and let (B,r) 
be its K/k-trace. Then 
AxN TBys == TB. 


Proof. From the definition of the trace, it is clear that (B,r) is also 
a K*/k*-trace of A. Our assertion is obvious if k* is separable over k. 
Hence it suffices to deal with a finite purely inseparable extension k* of k. 
The inclusion -By C Ar NrBz is obvious. Conversely, let b be a point of 
Bye such that rb is rational over K. If we knew that r is regular, i.e. that 
it is birational biholomorphic between B and its image in A, then in view 
of the fact that r is defined over K, we would see immediately that r17b is 
rational over k. As we do not know that r is regular, we use Chow’s regu- 
larity theorem, according to the standard technique of [2], Ch. 9. We can 
write K = k (u) for suitable parameters u, and A = Ám T= Tu. Let t,’ `, Um 
be independent generic specializations of u over k. For m large, the map 


T—> (TunT, RSS Tune) 


of B into Ay, X An, X °° X Au, is regular, and thus biholomorphic between 
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B and its image. If rb is rational over K, then (7z,b,: - *,r,.b) is rational 
over k(t,‘ °-,Um), hence b is rational over &(u,: : -,u,), hence b is 
rational over that field. Since b is purely inseparable over &, and since 
k(u:,' * `, Um) is regular over k, it follows that b is rational over k. This 
concludes the proof. 


COROLLARY. If Theorem 1 is true for K*/k*, then it is true for K/k. 


Proof. The factor group Ag/rB;, can be identified with a subgroup of 
Axs/tBy. | 

‘Finally, it will be convenient to deal with the case where K is a function 
field of dimension 1 over k, i.e. the function field of a curve, and the next 
proposition shows that the reduction to this case is trivial. 


Provosition 3. Let KD HOk be a tower of fields such that K is | 


regular over E and E regular over k. If Theorem 1 is true for K/E and 
E/k, then it is true for K/k. 


Proof. Let À be as in Theorem 1, an abelian variety defined over K. 
Let (AXE 7x») be a K/E-trace of A, and (A®,7y,,) a H/k-trace of AK/E, 
By the universal mapping property, there is a purely inseparable homo- 
morphism 8: A#/#—» AK/% defined over k such that the following diagram is 
commutative : 


A 
TK/k 
TE/B 
AK/IE Ak 
| a 
TH/k 
Alt 


All the homomorphisms r are purely inseparable, and thus injective. We have 
Ax D trol AE E)n D tr/nte (AB), 7m B (AEE) 


If we assume that (AË/EË), is of finite type modulo rz,,(A”),, it follows 
that Ax modulo rz/,8(A”/*); is also of finite type. But this last group is 
contained in 7r/,(A*/"),. We see therefore that it suffices to prove Theorem 
1 for each step K/E and E/k of our tower. 

It is well known and easy to show that one can always construct a tower 


E=k CE, C-C En==K such that each step #,/H,,. is regular and : 


of transcendence degree 1. This comes from the lemma of Bertini’s theorem, 
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to the effect that if z, y are two elements of K, algebraically independent 
over k, and such that y¢ Kk, then for all but a finite number of constants 
cek, K is regular over k(æ<+cy). (Cf. [1], Ch. 6.) If k is finite, one 
needs a small additional argument. However, in. view of Proposition 2, for 
our purposes, we may assume k infinite. 


We have thus reduced the proof of Theorem 1 to the case where & is 
algebraically closed and K is of transcendence degree 1 over k, i.e. is the 
function field of a curve. 


3. The weak Mordell-Weil Theorem. By a global field we shall mean 
a field K which is either 


a function field over an algebraically closed constant field k (i.e. a 
finitely generated regular extension of k) 


or an algebraic number field of finite degree over the rationals. 


We refer to these as the function field case and number field case respec- 
tively. We let dim K be the transcendence degree of K over & in the function 
field case. It is the dimension of a model of K over k. Our aim is to prove 
Theorems 1 and 2. The results of §2 (and eventually those of §8) will be 
used only to deal with the function field case.. The case of number fields is 
thus somewhat simpler to deal with. 


Let m be a natural number prime to the characteristic of K. Let A 
be an abelian variety defined over K, and let A,, denote the group of points 
of order m on A, i.e. the kernel of md. To prove Theorem 1 or 2, we may 
assume that all point of 4, are rational over K, because we may deal with 
the finite separable extension K (Am) of K instead of K itself. This is obvious 
in the case of number fields, and follows from Proposition 1 in the case of 
function fields. 


In this section, we prove the weak Mordell-Weil theorem, namely: If A 
is an abelian variety defined over a global field K, such that An C Ax, and 
such that dim K == 1 in the function field case, then the factor group Ar/mAx 
is finite. We reproduce essentially word for word the proof given in [3]. 
Although we could have limited ourselves to making a reference to that paper, 
we prefer to make our treatment here as self-contained as possible. 

We shall use only two elementary and well-known properties of K. To 


state them, we denote by {p} the set of all finite primes of K (i.e. in the 
case of function fields with dim K ==1, the set of points of a model of K/k, 
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rational over k, and in the case of number fields, the set of all finite primes). 
Our properties may then be stated as follows. 


a.) Let $ be a finite set of primes. Then there are only a finite number 
of abelian extensions of K of exponent m (i.e. such that o"—1 for all 
automorphisms of the extension over K) which are unramified outside S. 


b.) There exists a finite set S of primes such that for p¢ 8, the abelian 
variety Ay’ obtained by reducing A modulo p is non-degenerate. 


For the reduction of varieties, we refer the reader to Shimura [7]. 
We recall that a reduction (or specialization) of an abelian variety is said 
to be non-degenerate if the specialized cycle has one component, with 
multiplicity 1, which is an abelian variety whose law of composition is 
obtained by specializing that of A. Property b.) may of course also be 
expressed by saying that in an algebraic system of varieties whose generic 
member is an abelian variety, almost all members of the system are also 
abelian varieties whose laws of composition are obtained by specializing that 
of the generic member. Here, the parameter variety is a model of K/k in 
the case of function fields, and is a so-called absolute curve in the case of 
number fields. 

The following two lemmas achieve what we want. The first one ties up 
the factor group Ag/mAx with the extension K(1/m-Axg) of K obtained 
by adjoining to K all points y€ A such that my€ Ax. It is an abelian 
extension, whose automorphisms are induced by translations of Am, in view 
of the fact that we assumed Am C Ax. Indeed, if o is in the Galois group G 
and my =z € Ag then o(my) == moy =x, so that ey — yE Am. 


Lemma 1. The factor group Ar/mAr is finite if and only if K(1/m- Ax) 
is a finite extension of K. 


Proof. One implication is obvious. Conversely, assume that K(1/m : Ax) 
is finite over K. We have a bilinear map | 


obtained as follows. Let vE Ax. Let y be such that my—x, We put 
(t,o)—0oy—y. This element of Am obviously does not depend on the y 
selected such that my—z. It is clear that (a,c) is bilinear in s and oc. 
It is trivially verified that the right-hand kernel of our pairing is 1, while 
the left-hand kernel is precisely mAx. The groups Ax/mAx and G are 
therefore paired exactly into Am. Since G and Ám are finite, it follows that 
Ag/mAx is also finite. 


2 


Fe 
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To conclude the proof of the weak Mordell-Weil Theorem, there remains 
but to show that K(1/m: Ax) is finite over K. This follows from a.) and b.) 
and our second lemma. 


Lemma 2. If bis a prime such that Ay’ is non-degenerate, and ptm, 
then K(1/m-Ax) is unramified over K at p.. 


Proof. This being a local statement, we may go over to the completion 
Ky of K with respect to p. In the function field case, Ky is the power series 
field over k. Let € Ay. It suffices to show that Ky(1/m-a) is unramified 
over Ky. We use a prime to denote the reduction of objects modulo p. Let 
a= (mô) (x). Then a’ == (m8) 1(x), since Ay’ is non-degenerate. All 
points in (m8’)-*(2’) oceur with multiplicity 1, since pT m, and are rational 
over a finite separable extension L’ of Ky’. (Here, Ky is the residue class 
field, and in the function field case, we have I == Ky = k.) By a suitable 
form of Hensel’s lemma [3], it follows that all points of a are rational over 
the unramified extension of Ky, obtained by lifting L’. In the case of 
function fields, this unramified extension is of course Ky itself. 


The needed form of Hensel’s lemma, as stated in [3], is the following. 
Let L be complete under a discrete valuation, with residue class field L’. 
Let a be a positive O-cycle, in a projective space, say, rational over L, and 
let P’ be a point of a’ which is rational over L’, and of multiplicity 1 in a’. 
Then there is a unique point P in a which specializes to P’, and P is rational 
over L. The proof is immediate, taking into account the uniqueness of the 
extension of the valuation to algebraic extensions of L. 


4. Heights in function fields. In order to carry out the infinite descent 
in §7, we need to be able to measure the size of a point rational over K, 
or as is customary to say, its height. It is convenient to give the definition 
of the height separatelv for the function field and number field case. We do 
this in this section and the next. The fundamental properties of heights are 
given in §6, and there the statements and proofs can again be formulated. 
uniformly for the two cases. 

In this section, we assume that k is algebraically closed. Let W be æ 
complete non-singular curve defined over k, and let K == k(w) be a function: 
field for W over k, (w) being a generic point of W over k. We follow [5] 
essentially without change. 


We.shall define the height of a point P in projective space P”, rational 
over K. Let (Yo: ` *;Yn) be a set of homogeneous coordinates for P, rational 
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over K. Then the yı may be viewed as functions on W, defined over k. 
We define the height of P to be 


(1) h(P) =h(y) =— deg infi (y), 


where (y;) denotes as usual the divisor of y; Since the degree of the divisor 
of a function is equal to 0, we see on the one hand that h(P) does not 
depend on the set of homogeneous coordinates representing P, and on the 
other hand that h(P) = 0 (because we could take say 75 —1). Furthermore, 
h(P) = 0 if and only if P is rational over k, i.e. is constant. | 

One can give an alternate geometric definition of the height. Let T(P), 
which we also write T (y), be the locus of P over k. It is a curve, which 
may of course have singularities. We have a rational map f: W—>P* such 
that that f(w) = (y). It is induced by a surjective rational map of W 
onto T'(y). We contend that 


(2) h (y) = (deg f) deg T (y), 


where deg f is the degree of the rational map of W onto T(y) (non-zero if f 
is not constant), and deg T (y) is the projective degree of the variety T (y). 
To prove this, we may assume without loss of generality that none of the y; 
is 0, and that (y) is not constant. Let (Y) be the variables of P”, and 
let H == H(Y) be a hyperplane defined over k, such that T'(y) -H is defined. 
Put z= H (y). Then for each 1, 7/2 is an element of K, and thus a function 
on W. Furthermore, if we denote by H; the divisor of the hyperplane Y; = 0, 
then H;,—H is the divisor of a function on P”, which can also be viewed as 
a function on W X Pr. Let Ty denote the graph of f. It is biholomorphic 
to W under projection on the first factor. Under this identification, it is 
clear that the function on W X P” whose divisor is W X (H;— H} induces 
yi/z on Ty. Hence by [10], F-VIII,, Th. 4, Cor. 2, we get 


(yi/2) =f" (Ha) — F (E). 
By definition, we have | 
h(y) = — deg inf; (y:/z) == — deg inf, [f* (Hi) — f7 (H) ]. 


Since the hyperplanes H, have no point in common, neither do the divisors 
f*#(H,) on W, and consequently, h(y) ——-deg(—f1(H)) = deg(f7(#)). 
We have 


h(y) = deg[T,: (W X H)] 
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since the degree of a 0-cycle does not change under projection. Projecting — 
on the right, we have 


h(y) = (deg f) (deg T (y): H) 
which proves our contention. 


From definition (2) of he height, we see that for h(y) bounded, the 
degree of T'(y) is also bounded. Hence by the theory of Chow coordinates, 
we get our first property of heights. 


Property 1F. In the function field case, with dim K —1, let (y) be 
a point of P” rational over K. Let T(y) be the locus of (y) over k. If 
h(y) is bounded, then deg T(y) is bounded, and T(y) can belong only to a 
finite number of algebraic families. 


The definition of heights can also be given when dim W>1 [8]. In 
fact, let W be a projective normal model of K over k. If P= (y) is again 
a point in P”, rational over K, we can define A(P) as in (1), with the under- 
stauding that deg now denotes the projective degree of the divisor inf; (y), 
in the given projective embedding of W. Thus if dim W > 1, the height 
of P depends on the choice of model for K over k, while it does noi if 
dim-W==1. As in the case where dim W=1, we have 


Proposition 4. Let W be a projective normal model of K over the 
algebraically closed field k. Let (yo: -+,Yn) be projective coordinates of a 
point P in Pr, with y.€k(W)==K. Let T(P) be the locus of P over k, 
and f: W— Pr the corresponding rational map of W into P”. Then for a 
generic hyperplane H of P”, we have 


h(P) =— deg inf,(y:) — deg f+ (B). 


Proof. The arguments follow exactly those given above for curves. The 
degree is the projective degree in the given projective embedding of W. 
One sees immediately that the projection on W of any subvariety of codimen- 
sion 1 of Ty must be of codimension 1 on W, and hence simple on Ty since f 
is defined at such a subvariety. Thus W and Ty are biholomorphic at such a 
subvariety, and the arguments given above hold (especially [10], F-VIIIs, 
Th. 4, Cor. 2). 


The analogue of (2) if dim W > 1 could also be given, but we omit it. 
We do not need it for the proof of Theorem 1. We note that the properties 
of heights proved in $ 6 depend only on definition (1). 

When dealing simultaneously with the function field and number field 
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case, it is often convenient to replace the height as we have defined it in (1) 
by an exponential of it. Indeed, in number fields, the valuations are usually 
written multiplicatively because of the archimedean ones. To make argu- 
ments run completely parallel and to avoid a repetition of formulas in additive 
and multplicative notation, we therefore define the multiplicative height in 
function fields as follows. Let c be a number, 0 <c<1. We put 


(3) h®(P) = cP) 


and call this the multiplicative height, or simply height if it is used con- 
stantly throughout a section. Let dim W—1. For each point p of W, 
rational over k, and a function y€ K, we define the absolute value vp as 
usual by 


(4) | Vy (y) = corey, 


where ord, y is the order of the zero of y at p (negative if y has a pole). 
Thus a function has a zero of high order at p if w,(y) is close to 0, and a 
pole of high order at p if v,(y) is large, close to +o. 

In view of the — sign in (1) and the fact that 0 <c <1, we get by a 
trivial computation 


(5) h* (P) = I sup: vy (%). 


It is this expression which is used to define the height in number fields, as 
we shall see in the next section. We note that A*(P) Z1. 

If dim W > 1, we shall say that p is a prime divisor of K if it is a prime 
divisor of W, i.e. a subvariety of W of codimension 1, defined over k. Then 
deg p is the projective degree of p in the given projective embedding of W, 
and v,(y) is defined by 

Vy (y) = ceæbordpy, 


Formula (5) is then clearly applicable without change. 


5. Heights in number fields. Let be a number field of finite degree 
over the rationals Q. Let p be a finit: prime of K, corresponding to a 
prime ideal in its ring of integers. Let Vp be as usual the number of elements 
in the residue class field. For y€ K, we let 


Vp (y) = (1/Np) =t, 


where ord, y is the order of y at the discrete valuation of K determined by p. 
If p is an infinite prime, i.e. is a real or a pair of complex conjugate 


-~ 
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embeddings of K into the complex numbers, then we let vp(y) he the 
ordinary absolute value if the embedding is into the reals, and the square 
of the ordinary absolute value if the embedding is not real. The product 
formula states that for y€ K, y-£<0, we have 


Ile (y) =1. 
Let (Yo *;Ym) be a set of homogeneous coordinates for a point P 
in P”, with y€ K. We define the height h(P) of P by the relation 
(6) A(R) sO) = LL supe ry (9). 


The product formula guarantees that this depends only on the point in 
projective space and not on the coordinates chosen. Since one of the yi 
could have been chosen equal to 1, we see that A(P) 21. The extra term 
[K: Q] has been added to insure that h(P) does not depend on the field K 
over which P is rational. 

Tf o is an automorphism of K over Q, then by transport of structure, 
we have A(P°) ==h(P). 

The (absolute) degree d(P) of P is defined to be the degree [K:Q], 
where K —@(P) is the field obtained by adjoining to Q a set of affine 
coordinates for P, say Y:/%o° * *>Ym/Yo.. We have the following strong 
version of Property 1F. 


Property 1N. (Northcott) Let ho, do be two fixed numbers. Then 


there is only a finite number of points P in P™ such that d(P) Sd, and 
R(P) Sho. 


Proof. Let us first consider the case where d(P) ==1, i.e. P is rational 
over Q. Multiplying the y, by a suitable integer, we may assume that all y; 
are integers, and that their g.c.d.is equal to 1. For all finite primes r of Q, 
we then get sup;u,(y:) —1. The height of P is then determined by the 
ordinary absolute value, and the result is obvious. | 

We prove the property in general by reducing it to the preceding case. 

Let (To; *`, Tm) be variables. Let 


P(T) = È 2aMa(T) 


be a form in the 7’s, where the M, are monomials, whose coefficients £a lie 
in a number field. Then (x) may be viewed as a point in some projective 


space PN, We define the height of F to be the height of (x), and write 
it A(F). 
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Lemma. Let d da be two natural numbers. Then there extsis a 
number s depending only on dı, da such that if Fa F, are two forms of 
degrees dı, da respectively with coefficients in a number field K, then 

h( FH) Esh(F,)h (PF). 


Proof. Let F—$SrMa(T) and F,=DdypMg(T). Put Fu, 
== > AM, (T). Then 
D, = À Ta (NYEN 


where æ (à), B(A) range over those indices «, 8 such that Mamy Mego) = My 
If p is a finite prime of K, then obviously 


Vp (2x) Æ SUPa Vp (Sa) Supp Vp (Ys), 


and hence we can add a sup, to the left hand side of this inequality. | 
If p is archimedean, then there obviously exists an integer s1(d:, d2) 
such that 


Up (2x) Æ Sa (ds, d2)SUPa Up (Ta) Supp Vp (Ys). 


This s\(dı, d2) is the number of terms in the sums expressing 21 in terms 
of Zam Ypa OF its square if p is complex. Hence there exists an integer 
S(d:, d2) such that 


SUP) Vp (4) SS Sdi, da) SUPa Vp (Ta) SUZ Vp (YB). 
Taking thé product over all p, we get 
h(2)1K:Q1< s (dy da)" h(x)! Qlh(y) (Ke), 


with an integer r= [K:Q]. This proves our lemma. 
To conclude the proof of Property iN, let (yo,- + *,Ym) be a point of 
degree do, with say yo ==1. Let 


B(T) = IL (ye? Do = tb Ym? Dm) 


the product being taken over all conjugates of the field Q(y), so that F(T) 
is of degree dy. We call F(T) the Chow form of P= (y). It is clear that 
two points have the same Chow form if and only if they are conjugate over 
Q, because F(T) factorizes essentially uniquely. Hence by the lemma, 
we get | 

(7) h(P) Ss(doph(P)%, 


where s(d,) is an integer depending only on dẹ and not on P. Our property 
is obvious from this relation, the first paragraph of the proof, and the fact 
that h(P) =h(P*). 
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6. Properties of heights. Let K be a global field, and let V be an 
abstract variety defined over K. Let À, A’ be two real-valued functions on Vr 
(the rational points of V in K). We shall say that they are equivalent, and 
write A~ à’, if there exist two real numbers c;,c > 0 such that for all 
PE Vx, we have 

GAP) SN (P) & AMP). 


This equivalence relation will be applied to heights. In this section and the 
next, the height is taken to be multiplicative in the function field case, and 
we write À instead of h*. (If it were taken additive, as in (1), then we 
would make the above relation read 


o1 HA(P) EN (P) Sa +P) 


and we would omit the condition c1, c > 0.) 

Actually, we remark (as in [8]) that in number fields, we can consider 
the stronger equivalence relation where A, A’ are functions on all absolutely 
algebraic points of V, the constants working uniformly for all such ‘points. 
All the statements which we shall make concerning the equivalence of heights 
in the sequel are valid under this stronger interpretation. If we adopted a 
device in function fields analogous to the one in number fields, i.e. once K 
is fixed, define the height for points rational over the algebrais closure K 
of K by taking suitable roots, then a similar remark would apply in function 
fields. 

Let now V be a complete, abstract, normal variety defined over K. Let 
$: V— P" be an everywhere defined rational map of V into projective space, 
defined over K. Then for each point P of Vx, #(P) is a point of P”, 
rational over K, and we can thus define its height, which we shall denote by — 
hg(P). We shall give below conditions under which the real-valued functions 
hg are equivalent. As mentioned before, the properties of heights in the case 
of function fields depend only on definition (1) or (8), and for the proof 
of Theorem i, are needed only in the case dim K = 1. 

It follows immediately from the definition of the height that if # is 
another rational map of V into P" which differs from ¢ by a projective 
transformation defined over K, then hg-~hg. Indeed, the elements of K 
which enter into such a transformation can introduce only a uniformly 
bounded changé in the height of a point because they are fixed once for all. 

We shall obtain mappings ¢: V—P™ by means of linear systems. Let 
Q be a linear system on V, defined over K. This means that we can find a 
divisor X, € &, rational over K, such that the space of functions Ly con- 
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sisting of all functions on’ V whose divisors are of type X — X, with XE & 
has a basis defined over K. If (fo==1,---,fm) is such a basis, then it 
defines a rational map ¢: V —> P”. If & is without fixed point, then œ. is 
everywhere defined ([1], Ch. 6). In view of the remark in the preceding 
paragraph, we see that the equivalence class of hg actually depends only on 
the linear system. 


Let WM be another linear system on FV, also defined over K. Then we 
can define the sum + as a linear system in the usuall manner. If 
(fo—= 1," `, fm) is,a basis for L, over K, and (go = 1," * -5Gn) is a basis 
for M, over K obtained in a similar manner, then we get a vector space of 
functions N, generated by the products fg; We have fogo —1. The divisor 
of fig; is (fags) = (fi) + (gs). IE we write (fi) = Xi—X and (95) =Y;— Yo 
then (fig) = X+ Y;— (X.+Y¥.). The space Ny gives rise to a linear 
system % called the sum of Q and M. If © and W are both without fixed 
points, so is 2+ Me. 

Let ¢: V— Pr and y: V — P” be two rational maps derived from % 
and W. The functions {fig;} give risa to a rational map » of V into 
Pl) If we denote by d6-+-y any one of the rational maps (defined 
over K) derived from &-- Mt, and determined only up to a projective trans- 
formation, then obviously, hy—hohy and hy~ hgy. Summarizing, we get 


Property 2. Let V be a complete, abstract, normal variety defined 

‘over K. Let ©, M be two linear systems on V, also defined over K, and 

without fixed points. Let #, y be two rational maps of V into P", Pr respec- 

tively, defined by these systems over K, and let p+ y be a rational map 
defined.over K by 2+ Mt. Then how~ hohy. 


The next property also follows immediately from the definitions. 


` 


Prorerry 3. Let U, V be two complete, abstract varieties defined over 


K. Assume U normal and V non-singular. Let w: U-> V be an everywhere . 


defined, surjective rational map, defined over K. Let & be a linear system 
on V, defined over K, and let w>(Q) be the linear system on U consisting of 
all divisors w1(X) as X ranges over Q. Let ¢ be a rational map of V into 
P" defined by 2 over K. Then ġow is a rational map associated with the 
linear system w(X). Assume in addition that Q is without fixed points. 
Then so is wo (2), and we have 


họ o o = họ ° w. 


Proof. We have assumed V non-singular in order to insure that the 


od 
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inverse image of a divisor linearly equivalent to 0 is also linearly equivalent 
to 0 (cf. [2], App. 1). That (2) is then a linear system is obvious, and 
so is the rest of our assertions. 

The preceding three properties of heights have been trivial consequences 
of the definitions. Our fourth and last property, although not difficult to 
prove, will require a slightly more elaborate argument. We have taken it 
and its proof from Weil’s paper [8]. 


Property 4. Let V, ©, Mt, b, y be as in Property 2. If the divisors 
of Rand W are linearly equivalent to each other, then he~ hy. 


Proof. In the course of the proof we shall use frequently the fact that 
if a function f€ K(V) is not defined at a point Q of V, then it has a pole 
passing through Q ([1], Ch. 6) and hence if there exists a place of K(V) 
oyer K which maps f on œ (resp. on 0), then f has a pole (resp. a zero) 
passing through Q. 

By transitivity, we may clearly assume that Jt is the complete linear 
system containing &. 

Let X, be as before a divisor of Q, rational over K, such that the derived 
space of functions Le has a basis (fo,- - -,fm) defined over K. For each f 
we can write 


(fi) = Xi—Xo. 


We denote by ¢; the rational map of V into the affine K-open subset of Pr 
determined by the functions (fo/fi,: * -,fm/fi). We let V; be the K-open 
subset V — supp (X:) of V. Then the V; cover V, and ¢; is defined at every 
point of V;. 

In view of our assumption on W, we may take Y, = Xs and M, = L(X,). 
Let (go' © -,9n) be a basis of L(X,) defined over K, and put 


(gi) = Yj; — Xo. : 


We may assume that g= f:i (t=-0,---+,m). We have a rational map y; 
“of V into the affine K-open subset of Pr determined by (90/9j,- © *;92/9;); 
and y; is defined at every point of V; for 1—0,-+-+,m. Thus to compute 
hy(P) for PE Vx, we may restrict ourselves to hy,(P) for PE Vin Ver. 
Consider first the points of Vg which are in Vo. Let g be any one of the 
9; (J=0,: +,). We contend that the ideal generated by (fo/g,° © *,fm/9) 
in the ring K[fo/g,: + *,fm/g] is the unit ideal. Otherwise, it is contained 
in a maximal ideal, and there is a place of the function field K(V) over K 
which maps all f;/g on 0. This place induces a point Q on V, and hence 
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the functions f;/g must all have a zero passing through Q. Since (f:/g) 
= X,—Y with Y > 0, this implies that Q € supp(X,) for all 4, and contra- 
dicts our assumption that they have no point in common. 

From the above, we can write 


1= 3 2,M,(f:/9) 


with z,€ K. Here, M, stands for a monomial (fo/g)”: +: (fm/g)?". Note 
that the z, do not depend on P€ V, and that deg M, = 1. 


Put %—=fi(P), where P is any a in Vo, and y =g (P). - Suppose . 


first that y 540. Then 
-[=> aM, (x;/y). 


For every'prime p of K, it follows that there exists a number Cy > 0 which 
is equal to 1 for all but a finite number of p, such that 


SUP; Vp (%i/y) = Cp. 


(In function fields, this means that there exists a finite set S of prime 
divisors of W such that the x;/y cannot have a common zero for p¢ 8, and 
that for pE S, the order of such a common zero cannot be arbitrarily high. 
The sét S can be taken to be the set where some z, has a pole.) 

Since we selected g arbitrarily among the g; we get 


SUP; Vp (24) = Cp SUP; Vp (Y3); 


where y;=g;(P). We emphasize that cp depends only on the z,, and not 
on PE VaN Vg. Furthermore, this formula clearly holds whether y;,— 0 
or not, i.e. for all P in VaN Vx. Taking the product, we see that there 
exists a number 6, = cı ( Vo) >0 such that for all PE Vo N Vg we have 


chy (P) She(P). 


By symmetry, using the same arguments as above, there exists a constant 
C2 > 0 such that. for all PE VoNM Vr, we have | 


cahy (P) £ he (P) £ cahy (P). 


Since V is covered by the finite number of K-open sets Vot © -, Vm, 
we can repeat the above procedure for each one of them. We thus obtain 
numbers c; (Vi) and cə(V:).. In the statement of our property, we simply 
take the smallest of the former and the largest of the latter to conclude the 
proof. 
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7. The infinite descent. Let K be a global field, and let A be an 
abelian variety embedded in a projective space P” over K. The height of a 
point PE Ax determined by the identity mapping of A into P” is denoted 
by A(P). In the function field case, we deal with the multiplicative height. 

‘Let m>1 be a natural number such that Ax/mA, is finite, and let 
A’ © *,@, be representatives of Ar/mAx. Then any point P in Ax is 
congruent to some a; mod mAg. Denote by # a sequence {Po Ps: - +} of 
points of Ax, constructed by starting with an arbitrary point Py, and such 
that | 

MP yy = Py — diy. 


We contend that there is a number c, > 0 independent of S; and an integer 
»(S) depending on 8 such that for any sequence S, we have A(P,) Se, for 
v>v(S). This contention is an obvious consequence of the fact, to be proved 
below, that there exists a number c > 0 independent of S such that 


(8) | h (Pra) S eh (Py). 
Actually, we shall prove 


PROPOSITION 5. Let K be a global field. Let A be an abelian variety 
embedded in projective space P over K. Let m>1 be a natural number, 
and let a€ Ax. Then there exists a number co(a,m) depending on a and 
on m, such that for any PE Ax, we have 


h (P) S ¢,(a,m)h(mP + a). 


To deduce (8) from Proposition 5, we let a range over the a; and let 
Ca = SUP; C2 (04). aT 

From the manner in which the sequences are constructed, we see that 
for each v, there exist integers n, ` *,ns such that 


Po = MP, + nita + + +t Ne 
and we obtain the pay-off of our infinite descent. 


Corozzary. Let m be such that Ax/mAx is finite, and let as, © +, as 
be representatwes in Ax of Ax/mAg. There exist a number c, and a subset 
© of Ax such that: 


(i) h(P) Se, for all PES, and 


(ii) for any P€ Ax, there exist integers no ni,’ * ',ng and a point 
PEG such that | | 


Py == MP + nya, +: a ` -F Nels. 
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In the case of number fields, we apply Property 1N to conclude the 
proof of Theorem 2. The case of function fields will require an additional 
argument, which will be supplied in the next and final section. 

We observe that Ag/mAx was proved finite in §3 only for a special 
case of K. A posteriori, once Theorems 1 and 2 are proved, one sees of 
course that Ag/mA,x is finite for all global fields. | 

Let us now prove Proposition 5. Let a be a point of Ax. Let w: A- À 
be the rational map ou mu<+a. Let X be a hyperplane section of A in 
its given projective embedding, rational over K.. From now on we use 
constantly the results and notations of [2], Ch. 5 concerning divisors on 
abelian varieties. Aside from those, we use only Properties 2, 3, 4 of heights. 
To begin with, we have immediately from the definitions 


wt (X) = (m8) (X-a) = (m8) (X-a— X) + (ms)*(X). 


We also have 
(m8) +(X) == m2X, 


this being deeper. One knows that the equivalence = is the same as alge- 
braic equivalence. (This uses the fact that there is no torsion, not proved 
in [2]. Using only what is proved there, namely that it is the same as the 
torsion equivalence, we could dispense with this, at the cost of introducing 
in an obvious manner a multiple of the equivalences below.) Since X is a 
hyperplane section, the homomorphism u—->Cl(X¥,—2X) of A into À is 
surjective. Hence there is a point 6 of A such that | 


(m8) (X) — mX ~y — X. 
Furthermore, for the same reason, there exists a point c€ A such that 
(mò) (Xa — X) ~X,—X. Thus we get finally 
o1(X) ~X,—X + mX + X,—X 

ome PX -- X g — X 

paer (m? sons 1)X ~t- À å | 
with d—b+c Now d is not necessarily rational over K, but since X is 
ample, so is Xa. Since w(X)— (m?—1)X is linearly equivalent to an 


ample divisor over some field, and is itself rational over K, we conclude that 
there exists an ample positive divisor X’ rational over K such that 


(9). 2 (X) — (m*—1)X + Y. 


The divisors in the complete linear system containing w+(X) are linearly 
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equivalent to the divisors of the sum of the complete linear systems con- 
taining (m*—-1)X and X’. If Y >0 is a divisor on A rational over K, 
whose complete linear system &(Y) is without fixed point, we select a 
definite rational map dy defined over K, associated with &(Y), in the class 
of such mappings determined only up to a projective transformation. We 
shall write hy instead of hgy. From (9) and Properties 2 and 4 we get 


Rae) ~ hz" Oy: 


Also by Property 4, we have h-~~hy. (The linear system of hyperplane 
sections in the given embedding of A in Pr might not be complete, so we 
cannot write an equality.) Hence by Property 8 and 4 we see that there 
exists a number ¢,==¢,(a,m) such that 


h(P)™-hy (P) Sesh (w(P)). 


From the definition of the height (multiplicative in function fields}, we 
know that Ay (P) 21 for all PE Ag. Hence 


h (P) < eh (mP +a). 
This concludes the proof of Proposition 5, and of Theorem 2. 


8. End of the proof of Theorem 1. We consider the function field 
case. We let W C Pr be a projective, normal variety defined over the alge- 
braically closed field k. Let w be a generic point of W over k, and K =k{w) 
a function field for W over k. Let A be an abelian variety defined over K, 
and embedded in projective space P” over K. Let u be a generic point of A 
over K. We shall denote by W o A the locus of (w,u) over k. Then Wo is 
the graph of the algebraic family parametrized by W, of which A is a generic 
member. (If we put Z == W o A, then A=Z(w) —pr.[Z- (w X Pr)].) 

Given a rational point P of A over K, we shall denote by Wp the locus 
of (w,P) over k. Then 


WecWoACwWxP* CPx Pr. 


Note that Wp and W are birationally equivalent under the projection pr, 
(biholomorphic if W is a curve). 

There is a projective embedding ¢: Pr X Pr PD) which to each 
products of points with homogeneous coordinates (%,° + +, Er) X (Yo,’ * * ,Yn) 
assigns the point with homogeneous coordinates (2:y;). One verifies imme- 
diately that for any P € Ax, we have 


he(w, P) Sh(w) + h(P) = deg W+R(P). 
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Assume dim K —1. If © is a subset of Ag such that A(P) =c (the 
constant of the corollary to Proposition 5), then by Property 1F, there exists 
a constant c, such that deg (Wp) & ca and hence Wp can belong only to a 
finite number of algebraic families on WoA for PES. In view of the 
corollary to Proposition 5, we shall be through with the proof of Theorem 1 
once we have proved 


THEOREM 3. Let W be a projective, normal variety defined over the 
algebraically closed field k. Let w be a generic point of W over k, and 
K=k(w) a function field of W over k. Let A be an abelian variety 
defined over K, and let (B,r) be its K/k-trace. For each point PE Ax, let 
Wp be the locus of (w,P) over k. If P, P'E Ax are such that Wp and Wp 
are in the same algebraic family on WoA, then P and P’ are congruent 
modulo 7B, (i.e. P— P € rB,). | 


- Proof. We shall prove our theorm by going from Wp to Wp. by passing 
through a generic member of the family. Our first step is to show that a 
generic member is of the same type.as Wp. 


Lemma. Let U be a subvariety of W o À, defined over an extension k" 
of k, independent of K over k, and such that Wp is a specialization of U 
over k. Put K* == Kk*. Then there exists a rational point P* of A in K* 
such that U == Wp. 


Proof. We have pr,Wp== W. Hence by the compatibility of projections 
with specializations [4], we must have pr, U == W. But dim Ọ == dim W, 
and hence a generic point of U over k* is of type (w,Q) for some Q € P”, 
algebraic over k*(w). We must show that Q is rational over k*(w), and 
that Q is in A. 

On W X Pr the intersection U- (w X Pr) is obviously defined, and in 
view of the above remarks, we have 


U- (w X Pr) =$ (w, Qi) 


for suitable points Q, Taking the projection on W, we see immediately that 
d==1. Since U: (wX P”) is rational over k* (w), so is Q, = P*. Finally, 
we have P*€ A because 


wX P* =U; (w X Pr) C (Wed): (w XP") =w XA. 


Note that in the lemma, we have made no use of the fact that A is an 
abelian variety: The same statement holds for any algebraic system of 
varieties. 
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It will suffice to prove Theorem 3 for Wp and Wp». Indeed, given Wp 
and Wp as in the theorem, there exists a subvariety Wp» of Wo À, defined 
over some k*, such that both Wp and Wp are specializations of Wps. If 
P—P*€7 Bye and P’—P*€ rBze, then P—P’€7By, and by Proposition 
2, P— P’ € rBz. 

The field k* may also be assumed to be of transcendence degree 1 over k, 
i.e. the parameter variety in the algebraic system joining Wp to Wp». may be 
assumed to be a curve, by blowing up the point corresponding to Wp on the 
given parameter variety joining Wp and Wp». Algebraically speaking, there 
exists a field kı D k, a complete non-singular curve T defined over fy, a 
generic point ¢* of T over kı, and a point ¿ of T, rational over kı, such that 
if we put k*—k,(t*), the variety Wp» is defined over &*, and Wp is the 
unique specialization cf WP. over t*—>7¢ (relative to kı) [4]. Without loss 
of generality for the proof of Theorem 3, we may let k= k, (using once 
more Proposition 2). We have the following diagram of fields: 


Let AIb(T) be the Albanese variety of T, defined over k, end let 
f: T— Alb(T) be a canonical map, defined over k. Let g: T— A be the 
rational map defined over K by the expression g(#*) —P*, Then there is 


a homomorphism @: Alb(T)—> A and a point a€ A such that the following 
diagram is commutative. 


ect Alb(T) 
| fare 
A 


By the definition of the K/k-trace, there exists a homomorphism 
8: AIb(T) > B defined over k such that the following diagram is commutative. 
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Alb(T) 
a B 


À e——— B 


T 


Since ¢ is simple on T, f is defined at ¢. Furthermore, since Wp is the unique 
specialization of Wp» over 1*—>¢ (relative to k or K), it follows that P is 
the unique specialization of P* over t* > ¢ (relative to K). Hence g(t) =P, 
and 


P* — P = g(t*) —g (t) =af(#) +a—af(t)—a 
— «Bf (t*) — Bf (t) 


== 7b 
with b= B[f(t*) —f(t)]€ Be. QED. 


PARIS, 
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ON GROUPS OF MEASURE PRESERVING TRANSFORMATIONS. I.* 
By H. A. Dys. 


1. Introduction. This study concerns the classification of automor- 
phism groups of a finite non-atomic measure algebra, the object being the 
description of equivalence classes of groups under certain rather pervasive 
notions of equivalence. In essence, these are the following. Given a group 
G of measure preserving automorphisms «œ of the finite non-atomic measure 
algebra (M, À), one considers those automorphisms g of (M,A) which depend 
locally on G, or more precisely, which have a representation 


(1.1) a(P) = È nan (P), 


where the a, are elements of G, the Qn, are mutually disjoint elements of M, 
and Ÿ denotes the least upper bound in (M,A). The collection of all auto- 
morphisms of (M,A) which depend locally on G forms a group [G] containing 
G, called the full group determined by G. Two groups G- and G, are called 
equivalent if they determine the same full group, and weakly equivalent if 
there exists an isomorphism # between the algebras on which they act such 
that G, and pG are equivalent. The effect of these equivalence concepts 
is to erase many distinctions of significance in traditional ergodic theory ; 
for example, it develops that any two singly-generated ergodic automorphism 
groups acting on separable non-atomic measure algebras are weakly equivalent. 
Attention shifts, rather, to the local properties of automorphism groups: 
given a group G and an element P of M, we denote by [G]p the local sub- 
group of [G] consisting of all automorphisms in [G] which act as the identity 
off P, and say that a property of G is local if its validity for [G]p entails its 
validity for [G]>, where P denotes the smallest G-invariant element of M 
containing P. Three basic local properties are analyzed in this paper, concepts 
of type (I and II), and a concept of approximate finiteness. 

Any automorphism group G splits as the direct sum of a group of type I 
and a group of type IJ. Groups of type I are uniquely decomposable, up to 
equivalence, into direct sums of freely-acting cyclic groups of finite order. 
Groups of type ITI—by definition, those with no type J summands—comprise, 
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therefore, the interesting class. These abound in practice, any freely-acting 
infinite group being of type IZ, and are presumably highly ramified under 
equivalence. The heuristic viewpoint is that “type II” embraces a class of 


local properties, each strong enough to assure weak equivalence of all groups : 


possessing such a property and having isomorphic fixed algebras (this, under 
appropriate homogeneity assumptions). Unfortunately, approximate finiteness, 
which we discuss below, is the only such local property known at present. 
And because implications of this property are not yet fully understood—the 
question arises, for example, if the approximate finiteness of a group does not 
depend on its algebraic structure alone, and not on its specific realizations as 
automorphism groups—further detailed study of approximate finiteness seems 
desirable for clues on the general type ZI structure. i 


By definition, an automorphism group G of (M,A) is approximately finite 
if elements in each finite subset of G@ can be approximated simultaneously by 
elements in a finite subgroup of [G]. More precisely, given an arbitrary finite 
subset @,° * ,a, of G and an e > 0, one requires that there exist a finite 
subgroup K of [G] and elements a’,,- - -,@’, of K such that (P) =(P), 
for all P dominated by some E, in M with A(T-—Æ#;) <e. A basic theorem 
in the subsequent development asserts that any countably generated approxi- 
mately finite group is equivalent to a direct product of finite cyclic groups; 
and an alternative presentation of the theory can be made in which this 
statement serves as initial definition. Our main results on approximately 
finite groups are the following: any singly generated automorphism group is 
approximately finite (Theorem 1); any subgroup of an approximately finite 
group is approximately finite (Theorem 2); if M is countably generated over 
the fixed algebra Z of an automorphism group G, then G contains a maximal 
approximately finite subgroup with fixed algebra Z (Theorem 4) ; and finally, 
under certain countability assumptions, two approximately finite groups of 
type II are weakly equivalent if and only if they have isomorphic fixed algebras 
(Theorem 5). The existence of non-approximately finite groups is established 
by example in Section 8. _ 

It will be evident to the specialist in operator theory that these results, 
after Theorem 2, correspond precisely to main theorems in the Murray-von 
Neumann-Kaplansky theory of approximately finite W*-algebras of type II 
(see [2], [5], [8]). The present theory evolved, in fact, from a study of 
regular maximal abelian W*-subalgebras of finite W*-algebras, in the course 
of which this measure theoretic prototype of such algebras was detected. More 
than analogy is involved, since non-commutative integration techniques enable 
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one to translate the results in this measure theoretic model directly to operator 
theory, and to subsume thereby important aspects of operator algebra theory, 
this being the case, for example, with much of the Murray-von Neumann 
theory of approximately finite factors. Many of the stumbling blocks which 
beset the specialist in operator algebras, to cite non-approximately finite [7,’s, 
are stumbling blocks in this measure theoretic model; but this model has ` 

the virtue of much greater technical simplicity, and seems the better place ` 
to confront certain unsolved problems. For the sake of unity, explicit dis- 
cussion of these connections with operator theory is not undertaken in this 
paper. Such: discussion, together with further development of the present 
theory itself, including non-finite measure algebras, will be given elsewhere. 


2. Technical preliminaries. Any finite measure algebra is the measure 
algebra of a finite measure space. In turn, with each finite measure space 
there is associated an essentially unique measure space, having the same 
measure algebra, and consisting of a Stone space with a faithful normal 
measure. It is objects of this latter type—variously called Kakutani, perfect, 
or hyperstonian spaces ([1], [4]}—-which are studied in this work. In this 
selection of underlying spaces and in subsequent terminology, something of a 
middle course has been elected. On the one hand, many of the results carry 
over to general finite measure spaces; and on the other hand, the spaces 
actually studied are abelian W*-algebras, as known representation theorems 
show. Neither fact is elaborated, the first because the really significant state- 
‘ments pertain to measure algebras and not to measure spaces, and the second, 
because use of operator terminology and methods would obscure the measure 
theoretic character of the study. | 

Let T be a compact hausdorff space, and let M denote the *-algebra C(T) 
of complex-valued continuous function on T. If each bounded set fae of real- 
valued functions in M has a least upper bound f= LUB fe in M, then T is 
called a Stone space (see [10]). Following Dixmier [1], let I be a Stone | 
space, and suppose that M admits a positive linear functional (or “ measure,” 
after Bourbaki) A with these properties: 1) A is faithful, that is, if f 0 and 
(f) ==0, then f==0; 2) A is normal, that is, for each bounded (non-void) 
lattice f, of real-valued functions in M, A(LUB fe) == LUB å (fa). [For 
Stone spaces, normality is equivalent to the requirement that ‘compact sets 
with null interior have measure 0.] Then the space T is called hyperstonian, 
and the couple (IA) is called a hyperstonian measure space. Corrupting this 
usage slightly, we shall call a couple (M,A) an abstract hyperstonian measure 
space if first, M is a commutative (B* == C*)-algebra with identity [that is, 
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a commutative Banach *-algebra with identity such that | AA* || — | 4 |?, 
for all A]; second, if relative to the customary order on M, positive elements 
being those of the form AA*, each bounded (non-void) set of self-adjoint 
elements has a least upper bound; and finally, if À is a positive faithful normal 
linear functional on M. 


The key property of hyperstonian measure spaces is this: each bounded 
(Borel) measurable function f on T is equal almost everyhere (A) to a con- 
tinuous function ([1, Prop. 2]). In particular, the characteristic function 
of any measurable set is equal a.e. (A) to a projection, that is, the charac- 
teristic function of a clopen set. Projections in M == C'(T) form a complete 
boolean algebra, and the measure algebra of (T,A) can be identified with 
(Mp, À), where Mp denotes the set of projections in M. This measure algebra 
(Mp, à) completely determines (4f, À): if N is another abstract hyperstonian 
measure space, and if there exists a boolean isomorphism ¢ of Mp on Np 
which conserves measure, then œ extends uniquely to a measure preserving 
(abbreviated, MP) isomorphism of M on N. An abstract hyperstonian 
measure space (M,A) is called non-atomic if its measure algebra (Mp, À) is 
non-atomic, that is, if each non-zero projection dominates projections of 
arbitrarily small positive measure. 

If (S,d,m) is a general finite measure space, then, up to MP iso- 
morphism, there exists precisely one abstract hyperstonian measure space 
(M,A) with the same measure algebra as (S,3,m). One can construct this 
(M,A) by taking for M the *-algebra of multiplications L;g = fg by bounded 
measurable functions f on Z,(8,4,m) under the operator norm, and for A 
the linear functional A(Ly) — ff(z)dm(x) on M. The M resulting in this 
construction is actually a commutative W*-algebra of operators on a hilbert 
space, and À of the construction has a representation A(A) = (Ax,x}), for 
some vector x (e.g. the function 1) in that hilbert space. A theorem of 
Dixmier-Pallu de la Barriere asserts that any finite hyperstonian measure 
space has this form (up to MP isomorphisms) [1, Th. 2], so as noted above, 
these entities (M,A) are in reality abelian W*-algebras taken with faithful 
normal states. 


Consider now an abstract non-atomic hyperstonian measure space (Jf, A), 
with A normalized by A(T) —1, fixed once and for all in the subsequent 
discussion of this section. A *-subalgebra N of M with identity is called 
hyperstonian if the couple (N,A) is an abstract hyperstonian measure space 
in its own right. For this, it is sufficient that N contain, along with each 
bounded family A, of self-adjoint elements, the elements LUBA, of M. 


* 
1 


MEASURE PRESERVING TRANSFORMATIONS, I. 123 


(In fact, the validity of this condition implies that- W is uniformly closed in 
M, and therefore B*; the other conditions follow automatically.) 

Let N be a hyperstonian subalgebra of M. Then for each A in M, there 
exist an element By(A) of N such that 


(2.1) A(AB) =A(By(A)B), for all B in N. 


This follows readily from application of the Radon-Nikodym theorem and the 
fact that bounded measurable function are equal a.e. to continuous functions 
on hyperstonian spaces (in this instance, the spectrum of N). We call Ey(4) 
the conditional expectation of A relative to N. Because À is faithful, it is 
clear that condition (2.1) uniquely determines Hy(A). The mapping Hy 
has the following basic properties: 


(2.2) Ex(D =I, 
(2. 3) À — Ey(A) is a “linear positive-definite mapping, 
(2.4) Hy(AB) —Ex(A)B, for all AE M, BEN, 


(2.5) LUB By(Aq) =Hy(LUBA,), for each bounded lattice A, of self- 
adjoint elements. 


Verifications follow trivially from (2.1)..and the ascribed properties of A. 
_ Conversely, if Ey is a mapping of M into itself satisfying (2.1)-(2.5), and 

if N = range Hy, then it follows readily that N is a hyperstonian subalgebra 
of M and Hy is the conditional expectation relative to N. Certain additional 
properties of Ey will enter. First, if « is an MP automorphism of M under | 
which N is setwise invariant, then the relation 


(2. 6) a(Ex(4)) =Hy(a(A)) 


holds, this by the uniqueness of mappings Ey satisfying (2.1). Second, use 
of the inequality A[ (4 —Hy(A)) (4 —-By(A))*] 20 establishes 


(2.7) (Ex (4) Ex (4*)) A(AA*). 


Finally, defining the N-carrier of an element 4 ‘in M to be the greatest lower 
bound of projections P in N satisfying PA — A, one observes that, if A = 0, 
then À and Æy(A) have the same N-carrier. | 

A notion of type, related to the dimension type concept of operator 
theory, is introduced as follows. Let N be a hyperstonian subalgebra of M. 
A non-zero projection P in M is called abelian over N.if each projection Q 
in M, Q S&P, has the form Q = PC, for some C in Np. [One has, equivalently, 
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Q P entails Hy(Q) =CEy(P), for some C in N.] We say that N is a 
type I subalgebra of M if each non-zero projection in M dominates a pro- 
jection abelian over N. On the other hand, if M contains no projections 
abelian over N, we say that N is a type II subalgebra of M. | 
Let G be a group of MP automorphisms À —> gA of M. [Throughout, 
by convention, automorphism == *-automorphism.] By the fixed algebra of G 
we mean the algebra Z — [A € M | gA = À, for all ge GJ. Necessarily, Z is 
hyperstonian, and the preceding concepts of type apply. G is called type J 


(respectively, type II) group if Z is a type I (respectively, type IZ) sub- 


algebra of M. Mixed types can occur, of course, but a natural device enables 
one to split G into purely type J and type IT parts. Expressly, since the 
translate by any member of G of a type I projection over Z is again a type 1 
projection over Z, it follows that the Z-carrier of a type J projection is again 
a type I projection over Z. In turn, the least upper bound C of all type J 
projection will be a type I projection which ‘lies in Z, and the projection 
I —C will be of type ZI. Now CM and ({-—C)M are hyperstonian algebras 
(with identities C and 1—(C) of types Z and JI, each reduces G, and M is 
the direct sum of CM and (I—C)M. When G is full (Section 3}, G splits 
into the direct sum Geo -+ Gc) of two groups, the first a type Z group of 
MP automorphisms of CM, the second a type JJ group MP automorphisms 
of (1—C)M. The summands are obviously uniquely determined. Thus the 
study of MP automorphism groups reduces to the study of groups which are 
either of type I or of type JI. 


A useful technical device for the type II de. can be adapted from a 
lemma of Maharam [6], used in her classification of homogeneous measure 
algebras. 


MaHaram’s Lemma. Assume that N is a type II subalgetra of M. 


Then under the expectation mapping Ey, the set of projections Q in M, . 
which are dominated by some fixed P in'Mp, maps onto the set of A in N° 


with OS AS Ey(P). 


This is proved by an argument identical with Maharam’s; the present 
condition, that P dominates no abelian projections, functions in the same way 
in proof as Maharam’s condition that the cardinality of the principal ideal 
PMp exceed that of PNp, for each non-zero P. For the sake of completeness, 
we give a brief sketch of details. First one notes that, by normality of Ey, 
it suffices to show that, given 4540 in N with OS A= Ey(P), there exists 
a non-zero projection Q = P such that Hy(Q) =A. Now one makes a 


2 
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further reduction. Let C be a projection in N with the property that Ey (P) 
is positive on the clopen subset of the spectrum Ty of N corresponding to C, 
and let n be a positive integer. For proof, it suffices to show that a projection 
Q <P exists such that 0 < Ey(Q) = Ey(P)/2" on C. One arrives at such 
a Q as follows. The key step is to observe that, because P dominates no 
abelian projections, a projection R will exist such that 0 < Hy(R) < Ex(P) 
on ©. Choosing such an R, let D, (respectively, D2) be the projection in N 
corresponding to the sets 


[y in Ty | 22y(R)(y) 2 Ex(R)()], [y in Tw | 2Ex(B)() S Er(P)(y)}; 


the projection Q, = D,(P —R)+ D,R then satisfies 0 < Hy(Q1) = Ey(P)/2 
on C. Continuing this construction, with Q, replacing P, etc., one arrives at 
the desired Q, and the lemma follows. 

Finally, we review certain action characteristics of measure preserving 
automorphisms. Let œ be an MP automorphism of M. A projection P in 
M is said to be absolutely fixed under « if «(Q) = Q, for each Q=P. P'ainly, 

‘Te exists a maximal projection Fa absolutely fixed under « We say that 
a is freely-acting if Fa=0. In turn, a group G of MP automorphisms of M 
is called freely-acting if F,—0, for each ge (the identity) in Œ. [It 
should be stressed that certain applications require a definition of free action 
which, for non-countable groups, is more stringent: specifically, under the 
laiter definition, G is called freely acting if the set of points in the spectrum 
of M, each fixed under the induced action of some element =e of G, is a 
set of measure zero.] This concept of free action (due to von Neumann) 
can be viewed as a natural relaxation of the notion of ergodicity, where by 
definition an automorphism is ergodic if it leaves no non-trivial projections 
fixed. Any ergodic automorphism is of course freely acting. However, the 
powers of a” of an ergodic automorphism « need not be ergodic, whereas they 
are automatically freely acting in our non-atomic case. [If a*(P) = 
with g ergodic, then application of the ergodic theorem shows that A(P) =r/n, 
for some integer 0=r=n, so plainly, « cannot leave arbitrarily small 
projections fixed.] As is customary, a group G of MP automorphisms is 
called ergodic if no non-trivial projections are simultaneously fixed under all 
members of G. 

The construction of examples in this theory frequently involves repre- 
sentation of abstract groups as freely-acting automorphism groups. To assure 
existence of such representations, we append the following lemma. 


LEMMA 2.1. Any infinite discrete group can be faithfully represented 
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as an ergodic group of freely-acting MP automorphisms of a non-atomic 
measure algebra. 


Proof. Let © be a torsion-free discrete abelian group, and let & be an 
automorphism of S. The character group & of S is a connected compact 


abelian group, and æ induces an automorphism & of $ défined by the relation | 


(48,5) == (8,as), where s€ S (respectively, $€5) and (8s) denotes the 
value of s in the character $. Automatically, & is haar measure preserving. 
In addition, we claim, & is either freely-acting or trivial. Suppose there exists 
a measurable set E, in $ with positive measure which is absolutely fixed 
under &, that is, for each measurable subset F of #,, F and @F differ by a 
set of measure 0. It follows easily that some measurable subset E of LH, 
with positive measure will be pointwise fixed under @ In turn, EE is 
. pointwise fixed. Because EE contains a neighborhood of the identity and $ 
is connected, it follows that & is the identity. 

Applying this, let G be an infinite discrete group, and let S be th 
additive abelian group of integer-valued functions on G with compact supp: 


Each g in G implements an automorphism (a,s)(h) —s(gh) of this torsion- - 


free group 9, and it is clear that g —> â, is a faithful representation of G as 
a group of MP automorphisms of § under haar measure. The first paragraph 
shows that this action of G on $ is free. We observe, finally, that these œg 
form an ergodic group. In fact, if a bounded measurable function {0 
on § is invariant under all &,, then the fourier transform f of f, as a function 
on 8, will be constant on each orbit of Gin S. Because f is square-integrable, 
and the orbit of each s40 in S under GŒ is infinite, it follows that f must 
vanish except at 0, and therefore, that f is constant a.e. This proves the 
lemma, since the &, in particular determine automorphisms of the measure 
algebra of &. 


3. Full groups of measure preserving automorphisms, Throughout 
this section, (M,A) will denote a fixed non-atomic abstract hyperstonian 
measure space. | 


Definition 3.1. Given two automorphisms & and 8 of M, denote by 
F(a, 8) the maximal projection in M absolutely fixed under «8. [Clearly, 
F(a, B) —F(B,a).] If Gis any group of MP automorphisms of M, and if a 
is any automorphism of M, we say that « depends on Gif LUBy-<cF (4,9) =I 
(the identity projection). Denote by [G] the collection of all automorphisms 

of M which depend on G. [G] is called the full group determined by G, 


fe 
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and a group G is called full if G=-[G@]. Two groups G, and G, of MP 
automorphisms of M are equivalent if they determine the same full group, 
that is, if [Gi] = [Ge]. 

The condition that an automorphism a of M depend on a group G can 
be phrased in terms of the spectrum T of M: expressly, « lies in [G] if and 
only if there exists a set Ty in T having measure 0 and such that, for each 
y in Tr— T, a clopen set P containing y and a g in G exist such that the 
homeomorphisms of T induced by « and g agree at all points of P. (The 
exceptional set I, will be closed and nowhere dense.) The conventional! notion 
| of equivalence of groups G, and G requires the existence of an MP auto- 
““Hidrphism + of M such that 9 Giy == Ga. In particular, this implies that 
G, and G, are isomorphic as groups. Nothing of this sort is true for the 
present notion of equivalence, however. The one obvious necessary condition 
for equivalence, as the following lemma shows, is that G, and G, have the. 
same fixed algebra; after this, particularly in the type JZ case, it becomes a 
highly technical problem to obtain revealing criteria for equivalence. This 
difficulty does not affect the theory, however, because full groups are the 
natural objects to study, and significant statements are invariant under 
equivalence. 


Lemma 3.1. For any group of MP automorphisms of M, [G] ts again 
a group of MP automorphisms of M, and [G]—[G]. If G is any subgroup 
of [G], then the fixed algebra of G, contains that of G. Finally, elemenis «a 
of [G] are precisely those endomorphisms of M having a representation 


(3.1) | a(P) = È Prpa (P), 


where the BnE G, and Pa (resp. By (P,)) is a mutually orthogonal set of 
projections m M having least upper bound I. 


Proof. First, any «in [G] is automatically measure preserving. In fact, 
this follows because each P £0 dominates a Q 0 on which « is MP. 

Next, we assert, « in [G] entails & in [Œ]. For this, it will suffice to 
show that, given P >40, there exists a g € G such that F («,g)P 0. Choose 
B in [@] such that F(«,B)PA~0. Because LUB,F(B,g)P—P, we can 
choose gE G so that F(a, B)F(B,g)P 0. But F(a, B)F(B,q) SF(«.g), 
hence F(a, g)P 540. 

To show that [GŒ] is a group, it suffices to prove that, given a and £ 
in [G] and P £0, there exists an element ke G such that F'(o78,k)P =4 0. 
To do this, choose g in G such that F(8,g)P 0. Because LUB, BaF (a, h)) 
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— I, we can choose hE G to satisfy Ba[F(o,h)|F(B,g)P 540. Consider 
any Q dominated by the latter projection. Since «BQ = F'(a,h), we have 
ha B(Q) =a(o18(Q)) = B(Q) = gQ, so a8 =h". Setting k—h-g, 
we have F(a1B,k)P 540, as desired. 

If a lies in [G], and if gP =P, for all g in G, then 


aP = LUB; «| F(a, g) P] = LUB; g[ F (4, 9)P| =P. 


In particular, therefore, P lies in the fixed algebra of any subgroup G, of [G]. 
Fix ana in [GI]. To show that a has a representation (3.1), we apply 
_ Zorn’s lemma to construct a maximal set of mutually orthogonal non-zero 


projections Pe, subject to the requirement that each Pa be dominated by -a’ 


projection aF (a, 8), for some 8 in G depending on Pa. Of necessity, P, is 
countable set, and we write Pa & aF («, Ba). The projection P =1— > P} 
n 


must be 0; otherwise, because LUBgalF’(«,8) =I, there will exist a non- 
zero projection of the form Pal'(a, 8), contradicting maximality. Now 
a'P, = F(a, Bn), hence a(a2P,) —B,(o"P,), and B,*P,—a'P,. There- 
fore, X, Bn Pn = > oP, =I, ¥ denoting LUB. Finally, a(P) = > Paa(P) 
= > (Po Ps) = D Ba (P Br Ps) = > PallnP, proving (3.1). Conversely, 
if Pa (resp. Bu tP,) is a set of mutually orthogonal projections with LUB J, 
and if we set «(P) = > PaBnP, B(P) =X B> (PaP), then direct computa- 
tion shows that both « and 8 are boolean endomorphisms of Mp and that 
aBP = BaP = P, for all P. [To justify this computation, one should bear in 
the relations LUB,,P:Q.== (LUB Pa) (LUB Q) and LUB P.U LUB Q, 
== LUB Pa U Qa, which hold for arbitrary sets P,, Q, in Mp, a and b describing 
a common index set.] Therefore, « and 8 are boolean isomorphisms of Mp and 
=a. Both conserve measure: e.g. | 


AGP) = SA(PrBeP) = SAAB (Pa) P) = AP). 
This completes the proof. : 


Consider a group G of MP automorphisms of M, with fixed algebra 
denoted Z. If ce [@], and if «P SQ, for certain projections P and Q in M, 
then properties (2.3) and (2.6) of the mapping Hz give #z(Q) = Ez(aP) 
== &Ez(P) = Ez(P). A key fact is, the converse holds. 


LEMMA 3.2. Let G be a group of MP automorphisms of M with fixed 
algebra Z. If Ez(P) SEz(Q), for projections P and Q in M, then there 
exists an ain [G] with these properties: oP SQ; a is the identity; and a 
is the identity off PU aP. 


{ CS 
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Proof. Assume, to begin, that PQ —0. We have noted earlier that the 
Z-carrier P = LUBgerg) BP of P coincides with the Z-carrier (that is, the 
support) of Ez(P). Therefore, Ez(P) = Fz(Q) forces P=Q. It follows 
that [G] contains an a, such that «,(P)Q0. If we set Q, —a;(P)0, 
P, => (Q1), then (P:,Q1,%,) is a triple with these properties: a, € [G], 
OAP, SP, and Qi =(P) SQ. By Zorn, we may construct a maximal 
~ set (Pa, Qa,%) of triples satisfying these conditions, and subject to the 
qaçther requirement that the Pae (respectively the Qa) be a mutually orthog- 
onal set. This maximal set will contain only countably many members 
" (Pn, Qn, An), and further, by the normality of Hz, we have Ez(P— X, Pa) 
= fz(Q@—2 Qn). Maximality forces P= X P,: otherwise, the above argu- 
ment applied to P— $ Pn and Q — > Qn would yield a new triple orthogonal | 
to all the (Pn Qn en). Let aa, on Py, at on Qn, and the identity off 
PUaP. By construction and (3.1), « satisfies the conditions of the lemma. 
The general case, in which no restriction is made on PQ, follows directly if 
we apply the above case to P— PQ and Q — PQ. 

The following specialization of Lemma 8.2 is useful. 


Lemma 3.3. Let ( be a group of MP-automorphisms of M, with fixed 
algebra Z, and let Po, ae Lie be mutually orthogonal projections in M 
with Hz(Po) = Ez(P1) ==: > = Hy(Pna). Then [G] contains an x with 
these properties: cn. bi (indices modn), a” is the ney, and « is the 
identity off Po +: + +--+ Pas. 


Proof. For each i> 0 choose 8, in [G] such that B,(P,) = Pi, Bê is 
the identity, and £; is the identity off Po -+ Pi. Put «= fna © °B Then 
if Q = ig 43 aQ ain Bin BQ = P {ris at) mi Bief, etc., until an) re Binpi 
— BF =Q. 

Lemma 3.4. Let a be an arbitrary MP automorphism of M, and G a 
gwen group of MP automorphisms. Then there evists a unique maximal 
projection E([G],a) and a B in [GT with the property that, for all Q in M, 
E([@],«)a(Q) = Æ([G],«)8(Q). One has 
(8.2) B([G@],@) = LUB, «mal (a, y) = aF (a, B). 


Proof. Ii no pair P 0, BE [G] exists such that PaQ — PQ, for all Q, 
set H([G],a) ==0. In the contrary case, denote by Pas, Ba the collection of 
all such pairs, and set P == LUB Pe. Clearly, we can choose from Pe, Ba a 
subsequence P,, Bn such that the Pa are mutually orthogonal and P = SP, 
By construction, P,aQ == P,B:Q, for all Q and n, whence 


a (Pr) Q = a (Pa) aBa (Q), 
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and substitution of Q—fyt(P,) here gives ot(Pa) S Ba (Pa). This 
inequality reverses by symmetry, yielding o*(P,)=—6,*(P,). Using this, 
we have Ez(aiP) ==>) Bz(o*P,) = X Ez (Br Pn) = X Er (Pr) = Ez(P), 
where Z denotes the fixed algebra of G. Therefore, by Lemma 8.2, there exists 


a Bo in [G] such that B)(I—P) =a (I — P), B= identity, By = identity a 


off (I—P)Uat(I—P). Setting Pp —-I—P, we observe that Pa (resp. 


BaPa) is for n2==0 a mutually orthogonal set with LUBI. Applying. 


A 


Lemma 8.1,.it follows that B7(Q) Sp," (P:Q) defines an element 8 of oe 
n=0 a ae Ny 


[G]. Now Du 


PBQ — B(QB4P) = PL E Br *(Pa)Q] 
— BUS ba (PaBn(Q))] = BL È Be (PaaQ)] = B| 87 (PQ) | == Pat). 


This projection P=H([G],a) has the ascribed properties, maximality 
following by construction. Turning to (8.2), one has, first, LUB ergiak (a, y) 
<= P; in fact, if y in [G] and R40 satisfy R & ¢F(a,y) and PR—0, then 
R, y is a pair with Æ orthogonal to all Pa, a contradiction. Next, P= aF (a, B): 
if Q = «^P, then Q = (x 1P)Q =o Po BQ S&S «tB, forcing «Q = BQ, and 
aP F(« 8). The final link, af (a, 8) = LUB,.:qeF(4,y), is obvious. 
Given a group G of MP automorphisms of M with fixed algebra Z, and 
a non-zero projection P in M, we introduce the local group (discussed in 
Section 1) by setting [G]p— [a in [G@]| a leaves I—P absolutely fixed]. 


Lemma 3.5. If 2 denotes the fixed algebra of [G]p, then Z'P =ZP. 
In particular, if G is of type IT, then so is the summand [G]pP of [G]p. 


Proof. The inclusion ZP C Z’P is clear. To prove equality, we proceed 
by indirect proof, assuming ZP C ZP properly. There will exist, then, 
an REP, R in Z’, such that the Z-carriers of P — E and À overlap, whence 
a(R)(P—R)-~0, for some « in [G]. In particular, for some non-zero 
RER, a(R) =R: & P—R. Set B=a on Ra a* on Ra identity else- 
where. Then B lies in [G]p and B(R:)—R, Because 8 must leave R 
fixed, we have RBR: = (P — R) 8R = (P — R) R = 0, which is absurd, so 
the first statement of the lemma is proved. Now if [G]pP is not of type JZ, 
then there exists a projection Q = P abelian over Z’. But ZP = ZP, so Q is 
abelian over Z, and G cannot be of type JI. This proves the lemma. 


Proposition 3.1. Let G be a full type IT group of MP automorphisms 
of M, and let Z be the fixed algebra of G. Then 1) any G-invariant 


À. 
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intermediate hyperstonian subalgebra N, MD NZ, has the form N 
=Z0 4+-M(I-—C), for some C in Zp, and 2) any full normal. subgroup K 
of G has the form K = Go, for some C in Zp. 


Proof. Let C be the maximal projection in Z with the property CZ = CN. 
By dropping down to the summand Gye) on (I —C) Mf, we may assume C = 0. 
This done, we claim first that the N of assertion (1) is of type ZI over Z. 
Suppose to the contrary that a projection P in N is abelian over Z (relative 
to N). Because C = 0, P does not lie in Z, and we have | 


A = E,(P) A Ez(I—P) #0. 


Therefore, by Maharam’s lemma, there exist projections Po, Pa, Pa in M with 
the following properties: P, and P, are dominated by P, P,<1—P; the P; 
are mutually orthogonal; and E,(P:) — 4/2, for each 2 Applying Lemma 
3.3, choose an g in G such that a(P:) == Pin (indices mod 8), a? — identity, 
a= identity of P,+P,;+P, Because N is G-invariant, the projection 
PaP lies in NÑ, and further, because P is assumed abelian, PoP == PE, for 


some # in Z. Now 


P — P, = PaP = PE =Pa(PaP) = Pa (P — P) | 
= PoP — P, =P — P — P.. 


This forces P, == 0, a contradiction, and it follows that N is of type IZ over Z. 
This being the case, let Q be any projection in M, and apply Maharam’s 
lemma to conclude that Ez(P) —Ez(Q), for some P in N. By Lemma 8.2, 
BP = Q, for some B in G. Therefore, QEN, by the G-invariance of N, 
and we have proved N == M. 


Now let K be a full normal subgroup of G. Let C be the maximal 
projection in M left absolutely fixed by all 8 in K. For any « in @ and any 
QS a0, aBotQ=—Q, and «Bote K. Thus «C is also absolutely fixed 
under K, for all « in G. By maximality, therefore, C € Z. As above, dropping 
to Gio) on (I —C)M if necessary, we assume C=-0. This done, let Z, be 
the fixed algebra of K. Because K is normal, Z, is a G-invariant intermediate 
hyperstonian subalgebra of M, and so the first paragraph of proof together 
with the assumption C==0 entail Zo== Z. By Maharam’s lemma, choose a 
projection P such that Ez(P)==Ez(I— P). By Lemma 3.2 applied to K, 
there exists a 8 in K such that BP —I—P, 8° == identity. Take any « in Gpr. 
Then @atBaeé K, and for Q = P, Bo Bal) = BaQ — «Q. . This proves that 
Kp=Gp. Likewise, Ky_p) == Gu_p). Consider an arbitrary « in G. We 
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have Ez(P) = Ez(«P), so there exists a y in K such that y?aP=P. 
Clearly, then, y*a is the product of an element in Gp = Kp and an element 
in Car) =—Kirp). This implies ya € K, so in turn, «€ K. Therefore, 
K = G, and the proof is completed. 

Proposition 3.1 holds without restriction to type IZ groups; the proof 
for the type I case follows easily out of results in the next section. 


4, Groups of Type I. The structure of type I groups, as we shall see 
in this section, can be described rather completely: any type I group is 
“almost” equivalent to a finite group. Their technical interest lies in their 
very simplicity, in that one is led to see how much information can be gleaned 
about an arbitrary full group by study of its type J subgroups alone. Again, 


in this section, (M,A) will denote an abstract non-atomic hyperstonian — 


measure space. 


Lemma 4.1. Let G be a group of MP automorphisms of M, let Z be 
the fixed algebra of G, and let Q be a projection abelian over Z. Then 1) if 
a and BE [G4], and if for some projection P, a(P)SQ and B(P) SQ, 
then a(P) —B(P); 2) if ac [G] is freely acting, then a(Q)Q =0; 3) of P 
is another projection abelian over Z with the same Z-carrier as Q, then 


Ez(P) = Ez(Q). 


Proof. Re(1) Choose C and D in Zp so that a(P)—PC and 
B(P)—PD. Then a(P— PC) =a(P) (I—C) =0, so that P— PC. Like- 
wise, P = PD. Therefore, a(P) =a(PD) —QCD—B(PC) —B(P). Re (2) 
If QaQ 0, then a non-zero RS Q exists such that a(R) =Q. Applying 
(1) with B—identity, and P arbitrary =A, it follows that a(P) =P. 
Therefore, À is absolutely fixed under g, a contradiction. Re (3) Assume to 
the contrary that Hz(P) ~Fz(Q). We can assume that a C € Zp exists such 
that Ez(QC) —Fz(PC) =0, but not —0. By Lemma 3.2, an « in [G] 
exists such that a(PC)=QC, Hz(QC—a«(PC))~0. Hence there exists 
an R= QC such that Ra(PC)—0. Denoting by P the Z-carrier of P, we 
have R< PCO, so there exists a non-zero projection SPC and a BE [GI 
such that B(S) SR. Now a(S) <Q, B(S) SQ, and a(S)B(S) —0. This 
contradicts (1). 


A corollary here is noteworthy. If G is infinite and freely acting, then 
(2) shows that no abelian projections can exist over the fixed algebra Z of G: 
were Q abelian over Z, then we would have QgQ —0, for each g in G, g Ke, 
and in turn, gQhQ — 0, for each pair gh in G; the set gQ is then infinite 
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and mutually orthogonal, contradicting the finiteness of A. Therefore, any 
freely acting infinite group is of type II. 


Lemma 4.2, Two type I MP groups G, and Gz are equivalent if and 
only if they have the same fixed algebra. 


Proof. Necessity follows from Lemma 3.1. For sufficiency, denote by 
Z the common fixed algebra of G and G2, and consider some fixed a in [G]. 
If Q is any projection abelian over Z, and if 8 in [G,| is chosen so that 
B(Q) —a(Q), this being possible by Lemma 3.2, since Hz(Q) = Hz(aQ), 
then Q = F(a, 8); for any P= @ has the form P=-QC (C€ Z), and hence 
a(P)—a(Q)C—B(P). The identity J being the:least upper bound of 
projections abelian over Z, it follows that LUB «ig F (a, B) =I, so a€ [Ge]. 
Therefore, [G] C [G2], and equality follows by symmetry. 


Definition 4.1. Let G be a group of MP automorphisms of M with 
fixed algebra Z. The group G is said to be of type J, (n=—1,2,---) if 
there exist mutually orthogonal projections P,,: © -,P, in M, each abelian over 
Z, such that >P;=1 and Hz(P,)=---=Hz(P,). Such a set Pu © +, Pa 


is called an abelian basis for G. 


LEMMA 4.3. (1) Hach type I group can be decomposed in one and only 
one way as a direct sum of type In groups (n—1,2,: - +); (2) Any group 
of type I, 1s equivalent to a freely-acting cyclic group of order n, and any 
freely-acting group of order n is of type In; (3) A freely acting group G of 
order n has an abelian basis of the form [gP | g€ G], and conversely, if P 
is any projection in M such that the gP are mutually orthogonal and have 
' LUBY, then the gP form an abelian base for G. 


Proof. (1) We claim, first, that the identity J can be partitioned J = $ P, 
as a sum of mutually orthogonal abelian projections in such a way that the 
Z-carriers C; of P; form a decreasing sequence; and that if [= DP’, is 
another partition of J with the same properties, then the Z-carrier of P’;== Ci, 
for all 1. 

By definition, any non-zero projection Q dominates a projection P abelian. 
over Z. This P can be chosen so that Z-carrier P — Z-carrier Q, as follows 
readily from. the fact that, if En is a sequence of abelian projections with 
mutually orthogonal Z-carriers, then SR, is likewise abelian. To prove 
existence of the partition described above, let P, be an abelian projection 
with Z-carrier C, =I, and inductively, let Pa be an abelian projection 
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<I— Ÿ P; with Z-carrier C, == Z-carrier of [— 2 P;. Plainly, Gi = 
in 
=> C,Z: "+, Let C be the Z-carrier of I — >) Py. Then for all n, O SZ- 


carrier (Z — © Pi) = Cm so the projections CP, all have the same Z-carrier 
in 


O. If C540, then (3) in Lemma 4.1 shows that Ez(P 0) =Hz(P,C) for 
all n, whence A(Z) 2ALHz(PiC +: - -+P,0)]=nA(P:0) for all n, con- 
tradicting the finiteness of A. Let I == >) P’; be another dissection of Z into 
mutually orthogonal abelian projections with decreasing Z-carriers C^. Plainly 
C =I = Q, and granting C==0:;, for «<n, another application of (8) 
in Lemma 4.1 gives Hz(I — 2 P;) == Hz (I— à P’;), and therefore, 


C’,, == Z-carrier ( =, P’) == Z-carrier (I — 2 Pi) = FH (I — = Pa) 


= Z-carrior Ez(I — 2 sa == Z-carrier = 2 P; * == (,,. 


This proves the selon of the first paragraph. | 
Define D, == Ca—Cna (n==1). Now à Dy == I — Cn, and since either 


Ca = 0 for some n, or C, 540 for all n but “GLB C,==0, as the above argu- 
ment shows, we must have © D,—1I. Further, D,—D,P, +. e ++-DnPn, 
the projections D,P; are abelian with Z-carrier D,, and es Ex(D,P;) 
=: * == Ez(DaPn)- It follows that [G] = > [G]o, Dr, and [G]», on D,M 
is by definition of type In. Let D’, be another sequence of mutually orthogonal 
projections in Z such that 2e and D’, = RM LL. .._LR,6@), with 
PR abelian and Ez (R) => - -=Hz(R,™). We will show that D’, = D,, 
for all n. In fact, let P’, = 3 Brp. The P’; are abelian and $ P'a =I. 


Further, Z-carrier P’, — C, == LUB, en S-carrier R, ®© — = D’,. The O'n 


consequently decrease with n, and the uniqueness ere ‘of the first para- 
graph implies O'n == On, for all n. Hence, D, = On — Ons = O'n — Cnn 
== D’,, and (1) is established. 

(2) and (8). Let K be a group of type In, with fixed algebra denoted Z. 
Let Po, © °, Pn be an abelian base for K over Z. Because the P; have the 
same expectation relative to Z, we can apply Lemma 3.3 to select an « in [K] 
such that «P;== Pi (indices mod) and a” = identity. Trivially, the group 
G generated by a is freely acting of order n, and by construction, [G] C [K]. 
To prove that [G&G] = [K], it suffices by Lemma 4.2 to show that each P in 
the fixed algebra of [G| already lies in Z. For this, let C be the projection 
in Z such that PP,= CP, and compute 


n-1 n-1 
. P—0 = (P—C)(SatP,) = (Sa[(P—C)P;] =0. 
4=0 4-0 
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Let G be a freely acting group of order n. I£ g is any element of G 
not e, then by free action, given any non-zero projection Q, there exists a. 
non-zero R= Q such that RgR —0. Enumerate the elements of G not e as 
Gir’ * “rw, let A, be a non-zero projection such that A,g.h,==0, let A: 
be a non-zero projection =: À. such that R.g,fk,=-0, etc. We arrive at a 
non-zero projection P (== Rna) such that PgP = 0, for all ge. If gh, 
then gPhP =g|Pg*hP|=0. By Zorn, we can assume that no larger pro- 
jection P, = P has this property P gPa =0 (all ge). But then $, gP = F: 
for C == $, gP lies in the fixed algebra Z of G, and were [—-C 40, we could 
apply the above argument to [—C to obtain a projection P’ orthogonalized 
by G and =I—C; the projection P’+ P is then orthogonalized by G and 
is larger than P, a contradiction. ‘The projection P is abelian over Z, since 
each RP has the form R= (>. gR)P and SigREZ. Consequently, all 
the projections gP are abelian over Z, and therefore, Œ has an abelian base 
of the form prescribed in (3). This base has n elements, and therefore G 
is a type In. The lemma follows. 

Let G be a type I group with fixed algebra Z. We will call À a bounded 
(type I) group if the identity is a finite union of projections abelian over Z. 
. This means that G has only finitely many “pure,” or type Zn, constituents, 
and a simple application of Lemma 4.3 (2) shows in fact that G is equivalent 
to a finite group. Conversely, it is evident that any group equivalent to a 
finite group must be a bounded type J. A related observation, useful in later 
work, is the following: 


Lemma 4.4. Let F be a finite set of MP automorphisms of M which 
leave fixed (pointwise) a bounded type I subalgebra of M. Then the group 
Gr of MP automorphisms generated by F is of finite order. 


Proof. By hypothesis, [Gr] is a finite direct sum of type J,’s. If we 
know that the restriction of Gp to each summand is of finite order, then the 
same will follow for Gr, So it will suffice to assume that Gr is of type In- 
By Lemma 4.8, there exists a freely acting finite group K of order n such 
that [K] = [Gr]. We can assume that F— F and that the identity lies 
in F, so that Gr is the multiplicative semigroup generated by F, By Lemma 
8.1, we may represent each « in F in the form ¢ = 2 Qk. Let 8 be the 


smallest K-invariant boolean algebra.of projections containing all the Q®. 
B is obviously finite, as is the collection of all linear endomorphisms of M of 
the form 2 Ryk (RE B). But all piece of the a in F lie in this collection. 


Therefore. Gr is finite. 
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We conclude with a result on the imbedding of bounded type Ps in 
type I,,’s. 


Lemma 4.5. Let K be a bounded type I subgroup of a type II group 
G. Then for an appropriate s, there exists a type I, subgroup L of [G] 
such that K C [L]. 


Proof. To begin, suppose that K is a type I, subgroup of [G], and 
that m = nr is an integer divisible by n. We will construct a type Im sub- 
group L of [G] such that KC [L]. Replacing K by an equivalent group 
if necessary, we can assume that K is freely acting. Choose a projection P 
such that the P (k€ K) form an abelian basis for K. Denote by Z the fixed 
algebra of G, and applying Maharam’s lemma, partition P = Po -+° +> -+P,4 
as a sum of mutually orthogonal projections with #z(P;) =1/m. By Lemma 
8.3, choose an a in [G] such that «(P;) == Pa: (indices mod r), a” = identity, 

== identity off P. Next, define an automorphism 8 in [GJ as follows: if 
Q SKEP, then BQO—kak"Q. Let L be the group generated by K and B. 
It is easy to see that B commutes with each element of K, so elements of L 


r-i 
have the form &8*. Further, X $ kBiP, =I. Now L is freely acting: if 
k i=0 


not, then some /,8%s4e will certainly leave fixed a non-zero projection of 
the form *&,8%8 (RÆ Po). This gives k,k,Beuk =k, Buk. The left side 
is kok,P, the right & k,P, and hence ky==e, and Bitik = kgk. This 
gives ak, implying %—0 (modr) and &8%= identity, a contradiction. 
Therefore, L is a freely acting group of type Im. Any projection in the fixed 
algebra of L has the form $ 3 KBR, for R= Po, and such a projection is 


k ¿=o 


obviously invariant under K. This implies that K C [L], and the first 
assertion is established. 

In the general case, there will exist mutually orthogonal projections 
C,,: * *, C4 in the fixed algebra of K such that I == $, C; and [K]o, on C;M 
is of type In. Let s= least common multiple of the ni Because [G]e, is 
of type II (Lemma 3.5), we can apply the above construction to each [K]o, 
on CM, imbedding these in type I, subgroups L, of [Glo, on CiM. Now, 
L = 3 L; is a type I, subgroup of [G] and K C [L]. This proves the lemma. 


5. Approximately finite groups. We prepare now to confront our 
main problem, approximation of arbitrary MP automorphisms in type J sub- 
groups. The initial step concerns a relaxation of conditions in Lemma 4. 2. 
According to that lemma, if K is a type I group, then any MP automorphism 
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a which leaves the fixed algebra Zg of K pointwise fixed is already in [K]. 
This is generalized here to a statement that, if an MP automorphism « leaves 
Zg “almost pointwise fixed,” then @ is “almost in [K].” 

A numerical lemma, useful in several other connections, will provide 
the decisive estimate. | 


Lemma 5.1. Let (aj) be an nX n matrix with real entries. Assume 
that for each subset S of A= (1,: : -,n) À . 


Then | >> diz | < de. 
#1 


Proof. We can assume that n is a power of 2. For choose m such that | 
2™>n, and set aj;==0 whenever n+1<1i<2" or n+1Z<j<2" The 
‘inequality (5.1) holds for the enlarged matrix, and the sum of off-diagonal 
terms remains unchanged. In what follows, then, we take A = (1,--° -,27). 

Partition A into two disjoint subsets Ay, Az, each with 2” 1 elements, in 


such a way that the sum s(0,1)— 3) (ayt aa) is a maximum among 
icho FEAL 


corresponding sums for all such partitions of A. Denote by A, the set of all 
r-tuples (e° * *e), where &—0 or 1. If the partition A == [J As is defined 
| EAr 


for r< m, with | A5|=—2"7, we partition each As into disjoint subsets Azo, 
As, each with 2™-r-t elements, in such a way that 
(5. 2) s(80, $1) == > (ay + aj) 

À € Abo 7 € AB 


is à maximum among corresponding sums for all such partitions of As. Let 
Ary = D $(80,81). Then 
€ Ar 


(5.3) | > ay = A, and À; < 2e. 
ij rot 

Now, we assert, 4,2 2A,,,, for each r<im. To see this, we apply the 

maximum property of the sums s(8, 8) == s(8,8) to compute 


24,—2 E s(80,81) 
6 


€ Ary 


=? D [s(800, 810) + s(800, 811) + s(801, 810) + s(801, 811)] 


| 


>: _[8(800, 801) + s(800, 810) + s(811, 801) + s(811, 810)] 


rai 


,  [s(800, 801) + (800, 811) -+ s(810, 801) + s(810, 811)] 
—? E [s(800, 801) + (510, 811)] + Ar = PAra + Ap, 


€ Ar 
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establishing the inequality. Therefore, 


m m | 
À; = 2A» = 107% = A, and ` År = >> A/a < RA < de. 
r=i TEL 


Application of the same argument to the matrix (—a,;) completes the proof. 


LEMMA 5.2. Let K be a type I group with fixed algebra denoted 2, 
and let a be an MP automorphism of M such that F(a, B) — 9, for all BEK. 
Then | 


(5.4) supcezA(CAaC) Z $. 


Proof. (Recall, throughout, that the measure A is normalized by A(T) = 1. 
The A in (5.4) of course denotes symmetric difference.) The proof depends 
on the following fact: 


(5.5) given C40 in Zp, there exists a non-zero D in Zp, DSC, such that 
DaD = 0. 


Assertion (5.5) will be established by an indirect argument: assume 
some non-zero Cy in Zp has the property that DaD £0, for each non-zero 
D=C), D in Z. Using type Z theory, we choose an F in Zp such that 
FC +40 and [K}r on FM is of type I,, for an appropriate n. Write 
F=P,+---+-+P,, where the P, are abelian over Z and have the same 
expectation relative to Z. 


Assume that for each t and each non-zero E <= O.F, E€ Z, there exists 
a non-zero C in Z, O S FE, such that Ca(C)P;==0. In particular then we 
can choose a non-zero C, = CF such that C,a(C,)P,—=0, a non-zero, C SC, 
such that Coa(C2)P,— 0, etc., arriving finally at a non-zero Oa = CF such 
that C,a(C,)P;=0, for all i This gives 


Cna (Cn) = Ona (On) F = X Ona (Cn) Pi = 0. 


This contradicts the basic assumption in our indirect proof. Therefore, 
there exists an 1, which we take as 1, and a non-zero # in Z, E = C,F, such 
that Ca(C)P,~0, for all non-zero C SE. We will have «(C)P,=2 CP,, 
for all C & #; otherwise, for some such C, CP,(I—a(C)P,) 0, and if we 
choose D in Zp so that a(C)P, == DP,, then O(I — D)P, = CP,(I — a(C)P:), 
whence C(I — D) 540, because C is dominated by the carrier F of Pı; now on 
the one hand, [C(I—D) ]a[C(I-—-D) |P, 40, by choice of the pair (E, P:), 
but on the other hand, [C(I—D)]e[C(I—D)]P,< [C(I—D) ]a(C) Pa 


oe 
mn 


—C(1—D)DP,=—0, a contradiction. Further, if we choose projections D, 


. 4 
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in Z, Dj = F, such that «(P;)P;—D,P;, then for some 1, DE 0, for other- 
wise Ea(F)P;—0, whence Ha(H)P,—0, again a contradiction. 

Now consider any C in Z, C= DiE 0. Then a(CP;)P;, =a(C)D;P: 
= CD P,—CP,. Therefore «(CP;) = CP., and equality must hold because 
these projection have the same measure. -It follows that «(CP;) = CP, for 
all C= D,H~0. Because the abelian projections P, and P, have the same 
expectation relative to Z, there exists a 8 in [K] such that B(P:) = Pı. Also 
B(CP;) = CP,, for all CS DE, C in Z, and this shows that DiEP; = F'(a, B). 
But D:#P;540, because P; has Z-carrier F = DE. Therefore F(a, B) 0, 
for some 8 in [K], hence for some 8’ in K, a contradiction, and (5.5) is 
established. 

Turning to the lemma itself, we apply (5.5) to express I as a (necessarily 
countable) sum of mutually orthogonal non-zero projections D, in Z satisfying 


DaD; = 0, for each i. Fix a 8>0. Choose n so that S AD) <6, and 
kzn 
define C;— D; (<n), Cn = 2 D; Let 


in 


k = sup cez, A(CAaC) =supoez, ALG(C) (I — C) +Ca(I—0)]. 


Let ai; = ALa (C1) C; + Cia(C;) |, for LSe SEn. Then if A = (1, - i n); 


and C= >) C, we have > aj—dAla(C) I—C) + Ca(I—C)] =k. 
ieS ieS, jEA-S 


By Lemma 5.1, X ay S 4k. But 
13 


E au = D 2A (a (01) 01) = A (a (0n) On) < 28, 
and 

D ay = 2A (I) = ? = Ÿ ay + > ay 28 + 4k. 

ij 1 1547 


Therefore, k = (1 —8)/2, and since ô is arbitrary, k = 4. 


Lemma 5.3. Let K be a type I group with fixed algeba Z, and let « be 
an arbitrary MP automorphism of M. Assume that sup cezp A(CAaC) < e. 
Then 


(5.6) \(E([K], 2)) > 1—2e. 


Proof. Write E =E([K],«). By definition, there exists a 8 in [K] 
such that Ea(P) —EÆEB(P), for all P in M. Let r—aft. Then 7E =E, 
r leaves Æ absolutely fixed, and F(r,y) =F, for all ye [K]: in fact, 
HoP — EBP for all P implies ErP = EP for all P, so in particular P= E 
gives P = H7P =P, forcing P —+P; and applying Lemma 3.4, we have for 
any y in [K], F (r, y) =F (y, 08") = BF (yB,«) BEBE. Con- 
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sider the restricted group [K] um) on (I--H)M. If we denote by Z, the 


fixed algebra of [K]u_») on (J—#)M, then Lemma 5.2 gives 
supcez A(CArC) ZA —E)/2. 
Now by Lemma 3.5, Z;—Z(I—EÆE). Also, for any C in Z, aC =C 
= r(C(I—E)) 4+- CE. Therefore, 
AL—#)/2S MT == SUP oez À(CATC ) = supgezA(CAal) < €, 


so 1—A (E) < Re, and A(E[K],a)) =A (E) > 1— 2e 

Application of Lemma 5.3 in the case K = identity yields a useful result 
of Halmos [3] on the equivalence of two natural metrics on the group of all 
MP automorphisms, which we discuss now in the current notation. ‘The 
standard metric on the group of all MP automorphisms of M is defined by 


(5.7) (a, B) == SUP pe m, A(«PABP). 


Endowed with d, this group is a complete metric space, in which the natural 
notion of distance from an automorphism « to a full subgroup [G] is given by 


(5.8) d(a, [G]) = int, <iq) 4(% y). 


On the other hand, an apparently more revealing metrization of the group of 
all measure preserving automorphism is available. KExpressiy, define 


(5.9) 8(a, B) =A — F(a, B)). 


It is easy to see that § is a metric, the triangle inequality following from 
the relation F(a, B)F(B,y) =F(a,y). Like d, the metric à is invariant: 
8(a, B) =è (ay, By) =8(ya,y8), for all MP automorphism «a, B, y, this 
because F(a, 8) = F (ya, yp) = yF (ay, By). For any MP group G, we have 
Inf, ¢1q]9(% y) = 1—sup, e tajÀ (F (%, y)) = 1 — sup, A (aF (a, y) ), and by 
formula (3.2) this becomes 

(5. 10) 8(a, [G]) =A(1—E([G],&)). 


As noted by Halmos, the key fact is that these metrics can be ‘used inter- 
changeably : 


Lemma 5.4. The metrics d and 8 are equivalent, and any full group 
as complete in either metric. 


Proof. First we note that d is stronger than 3: 


A(GPABP) = A(a[P(I—F (a, 8)) ]ap[P(I—F(a, 8))]) 
=AL (PAa*pP) (I—F(e, «*B)] S8(a, f), 


a 
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so that d(x, 8) S è(a, 8). On the other hand, applying Lemma 5.3 when K 
consists of the identity alone, and therefore Z — M and E([K], &) —F(e,«), 
we see that de, a) <e implies A([—F(e,a)) < 2e, so that 8(e,a) < 2e 
This and the invariance of the metrics d and § now show that the identity 
map from any (G,d) to (G,8) is uniformly continuous, proving that the 
metrics are equivalent. If a, is a §-cauchy sequence in a full group [G], then 
an is automatically d-cauchy, and therefore converges in d-metric to some MP 
automorphism œ. By equivalence, this convergence carries over to the 8- 
metric. But then, œ lies in [@], for lim,A(F(¢,a,)) = 1 clearly entails 
LUB, craf (a,y) =I, that is, a€ (81. Again by equivalence, [G] is also 
complete in d. 

[The fact that 8 is stronger than d can of course be proved rather 
easily without benefit of Lemma 5.3. One procedure is this: let t= a", 
F == F (e,r), and choose a P maximal with the property that PrP —0. Then, 
[==F4+-[7°PU(P-+7P)], and 


3(a, B) =A(I—F) S §A(PArP) < $4(a, 8).] 


Proposition 5.1. The following conditions on a group G of MP auio- 
morphisms are equivalent: for each finite set Bı, ` `, Bn in G and each e> 0, 


(1) “there exists a type I subgroup K of [G] such that 8(B;,[K]) <e, 
for t=—1,-- n; | 


t 


(2) there exists a finite subgroup K of [G] and elements B'a’ `, Bn 
of K such that d( fi, Bi) <e, for i=1,: n; 


(3) there exists a type I subgroup K of [G] such that 
SUP cern MOABC) < 6 


for i—1," - -,n, where Zg denotes the fixed algebra of K. 


Further, the validity of these conditions for G entails their validity for 
[G], and therefore, for any group equivalent to G. 


Proof. (1) implies (2). ‘Trivially, one can assume that the K in 
condition (1) is of bounded type Z. This done, let 6’; be an element of K 
such that 8 (8a 8'i) <e, s0 d(B:, Bi) <e By Lemma 4. 4, the group generated 
by the f’; is finite, and (2) follows. | 


(2) implies (3). Let C lie in the fixed algebra of the group K of 
condition (2). Then 
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A(BiCAC) = A(B,CABC) + A(B'iCAC) = A(B:CAB":C) 
S suppemp A(BPARYP) = d(Bi, Bi) < e. 
(3) implies (1). This follows immediately from Lemma 5.8. 
Turning to the last statement of the proposition, we assume condition 
(1) holds for elements of G, and prove that it will then hold for arbitrary 
Bu’ °*,>Bn in [G]. For this, we represent B= 5 Ode), by formula 
k=1 


(3.1), where the a,(4) € G and the sets Q, satisfy the orthogonality conditions 
of Lemma 8.1. Fix a 8>0. Choose an integer r such that A( > Q,(9) 
kar 


> 1— 8/2, for all +. Applying condition (1), choose a type I subgroup K 
of [G] such that 3(6, [K]) <8/2mn, for each a in the set 


Flat |1Z<iSniZ<k<r]. 
Define E = [[ #([K],a). It is easy to see that A(#) =1-—5/2. For each g 
in F, nes y(«) the element of [K] such that E([K], «)a== E([ KT, «)y(a). 
Then Ba==By(a), for all a, so E( > Qu Pau) —> Qx(By(a,) for all i 
Lemma 3.4 now shows that E([K], Bi) => Q,()E. Therefore, A(E[K], B:)) 


= À( (EQ:)E \ = 1—8. This completes the proof. 


_ Definition 5.1. The group G is called approaimately finite if it satisfies 
any one of the equivalent condition (1)-(3) of Proposition 5.1. 


Automatically, any type J group is approximately finite. Interest centers, 
of course, on approximately finite groups of type II. -An example of an 
approximately finite group of type /7—which serves as a prototype in subse- 
quent developments—can be obtained as follows. Let A be an infinite index set, 
and for each a € A, let Ga be an abstract group of order 2. Form the restricted 
direct product [[ Ga== G of the Ga (where it is understood that all but ‘a 


finite number of components of each g in G are identities). Lemmas 2.1 
assures us that G has a faithful representation as a freely-acting group of MP 
automorphisms of an abstract non-atomic hyperstonian measure space. In 
this representation, G will automatically be approximately finite, for any finite 
subset of G generates a finite, and therefore type J, subgroup of G. Another 
class of examples of more classical interest is developed by | 


w 
E>- 
+ 
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THEOREM 1. Any singly-generated group of MP automorphism 1s 
approximately finite. 


Proof. Let « be an MP automorphism of M, and G the group of MP 
automorphisms generated by a The following assertion affords the basis 
of proof: 


(5.11) Let # be a non-zero projection which dominates no «-fixed 
projections. Then there exists a 8 in [G] such that 8 = « on E, B = identity 
off EU aH, and 8 generates a type I subgroup of [G]. 

First, we partition Æ into a possibly terminating sum E = XP, of 
mutually orthogonal projections P, which satisfy aP, = («E)(I— E) and 
GP Pr for n=1. To do this, define P, == Ee (I— E}, Po =P, 
and for n 221, Parn = [E — (Pit: +--+ Pa) JaPa e oH Pa) By con- 
struction, the P, are mutually orthogonal. Now if RS Pru and ak S Pi 
(0<issn), then RS (aP) (E —(Pi +: e- Pi) S&S Pi, forcing =n. 
Therefore «Pn S Pa If Pan = 0, then E — (P, -4-: - --+ Pa) is an a-fixed 
projection = Ẹ, and our assumptions force E == P,-+-----+-P,. In the same 
fashion, it follows that if P.. 520 for all n,.then = > A 

n= 
Define Qnr == Pu—a&Pna (1221). We have P= 2 a"Q,. Moreover, 
n=1 
the projections al, Qı 02, © °, I— (E + Po) are mutually orthogonal with 
LUBI, as are the projections F, «Qı, «?°Qa: © +, I — (E + P.). Therefore, 
by Lemma 8.1, the formula 


(5.12) BCP) =a(E)a(P) +2 Qua” (P) + [I — (E + Po) iP 

defines an element of [G] which agrees on Æ with « Now if RS Qn», then 
ÆR = 4R (k&n) and BR = 8B (R) = Qą,k =R. This shows that the 
projection Rı = $ AR is B-fixed and RQu=—ÆiQn Therefore, Qn is abelian 
relative to £. Therefore, all projections «iQ, (t n) are abelian relative to 8. 
But 2 È Qu E + Po and the complement of E + P, is automatically 


dé. “bre to B. It follows that the group generated by £ is of type J, 
and-(5.11) is verified. 

Turning to the theorem itself, we have noted in Section 2 that [G] is the 
direct sum of a type J and a type JZ group, and in the present situation, it 
is clear that these summands are the full groups generated by restrictions of a. 
It will clearly suffice, therefore, to assume that G is of type IZ. This done, 
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denote by Z the fixed algebra of G, and corresponding to 8 > 0, choose a 
projection # in M such that #z(#) —1—8 (this by Maharam’s lemma). 
By this construction, A(I—#) < 6, and E dominates no a-fixed projections 
(save 0). Apply (5.11) to this E. If K denotes the type I group generated 
by the 8 of (5.11), then 


d(a, [K]) < d(a, B) supp A(aPABP) 
— suppA((¢P) I — EJA (BP) (I — #)) SRA(I—E) < RG. 
If k is any positive ae then the triangle inequality and the invariance of 
d give d(aï, B®) <3 d (ar-r Br, a-g) < 2ks, and d(o*, B-*) == d(a*, B*) 


<2k8. It follows therefore that for any e > 0 and any finite subset F of G, 
there exists a type Z subgroup K of G such that d(y, [K]) <e, for all yE F, 
and hence 8(y,[K]) < 2e. Thus condition (1) of Proposition 5.1 is verified, 
and by definition, G is approximately finite. 


Lemma 5.5. For any MP automorphism a and arbitrary MP groups G 
and Ga E({@,],«)#([G2],«) = E([G,] 9 [G2], 2). 


Proof. Write FE, E([ Gi], «), and choose a in [G] such that Eye = Fa. 
We have E Ea — B,E,a — BF, The main step consists in showing that 
there exists a y in [G,| N [G] such that E Eoy = #, Aya, == Fy Ha. To 
this end, write K’ == o,7(#,H#.) — «(E E), and note that a, and a, agree on 
FE’. Let F’, be the maximal a,-fixed projection under W. Let # == i’ — EH’), 
and construct the 8 of (5.11) for the pair (#,a,). From the fact that 
&ı —0 on E, it is easy to conclude that the formula (5.12) defining @ in 
terms of œ, remains valid when a; is replaced by a. It follows that 
BE [GIN [GJ]. Now let y= on HU aH, ya, (and hence a.) on 
E's» y==identity elsewhere. Then y€ [G] N [G] and y= 0 on FE. 
Now for all P, y( EP) = (EP) = BE .a.(P) = EE .%.(P). This proves 
that FA, S E([C:] N[G.],«). Automatically #7([G,] N [G2], œ) is domi- 
nated by each E: Therefore, #([G,] N [G], a) = EEn and the lemma 
is proved. 

With this, it is easy to establish 


THEOREM 2. Any subgroup of an approximately finite group is itself 
approximately finite. 


Proof. Let G be an approximately finite group, and let K be any sub- 
group of [G]. Let F be a finite subset of K, and take «>0. There exists 
a type I subgroup L of [G] such that A(E([L],«) >1—e, for all «œ in 


“ae 
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F. Applying Lemma 5.5 and the fact that E([K],«)==I, we obtain 
A(E([K] 9 [£],«)) —A(E([L];a«)) >1—e Since any subgroup of a 
type I group is itself of type J, it follows that [L] N [K] is a type I sub- 
group of [K]. This proves that K is approximately finite. 

In particular, therefore, any local subgroup [@]p of the full group 
determined by an approximately finite group is approximately finite. Con- 
versely, 


COROLLARY 5.1. Approximate finiteness is a local property: if G is an 
MP automorphism group with fixed algebra Z, and if for some projection P 
in M, [G]p is approximately finite, then so is [G], where P denotes the 
the Z-carrier of P. | 


Proof. Plainly, we can assume that G is of type ZI and that P— I. For 
each 8 > 0, there exists a projection C in Z such that A(C) >1——8 and 
Ez(P) is bounded away from 0 on C. Granting we have proved [G]o 
approximately finite, for each such C, then it will clearly follow that [G] 
is itself approximately finite. Therefore, we can assume Hz(P) = 1/n, for 
some integer n. This done, apply Maharam’s lemma to choose mutually 
orthogonal projections Po,---,P,-. such that E,(P;) —1/n, for each t, 


n-i 
whence $, P; =I. By Lemma 3.2, given i, there exists a p in [G] such that 
{=0 


eP, = P. It follows that p[G]r,p* C [G]», so by Theorem 2, p|G@]p,p7 and 
therefore [G]p, is approximately finite. Let 


[Arr = [8E [G] | 8P =P, for each il. 


This group will be approximately finite, being a direct sum of the approxi- 
mately finite groups [G]p, on P;M. By Lemma 3.3, there exists an « in 
[G] such that «P; = P (indices modn) and «identity. Further, let 
Go = (BE [Arr | Ba = aß]. For each y in [@]p,...,r,, and each 4, the 
automorphism | 


fim 


(5.13) yQ) -5 a! [Piy (0 (Q))] 


=0 

lies in G, and agrees with y on all projections dominated by P}. Therefore, 
E((Gol,y) ZP, for ell i, showing that E([Gl,y)—1, ye [Go], and 
[G.]==[G]p,.-.7,,. Let K denote the group generated by « and Go. 
Application of Lemma 3.5 shows that the fixed algebra Zg of K coincides 
with Z. Given an arbitrary y in [Q], Lemma 3.2 and the fact Z= Zx 
show that [K] will contain an element » such that ptyPi== P, for all i 


10 
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simultaneously. Therefore, py € [G]en -Paa = [Go] C [K], so yE [K], 
and [G] = [K]. 

The problem is now reduced to showing that K is approximately finite. 
For this, it will suffice to prove the following: given B,,: : -,8, in Ge and 
e > 0, there exists a finite subgroup S of [G] containing « and containing 
element 6”; (1 S11) such that dB: Bi) <e To construct this 8, choose 
a finite subgroup S, of [G]p, containing elements 8; (1S2iSS1r) such that 
suppsp, \(Bi(P)AB’(P)) <e/n. As in (5.18), set g” = 2 A Pa). 
Each 8”, commutes with a, and @ and the 8”; generate a finite subgroup 
of [G]. Now, for any P in M, 


AB (P) ABP) ) = ZAC (PoBl(a*P) JA (PolilatP))) 


= DACP P)AB: (PoP) ) <ne/n) =s. 
This concludes the proof. 


6. The structure of approximately finite groups. As noted earlier, a 
restricted direct product [J @ of groups of order two is approximately finite 
a € À i 


in any faithful free action. One such action, of particular significance, can 
be realized as follows. Consider each Ga as a two-point measure space, and 
form the measure space (S, m) consisting of the direct product of these 
two-point measure spaces and an arbitrary finite measure space (the latter 
to appear as a fixed algebra). The generator of each G, determines an 
involution of (S,m), and together these involutions generate a group of MP 
transformations of (S,m) which, algebraically, is isomorphic to the original 
product group. Passage to the hyperstonian measure space associated with 
(S,m) represents this group, in the customary setting of this theory, as a 
group of MP automorphisms. Now essentially, our main objective is to show 
that this example is canonical: subject to certain natural countability con- 
ditions, an arbitrary type IZ approximately finite automorphism group is 
equivalent to the automorphism group arising in the above construction with 
A countably infinite. [In this equivalence theory, to avoid rather unrewarding 
complications, we do not attempt to discuss cases involving either non-count- 
able groups or measure algebras with bases of arbitrary cardinality. It is of 
interest that, in the parallel W*-algebra theory of approximate finiteness, the 
difficulties atending the non-separable cases have been resolved by Misonou 
[7]; 

For notation in the following, G will denote a type II group of MP 
automorphisms of (M,A) with fixed algebra Z. 


ny 
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Lemma 6.1. Assume G approximately finite. Let K be a finite freely 
acting subgroup of [G], and a an arbitrary element of [G]. Then, given 
e> 0, there exists a type In je à L of [@] such that KC [L] and 
A(#([L],%)) > 1—e 


Proof. Corresponding to 8 > 0 (to be specified tater), choose a bounded 
type J subgroup L, of [G] such that A(#([LZ,.],y)) > 1—8, where y runs 
over the finite set F = {K, a}. 

Let Zx be the fixed algebra of K, and n= order K. We assert: if P is 
any projection with A(i{—-P) <ê, then there exists a projection C in Zr, 
Cs P, such that A(T— 0) < nd. To see this, let Pit © +, Pn be an ebelian 
base for K over Zx, and write P = BOP, (Cy€ Zg). Let C= Il Ci . Then, 


41 
MC) Z1— YAU —0) =— (n—1) + nf (1/2) SA(G)] 


== 1 — nà (I — P) >1—né, 
as asserted. | 
Define E = IE [Ls], 7). Clearly, A(E) > 1—(n—1)5 By the 


above, we can on a C in Zg such that C < E and A(O) > 1—n(n+1)86. 
For each y in F, there exists a y, in [L] such that Cy(P) ==Cy.(F), for 
all P. In particular, Ca(P) =Ca,(P), « in [Z,]. We claim, an « in [L] 
exists such that a, leaves {—C absolutely fixed and Da, = Das, for some 
DSC, with A(D) > 1—2n(n+1)8. In fact, set D==Ca,(C). Now 


Ba,,(Ca,(L—C)) = Ex, ( (%0) (1 —C)), 


so by Lemma 3.2, [L] contains a p such that p| («CXI — C)] = Ca — 0), 
p° == identity, and p = identity off CAC. Then 


(pa) C = pl (aC) I—C) + (10) C] = CoC + Ca (I — 0) =C, 


and if we set a,==pa, on C, a, = identity on (1—C), then Da == Da, == Daz 
and A(D) > —1—2vA(I—C) > 1— 2n(n+1)8. Denote by La the group 
generated by K and a, This group has a fixed algebra containing 
(I —C)Zg + CZr, which is of bounded type J, so therefore L, itself is a 
‘ bounded type I group. Now Æ([L:},«) = D, and if we take 5 < «/2n(n +1), 
it follows that A(#([L.],a)) >1—e. By Lemma 4.5, for an appropriate 
integer n, there exists a type J, subgroup L of [G] such that [Z,] C LU]. 
Automatically, A(#[LJ,a)) >1—e, and the lemma is proved. | 
As we have noted in Lemma 4.8, any finite freely acting group K has an 
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abelian basis of the form [XP | k€ K], and conversely, if P is any projection 
such that the kP are mutually orthogonal and S&P =I, then the kP form 
an abelian basis for K. By a basis algebra & for K we mean the finite 
K-invariant boolean algebra generated by an abelian basis of the form kP 
(ke K). By a generator of such an algebra we mean any one of its atoms, 
that is, any P. In the following we speak of couples (K, B), where K is 
understood to be a finite freely acting subgroup of [G] and B a basis algebra 
for K. 


Definition 6.1. A set of couples (Ki, B (lain) is said to be 
mutually independent if, for each pair t, 7 with 15< 7, K; lies in the centralizer 
of K; and #8; is contained in the fixed algebra Z; of K; 

Ft is clear, of course, that the (Ka @;) are mutually independent if and 
only if they are pairwise independent. | 


LEMMA 6.2. If the couples (K, B) (Assis) are mutually inde- 
pendent, then 1) the group K generated by the K; is freely acting 
and algebraically is a direct product Kı X Ki XX Ka 2) Exnnz, 
= Ez Ez > ` Ezy and 3) if Q:€ Ba then 


ACQ + On) =A (Q1) ACQ) * > AC Qa). 


Proof. (1) Say k:k:° +k, leaves a non-zero projection P absolutely 
fixed (%:€ Kı). For each 1, P dominates a non-zero projection of the form 
CP, (Pi a generator of B, C in Z,), and because B, C Z; (ji), we have 
CPi= (ki: > kn) (OPi) = (hy: hs) (O)k:i(Pi). This implies k= e, for 
otherwise CP; = CP;k,P;-=0, a contradiction. Therefore, kı ==: - = kr =e, 
and K is freely acting. A fortiori, kiks’ + -k,-=e entails kı ==" —k,—e, 
and it follows that K is a direct product Ky X © +x Ky. 


(2) Each k in K; implements an automorphism of Z; (751), since by 
assumption # lies in the centralizer of K;. By (2.6), therefore, lz, == Hz,k, 
and we have 


RE," > o EaP) = Ez + + Ha, skHz,: + Ez (P) = Ext "Er, (P). 


It follows that Ez, + +Hz,(P) lies in the fixed algebra Z=2,9°°-NZ, 
of K. Plainly A[C(#z,: + *Ez.(P))]—A(CP), for each C in Z and P 
in M, and by the uniqueness of Hz (remark following (2.1)), we have 
Ez = Ez: + Er, as asserted. The statement (3) of the lemma follows 
readily from the fact that Q, in @, entails Ez, (Qi) =Q; (Jt) and 
Ez (Qi) = (Qi). 


4 
“s 
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Luma 6.3. Assume G approximately finite. Let (K, Bg) be a given 
couple, and let a be an arbitrary element of [G]. Then, for each «> 0, 
there exists a couple (L, BL) independent of (K,Bx), where L ts a cycle 
group with order a power of two, and A(E([K X L],a)) >1—e. 


Proof. Choose § > 0 (to be specified later) and apply Lemma 6.1: there 
exists a type Im subgroup L, of [G] such that K C [L] and A(E([L.|,@)) 
>i—s. If n—order K, then n divides m and we can write mnt. 
Choose an integer a such that ¢/2* < 8, and then choose an integer b such 
that b/2*<1/t < (b-+1)/2% One has 1 = bt/2*>1—t/2*>1—& The 
fixed algebra Z of G is of type IT in Z;z,, and so by Maharam’s lemma, there 
exists a projection C in Zr, such that E,(C) = bt/2% Let P be a generator 
of Bg, so Hz,(P)=1/n, and Ez(OP) = Ez(Hz,(CP)) = Hz(CH:,(P)) 
= bt/n2*. Now [Z:]o is a type Ly subgroup of [Gle on CM. By Lemma 
4.5 (first part of proof), we can find a subgroup L: of [G]o on CM of 
type Inj: such that [Lilo C [L]. Now, we claim, CP can be partitioned. 
CP = P+: © -+ Py, where the P; are part of an abelian basis ior La. 
In fact, the Z,,-carrier of CP is C, so CP dominates an abelian projection Po 
of L, with Z7,-carrier O. One has Hz, (PC— Po) = (1/n—1/nbt)C, so 
PO —P, is either 0 or again has Z,,-carrier C. In the latter case, PC —P, 
dominates an abelian projection P, of L} with Z7,-carrier C. Iteration of 
argument will lead to the ascribed partition. By the familiar method, choose 
a p in [L,] such that p(P;) =P. (indices mod dt), pet — identity, and 
p == identity off PC. 

Turning to (I—C), we have Ez(P(I— C) ) = (24— bt) /n24, and by 
Maharam’s lemma, we can partition P(I— 0) = Q+: -+ Qt as a 
sum of mutually orthogonal projections each with expectation 1/n2¢ relative 
to Z. Choose a 8 in [G] which sends Q; into Qi. (indices mod 2*— bt) and 
has order 27—6t. Next, choose a y in [@] such that y(Purs) = Qo, 
y” identity. Define r in [G] as follows: first, set rı = on P; (i < bi—1), 
ny OD Poa, 71==8 on Qi (i< 24—-bt—1), and rı =pyß on Qeaye43 
and then define r(Q) = kr:k (Q) for QSFP (k in K). It follows readily 
that + generates a freely acting cyclic group L on M of order 2, that r com- 
mutes with K, and that Bx C Zr. Take > kP, as the generator of a basis 


keK | 
algebra Br of L. Then Br C Zr, and (K,@x), (L, @r) are independent 
couples. Since the automorphism p agrees on Po- - -+ Py. with 7, on 


Py. with rt, and is the identity elsewhere, we have p€ [L]. Therefore, 
the group Ky on CM generated by p (on CM) and [K]o lies in [Kx Le. 
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Also K, C [Zz], and that equality [K] = [L] holds follows from the readily 
verified fact that R in Zg, entails À in Zr, Therefore, [L] = [Ko] 
C [KE X L]o. Already, [L]o C [£2], and we recall that A(#([L,],«)) 
> 1—8, namely, [L] contains an æ, which agrees with « on a projection 
of measure > 1—8. The automorphism a, defined to be a, on C and the 
identity elsewhere therefore agrees with @ on a projection of measure > 1 — 286, 
and «aE [KXL]. We have A(E([K X L],æ)) >1—28 Take 8 <e/?, 
and the lemma follows. 


Lemma 6.4 Let (K,®) be a couple, with cyche of order 2". Then 
there exist mutually independent couples (K,, 8;) such that K; has order 2, 
[LKI—=[R X' --XK,], B is generated by the Bı, and any couple (L, 6) 
independent of (K,@8) is independent of each (Ki, B;). 


Proof. Set A= (0,1, ::,9"— 1). For 1=msn, define Sm as 
[t in A| (7—-1)2°™Si< j2"™, for some odd integer 7]. Let P be a 
generator of @ and g a generator of K. Define Rm = 2 «tP, and define 

1ESm 

Om = Q on Em Gm=a?"" on I— Em. Because Sm + 2°" = A — Sy 
(mod 2"), we have &m(Bm) =I — Em, m? == identity. Therefore a, is an 
automorphism in [K]. Moreover, if. p4 m, then Sm + 2%? == Sm (mod 2*), 
whence &p(Em) =Em Now for any Q and pzm, 


amapQ = a" (Q) (I— Rm) (I — Rp) + a2" (Q) R (I — Rn) 
+ QE (Q) (L— Rp) Em rr"? (0) Rakes 


which is symmetric in p and m. Therefore, a and a, commute. If we set 
Km—{e,am} and By — {Em I — Em}, it follows that the couples (K; 8) 
“are mutually independent. Now if G, and G, are type IJ, groups and if 
Gi C [G.], then [G,]—[G,]. Applying this fact here, we have [K] 
= [K X: -X Kaj. The boolean algebra 8, generated by the B; is Ki 
invariant and the projection P =— Ri’ - -Rm is an atom in Be. Because 
Kı X- + +X Ka is freely acting and P is abelian for [K] = [K1 X- -X Ka], 
it follows that P is orthogonalized by K, X: -X K, (Lemma 4.1). Therefore 


I= > kP, all kP lie in B., and accordingly, 8B, is a basis algebra 
keKiX- X Ka \ 4 


for Kı X-X Kn. But B, is a subalgebra of B having the same number 
of atoms, whence B, = 8. Let (L, @) be a couple independent of (K, 8). 
For each 7, we have @ C Zg C Zgo, and 8, CB CZ, Finally, if ye L, 
then yEm = Rm, and for any Q, 


(Yam) (Q) = y[a?""(Q) (L—Bm) + a" (Q) Rm] 
= a" (VQ) (L— Bm) + FP" (YQ) Bm = (amy) (Q). 


gm-n 
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Therefore, L lies in the centralizer of K4 It follows that (L, 6) is inde- 
pendent of each (K; @,), proving the lemma. 

In the following, we call an automorphism group G countably generated 
if it is equivalent to a countable automorphism group. [If G is freely acting 
and countably generated, then it is easy to see that G must be countable.] 


THEOREM 3. Let G be a countably generated type IT group of MP 
automorphisms of (M,A). In order that G be approximately finite, it ts 
necessary and sufficient that G be equivalent to a freely acting automorphism 
group K IX, K being the restricted direct product of a countably 


mal 


infinite set of freely acting groups K, each of order two. 


Proof. As noted in Section 5, sufficiency is clear. To prove necessity, 
we can suppose that the approximately finite group G is countably infinite. 
Let a, be a sequence such that each „€ G and each g in =—a,, for 
infinitely many n. By repeated application of Lemma 6.3, we can construct 
a sequence of couples (Zn, Bn) with the following properties: LZ, C [G], 
order L,== 27, (Ln Bn) is independent of (La Bi), for 1Si< n, and 
AE X: © +X Ln],%n)) <1/n. For each (Lm Bn), select couples 
(L, 8) (1st1r,) satisfying the conclusion of Lemma 6.4.~ Denote 
by (Kı, 81), (Kz 62), >- the sequence (2,4), B,),-- -, (L,,©, 8,0), 
(L, 8%), - + +, (Ly, By), (Li, B1), ete. The (Ki, @,) are pair- 
wise independent. Therefore the group K generated by the K; is freely acting 
and is the restricted direct product K == IEA For each n, A(E([K],«)) 


i=1 
< 1/n, and therefore, for each g in G, A(E([K],g)) —0, giving [G] C [K}. 
Equality [G] = [K] follows by construction of K, and the theorem is proved. 
A fortiori, if the countably generated type IZ group @ is approximately 
finite, then G is equivalent to a freely acting group. Is the same true when 
G is not assumed approximately finite? This question is not settled. — 


Lemma 6.5. Let G be a type II group with fixed algebra Z. Let 
(K, Bx)be a gwen couple, with K C [G] and order K — 92", and let P be a 
projection in M. Then, for each «>0, there exists a couple (L, Br) 
independent of (K, Bg), with LC [G] and order L a power of two, such 
that, if B denotes the boolean algebra generated by Br, Be and Zp, 
then infoeæmA(PAC) <€. 


Proof. Let k be a generator for Bg, and let @ denote the finite K- 
invariant boolean algebra generated by Bg and the translates kP (k€ K) 
of P. Asa member of @, R is a sum of atoms R—R, +: - -+ R, of 8, 
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and any atom of @ is a translate by K of one of these Æ; Select a 850 
(to be specified later). Choose mutually orthogonal projections D,,:- -, Di 
in Z with > DT and scalars ay Z0 (1Z=1<s,1<7)j<t) such that 


E 
(6.1) Ez (Ri) —8/2 S X yD; S Ez (Bi) (1SisSs). 
. jal 


(That this choice is possible becomes clear if one considers the functional 
representation C(Tz;) of Z, Tz being the spectrum of Z.) Moreover, it is 
clear that we can find a sufficiently large integer p such that, if p = 2 CP) 
and ny= the largest non-negative integer satisfying nip = ay, then 


t 
(6.2) By (Ri) —8 £ S nypD; S Ez (Ri) (1SiSs). 
j=l 


Now fix the pair (4,7) with n;540, and applying Maharam’s lemma, choose 

mutually orthogonal projections Ry!) <= RD; such that Hz( Ry) = pD; 

(1 = k < ni) ‘ Set Rig = RD; — > Ry (nas s£ 0) and Ry ee E,D; 
k 


(ny=0). From (6.2), we infer that 
(6.3) Ez(Ry%) < 8D; (lsjsst). 


Now Hz(D,R) = D,Ez(R) = D,/2™ = oD; and D,R = > DR = 5 S Ra, 


q=1 kso 
where (by (6.3)) Ez( È Re) < sD; Therefore, D; R is partitioned into 


a sum of N; = -> Naj ee orthogonal projections Ry) (k > 0), each with 


expectation. oD; ae to Z, and the complement of this sum in D;k 
has Z-expectation (2?—N;)pD;<s3D; Denote these Ry (k>0) by 
A, + -, Sy, and again by Maharam’s lemma, choose mutually orthogonal 
projections Syp, - +, SO), each with expectation pD; relative to Z, such 


2P t 
that DR=SS,. Let 8, => 8, (ISk 27). Then R= $ S; and 
F1 J= 
Ez(Sx) =p. Choose an ac [G] such that a (8r) — Sr, (1 S kS 2?—1), 
a(S) = 81, a” = identity, «identity off Rk. Next, define 8 in [G] as 
follows: 8(Q) =kak>(Q) when QS kR (kE K). This automorphism £g 


commutes with each k in K and generates a freely acting cyclic group L of 
order 27, Let Q = ¥ k8.. Then each 80 € Zx, and 
keK 


FQ = SESS] — VERAL. 
421 eK 4=1 LEK 


Thus, the Bi? generate a basis algebra @, for L, and Bz C Zr. By con- 
struction, Bg C Zr. It follows that (L, 8z) and (K, Bg) are independent 
couples, and Z has order a power of two. 


+ 
+ 
Ax 
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We return to the given P in 6. This P has the form P= > KEx, 
keK 


where each Æ,< R and is 0 or a sum of Rÿs. Denote by Fy the sum of all 
projections of the form Fy, (% >> 0) which are dominated by Fy. Each of 
these Ry‘? lies in the boolean algebra @ generated by Br, Br, and Zp: for 
QR = S, so all Sy lie in the algebra generated by Bg and Br, and the Ry? 
are obtained as slices of the Sx by elements of Z p. For any A; Er, we have 
Ez(R;— RF) <8 (by (6.3)), so Ez(Er— Fy) < sô, and Ez(P— X hEr) 


<ms. But ELFE B. If we take 8 <e/sè" (and note that m and s 
keK 


depend only on K and P), the lemma follows. 

We say that (M,A) is countably generated over a hyperstonian sub- 
algebra Z if there exists a sequence P, in Mp such that the boolean algebra 
generated by the P, and Zp is dense in Mp relative to the metric A(PAQ). 
[This is equivalent to the following: there exists a sequence A, in M such 
that the *-algebra generated by the A, and Z is dense in M relative to the 
norm A| (A —B)(A—B)*]4.] 


THEOREM 4. Let G be a type IT group of MP automorphisms of (M,A) 
with fixed algebra Z. Assume that (M,A) is countably generated over Z. 
Then [G] contains an approximately finite subgroup K with the same fixed 
algebra Z, and which is maximal among such subgroups of [G]. 


Proof. Let P, be a sequence of projections in M which generate M over 
Z in the above sense. Let Qna be a sequence of projections such that each Qn 
lies in the sequence P, and each P, occurs infinitely often in the sequence Qn 
Repeated application of Lemma 6.5 yields a sequence of pairwise independent 
couples (Ln, Bn) with this property: for each n, the boolean algebra generated 
by @.,- : -,8, and Zp contains a projection À, such that A(R,AQ:) <1/n. 


Let L be the freely acting approximately finite group L = IT LA, and let 8 
ni 


be the boolean algebra generated by the @,. By construction, the boolean 
algebra @ generated by B and Zp is dense in Mp in the A(PAQ) metric. 

We claim, Z— Zz, where Zr is the fixed algebra of L. Take PE Zr. 
For each «> 0, there exist projections P; in @ and C, in Z such that 
A(PA D PiCi) <e Now any projection R in B (or for that matter, in the 
à-closure B of B ) is independent of Zz, that is, has constant expectation 
relative to Zz: this is obvious for projections in the boolean algebra 
generated by @1,--° -,@,, since atoms in this algebra are abelian relative 
to ZX: -X Ln; and for any element R in @, we can find a sequence R, 
such that lim, A(RAR,) = 0 and À, lies in the boolean algebra generated by 
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Bao +, Bn; Ez,.(B,) is a constant Cn, so that A(R,) —A(Ez(Rn)) = Cu 
and (using (2.7)) Ez, (R) = lim, Ez, (Ea) =limA (Rn) —A(R), proving 
that Æ is independent of Zz. Therefore, Ez, (X PiCi) = SA (P:)C; lies in 
Z, from which it follows that P =— Ez,(P)€ Z. This shows that Zg CZ. 
But since L C [G], we must have Z C Zz. Therefore Z = Zz. 

We have established the existence of approximately finite subgroups of 
[G] having the same fixed algebra as G. To conclude, we wish to construct 
an approximately finite subgroup K of [G] having fixed algebra Z and which 
is not contained in any larger approximately finite subgroup of [G]. The 
existence of K follows readily from Zorn’s lemma. In fact, order full 
approximately finite subgroups of [G] containing L by inclusion, and let Le 
(a€ A) be a maximal linearly ordered subset. Let K = [{ |J La]. K will of 

G 


course have fixed algebra Z, and that K is approximately finite follows easily 

from the fact that, given « in K, there exists a finite set of indices d,,° - `, an 

in A and elements g; in La, such that A( U Fa, g:)) > 1—e, for a pre- 
7 


assigned € > 0; by linear order, these g; will lie in some one La, and therefore 
A(E([Lal,&)) > 1—e; application of the assumed approximate finiteness 
of the La then completes the proof. 

The maximal approximately finite subgroup K of [G@] constructed in 
Theorem 4 will not in general be unique. In fact, it is not hard to show 
that, if [G] contains precisely one maximal approximately finite subgroup, 
then G is already approximately finite and that subgroup coincides with [G]. 


7. Weak equivalence of groups. 


Definition 7.1. Let (M,A) and (M’,X’) be abstract non-atomic hyper- 
stonian measure spaces. Let G@ (respectively, G’) be a group of MP 
automorphisms of (M,A) (respectively, (W, X)). G and @ are called 
weakly equivalent if there exists an isomorphism (== *-isomorphism) + of 
M on M” such that the transplant 9 14e of G’ is equivalent to G. 

We do not require ¢ to be measure preserving, though it is clear that 
each gtg'e (g’€ G’) will be a measure preserving automorphism of (M,A), 
since any element of [G] is automatically MP. If ¢ is not MP, then one 
can introduce a new measure A, on M, equivalent to A, and relative to which 
ẹ is MP and @ remains an MP group; this fact is contained in the proof 
of the theorem to follow. | 


THEOREM 5. Lei G and G be approximately finite type IT group of 
MP automorphism of (M,A) and (M’,X), with fixed algebras Z and 7. 
Assume that G and ( are countably generated, and that M (respectively M’) 


Ny 
$ he 
F 
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is countably generated over Z(respectwely Z’). Then in order that G and G’ 
be weakly equivalent, it is necessary and sufficient that there exist an algebraic 
isomorphism 0 of Z on Z’. | 


. Proof. Necessity is trivial: if Œ and G’ are weakly equivalent via an 
isomorphism øg, then the fixed algebra of 97G’y is gZ, so automatically 
oZ—Z’. We turn to sufficiency. The main step here comes from iterated 
application of Lemmas 6.3-6.5, as in Theorem 3 and 4. One constructs a 
sequence of couples (Kn, Bn) such that, first, each Ka is freely acting of 
order two and G is equivalent to the freely-acting product group [| Kn, and 


second, if @ is the boolean algebra generated by the @, and €, the boolean 
algebra generated by @ and Zp, then @ is dense in Mp in the A-metric. 
(The procedure in the construction of the couples (Kn, Bn) is to approximate 
alternately to elements of a generating set for G and a generating set for M 
over Z.) This construction applied to (M,A) yields a sequence (K”,, Bn) 
with the analogous properties. 

Let K=J[K,, K’—J[K’,. It is evident that there exists an iso- 


morphism g—g’ of K on K’ which sends Ka (qua subgroup of K) on K’,, 
for each n. By the same token, it is easy to see that there exists a boolean 
isomorphism # of B on @’ such that 


(7.1) e(kP)—=Ke(P), O(Hz(P)) = Ez (¢(P)), 


for all ke K, PEB; for recall that 8 is the union of an increasing sequence 
of boolean algebras (these generated by the B, 117), each of whose 
atoms is an abelian projection for Ki X---XK, Now @ consists of pro- 


jections of the form P = X PC; (P€ B,C.€ Zp), in the representation of 
4=1 š ; 
which we can assume the C; are mutually orthogonal. If P= © Q;D; is 
= 


another such representation of P, then P,C,D;=@Q,C.D; for all i and 7. 
From this it follows that P= Q; if CiD; 0: in fact, if @ contains a non- 
zero projection À such that RP;—kR and RQ;=0, then RC:D;=0, so 
liz(Rk)C,D;=0, so C;D;—0, because Ez(R) is a constant. Therefore, 
p (Pi) =9(Q;) if 0(C:)8(D;) AO, and 9(P:)6(C.D;) = ¢(Q;)6(CW;) holds 
in all cases. This show that > o(P:)0(C:) =€ p (Q0(D;). If we now 
define »(P) = X o(P;)8(C;) (for Ci mutually orthogonal), then this definition 
is single-valued, and ¢ is plainly a boolean isomorphism of @ on @’. It is 
clear, moreover, that the formula (7.1) now holds for all P in @. Note 
that this formula shows that PEZ if and only if »(P)€2Z’, and that 
6(P) =(P), for P in Z. 
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We now introduce an equivalent measure A, on M relative to which y 
is MP. First of all, for A in Z, set (A) = (0(A)). Then à is a faithful 
measure on Z which is normal, this because # and X are normal. Next, for 
À in M, define \,(A) = ào (Ez(4)). Clearly À is a measure. It is faithful, 
for if A=0 and A,(A) =—0, then à (Ez(4))=0, so Hz(A) —0, A=0. 
It is normal: if the A, are bounded and SA, then 


LUB, M (Aa) = LUB ào (Ez (Aa) ) = ào (LUB, Ez (4a) ) 
== ào (Bz (LUB Aa) ) == À (LUB Ag). 


For any a in [K], A (44) = o (Ez(&4)) =à (Ez(4))=M(4), so [K] 
remains an MP group. Now 2,(P) ==0 if and only if P —0 if and only if 
A(P) = 0, for any projection P, so À, 1s equivalent to À. Finally, ¢ is MP 
relative to Ar: (P) =o (EzP)) =X (O(EAP)) =X (Ez(P)) = N'(o(P)). 
It follows that (M, À:) is hyperstonian, and that ọ is an isometry of @ on B’ 
relative to the A, and à metrics. Therefore, # can be extended uniquely to 
an isomorphism of M on W’, the conditions (7.1) now being valid for all 
Pin M. « 

We have gk’ = k for each k€ K, so "Ko is trivially equivalent to K. 
By construction, K is equivalent to G, K’ to G’, and by the transitivity of 
equivalence, we see that g“G’y is equivalent to G. This proves the theorem. 

If G and G are type I, groups on M and M’ with fixed algebras Z and 7, 
and if there exists an isomorphism @ of Z on Z’, then @ extends to an iso- 
morphism ọ of M on W such that pG == G: in fact, we can assume (up 
to equivalence) that G and G” are freely acting cyclic groups of order n, with 
generator g and 8, and with abelian bases at(P) and B*(Q); this done, 
define g(2 DiaiP) — È 6(D;) B'Q (DiE Z) to obtain the desired isomorphism 


y. Now given any group G with fixed algebra Z, there exist uniquely deter- 
mined projection Cy, Ci, C2,- - - in Z such that Go, is of type I; (i finite) 
or II (t==o). Under a weak equivalence of G with a group G’, one will 
have (Cn) = Ch, where the ©”, determine the type summands of @. It 
follows easily from this discussion that Theorem 5 remains valid for groups 
G and G not necessarily of type JZ if one adjoins the condition that 
6(C,) =C’,, for all n. 


8. The existence of non-approximately finite groups. The detection 
of non-approximately finite groups in this presentation, as in the Murray- 
von Neumann construction, hinges on the derivation of necessary conditions 
which cannot be realized for certain groups, this by virtue of their algebraic 
(opposed to action) characteristics. The necessary conditions developed here 
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(Lemma 8.1), apparently unlike the “property T” of Murray-von Neumann, 
also turn out to be sufficient conditions, and the further development of the 
theory profits from this circumstance. 

Lemma 8.1. Let K be a countable freely acting group of MP auto- 
morphisms of M. Assume that K is approximately finite. Then for any finite 


subset æ,° * °,%, of K and each «> 0, there exists a function x— E, from 
K to Mp with the following properties: (1) EsEsy == H,x(H,) and E= I; 


(2) A(T En) > 1—«; (3) SE is bounded. 
t=1 T 


Proof. By Theorem 3, K is equivalent to a freely acting group G which 
is algebraically the union of an increasing sequence of finite subgroups. 
Given x; in K (1St<n) and e > 0, it is clear that we can find a finite 


subgroup S of G such that À (ILE (LS, 2)) >il—. Let #,—H([S],2). 
41 


We will show that this function has the ascribed properties. 
By Lemma 3.1, each x in K has a representation 


(8.1) z(P) = 2 @(y,2)9(P), 


where for each 2, the sets Q(g,x), respectively, g*Q(g,2), are mutually 
orthogonal and have LUBJ. Because G is freely acting, the coefficient 
projections Q(g,z) in (8.1) are uniquely determined; and because K is 
freely acting, Q(g,æ)Q(g,y) =0 if ry. Computing z(y(P)) from (8.1) 
and comparing terms with (zy) (P), we get 

(8.2) Q(g, zy) = 20 (,z)R( (9,9) I. 


Now (8.1) also shows that F(z, g) = g>Q(z, g). But Es = LUB «g g9E(2, g), 
so that 


(8.8) E= $ Q(g, 2). 
ges 
From this, we obtain $ F= X [ X Q(g,x) | <order S. This establishes 
@tK JES 2K 


condition (3) of the lemma. To verify condition (1), we use (8.2) to 
compute Esey > D O(h, c)hlQ (hg, y)], so that 
geSheG 


EE = 2 Q (k,æ)R[Q (hg, y) ]; 
further, | 
tE,= DQ(h, whl E l= VA; c)ALO(G,y) I, 
heG ges REG geS 
SO 
why = 2,00, e)h(O(g,9)] F 2 (h, w)hLQ (h?g, y) | = eBay 


Obviously #,—J, and the lemma is proved. 
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Proposition 8.1. Let K be a countable discrete group. Suppose that 
K contains a subset F and elements x, y, z such that 1) FÜUzF—K, 
2) yF N zF = ġ, and 3) yFU zF CaF. Then, in any faithful representation 
as a freely acting group of MP automorphisms of a non-atomic hyperstonian 
measure space (M,A), K is non-apprommately finite. 


Proof. We assume that K has a freely-acting faithful approximately 
finite representation on (M,A) and will arrive at a contradiction. Take 
O0<e< 1/5. Let E, be the function on K to Mp with the properties (1)-(3) 
of Lemma 8.1 for the subset x, y, z and this e: one has A(EE,E,) > 1—e, 
the function T = 2 Fu is bounded, and EyEus == Bytie Ee=I. Let 

we 
A = 2 Eu. By conditions (2) and (3) in the proposition, 
ue : 


(8.4) 2 (By + Eu) = D+ D BE D Ex 
ueF ucyF ucrF uceF 


Multiply both sides of (8.4) by #,#,#, and use the relations EyE ys == Eyy Ew 

etc. Then 

(8. 5) | EB E [yA E 2A | SS EEEa (A). 

Now E T = X LES E „Bou = X Ew Bu = RAT). T- exists, since T= I, 

and we obtain ' 

(8.6) ET = Ep (T>). 

Let B= AT, and multiply both sides of (8.5) by T- to obtain 

(8.7) _#,#,H,[yB + 2B] = EE, E(B), 

where now O= BSI. Write Q—H,H,H, Since A(Q) > 1—e, we have 
A(B) Z A(QzB) =A(QyB) + A(Q2B) 2 A(yB) + A(zB) — Re 


== 2A(B) — 2e. 
This gives the inequality 
(8.8) A(B) SS 2e. 


On the other hand, using condition (1) of the proposition, T= $, #,-+ > Buy. 
u er. ucF 
Therefore, ET = ELA + E,xA, and applying (8.6), we have © 


(8.9) Es S E,B + E,xB. 
Therefore, A(E,) =2A(B). But A(E,) ZA(Q) > 1—«, s0 
(8.10) A(B) = (1—e)/8. 


Inequalities (8.8) and (8.10) are inconsistent when e < 1/5. The proposi- 
tion is proved. 
The conditions of this proposition are not hard to realize. For example, 
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let K be the free product of three groups each or order two. If v, y and z 
denote the generators, and F is the set of all words (in reduced form) which 
begin with x, then it is clear that the conditions (1)-(8) hold. Further, 
Lemma 2.1 shows that this group has a faithful representation as a freely 
acting MP automorphism group. Therefore, 


COROLLARY 8.1. There exist countable discrete groups which have no 
faithful representations as freely acting approximately finite MP automor- 
phism groups. In particular, there exist non-approzimately finite auto- 
morphism groups. 


By Theorem 3, the free product of »=3 groups of order two (or for 
that matter, the group of all measure preserving transformations of (/4,.)) 
will be non-approximately finite. The free group on »=2 generators also 
satisfies the conditions of Proposition 8.1. It is of interest that the free 
product of two groups of order two is approximately finite, together with 
all abelian groups; these facts will be established in the course of further 
development of the theory. 


UNIVERSITY OF SOUTHERN CALIFORNIA, 
Los ANGELES, CALIFORNIA. 
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SUR LES REPRESENTATIONS UNITAIRES DES GROUPES 
DE LIE NILPOTENTS. L* 


Par J. DIXMIER. 


Introduction. Sient G un groupe localement compact, H un sous-groupe 
abélien fermé distingué de G, H le dual de H. Tout élément s de G définit un 
automorphisme æ— sxs? de H, donc un automorphisme de H. L’ensemble 
des transformés d’un point de H par G est une partie de H appelée orbite. 
Disons que H est régulièrement contenu dans G s’il existe une suite de parties 
boréliennes Æ, Eat ©- de H, stables pour G, telles que toute orbite soit 
Vintersection des F; qui la contiennent. Cette notion est due à Mackey [6]. 
Nous démontrerons le théoréme suivant: 


THEOREME 1. Soient G un groupe de Ine réel connexe nilpotent, H un 
sous-groupe abélien fermé distingué connexe de G. Alors, H est régulière- 
ment contenu dans G. 


On sait que la conclusion du théorème est inexacte lorsqu’on remplace 
Phypothèse “ Œ nilpotent” par l’hypothèse “G résoluble.” D’autre part, 
on verra que la conclusion du théorème est également en défaut si H n’est 
pas supposé connexe. Enfin, un exemple inédit de Mackey montre qu’on 
ne peut supprimer l’hypothèse “ G connexe.” ; 

Mackey a montré [6] que la notion de sous-groupe régulièrement contenu 
joue un rôle important dans la recherche des représentations unitaires d’un 


groupe. Grâce à ses résultats, nous déduirons du Théorème 1 les théorèmes 
suivants : 


THÉORÈME 2. Soient G un groupe de Lie réel connexe nilpotent, H 
un sous-groupe abélien fermé distingué connexe de G, s—> U, une représen- 
tation unitaire factorielle continue de G dans un espace hilbertten. Il existe 
un sous-groupe fermé connexe G’ D H de G, et une représentation unitaire 
continue U’ de G par des opérateurs scalaires, tels que U soit unitairement 
équivalente à la représentation de G induite par U’. 


(Si U est irréductible, U’ s’effectue nécessairement dans un espace de 
dimension 1.) 


* Received August 24, 1958. 
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THEOREME 3.1 Toute représentation unitaire continue dun groupe de 
Ine réel connexe nilpotent est de type I. 


Avant d’aborder les démonstrations, précisons quelques notations: 


1° Une application f d’un ensemble A dans un ensemble B est dite 
injective si elle transforme deux éléments distincts en éléments distincts, 
surjective si f(A) == B, bijective si elle est injective et surjective; 


2° Soit À une relation d’équivalence sur un ensemble X, et soit v 


une partie de ¥. On désigne par Fx la relation d’équivalence induite par 
R dans X’; 


3° Une relation d'équivalence E dans un espace topologique X est dite 
séparée si l’espace quotient X/A est séparé; 


4° Quand nous parlons de variété algébrique, nous ne supposons pas 
Virréductibilité. Soient V une variété algébrique, Æ un sous-ensemble de F. 
On note dim Æ la plus grande dimension des composantes irréductibles de 
l’adhérence de # dans V pour la topologie de Zariski (cf. [3] et [4] pour : 
la topologie de Zariski). 


1. Démonstration du Théorème 1. 


Lemme 1.2 Soient V un variété algébrique complexe, G un groupe 
algébrique complexe irréductible opérant à gauche dans V, l'application 
(z,s)—> sce de VX G dans V étant partout régulière. Considérons deux 
points de V comme équivalents s'ils sont transformés l’un de l’autre par un 
élément de G. Soit R la relation d'équivalence ainsi définie. Alors, il existe 
une suite finie (Vi)osien de variétés algébriques contenues dans V possédant 
les propriétés suivantes : 


ay Gm VeVi 2e Vey: 
b) chaque V, est stable pour G; | 


c) la relation d'équivalence Rrv,,-v, est séparée pour la topologie 
ordinaire (1—0,: - -,n—1), 


1 Ce théorème résulte aussi de mon article “Sur les représentations unitaires des 
groupes de Lie algébriques,” Ann. de l’Institut Fourier, 7 (1957), pp. 315-328 (d’ailleurs 
rédigé postérieurement au présent mémoire). Mais la démonstration donnée ici est 
beaucoup plus élémentaire. Le théorème résulte également de [9]. 

* Depuis que ce mémoire a été rédigé, des résultats beaucoup plus généraux que le 


Lemme i ont été obtenus par C. Chevalley (cf. son Traité de Géométrie Algébrique, à 
paraître). 
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Démonstration. Toutes les notions topologiques utilisées dans la démon- 
stration de ce lemme se réfèrent à la topologie de Zariski, sauf mention 
expresse du contraire. 

Nous procéderons par récurrence sur la dimension complexe m de F, 
en supposant le lemme établi pour les variétés de dimension < m. 

Soient C1," ,C, les composantes irréductibles de V. Nous allons 
montrer (ce qui est d’ailleurs bien connu) que G laisse stable chaque C4. 
Soit À l’intersection de C; avec les C; d’indice 7547; c’est une partie fermée 
de C: rare dans C: Il suffit donc de montrer que, si x est un point de Ci 
non dans À, on a Gz CC; Or ladhérence B de Gar dans V est irréductible. 
L'égalité B= (BNG)U(BNCG)U:--U(BNC,) prouve que l’un des 
BOC; est égal à B, d’où B C C;; alors, z€ C;; comme zé A, on a j =i, d’où 
BCC, ce qui prouve notre assertion. 

Il en résulte facilement qu’il suffit de prouver le lemme lorsque V est . 
irréductible, ce que nous supposerons désormais. 

L'application œ: (2,s)—> (x,sx) de VX G dans VX V est pneu 
_ régulière, et D: —#(V X @) est le graphe de R. L’adhérence D de D, 
dans V X V est une variété algébrique irréductible; soit n sa dimension. 
L’ensemble D, contient une partie relativement ouverte de D ([8], exposé 7, 
th. 3). Donc D — D, est contenu dans une partie fermée F de D de dimen- 
sion n < n. 

Pour tout ze V, on désignera par Va l’ensemble des éléments de V X V 
dont la première coordonnée est #. Pour tout s€ V, on a dim(V.ND) 
=> n—m ([3], exposé 8, th. 3). D’autre part (loc. cit.), il existe un ensemble 
rare E’ de V tel que, pour sé £”, on ait dim(V N F) Sw —m. SixéE, 
on a donc dim(V N F) <n—m. Soit E l’ensemble des points se V tels 
que dim V N (D— Dı) =n—m. Ce qui Pea montre que Æ est rare 
dans FV. 

Montrons que E est stable par G. Soit se G. Soit 8 ei bi- 
jective et birégulière de V X V dans V X V qui transforme (a,y) en (sz,y). 
Il est clair. que S (Dı) = D,, done que S(D) — D. D'autre part S(Vz) = Vez, 
et par suite S(V N (D—D,)) = Fse N (D—D,). Donc, si sEeE, on a 
sæ € E, ce qui prouve notre assertion. 

Montrons que, si (u,v) € D et (v, w) € Da, on a (uw) ED. Soit se G 
- tel que w= sv. Soit 8’ Vapplication bijective et birégulière de V X V dans 
VX V qui transforme (z, y) en (s,sy). Il est clair que S’(D,) =D, 
done que (D) =D. Done (u, w) =8’((u,v)) €D. 

Soient z € V — E, y € V —E des éléments tels que (x,y) € D. Nous allons 
montrer que (x,7) € Dı. Raisonnant par Pabsurde supposons (x, y) ¢ Da. 
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Si we V est tel que (y,w) € Di, on a (x,w) € D d’après ce qui précède, et 
(x, w) ¢ D, (car les relations (x, w) € D, et (y, w) € D, entraîneraient (x, y) € Da, 
contrairement à l’hypothèse), done (z, w) € D — Dı; donc la deuxième projec- 
tion pre(V.2M(D—D,)) contient pra( Vy N Dı); done dim V,N(D—D;) 
= dim V; N Dı; comme sé E, on en déduit que dim Vy N Dı <n—m; par 
ailleurs, comme y¢ E, on a dim V, N(D—D,) <n—m; done dim Vy N D 
<n— m, ce qui est absurde. On a donc bien prouvé que (2,y¥) € D. 

Il en résulte que le graphe de la relation d'équivalence y» est 
[(V—E)xK(V—E)|ND, donc est fermé dans (V—E)X(V—E) (au 
sens de Zariski, donc au sens ordinaire). Par ailleurs, Ry.» est une relation 
d'équivalence ouverte au sens de la topologie ordinaire puisqu'elle est définie 
par un groupe d’homéomorphismes de V -—E. Done ([2], chap. I, § 9, th. 2), 
Ry.2 est séparée pour la topologie ordinaire. Soit A l’adhérence de Æ dans 
V (au sens de Zariski). Alors, A est stable pour G, Ry_a est séparée pour 
la topologie ordinaire, et dim À < dim V. Il suffit maintenant d’appliquer 
à À, dont la dimension est < m, l’hypothèse de récurrence. 

Les Lemmes 2 et 3 nous permettront d’utiliser le Lemme 1 dans le 
domaine réel et non plus dans le domaine complexe. 


LEMME ?. Soient W un espace vectoriel réel de dimension fine, u un 
endomorphisme nilpotent de W, W’ la complexification de W. Considérons 
tu comme un endomorphisme de W. Si xe W, ye W sont tels que 
(exp(iu)) t ==Y, on a =y. 


Démonstration. Le lemme est évident si la dimension n de W est égale 
à 1. Procédant par récurrence, supposons le lemme établi pour les dimensions 
<n. Il existe une base (e,,- - -,e.) de W et des nombres réels An’ * +, Àn- 
tels que we;==Ajes;,, pour j= 1, +, n— 1, et ue,—0. Solent c= $6: 
Heee Enem Y= t: e H nen les é et les n; étant réels. Soit 
W= Re; + Re +- > e-+ Re, (R étant le corps des nombres réels). On 
a u*(W,) C Ws, donc y= (exp(iu))-s==x -+ ius == ée, + (és +ilé:)e 
(mod. W). Donc Mé ==0. Si &—0, on axe Wa y€ Wa et We est stable 
pour u, donc s= y d’après l'hypothèse de récurrence. Si À —0, Re, et W, 
sont stables pour u, et la décomposition en somme directe W == Re, -+ W, donne 
encore t == yY d’après Vhypothése de récurrence. 


LEMME 3. Soient g une algèbre de Lie réelle nilpotente de dimension 
finie, g =g + ig sa complexification, G’ un groupe de Lie complexe connexe 
dalgèbre de Lie g'. Alors, tout élément de G’ se met sous la forme (expiY) 
(exp X), où X€qg, VE q. 
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Démonstration. Le lemme est évident si la dimension n de g est égale à 1. 
Procédant par récurrence, supposons le lemme établi pour les dimensions < n. 
Il existe un idéal § de dimension 1 de g; cet idéal est contenu dans le centre 
de g. Soient §’ la complexification de h, et H’ le sous-groupe connexe de G’ 
correspondant à ’. Alors, la complexification de g/ġ s'identifie à g’/b’, et 
G’/H’ est un groupe de Lie complexe connexe d’algèbre de Lie g’/h’. Soit 
sE @. D’après l’hypothèse de récurrence, il existe X, € g, Y, €g tels que 
(expiY,) (expX,) et s soient congrus modulo H’. Il existe done X,€ b, 
Y€ ġ tels que s= (exp 1Y) (exp X1) (exp iY) (exp X2). Comme X, et Y> 
sont dans le centre de g, ceci s’écrit s = (expi(Yı + Y2)) (exp(X1+ £2)). 
D'où le lemme. - 


LEMME 4. Soient g une algèbre de Ine nilpotente réelle, V un espace 
vectoriel réel de dimension finie, p une représentation linéaire de g dans V 
par des endomorphismes nilpotents, G un groupe de Lie réel connexe d’algèbre 


de Lie g, o la représentation (qu'on suppose exister) de G dans V corre- 


spondant à p. Considérons deux points de V comme équivalents sils sont 
transformés l’un de l’autre par un automorphisme o(s), où sEG. Soit R 
la relation d'équivalence ainsi définie. Alors, il existe une suite finie 
(V1) osizn de variétés algébriques réelles contenues dans V possédant les pro- 
priétés suivantes : 


a) =V CVC. CV, F; 
b) chaque V, est stable pour G; 
c) la relation d'équivalence Ry, „y, est séparée (1—0,: - -,n—1). 


Démonstration. Soient V’, g’, p’ les complexifications de V, g, p; soient 
G’ le groupe de Lie complexe connexe simplement connexe d’algèbre de Lie 
g’, o la représentation de G” correspondant à p’. Considérons deux points 
de V’ comme équivalents s’ils sont transformés l’un de l’autre par un auto- 
morphisme o’(s’), où s’€ @. Soit K la relation d'équivalence ainsi définie. 
Il existe (Lemme 1) des variétés algébriques complexes V”,,: - +, V’, con- 
tenues dans V’, avec ġ = VC: ::CV’,, stables pour G’, telles que les 
relations d’équivalence R’y:,, y, soient séparées. Alors, les V= VN V 
` sont des variétés algébriques réelles stables pour G, telles que les relations 
d'équivalence R’y,,,y, soient séparées. Il suffit donc de montrer que R’y = R. 
Il est clair que deux points de V congrus modulo È sont aussi congrus modulo 
R’y. Réciproquement, soient x, y deux points de V congrus modulo. R’y. 
Il existe s’€ G’ tel que y=o'(s)x. D’après le Lemme 8, il existe X € g, 


JA 
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Yeg tels que s’==(expiY)(expX). Alors y==0"((expi}) (exp X))x 
== (expip(Y)) (expp(X¥))z. D’après le Lemme 2 appliqué à y et (exp p(X))}x, 
on a y= (exp p(X))a—a(expX)z. D’où le lemme. 


Démonstration du Théoréme 1. Soient G un groupe de Lie réel connexe 
nilpotent, H un sous-groupe abélien fermé distingué connexe, À le dual de G. 
Nous allons montrer que H est régulièrement contenu dans G. Soit K le 
plus grand sous-groupe compact de H. Il est invariant par tous les auto- 
morphismes de H, donc est distingué dans G. Soit L le groupe de recouvre- 
ment de À ; c’est un espace vectoriel de dimension finie, et H est un quotient 
de L. Soit L le groupe dual de L; il s’identifie à l’espace vectoriel dual de 
espace vectoriel L, et À s identifie à un sous-groupe fermé de ÔÊ. 

Pour tout s€ G, soient (s) Vautomorphisme s—>sss> de H, o(s) 
l’automorphisme correspondant de L, o(s) Vautomorphisme de Ê dual de 

o’(s). Alors, o’ est une représentation linéaire de G dans L qui laisse stable 
le noyau de Papplication canonique de L sur H, donc o est une représentation 
linéaire de G dans L qui laisse stable F. Soient g Valgébre de Lie de G, 
b C g Valgébre de Lie de H, ou de L. Alors la représentation de g corre- 
spondant à o” est la représentation adjointe p’ de g dans D; elle s'effectue 
par des endomorphismes nilpotents. La représentation p de g correspondant 
à o est la transposée de p’; elle s'effectue également par des endomorpaismes 
nilpotents. On est done dans les conditions d’application du Lemme 4. Ce 
lemme entraîne que H est réunion de sous-ensembles boréliens deux à deux 
disjoints B,,---,B,, stables pour G, possédant les propriétés suivantes: 
chaque B; est.un espace métrique à base dénombrable, et la relation d’équi- 
valence définie par G dans chaque B, èst ouverte et séparée. Il en résulte 
aussitôt que H est régulièrement contenu dans G. D'où le Théorème 1. 


Remarque. En fait, on déduit facilement de la démonstration que H 
est même “régulier dans G” au sens de F. Bruhat (“Sur les représentations 
induites des groupes de Lie,” Bull. Soc. Math. ae vol. 84 (1956), pp. 
97-205, définition 5.3). 


2. Démonstration des Théorémes 2 et 3. 


LEMME 5, Soient G un groupe de Lie réel connexe nilpotent, H un 
sous-groupe abélien fermé distingué connexe, H le dual de H, y un élément 
de À, S le stabilisateur de x dans G: Alors, S est conneze. 


Démonstration. Nous conservons les notations de la démonstration précé- 
dente. Soit s€ 8, et montrons que s appartient à un sous-groupe à un 
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paramètre de S. Puisque G est nilpotent, on a s — exp X avec un X € g. Alors, 
o(s) =exp p(X), et p(X) =o(s) —1—4(o(s) — 1) + Eos) — 1} —: > ` 
(les termes de la série étant nuls à partir d’un certain rang). Donc p(X)x 
—0. Alors, (o(exp(tX)))x == (exp(tp(X)))x=— y pour tout nombre réel #, 
d’où notre assertion. | | 


Lemme 6. Soit g une algèbre de Lie nilpotente de dimension > 1. 
Tout idéal abélien maximal de g est de dimension > 1. 


Démonstration. Soit b un idéal de g de dimension 1. D’après le 
théorème d’Engel, il existe une suite d’idéaux (bo, Da - -, Bn) de g tels que 
b= 5 CYC: o Ch, dim h/b == 1, [gb] C Dia Soit É un sous- 
espace de dimension 1 de ý, tel que bı = Ho -+ Ë. Ona 


[Das pa] EE [Ds Do] + LE, f] C Lo, Bo] cas 0, 


donc ý, est un idéal abélien contenant strictement Do. D’ou le lemme: 


Démonstration du Théorème 2. Soient G un groupe de Lie réel connexe 
nilpotent, H un sous-groupe abélien fermé distingué connexe de G, s— U; 
une représentation unitaire factorielle continue de G dans un espace hil- 
bertien §. 


a) Nous supposons d’abord que $ est à base dénombrable. - Soient H 
le groupe dual de H, V la restriction de U à H, M le noyau de V, N la 
composante connexe de M. Il est clair que M est un sous-groupe fermé 
distingué de G, donc il en est de même de N. 

Le théorème est évident si H == Œ. Soit n= dim G— dim H. Nous 
procéderons par récurrence sur n, en supposant le théorème démontré lorsque 
dim G-—dim H <n. 

D’après le Théorème 1, H est régulièrement contenu dans G. Puisque H 
est à base dénombrable, il existe ([6]) un point y € H possédant les propriétés 
suivantes: 1) si O est Vorbite de y relativement à G, la mesure sur H associée 
à la décomposition spectrale de V (théorème de Stone généralisé) est concentrée 
sur O; 2) si S est le stabilisateur de y dans G, U est unitairement équivalente 
à la représentation de G induite par une représentation unitaire factorielle 
continue W de S. Distinguons alors deux cas. 


1) Si O = {y}, on a H C&G, donc dim S — dim H < dim G — dim H. 
Comme S est connexe (Lemme 5) Phypothèse de récurrence prouve qu’il existe 
un sous-groupe fermé connexe G’ D H de S et une représentation unitaire 
continue U’ de G’ par des opérateurs scalaires tels que W soit unitairement 
équivalente à la représentation de § induite par U’. Alors, d’après le théorème 
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sur les représentations induites par étages ([7], th. 4.1), U est unitairement 
équivalente à la représentation de G induite par U’. 


2) Si O = {y}, on a V(s) =y(s)-1 pour s€ A, donc dim est égal 
à dim ou à (dim H— 1). Supposons d’abord N réduit à l’élément neutre. 
Alors, H est de dimension 0 ou 1. Si dim@G—1, le théorème est évident. 
Si dim G > 1, le Lemme 6 prouve qu’il existe un sous-groupe abélien fermé 
distingué connexe H, de GŒ contenant H tel que dim G—dim H, < dim G 
— dim H. Le théorème résulte alors de l'hypothèse de récurrence. Venons-en 
au cas où W est quelconque. Soient 4 — G/N, H=H/N, U la représentation 
factorielle de G déduite de U par passage au quotient. D’après ce qu’on 
vient de voir, il existe un sous-groupe fermé connexe @ contenant H de G et 
une représentation unitaire continue U’ de @ par des opérateurs scalaires 
tels que U soit unitairement équivalente à la représentation de G@ induite 
par U’. Soient G’ limage réciproque de @ dans G pour l'application 
canonique # de G sur G, et U’ = U - 6, qui est une représentation unitaire 
continue de G” par des opérateurs scalaires. Le groupe @’ est fermé, contient 
H, et est connexe parce que N est connexe. Il est immédiat que U est 
unitairement équivalente à la représentation de G induite par U’. Ceci achève 
la démonstration lorsque $ est à base dénombrable. 


b) Supposons maintenant que § ne soit pas à base dénombrable. 
Solent æ un élément non nul de §, et (s;) une suite partout dense dans G. 
Les U,,r engendrent un sous-espace vectoriel fermé non nul & de §, stable 
pour U, et & base dénombrable. Soit A le facteur engendré par les opérateurs 
U, et soit A’ le facteur commutant de A. D’après des résultats connus sur 
les algèbres de von Neumann (cf. par exemple [5], chap. ITI, $ 1, cor. 2 du 
th. 1), il existe une famille (®:),,, de sous-espaces vectoriels fermés de 9, 
deux à deux orthogonaux, stables pour A, de somme hilbertienne §, et tous 
équivalents à & relativement à A’. Soit W la représentation de G obtenue 
en restreignant à À les opérateurs Us Alors, U est somme hilbertienne d’une 
famille (W:) ,,, de représentations unitairement équivalentes à W. D’après 
la partie a) de la démonstration, il existe un sous-groupe fermé connexe 
G D H de G, et une représentation unitaire continue W’ de G” par des 
opérateurs scalaires, tels que W soit unitairement équivalente à la représen- 
tation de G induite par W’. Pour tout 1€ J, soit W’, une représentation de 
G’ unitairement équivalente à W’, et U’ la somme hilbertienne des W’, 
Alors ([7], th. 10.1), U est unitairement équivalente à la représentation de 
G induite par UV’. : 
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Démonstration du Théorème 8. Soient G un groupe de Lie réel connexe 
nilpotent, s—> U, une représentation unitaire continue de'G dans un espace 
hilbertien §. 


a) Supposons U factorielle et § à base dénombrable. Soit n un entier 
> 0. Le théorème est évident pour les groupes abéliens. Supposons le 
théorème établi pour les groupes de Lie réels connexes nilpotents G possédant 
un sous-groupe abélien fermé distingué connexe H tel que dim G — dim H < n. 
Considérons alors le cas où G possède un sous-groupe abélien fermé distingué 
connexe H tel que dim G — dim H =n. 

La marche de la démonstration est alors la même que pour le Théorème 2. 
Soient V la restriction de U à H, O Vorbite dans H associée à V, ÿ un point 
de O, S le stabilisateur de y dans G. On sait que U est unitairement équi- 
valente à la représentation de G induite par une représentation unitaire 
-continue U’ de 8. En outre, les projecteurs du système d’imprimitivité associé 
à cette représentation induite proviennent de la décomposition spectrale de V, 
done appartiennent à l’algèbre de von Neumann engendrée par les U,, s€ G. 
D’après [6], no. 6, l’algèbre de von Neumann B formée des opérateurs permu- 
tables aux U’, S€ S, est donc isomorphe à l’algèbre de von Neuman A formée 
des opérateurs permutables aux U,, s€ G. 


1) Si O Æ {y}, on a H C 8 4 G, donc dim S — dim H < dim G — dim H. 
Comme S est connexe (Lemme 5), l’hypothèse de récurrence prouve que U’ 
est de type J. Donc B est de type F, donc A est de type I, donc I est de 
type I. 


2) Si O = {y}, on a V (s) =y(s):1 pour s€ H. Soit M le noyau de Y, 
qui est un sous-groupe fermé distingué de G. Soient Ë= G/M, H =H /M. 
Alors, À est de dimension 0 ou 1. Si @ est de dimension 1, les Us (sE Œ) 
sont deux à deux permutables, et le théorème est évident. Si dim @G> 1, 
il existe (Lemme 6) un sous-groupe abélien fermé distingué connexe A’ de G, 
contenant À, et de dimension >1. D’après l’hypothèse de récurrence, la 
représentation U de G déduite de U par passage au quotient est de type I. 
Donc U elle-même est de type Z.. 


b) Supposons toujours § à base dénombrable, mais U quelconque. Soit 


® 
U= f U”, du(y) la décomposition de U en représentations factorielles 


s—> U”, D'après la partie a) de la démonstration, les représentations U” 
sont de type J. Donc ([8], th. 2.6) U est de type I. ' 


c) Envisageons enfin le cas général. Soit (%:),. , une famille maximale 


Ma 
-> 


“or 
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x 


de sous-espaces vectoriels fermés non nuls de §, deux 4 deux orthogonaux, 
stables pour U, tels que les représentations U, obtenues en restreignant U 
aux & soient de type I. On va montrer que § = D, Raisonnant par 
Vabsurde, supposons qu’il existe un élément 7540 de § orthogonal aux 4. 
Soit (s;). une suite partout dense dans G. Les U,,¢ engendrent un sous- 
espace vectoriel fermé non nul & de &, stable pour U, orthogonal aux G4, 
et à base dénombrable. D’après la partie b) de la démonstration, la représen- 
tation obtenue en restreignant U à & est de type J. Ceci contredit la maxi- 
malité de la famille (&,),.. Done $—@,,,$r Il est alors bien connu 
que U est de type I (cf. par exemple [5], chap. III, §2, exerc. 5a)). Ceci 
achéve la démonstration. 


CoROLLAIRE DU THÉORÈME 3. Toute représentation unitaire projective 
continue d'un groupe de Lie réel connexe nilpotent G est'de type I. 


Démonstration. Soit U une telle représentation. On peut supposer G 
simplement connexe. D’après [1], U provient par passage au quotient d’une 
représentation unitaire continue d’un groupe de Lie réel connexe (7, extension 
centrale de G. Alors, G est nilpotent, donc U est de type J. 


3. Un contre-exemple. Nous allons construire un groupe de Lie réel 
connexe nilpotent G et un sous-groupe fermé abélien non connexe H de G, 
tels que H ne soit pas régulièrement contenu dans G. : 

Soient R le groupe additif des nombres réels, Z le sous-groupe des 2ntiers 
rationnels, et T == R/Z. Définissons sur R* une multiplication de la manière 
suivante : | 


(21,22, Ds, Ta) (Yr, Vas Ys, Ya) 
== (z -F Yis Ta + Yoy Lz + Yzy Ly -+ Ya — T2Y1 — tY) . 


On vérifie aisément que cette multiplication est associative, que (0,0,0,0) 
est élément neutre, et que (— T1, — a, — Tay — ©, — Tito — 242,23) est inverse 
de (T1, T2, Za, T4). On a donc défini un groupe de Lie réel G, connexe. Les 
éléments dont les troïs premières coordonnées sont nulles forment un sous- 
groupe C. On a la formule 





(1) (ti, Ge, Ts, Ta) (Yo Ya Yas Ya) (Try To, Ta, Ta) 
== (Yi, Yos Ya, Ya F LiY2 — Loy A- 23 (EY3 — Tayı) ). 


Sur la formule (1), on voit que C est central; comme G/C est évidemment 
abélien, G est nilpotent. 
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Soit H l’ensemble des (2, 4%2,%3,2,) € G tels que 2, soit nul et a, £s 
entiers. Alors, H. est un sous-groupe fermé distingué de G, abélien puisque 


(0, Ta, T3, T4) (0, Yos Ys, Ya) = (0, Ta +F Yo, Bs + Ya, Ta + Ya). 


Soient s = (0, Yo, Ya, Ya) E H, S= (T1, Ve, Ug, Ga) E G, et sest = (0, yo’, Ya”, ya’) 
€ H. La formule (1) prouve que 


2 Ya Yi = Ya Ya = Ya + LY + BTY. 


Le dual À de H s’identifeàTXTXR. Si (62,95, é) € H (od 02€ T, 65 €T, 
é,€ R), son transformé par s est (02',0.’,&), avec 62’ == bz + 2&4, 65’ = 05 
+ Biases, Éd = Fy. : 

Dans chaque sous-ensemble Ag de H défini par une valeur é de é, le 
groupe G agit ergodiquement pour la mesure de Haar de T? (à cause de 
Virrationnalité de 23). Les parties de À mesurables pour la mesure de Haar 
de À et stables pour G sont donc, à des ensembles négligeables près, des 
réunions ensembles Az. Ainsi, H n’est pas régulièrement contenu dans G. 
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GEOMETRIC SYZYGIES.* + 


By G. WASHNITZER. 


The explanation of the title is that we give here a systematic interpre- 
tation of an exact sequence of sheaves in terms of geometric entities. In 
particular, we examine from this standpoint Hilberts theorem concerning 
“chains of syzygies,” and this provides an axiomatic characterization of the 
arithmetic genus of a non-singular projective model. 

Given a coherent, algebraic, locally free sheaf E defined on a variety X, 
we attach a projective fiber bundle 8B (E), the “dual projective bundle” of 
E, whose base space is X. The fiber of @(#) is a projective space of 
dimension n-—1, where n is equal to the dimension of the fiber af the 
vector bundle whose sheaf of germs of (algebraic) cross-sections is the sheaf 
E; in fact, the fiber of (E) is equal to projective space formed by the 
vector subspaces of dimension n— 1 in the fiber of the vector bundle. Let 
ag denote the bundle projection of @ (E) and let wz denote the reciorocal 
image sheaf of Æ with respect to zn, so that wpH is a locally free sheaf of 
dimension n defined on 8(Æ). We construct a locally free sheaf B(H) of 
dimension one defined on @(#) and a homomorphism from 7#Ë onto B(E). 
The kernel of this homomorphism is a locally free sheaf 8% of dimension 
n— 1 defined on @(#) and we have the following exact sequence of locally 
free sheaves defined on @(E): 


0 èE > rrë > B(E)—0. 


B(E) (resp. 8#) is called the “basie sheaf” (resp. “derived sheaf”) of the 
sheaf Æ. Assuming that X is non-singular (this is always the assumption in 
the text), we have that B(#) is necessarily isomorphic with the sheaf of 
germs of rational functions on @() which are multiples of some divisor # 
on (E). The divisor class ©(H#) of & depends solely upon the sheaf E, 
and @(/) is called the “basic class” of E. 

Let E, G be locally free sheaves defined on X, and let y be a homomor- 
phism from G into # with the property that the image sheaf Im[y: GE] 
is not the zero sheaf. Then we construct a rational transformation B (y) 


* Received May 6, 1958. | 
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from B (E) to B(G); B(y) is called the “dual rational transformation ” 
of the homomorphism y. Let @(y) denote the graph of @(y) and let yn, 
y. denote the projections from £ (y) onto B(#), B(G) respectively. We 
pass to sheaves y. B(E), ¥..8(G@), the reciprocal images of B(E) and B(G) 
with respect to y; and y; respectively, which are both locally free sheaves 
of dimension one defined on @{#). We then construct a locally free sheaf 
(y) of dimension one defined on (y) and an isomorphism of the tensor 
product sheaf w.,.B(G) @S(#) onto y.:B(E). 

A grave difficulty now arises. For, it can occur, in the absence of any 


further hypotheses, that the variety @(y) kas multiple points; we can. 


assume that X is non-singular. Furthermore, it can, and does indeed, occur 
that (4) is non-singular, but that its projection into @(G) has multiple 
points. These possibilities present a serious obstacle to any detailed exami- 
nation of the rational transformation B (y): Fortunately, there are some 
special cases which can be analyzed completely and which are of sufficient 
scope to cover a wide range of application. 

Consider the case of an exact sequence 


0 -> H-— G—> H->0 


of locally free sheaves defined on X. In this case, B(y) is a bi-regular 
mapping from @() onto a subvariety on @(G). Identifying 8(E) with 
that subvariety, we have that the restriction of ma to @ (E) is equal to xz, 
and that the trace of the divisor class ©(G) on (E) is equal to @(Æ). 
The graph 6(@) is a non-singular variety; it is obtained by performing 
monoidal transformation on @(G) with the subvariety @(#) for center and 
the projection @,, is the anti-monoidal transformation. The projection 8 
from (0) to @(H) equips (0) with the structure of the dual projective 
bundle of a certain locally free sheaf defined on @(H). In the present 
situation, we have that 


®(8:2B(H)) +6(5(8)) =9(8,B(G)), 


where the basic class @(S(4)) of S(8) is the divisor class of the anti-center 
Na of 6.1.3; Na is, of course, a non-singular subvariety of co-dimension one 
on # (8). l 

Next, let y be a homomorphism from G into # with the following 
property: The residue class sheaf Q of Æ modulo Im[y: G—> #] has for 
support a non-singular proper subvariety V on X, and Q is the extension to 


“pr 
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X of a locally free sheaf defined on the subvariety V; thus we have the exact 
sequence 


y 


G— H—> Q — 0, 


where ¢ is the quotient mapping from Ẹ to Q. Now B(Q) is a projective 
fiber bundle whose base space is V. In the first instance, @(¢) makes no 
sense since Q is not a locally free sheaf on X; but we can define, in a natural 
way, a bi-regular mapping @(¢) of @(Q) onto a non-singular subvariety 
on B (E). Identifying B(Q) with that subvariety, we have that the restric- 
tion of +z to B(Q) is equal to rq and that the trace of ©(H) on B(Q) is 
equal to @(Q). The graph @(y) is obtained by performing monoidal trans- 
formation on @() with the subvariety B (Q) for center; hence, @(y) is a 
non-singular variety and #., is the anti-monoidal transformation. On the 
other hand, the subvariety on @(G) obtained by applying the projection y; 
to #(y) has multiple points except for the following cases. 


(a) FV is a subvariety of co-dimension one on X. 


(b) The dimension of the locally free sheaf Q on V is equal to the 
dimension of the locally free sheaf E on F. 


Consider the case (a). Since V is of co-dimension one the kernel of y 
is a locally free sheaf defined on X, so that there is no loss of generality if 
we confine our attention to an exact sequence 


ÿ $ 
0 = G— H— 0-0 


—IH, G, locally free sheaves on X, Q is the extension of a locally free sheaf 
defined on V, V is a non-singular subvariety of co-dimension one on £. 
_ In this case, we prove that #.. is an anti-monoidal transformation from @ (y) 
onto @(G); the center is a non-singular subvariety on B(G). Again we 
have that 


© (y;2B(G)) + ©(8(¥)) = @(y¥;,B(E)), 


where @(S9(w)) is the divisor class of Ny; Ny is a non-singular subvariety 
of co-dimension one on #(#) and it is the anti-center of y.. There is a 
detailed description of w; in the text (§19). 

Consider the following exact sequence of sheaves defined on a non- 
singular variety À: 


Ye 


6 
Fi c F a Fame Ro Fome Q eme O, 
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where F,: + +, F; are locally free sheaves defined on X and Q is the extension 

to X of a locally free sheaf defined on V; V is a non-singular proper sub- > 
variety on X. Set r= dim. ¥, d= dim. V. Then, from the local version of o 
Hilbert’s syzygies theorem, it is well known that Ker[y,: PF; > F] is a 
locally free sheaf on X if s==r—-d—1. Consequently, there exist exact 
sequences 


Wed We 0 
0 -> Fy g— > PB a Oe 0; 
where Fo’ - +, Fra are locally free; such exact sequences are called “ resold- 


tions” of Q by locally free sheaves. The foregoing discusssion permits the 
introduction of a “geometric resolution.” One replaces each sheaf by its dual 
projective bundle, and each homomorphism by its dual rational transforma- 
tion. However, we must use the following device so as to avoid the intractable 
cases where the “graphs” @(¥,) admit multiple points. Let X* be obtained 
by performing monoidal transformation to X centered on V, let © denote 
the anti-monoidal transformation from X* onto X, and V* denote the anti- 
center, so that V* is a non-singular subvariety of dimension r—1 on ¥*. 
We set 


às 


F s“ = F 83 
Q* T 20, 
so that F, (resp. Q*) is a locally free sheaf defined on X* (resp. V*), and 


we let | 
ve: FF Pi, 1£<s<Tr— d, 


Vo”: F9* > Y*, KP 


where w.* is the reciprocal image of y, with respect to % (see §§ 1,2). The 
diagram of sheaves and homomorphisms on X* i 


x = 


Yra” s` 
QO— Frat ———— "FF... F > OF 30 


is not exact if d > 1; but for d > 1, the following is true: 
Ker[y.*], 0sSsSr—d—t, 
Im[y.*], 1Ss<r—d, 
are locally free sheaves on X*; we have the exact sequences 


0— Ker[y,*] > F,* —> Im] y,*] > 0, 1s r—d—1, 


cr 
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of locally free sheaves defined on X*; and the exact sequences 
0 —> Imfy.*]— Fo* —> Q* 
0—> Im[We.1*| > Ker[y,*] > 0*8 At(8N) —>0, 1=s=<r—d—]1. 


The sheaf SN is the derived sheaf of the locally free sheaf N(X;V) of 
dimension r— d on V of germs of cross-sections of covariant normal vector 
fields to V (see §9); A#(8N) is the s-fold exterion product of ôN, and we 
recall that SN is a locally free sheaf of dimension r— d—-1 defined on V*. 

Chapter IV is an application of the method of “geometric resolution.” 
We operate with an axiomatically defined “arithmetic functional” @ which 
assigns a rational number @ (X) to each non-singular projective model X. 
The decisive axiom (§21) is the Fiber Law: 


(a) If Y is the dual projective bundle of a locally free sheaf defined 
on a non-singular projective model X. Then Q(X) =4Q(F). 

(b) If Y is obtained by performing monoidal transformation of a non- 
singular projective model XY with center on a non-singular subvariety V, 
then Œ(Y)—Œ(X). We proceed to prove that @ is unique by showing 
that G(X) = x(X, Ox), the Euler-Poincaré characteristic of the sheaf Ox 
of local rings on X. The equality @(X) ~ x(X, Ox) is proved merely on 
the assumption that ( exists, and we are not required to know that x satisfies 
the Fiber Law. Indeed, x does satisfy the Fiber Law; this being well known 
for non-singular varieties defined over a field of characteristic zero, and it 
has been proved by J. H. Sampson and the author for arbitrary characteristic. 


We prefer, however, to establish the existence of an arithmetic functional 
along other lines. In a subsequent publication, we shall demonstrate that 
the Todd genus 7(XY) satisfies the axioms; hence, we obtain 


T(X) = x(X, Ox) 


which is the Todd-Hirzebruch formula for (non-singular) varieties defined 
over fields of arbitrary characteristic. 

The contents of this paper were presented to a seminar at The Johns 
Hopkins University, April-May, 1957. 
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I. The Dual Projective Bundle and the Basic Sheaf 
of a Locally Free Sheaf. 


§0. The term “variety” will refer always to an irreducible algebraic 
variety defined over a fixed algebraically closed field K of arbitrary charac- 
teristic. Our varieties are all equipped with the Zariski topology (with 
reference to K of course), and whenever we say that a variety is a subvariety 
on some other variety, we shall understand that the former is a closed subset 
on the latter. Every variety under consideration here will be either (a) a 
projective model (i.e., a subvariety on some projective space), or (b) it will 
admit a bi-regular correspondence onto an open subset of some projective 
model. There is, however, one instance where we construct a variety which 
a priori is merely an abstract variety; but we prove that this variety admits 
a bi-regular correspondence onto some projective model. 

The term “sheaf” will always refer to a coherent algebraic sheaf defined 
on some variety, and a homomorphism of such sheaves will always be an 
algebraic homomorphism. 


§1. U, V are varieties; @ is a rational transformation from V to U. 
The graph of © is a subvariety Z on the product variety V X U. We assume 
that & is regular. This means that for every point q on V, there is one and 
only one point $== (q,p) on Z which projects onto q, and that the induced 
homomorphism of the local ring’ @a of V at q into the local ring Oz of Z 
at 8 is an isomorphism of the former ring onto the latter. Let p be the 
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point of U which is the image of 8 by the projection from Z to U. Then 
we have that @ induces a homomorphism ®q of the local ring Oy of U at p 
into Oa, and we set p—®(q). ®©, as mapping of topological spaces, is a 
continuous map from V to U. We recall that the set theoretic image of V 
in U by & is not necessarily a closed subset on U. 

We equip @q with the structure of an @,)-module according to the rule 


UV = (u)v, uE Op VE Oo, 


where the right hand side is a product in the ring O4 Now let A be a 
(coherent, algebraic) sheaf defined on U, and let Ay be the stalk of A at 
p=@(q). We form the @)-tensor product 


Où Vo, Ay > 
this being permissible since we. have equipped @: with the structure of an 
O,-module in a specific way. For notational convenience, let us set 
A” = Où Vo, Ay. 
We have a canonical Ü,-homorphism }*, of Ay into the Ü,-module A*, defined 
according to 


p* (ua) =1 8 (ua) = q(u) © a, WE Oy, a E Ap. 


On the other hand, A*, carries the structure of an @a-module according to 
the rule 
Vi (V2 © a) = (0402) Qa, V1, Va € Oaza € Ay. 


The O,-homomorphism &*,; maps any set of generators of Ap onto a set of 
generators for A*q viewed as Oq-module. If Ay is a free O;-module of 
dimension n, then A*, is a free @a-module of dimension n. | 


§2. Set 
A* = | J A*, 


the disjoint union of the various modules A*, for all q€ V. We shall prove 
that the set A* carries the structure of one and only one coherent algebraic 
sheaf DA defined on V with the following properties: 

(a) The stalk of A at any point q is the module A*,; 

(b) Let y be a section of A over an open set W on U, then the mapping 
-y which assigns to each point q on &-1(W) (*(W) is the open set on V 
consisting of all points q such that (q) is in W, and we assume that &-1(W) 


12 
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is non-empty) the element }*,(y(p)) in A*a (y(p)) is the value of y in Ay, 
where p==@(q), and ©*, is the previous canonical homomorphism of Ay 
into A*g) is a section of A over (WW). The sheaf HA is called the 
reciprocal image of A with respect to the mapping ®. 


It is clear that any two sheaves defined on ,V which satisfy both (a) 
and (b) must be identical. It remains for us to construct the sheaf A. 
First, we observe that the reciprocal image of the sheaf @y of local rings on 
U is the sheaf @y of local rings on V. More generally, if A is a free sheaf 
of dimension n on U (i.e., A is isomorphic with the direct sum of @y taken 
n times), then PA exists and it is a free sheaf of dimension n defined on FV. 
Next, if A is such that we can choose free sheaves B, C defined on U and 
homomorphisms #8: C+ B, y: B— À with the property that 


0 Y 
0 —> B ——> À — 0 


is an exact sequence of sheaves defined on U, then A exists. For in the 
present situation, we have the exact sequence 


Op p 


of stalks at any point p==®(q)} on U. Tensorize this exact sequence with Oa 
viewed as @y-module, thereby obtaining the exact sequence 


“a y’ q 
C*,— B¥y— > Aa — 0 


of O:-modules ; B*, == Où So, By, Cg ms Oa do, Cy and 0% == Ia © Oy, Va 
== Ja © Yy, where Iq is the identity map of Øq. We invoke here the well known 
fact that Qo, is a right exact functor. But this last exact sequence is clearly 
an exact sequence of @q-modules since 0*, and y*, are @ -homomorphisms. 
The family of homomorphisms {6*4} „y defines an algebraic homomorphism 
@1(6) of 6C into €B. Consider the quotient sheaf of 6B modulo the image 
of EC by &*(6). The underlying set of this quotient sheaf can be indentified 
with A* in a specific way, and performing this identification, we obtain 
the sheaf A. 

Finally, let A be an arbitrary coherent algebraic sheaf defined on U. 
Let W be an open set on U such that 


1) 1(W) is non-empty, 
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2) There exist free sheaves B, C defined on W and homomorphisms 
6: C— B, y: BOA such that 


8 
C— B — A—0 


is an exact sequence. Let A*(W) be the subset of A* consisting of the 
union of all A*a with qe 67*(W). Then, by the previous discussion, 4*(W) 
carries the structure of a coherent algebraic sheaf defined on (W), and 
this sheaf is the reciprocal image of the restriction of A to W with respect 
to the restriction of 6 to -1(W). If W” is another open set on U satisfying 
1) and 2), then the restriction of the sheaf A*(W) to ®@*(WN W’) is 
identical with the restriction of A*(W’) to &-1(W N W’); for each cf these 
last sheaves is the reciprocal image of the restriction of A to W N W’ by the 
restriction of & to (W Nn W). Since we can cover U by a family {W} 
of open sets which satisfy 1) and 2), we obtain the sheaf @A defined on YV. 

Given an open set W on U, with &*(W) non-empty, there is a canonical 
homomorphism of the module T(A,W) of sections of A over W into the 
module T(b4,æ-1(W)) of sections of 6A over $(W); this follows from 
condition (b) in the definition of &4. The module T(@7,W) (resp. 
(Ov, ®7(W))) is the same as the ring of regular functions on W (resp. 
@*(W)), and the canonical homomorphism of '(@ 7, W) into T'( Oy, 7 (1W)) 
is a ring homomorphism of the former ring into the latter. This permits 
us to view [(Or,@*(W)) as module over [(Qy,W). More generally, 
r(@A,b"(W)) carries the structure of a I'(Q@y,W)-module, and the 
canonical homomorphism of T(4,W) into ee b-1(W)) is a F(x, W)- 
homomorphism. 

A, B are sheaves defined on U, and # is a homomorphism of B inte A. 
We construct an @,-homomorphism w*, of B*a (the stalk of BB at q) into 
A*, (the stalk of 6A at q) according to the rule 


Ya: VOb>v@yy(b), vE Oa, b € Bs, 
where yy is the homomorphism of B, into Ap assigned by y. One readily 
proves that the family of homomorphisms {y* “ah oe y gives a homomorphism 


@*(y) of 6B into HA, which we call the d image of the homomor- 
phism y. For any open set W on U, with 6*(W) non-empty, we have the 
following commutative diagram. 


r(B, W) ———> (4, W) 


T(B, 8 (W)) -> r(%4,8>(W)); 
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the horizontal arrows are induced by the sheaf homomorphisms y and #7 (y4); 
the vertical arrows are the aforementioned canonical homomorphisms. _ 

The chief peculiarity with the notion of the reciprocal image of an 
algebraic sheaf is that exact sequences are not generally preserved. Given 
an exact sequence 


4 


6 
0 — C—» B— >» A> 0 


of sheaves defined on U, then we have the exact sequence 


19) ay) 
BC ——__> 6B — 6A —> 0 
of sheaves defined on V; but it is not always true that the kernel of æ-1(4) 
is the sheaf zero. Further on, we shall encounter some interesting examples 
where exactness fails to be preserved. 
In the situation where V is a subvariety on U and & is the identity 
map of V in U, we shall call A the induced sheaf of A on the subvariety V. 


§3. X is a non-singular projective model, and E is a locally free sheaf 
of dimension n (n > 0) defined on X (i.e., the stalk Hy of E at any point 
p on X is a free O,-module of dimension n). It is possible to choose an 
arbitrarily fine covering U= {U a} ez of À consisting of finitely many non- 
empty open sets U, on X such that: 


1) Hach U, admits a bi-regular correspondence onto some affine model 
(i.e., a subvariety on some affine space), 

2) The restriction of Æ to any Ua is a free sheaf of dimension n. 
Consequently, we can choose for each & € J sections e%,- - -,e% of E over 
Ua such that for each pE Ua, the elements e% (p), - -,6%(p) generate Fy 
as free Ü,-module of dimension n. For an ordered pair (¢, 8), we have that 


Tt 
e% > Heeb, l1&] Sn, 
. i=l 


where the F89; are rational functions on X which are regular at each point 
of the set theoretic intersection U, Ug. Thus for each point p on Ua N Ug, 
we have 


Ps fhi 
e% (p) = 2 HP cef (p), 
where Hs; is viewed as element of @y. 


Let H4* be the square matrix of order n whose entry in i-th row and 
j-th column is #4, Then we have the matrix product ` 


Eey [v8 ba 
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is equal to the unit matrix for any (g, B,y) , and that 
Ee HBe 


is also equal to the unit matrix. In particular, det H** is a unit in the local 
ring of X at any point in Ua N Ug. Reciprocally, if we are given a family 
of matrices with the above properties, then they serve as a system of transi- 
tions laws for a locally free sheaf defined on X which is unique up to 


isomorphism. 
For each a € J, we choose a projective space Pa of dimension n— 1 and 
fix a homogeneous coordinate system r%,,: > :,7%, for Py. Form the product 


variety Ua X Pa and let ra denote the coordinate projection from Us X Pa 
onto Ua Let ra (Ua Ug) be the open set on Ua X Pa consisting of all 
points which ma maps on Ua N Ug. We are going to construct a bi-regular 
mapping ga Of ra (Ua N Ug) onto #8 (Ua Ug). Let e be a point 
Ta (Ua Ug), then égale) is that point of 78 (Ua N Ug) such that 


1) mg(pa(e)) = male) = pe Ua N Up, 


2) parie) = pe 2 BP (p) ril peale)) 1SjSn. 


(pı; p2 are constants not both zero, and #®,°;(p) is the value of the function 
Hee; at p.) Since det #8* is a unit in the local ring Ọp of X at any point 
p of UaN Ug, it follows that se) is a uniquely determined point on 
TB (Ua N Ug). 

From the properties of the family of matrices {Efe} , » erxy; We readily 
obtain the following : 


(1) ga is a bi-regular mapping from rx (Ua N Up) onto 8 (Ua N Up); 

(2)  Dashga is the identity map of ra (Ua N Up); 

(3)  Payhyshge is the identity map of ra (Ua N Ug N Uy); 

(4) The restriction of re (Ua MN Ug) and wgdg. are equal regular 
mappings of ro (Ua Ug) onto UaN Ug. Now for each ordered pair (a, 8), 
identify the open set (Ua Ug) on Ua X Ug with the open set rg (Ua Up) 
on Ug X Pg according to the rule that e and ¢g,(e) are identical. The con- 
sistency of this method of identification follows from our previous assertions, 
and the set of points so obtained is covered by the family of subsets 
{Ua X Pa} ey We equip this set with the structure of an algebraic variety 
B(E) such that 


1) {VX Pa} forms a covering of 8 (E) by open sets, 
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2) The algebro-geometric structure of U, X Pa as product variety 
coincides with the one it inherits as open set on 8B (E). We define a regular 
rational mapping ra from B (E) onto X according to the rule that the 
restriction of ry to Ua X Pa is equal to ra we equips @ (i) with the structure 
of a projective fibre bundle over X with a projective space of dimension n —1 
for fiber. Eventually, we shall prove that @(H) admits a bi-regular mapping 
onto a projective model. 

@(H) is called the “dual projective bundle” of the sheaf Æ; it is 
independent of the particular family of generating sections utilized in its 
construction. Indeed, let e’1,- - -,e, be sections of # over an open set U” 
on X such that e”,(p},- © -,e'n(p) freely generate Ly at each point p on U’. 
Let P’ be a projective space of dimension n— 1 and fix a homogeneous 
coordinate system 7, * *,r, for P’. Form the product variety U’ X P 
and let «’ be the coordinate projection from U’ X P’ onto U’. We shall 
construct a bi-regular mapping #’ of U’ > P onto the open set mg (U). 
Now for any a€/, 


wt 
e'i = 2 Een, 1£=£j£n, 
i=1 


where 1%’; is regular on U’ NU, for all 11,7 =n. Furthermore, det E% 
is a unit in the local ring of X at any point p on U’NU,. If e is a point 
on (x) (UN Ua), then ¢’(e’) is that point of B(#) such that 


1) æn(#(e))=n/(e) =p E UN Das 
2) pit’ (e) == p2 ZE (p}ra(g"(e) ), 1 —)— nN. 


One easily checks that ¢’(e’) does not depend upon the particular œ such 
that e’€ (x) (UN Ua). We shall say that the sections (e%,,: ---,e%,) are 
paired with the homogeneous coordinates r°,,- + -,r%, with reference to the 
construction of @(#). The above argument shows that for any generating 
sections ¢’,,° ` -,é', of E over U’, there are uniquely determined homogeneous 
coordinates on awy7%(U’) which are paired with e’,,- --,e, with reference 
to the construction of 8 (E). Furthermore, any different construction of 
the “dual projective bundle” is in bi-regular correspondence with B (E) 
in exactly one way which conserves the pairing of sections and homogeneous 
coordinates. 


§4. For any ae J, 1Sissn, let Ua be the open set on 8(Æ) con- 
sisting of all points e on Ua Pa (=ng>(Ua)) such that 7%,(e) <0. The 
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family {Uai} aez sisa forms an open covering of @(H#). For any ordered 
pair of couples (at), (8,7), we set 

[Pi = $ EB, A478, /78;. 

h=t 
Observe that f8,°; is regular on Ugi Ug; We also have that 
n 
(1) FB, rt = D EPa 78, /7;, l<ksn, 
h=1 : 


which proves that ff; vanishes at no point of Uai N Ugj, and that 
PMP oP fF = 1, 
PrP fei: = 1. 


We construct a locally free sheaf B(E) of dimension one defined on @ (E) 
as follows. The restriction of B(#) to any U,,4 is a free sheaf of dimension 
one generated by a section E[«, i]. On Uai Ug, we have the transition 
law i 


Ela, i] = f° EL, 5]. 


Consider the sheaf wel, the reciprocal image of E by 7x, and for 
notational convenience, set 
+p = mgb. 


The restriction of *# to any Ua X Pa is a free sheaf of dimension n generated 
by the sections mge,’ --,7m‘e%, which are the reciprocal images of ` 
e% - -,e%,, and we set 


Bet, pe, LSS. 


For each (g,t), let Sa; be the subsheaf of the restriction of *E to Ua; which 
is generated by the sections 


D ht Te ey. 1£R£ n. 


Sq is a free sheaf of dimension n— 1 defined on Uai Now 
a 
Ft, = > HB, eb; 1£hk£En 
j=1 
on 78 (UN Ug), which leads to 


n 
gt, ses Tep T4 6%; P > (EEr = EB, 8 37%, /7%) “eh, 
&=1 i 
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_ and making use of (1), we obtain 


Qt, — 7%, /Tr Ten = (f? De EP; “Kh (*e8,;, ate Tx/ Th; “el; 5) 


where 


(2) CF, = HP, en (2 Br TP /7? 5) 
— EP,2,( $, B8,2476,/78,) == HP FP 0, — BP fh, 
1=1 


We have proved that the restriction of Sas to Uai Up; is equal to the 
restriction of Sg; to UagiN Ug; Thus we obtain a locally free sheaf 8H of 
dimension n-—1 defined on B (E) whose restriction to any Ua. is the sheaf 
Sa: SH is called the “derived sheaf” of the sheaf E. The sheaf &Ẹ is 
intrinsically associated with Æ since its restriction Se to any Ua: depends 
upon the pairing of e%,,---,e% with 7r%,---+,7%, which is an intrinsic 
property of 8(E). . 
The restriction of *# to any Ua, is a free sheaf of dimension n generated 
by the sections 
"en 


ea, — 7%, / T4 et, h z6 1, l < h = nh. 


We construct a homomorphism of *# onto B(E) according to the rule that 
its restriction to any Ua, is described by 


* et, —> Ela, il, 
Sean — (7% nf Tar) e -> Q, 


To prove that the homomorphism is properly defined, we observe that 
QU, = x EB, te, 
= (È Ze iT, /78;) eP; + > Es a(* ebr — rPa/ 1P70P) 
on UaiN Ugi and that 


E [a i] = P BP,%78,/78,) ELB, j]. 


The kernel of this homomorphism is the sheaf 6#; consequently, we can 
identify B(#) with the quotient sheaf of *# modulo $#, and, as such, B(E) 
intrinsically depends upon # and we call B(H) the “basic sheaf” of E. 
The exact sequence 

(3) 0 —> 8E Sark > BCE) 0 


à 
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of locally free sheaves defined on 8(Æ) is called the “derived sequence 4 
of the sheaf £E. Ù 
We iterate this process and obtain the derived sheaf of &£ which is a 
locally free sheaf of dimension n—2 defined on @(8H#), and which we 
denote as 8,# and call it the second derived sheaf of Æ. Thus we have the 
exact sequence 
0 —> 6,4 > rans E — B (8E) — 0 


of locally free sheaves defined on B (3E). Repeating the process, we obtain 
for 1 S s =n—1 the exact sequence 


(3°) 0 — 8, — 75,805 1E > B (sE) > 0 


of locally free sheaves defined on 8 (8,147). The s-th derived sheaf 8, is a 
locally free sheaf of dimension n—s defined on B (8,_,/). | 

Let *E (resp. *B(#)) denote the reciprocal image of Æ (resp. B(E)) | 
with respect to the regular map from @(6,2Æ£) onto X (resp. @(H#)) which 
is the composite map rgo’ ` -Omg,.w (TESP. rar O’ * ‘Oms,.#). Similarly, let 
#§,10 (resp. B(8Æ)) denote the reciprocal image of 8,Æ (resp. B(Æ)) with 
respect to the regular map from 8(5,£) onto @(8,.H) (resp. B (8E) ). 
#E is a locally free sheaf of dimension n defined on 8 (5,-2.4) and it has a 
composition series . 


(4) FE D #5 E Je) #§, 4H = 8,4. 


#3. is a locally free sheaf of dimension n— s defined on @(8,..#) and the 
quotient sheaf *8,#/#*8,.H is canonically isomorphic with *B(8,F). 


§5. For 2ssn, we form the sheaf A'E which is the exterior 
product of F taken s times, and we set A'E =E. A*E is a locally free 
sheaf of dimension n!/s!(n—s)! defined on X. The stalk A*H, at any 
point pE Ua is the exterior product of Ey taken s times and its is freely 
generated by 


en (P) Aat "AU, (bp), 1=h << <h=n. 
We set 


ern (P) = Em (P) Av” Ae, (p) 
and agree that e%,..2,(p) is defined for all sequences of s integers from 
{1,° -+ n} but that it is strictly skew-symmetric in its subscripts (hence 


zero if two subscripts are equal). The restriction of AʻE to any U, is a 
free sheaf generated (freely) by sections 


Ooh he 1 = h, < =~ < hg = Nn, 


where the image of e%,...,, in (AE), is e%,.-1,(P)- 
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Consider the reciprocal image rg ASE of AE with respect to rg and set 
* ES may AE. 
The restriction of *#* to any UaX Pa is a free sheaf of dimension 
n!/s!(n—s)! generated by the sections 
ds Fee Ro lEn e <h En, 
where *e%,...,, 18 the reciprocal image of e%,...,,. From our canonical 
isomorphism of SE into *#, we construct a canonical isomorphism of As(ôE) 


into AS(ŸE) = *H* = 7m ASE. For the restriction of 8# to any Uan is a 
free sheaf generated by the sections 


Fe — (7%, /7%q,) Fe, hAh, Il Shen; 
hence the restriction of AS(ôE) to Uar, is a free sheaf of dimension 
(n—1) !/s!(n—1—s)! generated by the sections 

(Fe, — (1° / Tho) E h) À A (eh, — (T°h,/ Tho) Feng) 


for al LSA, <- ++ <h Sn for all 1<13<s The isomorphism from 
A*(8H#) into A*(*#) is defined according to the rule that its restriction 
to Uan 18 given by 


(Fe, — T M/T h En) At A (FER, — TH, / T ho eh) > 
8 
Feth, na F 2 (— 1)? (Trp Tho) “e hoh pha 
. pal 


(ren hp hy 18 Obtained by suppressing the index hy from the sequence 
of s + 1 interegers ho,- + +,hs.) Indeed, the restriction of A*(*H#) to Vang 
is freely generated by the sections 


al das Ye ee Kew 1 = key Lti < ks- = n, lc; F ho; 


Fer + > (1)? (ro, /7 0) Chota Bip hs 
f AS <1 Shy Sahar ho 
and we can view /\*(8#) as a subsheaf A(*E). 

It is evident that the quotient sheaf of A*(*#) modulo A*(8H) is a 
locally free sheaf defined on @(#). We shall construct a canonical isomor- 
phism of this quotient sheaf into the tensor product sheaf As1(*E) @ B(E). 
For the restriction of A*?(*#) @B(E) to Uan is a free sheaf generated by 


"E hok Ks-2 @ ila, hol, 1 = key CE <Ks-2 = ny, ki oe ho, 


&-1 
* Chey ka BELa, ho] — 2 (1)? (r,/7 no) "Erot to kaa © ET, ho] 
CRE p=. one L + ¢ 


~ 


LE 
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for alllSh, <- -< ka S n— l1, bho. We construct a homomorphism 
from A*(*#) into A (*E) © B(E) according to the rule that its restric- 
tion to Uar, is given by 


8 à 
Ong hy > D (—1)7 2 (70/7) en. hy he © HL, h ]. 
p=1 


One checks that we have properly defined a homomorphism, that its kernel is 
AS(8E), and that the image of A#(*#) is A*7?(6#) @B(L). Thus we 
have the exact sequence 


(5) 0—> AS(ÈE) > A (E) — ASE) © B(E) > 0, 
which specializes to the derived sequence 


0+ dH > *H— B(H)->0 
Lot sl; 

Let B(E) be the reciprocal sheaf of B(Æ). B(#) is a locally free 
sheaf of dimension one defined on @(#). The restriction of B-1(Æ) to any 
Ua is a free sheaf of dimension one generated by a section H“[a,i] over 
Uai and we have the transition law 


E> Co, i] — (FP) "SAS LA, J] 
on UaiN Ug, where 78; is, as before, equal to 


n 
2 EB rh, /rb,. 
i=1 


The tensor product 
B (EL) Q B(E) 


is canonically isomorphic to the sheaf Ọsa) of local rings on 8 (E), since 
we have 

E[a, i] = ffr BTB, 5] 
on any UaiN Up; Taking tensor products with the sheaf B-1(Æ) a suitable 
number of times, the previous exact sequences (5) can be merged into a 
single exact sequence 


(6) 0— A" (E8 B*(#))>--- > At(*H@B*(#))>::- 
— zm — 0 
of locally free sheaves defined on B (E). The kernel of 
A’ (*#H@ B*(H)) > At (*E 8 B+(B)) 
is the sheaf 
APCE @B1(E)). 
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Set 
B-*(#) == Bo (#)®- --@B*(#). , 
Ne ttn 
k-times 
Then we have the exact sequence 


(7) 0> A”(*E) @ BMD (EH). -=> As (*#) QBA(E) >- 
tay AE) QB-1(E)—> AS(SE) > 0. 


Let Otx denote the sheaf of germs of regular differentials of degree one 
on X, and similarly we have Q*g:m). Set *OQtx equal to the sheaf 7rQ!x, 
the reciprocal image of Qty with respect to 7x. Then there is a canonical 
isomorphism of *O1y into am, and the quotient sheaf is easily seen to be 
isomorphic to the sheaf SE @B-"(#). Thus we have the exact sequence 


(8) 0 —> wey gim —> ÔE @B-1(E) — 0, 


§6. Letz be a rational function on 8B (E) with the property that z is 
regular on some Ua X Pa. We shall prove that z is the reciprocal image of 
a regular function on U,. For z is expressible as a quotient P/Q where P, Q 
are homogeneous polynomials, of equal degree of homogeneity say s, in 
T% - +, 7%, with coefficients in the field of rational functions on Y. We can 
suppose that P, Q are relatively prime polynomials in 7%,,-- °, T°} and, 
since U, is an affine model, we can suppose that the coefficients of P and Q 
are the reciprocal images of regular functions on Ua. If s > 0, then we can 
find a pointe on Ua X Pa such that P(e) 40 and Q(e) —0 since P and Q 
are relatively prime. Consequently, our assumption that z is regular on 


Ua X Pa forces s=0 so that z is then the reciprocal image of a regular 


function on Ua 

It now follows that the canonical homomorphism from I'(#,U,) into 
l'(reE, Us X Pa) is an isomorphism of the former onto the latter. The 
restriction to Ua: of the homomorphism from I'(ael#,U,X Pa) into 
T'(B(E), Ua X Pa) is described by 


re etp — (7%,/7%) ET, al, 1 <= h < nN. 


This induces a homomorphism from F(E, Ua) into T(B(E), Ua X Pa) which 
sends the section 


Ce + > + nEn 


(¢1," * *,Cn regular on Ua) into the section of B(#) over Ua X Pa whose 
restriction to any U,,; is the section 


n 
( À Ch 7°,/7%) ET a, | i 


~e 
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_ This homomorphism is an isomorphism from T(E, U,) into T(B (E), Ua X Pa). 


For B(#) is a locally free sheaf, and if the image section is zero, then 
> CR a VA T% 
hat 


is the rational function zero. But 7%/7r%, 1S hon, h4, are n—1 alge- 
braically independent functions over the field of rational functions on X 
which forces ¢,,° - *, Ca equal to zero. 

We: shall strengthen the last remark by proving that ['(#,U.) is 
mapped isomorphically onto T(B(E),UaX Pa). Let o be a section of 
T'(B(E), Ua X Pa). The restriction of o to any Ua: is equal to 


wa, t], 
where z; is a regular function on Var On UaiN Uaj, we have 


wm ( 79/495) = 2; 
since 


Ela, i] mu (rt/r;) HL a, il 


and z; is regular on Ua; For i fixed, we have 


z =P / Q, 
where P, Q are homogeneous polynomials, of equal degree of homogeneity s, 
in 74," ",7%,; the coefficients are regular functions on U, and P, Q are 


relatively prime as polynomials over the field of rational functions on Z. 
Now 2 is regular on Ua: which forces Q to be a monomial 


A ce 


` where A is regular on U. Otherwise, since P and Q are relatively prime, 


there would exist a point e on Uy, such that Q(e) —0 and P(e) 0, which 
contradicts the assumption that z; is regular. Choose 754+ (there is nothing 
to prove if n==1) and observe that 


zy = (1%/7%) P/Q = P/A% (7%) 
is regular on Ua; . Since 7%; does not divide P, the only possibilities are 
s= Q or s==1. Tf s= 0, then z; is the reciprocal image of a regular function 
z on U, and o is the image of the section ze“. If s= 1, then 


n 
Zi = D; Cr (7%,/7%), 
h=1 


where ¢;,° ` *, Cn are regular on Ua and o is the image of the section 


t 
> Chep. 
hzi 
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Since F, rgE, and B(E) are locally free sheaves it follows that T(E, X), 
(rp, 8(E)) and T(B(E),8(E)) are isomorphic. J. H. Sampson and 
the author have generalized this result by proving that cohomology modules 
H(X, E), H9(B(H), rrë), and H1(@(E),B(#)) are isomorphic for all g. 


§7. We shall borrow Andre Weil’s construction of the basic charac- 
teristic class of a locally free sheaf of dimension one. We choose a family 
{g%} of rational functions on 8B (E), a function g% for each («,1), such that 


1) g% is not the function zero for each (g, +t), 
2) fg 9%; for each (ai), (8,7), where 


% 
PP, D HF; (79,,/78;). 
k=l 


Let W be a proper subvariety on @(#) of highest possible dimension (i. e., 
if dim. X ==r, then dim. 8 (E) =r4+n—-i1 and dim. W =r --n— 32). 
Choose («,7) such that the frontier of Ua does not contain W and define 


ordw {g} 


to be ordw g%, the order of the function g% along W; there is no difficulty 
since (E) is a non-singular variety. Since f4;*; is regular and vanishes at 
no point of Uai N Ug, it follows that 


ordy gÊ = ordy g% 


if the frontier of Ug; does not contain W, so that ordw {g} is well defined. 
Let dy be the divisor on B (E) with 


dy = 2 w(ordw {g}) W, 


where the sum is taken over all proper subvarieties W on B (E) of highest 
possible dimension; there are, of course, only finitely many W such that 
ordy {g}s40. Let {h%} be some other family with the properties 1) and 2) 
above. Then there is a unique rational function f on @(#), not the function 
zero, such that 
f = g/ha; 

for each (æ, t), since g%/A%; = g%/h%;. The divisors #,,; and dy are linearly 
equivalent divisors on B (E) and let @(Æ) denote the common divisor class 
of these divisors. ©(H) is called the “basic divisor class” of the sheaf F. 
The basic sheaf B(Æ) is isomorphic with the sheaf #(— à) of germs of 
rational functions on B (E) which are multiples of the divisor —_& where 3 
is any divisor of the class @(Æ). Consequently, we have that 


B(E) = Oa (@(B)). 


1 
“Me 


ao 


s 
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The divisor Pp} is non-negative if and only if g% is a regular function 
on Uasi for every (¢,7). In this situation, we obtain a non-zero element of 
the module T(B(L),@B(H)). It is the global section of B(#) whose 
restriction to any Ua.: is g%H[a,7]. Reciprocally, to each non-zero global 
section of B(#), there corresponds a unique non-negative divisor of the class 
O(E), and two non-zero sections of B(H#) correspond to the same divisor 
if and only if they are linearly dependent elements of T(B(E),@8(E)) as 
vector space over the constant field. In view of the previous isomorphism 
of T(#,X) onto T(B(E),B(E)), it follows that to each non-zero element 
of T(E, X), there corresponds a unique non-negative divisor of @(#). If 
dim. T (F, X) > 0, then ©(#) contains positive divisors except for the case 
where # is equal to @x, for here ®(@x) is the divisor class zero. 


§8. Let D be a locally free sheaf of dimension one defined on X. 
It follows from our constructions that 


and that B(D) = D. 


We can suppose that the previous covering {U,} has the property that 
the restriction of D to any Ua is a free sheaf generated by a section ds. 
On UN Ug we have the transition law 


de — Deas, 


where Df is regular and vanishes at no point of Ua M Ug. Form the product 
cheaf E & D. The restriction of E © D to any Ua is a free sheaf of dimension 
n generated by the sections 


et, © d*,- i "ehn © d. 


On U, Up, wehave the transition laws 
n 
2%; @ de == Dea D, ERS 508; © dB, 1 = = N. 
it 


There is an evident bi-regular mapping of B(H@D) onto B(E) with the 
property that 7%,,- - -,7*%, corresponds to the homogeneous coordinate system 
paired with e*,@d*,- --,e%,@d* for every «EJ. Thus 


B(ESD)—B(E) 
and 
B(H@D) —B(E) @ raD. 
We also have that z 
» O(EQD)—O(E) + rr“@(D), 
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where rz*@(D) is the reciprocal image of the divisor class @(D) with respect 
to TH. 


Let Y be a non-singular projective model, and let ® be a regular mapping 
from Y into X. @(@®#), the dual projective bundle of the reciprocal image 
sheaf DE, is identical to the induced bundle of @(H) by the mapping ®. 
Furthermore, B (E) is the reciprocal image of B(#) by the fiber mapping 
of B (SE) into BE) which covers the mapping ® of Y into X, and @(¢2) 
is the divisor class on (FE) which is the reciprocal image of ©(H) by that 
fiber mapping. 


§9. Let V be a non-singular subvariety of dimension d on the non- 
singular projective model X of dimension r. Consider the sheaf (X; F) 
of ideals determined by V on X; the stalk off (X; V) at any point p on X 
is the ideal determined by V in the local ring @, of X at p. The induced 
sheaf of 2(X;V) on the subvariety V (i.e., the reciprocal image with 
respect to the identity map of V into X) is a locally free sheaf V(X; V) 
of dimension r—d defined on V which we call the sheaf of covariant normal 
vectors to V on X. 


To prove the above assertions, we choose a covering U= {Ua}, of X 
consisting of finitely many non-empty open set Ua such that each Ua admits 
a biregular correspondence onto an affine model and with the following addi- 
tional properties: | 


1) If U.N V is non-empty, then there exist r-—d regular functions _ 
ra, - +, 2% 4 on Ua which generate the ideal determined by V in the local 
ring of X at any point on Ug; 

2) For each point p on U,, the r—d functions 2%,—2%,(p), 
1s=h=r—d, (x(p) is the value of £ar at p) can be extended to a basis 
of r— d elements for the maximal prime ideal in the local ring of XY at p; 

8) Each U,M Ug admits a bi-regular mapping onto an affine model. 
The possibility of choosing such a covering follows from the assumption 
that X and V are non-singular together with the quasi-compactness of the 
Zariski topology. 


Let J* be the subset of J consisting of those « such that U.N V is 
non-empty. Given a, BE J*, it is possible to choose regular functions N,*,, 
1s9,hSr—d, on UN Ug such that | 


r-d + 
gg = D, NB TP, 1ShsSr—d, 
g=1 
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for the restrictions of 2%,:--,2%, to U.™Ug generate the module of 
“sections of à (X;V) over Uan Up since that open set is an affine model. 
If r—d>1, then the N8,*, are not uniquely determined by the choice of 
the families {s5 p" +, Ta) cji? however, their induced functions on F, 
which we continue to denote as NV*,*,, are regular functions on Ua N Ug N V 
which are uniquely determined by the families {2%,- © -,@% 4} ey 
Let p be any point on V; say that p€ UaN V. The stalk (X; F)p 
is the submodule of @, generated by æ%,: - -,æ%, 4. Let O(V,p) denote 
the local ring of V at p; it is the residue class ring of @, modulo the ideal 
A (ZX; V), so that O(V ;p) carries the structure of an @y-module. Form the 
tensor product Ô (V; p) So, A(X; V)p; it is the stalk N(X;V), with the 
structure of an @y-module. We have that 


1@2%,°--,1@2%,4, 1€ O(V 3p), 
generate N(X; V), as O(V,p)-module. Set 
20, = 1 O 7, I1&h&r— d; 


then we shall prove that N (X; V), is the free O (V ;p)-module generated by 
2% © -,2% 4. Let F be a free @p-module of dimension r— d with generators 
fu: *, fra, and define a homomorphism from F onto À (X; V)p according to 


fn > 2%, ishsSr—d. 
The kernel of this homomorphism is the submodule Æ of F generated by 
Lefra — Col hay lsh, <h,=r—d, 
since p is a simple point on V. From the exact sequence | 
. SR t= A(X,V)y— 0 
of @»-modules, we pass to the exact sequence of O (V ;b}-modules 
O(V;p)@R— G(V;p)@F->N(X; V)y—0 


which is obtained by tensorizing with O (V ;p) viewed as Ü,-module, and then | 
viewing each module as @(V ;p)-module. We have that G(V;:b)@F is a 
free Ü(V ;b)-module generated by 


18 fr 1£<h<r— d, 
and that the homomorphism 


à O(V;p) SR O(V;p) OF 


13 
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maps the first module onto the zero module since it sends each element 
18 (Lenf ha — nal h) l&h <h Sr—d, i 
of G(V;p} @R onto the element 
Ehn © fre — Le @ fa, = 0 
of O(V;p)@F. Consequently, we have the exact sequence 
0 O(V;p)@F-N(X; V0, 
with 
18 fr 2%, l—h—r—d; 
and this proves that N(X;V) is a locally free sheaf of dimension r— d 
defined on V. 


Thus the restriction of N(X;V) to any Ua MN V is a free sheaf dimension 
r— d generated by sections 


2% = 16 T, 1£<h<Tr— d, 


(where 1 is the section 1 of @y over Ua N V), and we have the transition laws 


r-d 
2%, = > NF,%, 28, lShSr—d, 
g=1 


on any Ua N UBN V. 

The sheaf N(X;V) depends solely upon the embedding of V in X; 
it is essentially the sheaf of germs of cross sections of the vector bundle of 
differentials on XY which are normal to the subvariety V (i.e., the dual space 
to the subspace of tangent vectors of V in the tangent space of X). We  . 
also have the exact sequence a 


O>N(X;V) — (zy 9 01 — 0 


of locally free sheaves defined on V. (Q+x)’ is the induced sheaf on V of 
the sheaf of differentials of degree one on X; and Qty is the sheaf of differ- 
entials of degree one on F. 


§10. We shall review the classical construction of the variety X* which 
is obtained from monoidal transformation of X centered on V; it is related 
to the construction of the sheaf N(X;V) in §9. Choose a projective space 
P*, of dimension r— d— 1 for each & € J* and fix a homogeneous coordinate 
system €%,---,€%4 on P*a Form the product variety Ua X P*a and let 
U*, denote the set of all points p* on Ua X P*a such that 4 


Tm (p*) E na (p*) — 2, (p*) £41, (p*) = 0 
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for all 1 S hı, ha S r—d. U*, is a non-singular subvariety of dimension r 
on U,X P*a Let p* be any point on U*,, and say that £%,,(p*) 0 for 
some hy, 1Shoxzr—d. Then the r—d-—1 functions. 


T° — Th (Ea Eh) 1 = h = a d, h = he, 


generate the ideal determined by U*, in the local ring of Ua X P*a at p*; 
this proves that U*, is a non-singular subvariety of dimension r on Ua X P*a. 

Let ©, denote the restriction to U*, of the coordinate projection from 
U, X P*a onto Ua , is a regular mapping from U*, onto Ua I a 
point p on Ua is not on F, then there is one and only one point p* on U*, 
such that ,(p*) = p, and a bi-regularly maps some open neighborhood of 
p* on U*, onto an open neighborhood of p on Ua 

If peU, NV, then ®,7(p} is a non-singular subvariety on U*, and 
it is in bi-regular correspondence with a projective space of dimension 
r— d— 1; in fact, 6."(p) = (b) X P*a Furthermore, Va =a (Ua N F) 
is a non-singular subvariety of dimension r—1 on U*, and it is in bi-regular 
correspondence with the product variety (Ua N V) X P*a Let U*a, denote 
the open set on U*, consisting of all points p* which satisfy £e, (p*) 340. 
Then the function 2°, generates the ideal determined by V*, in tke local 
ring of U*, at every point on VU“. 

We construct a bi-regular mapping yg, from x (Ua N Ug) onto 
Pet (Us N Ug) for each a, BE J as follows: for p* € dg*(UaN Ug), nga(9*) 
is that point on @g7(U,M Ug) such that 


1) g(nga(p*)) == Pa(p*) = pe Ua N Us; 


r-d : 
2) Pén (p*) = po 2 NEon (p) Eo Cga (p*)), 1LSkhSr—d. 
gai 


npa is à bi-regular mapping since det V** is a unit in the local ring of X 
at every point p on UzNUgtiV, as follows from our assumptions that 
T,’ > +, 0% @ (resp. zf -+,24,4) generate the ideal determined by V in 
the local ring of X at every point on Ua (resp. Ug), and that V is a non- 
singular variety (det Na is the determinant of the square matrix Wfe of 
degree r— d whose entry in the g-th row and h-th column is NP n) Now 
from the equations 


r-d 
2%, S NE, "ntho, 1ShSr—d, 
g=1 


“Hag Oat T eo EN di A = 0, 1 <= ha, he = ,-— d, 


TB; CP, ie 0, Br =. 0, il = Ay, he = Re d, 
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it is easy to check the following assertions. The composite mapping 708760 
is the identity map of St (UN Up); moynyemge is the identity map of 
Pa (U.N UgnU,); the restriction of ®, to SUN Ug) and Ppnpga are 
equal regular mappings from ®,7(U,M Ug) onto Ua N Us. 

Let U, denote the complement X—V in 4, and let 6, denote the 
identity map of U.. For each & € J*, let noa denote the bi-regular mapping 
of Pa lUo N Ua) onto t(U, N Ua) =U, Ua which is the restriction 
of Po to Pa (UN Ua). Uo and the U*4, for all a€ J*, can be merged into 
a single variety X*. For let us identify the open set Be t(U, N Ug) on U*a 
with the open set Sp (Uan Ug) on U*g for each a, B € J* according to the 
mapping nga and identify Pa (UoN Ua) with UoN Ua according to nog. 
The family {U*,},.,, together with U, forms an open covering on X*. 
A* is a non-singular algebraic variety of dimension r and there is a unique 
regular mapping ® from X* onto X whose restriction to each U*, is & 
(the restriction of æ to U» is Bo). 

We have the non-singular subvariety V* of dimension r — 1 on X* such 
that U*, O F* == V*, for each a € J*, and U N V* is empty. The restriction 
of @ to V* equips that variety with the structure of a projective fiber bundle 
whose base space is V and whose fiber is a projective space of dimension 
-r—d— i1. Let pee VX N U*g N V*. Then we have 


r-d 
paba (p*) = pa B N Poa (p*) P), LShsSr—d. 
= . 


This permits us to identify V* with the dual projective bundle B(N(X;Y)) 
of the sheaf’ N (X; V) according to the rule that €%,,- - -, #6, ; are the homo- 
geneous coordinates which are paired to the previous sections 2%,° - +, 2% Wg 
with reference to the construction of @(N(X;V)). The restriction of @ 
to V* is then identical to the bundle projection of @(N(X;V)). 

The mapping ® is called an anti-monoidal transformation, and the 
variety V* is called the anti-center of ®. © is bi-regular if d=r— 1. 


S11. Let #(V*) be the divisor class on X* of the divisor V*. We 
recall the construction of the sheaf @(—@(V*)). The restriction of 
6 (—#(V*)) to any U*,, is a free sheaf of dimension one generated by a 
section Dfa, h]; its restriction to U, is generated by D[0}; on U* unr N U* an, 
we have the transition law 


r-d 
D[a, ho] = (2 NP nba m) DIB, hal, 


and on U. N U* ai. we have 


D[ a, ho] = 2D [0]. 


- 


~~ th... 
J 


aly’ 
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Now we have 


„r-d 
Cn = (ZE NOn hth n/P m) Pr 
h=1 


so that @(—#(V*)) is isomorphic to sheaf $(V*) of germs of rational 
functions on X* which are multiples of the divisor V*. We have that 


@(£(V*)) =—a(V*). 


We obtain by inspection that the induced sheaf of @(—#(V*)) on the sub- 
variety V* is the basic sheaf B(N(X;V)) of N(X; V); consequently, the 
basic divisor class @(V(X;V)) is equal to the trace of —@(V*) on V* 
(i.e. the reciprocal image of the divisor class —&(V*) with respect to the 
identity map of V* in X*). 

Let Ax denote the diagonal on the product variety X X ¥. Ay is non- 
singular.and it is in bi-regular correspondence with X in a specific way. 
The sheaf V(X X X;Ax) is therefore intrinsically associated with the variety 
X; in fact, the reciprocal image of N(X XK X;Ax) with respect to the 
canonical mapping of X onto Ax is none other than the sheaf Q'ty of germs 


‘of differentials of degree one on Z. 


§12. The sheaf 6Q*x, which is the reciprocal image of Q*x with respect 
to the mapping © of X* into X, admits an isomorphism into the sheaf Qy» 
of germs of differentials of degree one on X* in a specific way. In fact, 
we shall establish the exact sequence of sheaves 


0> Pr > Oy. > SN O B (N) - 0; 


dN denotes the derived sheaf of N(X;V) and B-1(N) denotes the reciprocal 
sheaf of the basic sheaf B(N(X ; V)); both of these last sheaves are defined 
on V* since we can identify V* and @(N(X;V)); their tensor product 
extended to a sheaf on X* is the third term in the above exact sequence. 
We can suppose that our covering of X has the property that for each 


a € J*, there exist d regular functions y%,,- : :,y% on Ua such that the r 
functions 
z, — T% (D), LL. iShsr—d, 
Y%— yna (p), 1Ss15S4, 


generate the maximal prime ideal in the local ring @, for every point p on 
Ua; we can always refine the covering so as to secure this possibility. On 
the open set U*ons we have that the r functions 
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y%i— yi (p*), 1<i<d, 
de Vans E ho (p*), 
ATA a £9170 (DF), 1S hS rd, hÆ ho 


generate the maximal prime ideal of the local ring @,+ of X* at every point 
p* on Ur (We use the same symbol for a rational function on X and its 
reciprocal image on X*.) The restriction of Qty. to U*,,, is the free sheaf 
of dimension r generated by the differentials 


dy, 1<i<à, 
AT po 
d (E/E h); 1S hS rd, h Æ ho. 


The restriction of 01x to U*,,, is a free sheaf which is the subsheaf of the 
restriction of Qx» to Ur, generated by 


dy", 1Z=41£ d, 
dat}, 1£<h<T—- d. 


But we have on X* that 


Eh OH LG / Eho 1=hZ=r—d, 
which gives 
AEn = En Eh AE ng + Lnd (En Eh); 1ShS&r— d, hÆ ho; 
consequently, the restriction of PQtz to U*,,, is generated by the sections 
dy", Li =, 
AL hy 


E hmd (Eh 6%, ) == Ty — (L RAE ne) AL h Lh < T — d, h =£ ho. 


The restrictions of PQ'x and O1y. to X*-— V* are equal since ® bi-regularly 
maps X*— V* onto X — V. 

It is now evident that the quotient sheaf of (tr. modulo @Q4y is the 
extension to X* of a locally free sheaf of dimension r—d—1 defined on V*. 
By inspection, we obtain that this quotient sheaf is the extension to X* of 
the locally free sheaf 8N Q B-1(N) defined on V*; thus we have our exact 
sequence 

0—> Pyr > Oly. — SN © BI (N) > 0. 


Consider the sheaf (@0Q?x)’ which is the induced sheaf of 601, on the 


me 
4 


GEOMETRIC SYZYGIES. ; 199 


subvariety V*; (@Q%x)’ is identical with the reciprocal image of the induced 
sheaf of tx on V with respect to the restriction of @ to V*, which mapping 
can be identified with the bundle projection ry of N(X;V). We have a 
specific isomorphism of ryV(X;V) into (®Q1x)’ according to the rule that 


ay 12%, —> (dah), 1<h<T— d, 
on each U*, N V*; the myz, are the reciprocal images of the previous 
sections 2%, for N over Ua. Thus we have the exact sequence 

O0 ayN (X; V) (Px) > ry 0 


of locally free sheaves defined on V*. We view zyN(X;V) as subsheaf of 
(Otx) so that SN is the subsheaf (®Qtx)’ whose restriction to U*a no is 
the free sheaf generated by the sections 


(dan) — (E%n/E%%0) (dho) LSh Sr d, h ho. 


Let (Qx.)” be the induced sheaf of Qtys on V*. Then the induced 
-= homomorphism from (Pz) to (x.y is described on Don, N V* 
according to 


(dy%;)’ > (dy), 1<i<d, ` 
(das; )’ +” (da,,)’, 
(dr) — (EnA E ho) (dtn) — 0, LS hS rd, h Æ ho. 


The kernel of the induced hmomorphism is ôN and the image is a locally 
free sheaf À of dimension d-+-1 defined on V*; we have the following exact 
sequences of locally free sheaves defined on V* : 
| 0 8N — (ry > FR 0, 
0> R> (Qtr) > SN@BI(N) > 0. 
The induced homomorphism from (®0Q*x)’ to (Qx) maps ryN(X;V) onto 


a locally free sheaf defined on V* which is isomorphic to B(N). Thus we 
can view B(N) as a subsheaf of # and we have the exact sequence 


0 B(N) > R> ayy > 0. 


II. Locally Free Resolutions of Sheaves. 


§13. Let X and V be as in §9-812. Let Q be a locally free sheaf 
defined on F, and consider the extension of Q to a sheaf defined on X whose 
stalks are the zero module over each point of Y not on V (which sheaï we 
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continue to denote as Q). Given any (coherent, algebraic) sheaf S defined 

on X, then, according to one of Serre’s fundamental theorems, it is possible à 
to choose a locally free sheaf F and a homomorphism y of F onto S. This 
permits us to construct an exact sequence 


t 8 0 
Ft —: + e F — > Prt o o e E ~~e Q > O, 


where Fs is a locally free sheaf defined on X for OSsSt. fsZ2r—4—71 
(dim. V == d), then the sheaf Ker[y*] (i.e., the kernel of y*) is a locally 
free sheaf defined on Y; and if s == r— d, then the stalk F8, at every point p 
on X is the direct sum of the stalk Ker[y*], and a free @p-module. These 
assertions follow from the assumption that X and V are non-singular in 
conjunction with well known arguments from cohomological algebra; they 
will be proved here in the course of establishing further results of this type. 


We shall deal with a fixed exact sequence \ 
r-d 8 Q 4 
(1) Fri... FF..." Y > 0 


of length r — d, where F" is a locally free sheaf defined on X for OSs <r—d. 
We pass to the sheaves #Q, &Fs, 0<s=<r—d, which are the reciprocal 
images of the sheaves Q, F°, 0 S s & r— d, with respect to the anti-monoidal 
transformation © from X* onto X with anti-center V*. We also have the 
reciprocal image homomorphisms 


@i(y°) 


pf m> PA, 


(y?) 
PF: > ppi, i<ssr—d. ` 


For notational cohvenience, set | 
Qa =Q, 
Fs, = OF, 
Prag =O (YF). 
Thus we have arrived at the diagram of sheaves and homomorphisms on X* 


r-d 8 6 


(2) FT ———>- + + T #8, — fe, Fo — 9, > 0; 


but (2) is not an exact sequence if r—-d > 1. owe 
In the present chapter, we shall prove the following assertions. | 
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1. The sheaf Ker[y*,,] is a locally free sheaf defined on X* for all 
0s r—d; Ker[y*4] is a locally free sheaf defined on X and its reciprocal 
image with respect to & is Ker[y*~4, |. 

2. Imfy*,] is a locally free sheaf defined on À* for lSsSr—d; 
Im[y*,] = Ker[y°,]; Im[y°,] = Qy 

3. Let Q%,, denote the quotient sheaf of Ker[y*,] modulo Im[y**,,.] , 
for 1 SsSr—d—1; then Q’, is isomorphic to Q, A%(8l), the tensor 
product of Q, with the s-fold exterior product of the derived sheaf 8N of 
N(X;V); thus we hace the exact sequence 

0 — Im[y**,,] —> Ker[ys. de, AS(GN)—0 
for 1=s=r—d—1. 

There is another diagram of interest. Let Q’, F5, OSs 5 r— d, denote 
the induced sheaf of Qa, FS, OS s=r—d, on the subvariety V*; let y”? 


denote the induced homomorphism of Vs for 1S <s£<r—d. Then we have 
Q = Q, and the diagram 


fr—g . fg 49 


(3) PTE: Fe Fe. o a FO m~ 0, —0, 


where Qg, Ws, 0OZs<r—d.are locally free sheaves defined on V*. The 
diagram (3) 1s not exact. The following assertions are true. 


1’. Ker[y/*] is a locally free sheaf defined on V* for all OSs r—d. 
2’. Im[y/*] is a locally free sheaf defined on V* for all 0 <ssr—d; 


» Im[y?] = Qs; Im[y*] = Ker[y?]. 


3’, The quotient sheaf of Ker[y’’] ob the subsheaf Im[ys#] is 
for 1 & sS r— d isomorphic to the sheaf Q, @ AS(N*), the tensor product 
of Q, with the s-fold exterior product of the sheaf N* —-ayN(X;V) which 
is the reciprocal image of N(X;V) with respect to my; thus we have the 
exact sequence of locally free sheaves on V* 


0 — Im[y/s*?] -> Ker[y/*] — 0, @ A?(N*) 0 for LS sS ruad. 


§14. The present § consists of formal algebra, and its aim is the 
proof of Lemma 1 which is the key to the proofs of the assertions of § 13. 
Let O be a commutative ring with a multiplicative neutral element 1540 
(eventually, O will be a local ring). We shall consider unitary O-modules 
exclusively (i.e., 1 acts as the identity operator in any O-module consicered 
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here). Let 2:,° + °,2% be elements in O which satisfy the Cartan-Eilenberg 
condition : 


(C.E.) if for any u€ O, we have that uz; belongs to the ideal 
(25° ° *,%-1) in O generated by 2,:°°,%4, then u belongs to the ideal 
(25° °°, %-1) (in particular, for ¿= 1, we require that z is not a divisor 
of zero). We shall assume that the ideal (2,: + -,2:) is not the unit ideal. 
Let R be the residue class ring of O modulo the ideal (%,: * +,2:); then R 
has a multiplicative neutral element not zero; R carries the structure of an 
O-module in a specific way and the residue class mapping po is an O-homo- 
morphism of O onto R. 

For 1=s<t, let M, be the free Oasis of dimension ¢!/s!(¢—s)! 
generated by the symbols 

[ha ©", Me], 


one such symbol for each strictly increasing sequence 1h, <° - Lh Si 
of s integers chosen from the set {1,---,¢}. We construct an @-homo- 
morphism pz, from M, to Msa (s > 1) according to the rule 


8 Le R 
Les : Ee | -s hs] >> ( 1)?2, [hs "sp" ° he]: 
pel 


where [h © -,h,,: - +, ha] is that generator of M,_, obtained by suppressing 
the p-th member hp of the sequence 1h, <:>: <h St. For s—1, we 
construct the homomorphism from M, to O according to 


pat [it] — 2, Tsk Sit. 
Tt is a consequence of the Cartan-Hilenberg condition on 2:,: > +, 2; that 
Mt HPs Hı Ho l 
(1) 0-M,—>:---~M,— Ma: "M — O— R> 0 | 


is an exact sequence of O-modules; the proof is given in their book. The 
exact sequence (1) is called the Koszul resolution of R by free O-modules. 

Let L be a free R-module of dimension q with the free basis l, - +, lg. 
Then by the Koszul resolution of L with respect to the basis l,- -lọ we 
mean the direct sum of the Koszul resolution of. O taken q times. Explicitly, 
MA 1s?) is a free O-module of dimension gi!/s!({—s)! generated 
by the symbols 

ge RUE 


one such symbol for each pair consisting of a strictly increasing sequence 


ee SO 


Le 


GEOMETRIC SYZYGIES. 203 
ISh <--> Lh St and an integer 1, 1=1=g The module M4, is the 
free O-module of dimension q generated by the symbols 
L;i]; tig. 


We construct an O-homomorphism Às from M3, to Me. (s > 1) according to 


s 
Aa: [Au ' shat] > 2 (— 1)? a, Lin ` y ftps’ ` “Migs 4 | 5 
p= 


we define A,: M4 — M% according to 
Ai: [h;i] > zalt], 
and Ag: M% — L according to 


do: | 34] k. 
The exact sequence 
At À: Xo 

(2) O— Ma. - -— ML — M4, — L > 0 
is the Koszul resolution of L with respect to the basis 1,,° + +, lg. 

We now assume that O is a local ring; recall that z,,- * -,z, are assumed 
to be non-units of O. Consider an arbitrary resolution of L of length t. 
By this, we mean any exact sequence 


$e gs o 
(3) Es E — Enma Eye LeO, 
where Eo’ © <, E; are free O-modules (all our modules are finitely generated). 


The following lemma gives the crucial property of the Koszul resolution; in 
particular, it gives that Ker[{¢;] and Ker[¢,,] are free O-modules; more 
generally, the lemma gives that Ker[¢,] is isomorphic to the direct sum of 
Ker{x,] and a free O-module for all Ossi. 


Lemma 1. O isa (commutatwe) local ring with a multiplicatwe neutral 
element 1540; 21, + ",2, 18 a set of non-units of O which satisfy the con- 
dition (C. E.) ; R is the residue class ring of O modulo the ideal (2,7 © +, 2) 5 
L is a free R-module of dimension q; finally 

Àt 8 Xo 
(2) O0 Ma: - > MI Mha : Mi —— LS 0 
is the Koszul resolution of L with respect to some free basis of the R-module 
L (viewed as O-module). Then given any exact sequence 


Pt ds 


0 
(3) Ei + OE, By > BL), 
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‘a 


where Ho: + +,H: are free O-modules, it is possible to construct homo- 
morphisms | 
Nes D, — Es, Ey: E, -> M, 


for 0 Ss St which satisfy: 
1.) ém ts the identity map on MS; 


2.) Ésahs = Més ss = dies (we shall agree that €, and q- denote 
the identity map of L). 


SUPPLEMENT TO Lemma 1. The module Ker|é,| ts a free O-module; 
Ker[d,| is the direct sum of Ker|é,| and the image of Ker[a,| by qs which. 
image is isomorphic to Ker[Ag]. 


The homomorphisms £, and 7, are constructed by induction on s. It is 
convenient to cast part of the proof in the guise of several elementary ) 
lemmas; only one of these requires a demonstration. 


Lemma 2. E, G are free modules of dimensions n and m over the local 
ring O; y is a homomorphism from G onto E. Then given a free basis 


@1,° © “yen for E, tt is possible to choose a free basis ga, ` *, 9m for G such 
that 
| Y (gi) =“, | LSt=n, 
Y (Ina) = 0, 1£n<m—n; 


or, without reference to bases, Ker[y] is a free O-module and there exists an 
isomorphism y from E into G such that wi’ is the identity map of E; 
consequently, G is the direct sum of Ker[y] and Im[y/]. 


wa 
Lemma 8. E is a free module of dimension n over the local ring O 
and @,'° +,@, 1 a free basis for E. Let e”,,- + -,e’, be elements of E such 


that for each i 1 Sin, 


i—i 
is equal to a linear combination of @,,- - -,e, whose coefficients are non- 
'units of the local ring O. Then e’s,- - -,e', ts a free basis for E. 


LEMMA 4. (This lemma reiterates the well known fact that a free 
module is a projective module, and it does not require the assumption that O 
be a local ring.) Æ is a free O-module; A, A’ are O-modules; 8 is a homo- 
mirphism of A onto A’; x’ is a homomorphism of E into A’. Then there ~ 4< 
exists a homomorphism x of E into A such that Or is equal to m. i 
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Lemma 5, (Retain the hypotheses and notations of Lemma 1.) Let x’ 
be a homomorphism of E, onto the submodule Im[A,] of Ma, 5; if s= (0, then 
Im[A,o] =L. We can apply Lemma 4 since E, is a free O-module and àe 
maps M1, onto Im[A,], which assures the existence of a homomorphism w 
of Es into MA, with the property Ar =n. Then we claim that x maps E, 
onto M9. 


Proof. We have that Im[d,| is the submodule of M a, 4 generated by 
the elements 


8 
2 (— 1)? Zp, LR: Ts ftp, TOTO Tg Re], 
p=1 : | ; 


one such element for each strictly. increasing sequence 1 S À, <t - <h,<t 


of length s and integer 14, 1=0q; (for s—0, we have Im[ào] =L is 


generated by lh,’ -, lg). Since 7 maps E, onto Im[A,], we can choose 


elements 


Cho > hazi], 1n hE SiS 


such that 
r(e [ho + sha 5i)) =È (1), o: yf ha 3i]; 
(for s==0, we choose e’[t], i & 1< q, such that 
ow (elil) =). 


We choose a homomorphism r of E, into M9, with the property Asr == 7". 
The elements ' 
a(g Th, : “shes 3t]) — [has ° "Rs 34] 


‘are all in the submodule Ker[A,] since 


As( [ha ° | ‘she 51])== (—1)?*2,,[ ha, ° ` -fip i + he 54]. 
pl | 


But Ker[A,] is generated by the elements 


> (—-1)? 223, [Aa ° ° “Ig, i "shar si], 
p=l 


one such element for each strictly increasing sequence 1 hy <e << hau Si 
of length s-+-1 and integer 4, 1S=i=g. We can apply Lemma 3 since 
21° ° *,% are non-units of O, and this proves that the elements 


J Med eee ee lSh<--- <hSt1SiS 


generate M2, Consequently, m maps E, onto M4,. 
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Proof of Lemma 1. Assume that the homomorphisms £.4,9-1,° * * , Éa- yea 
with the required properties have been constructed and 0S s&t; recall 
that £1, » are both the identity map of L. We claim that the composite 
homomorphism £,:9, maps F, onto Im[A,]. This is obvious if s=0.. If 
s> 0, then for any element m of Im[d,], we have that ,.(m) belongs to 
Im [¢,] since $51 (7-1(m™) ) = s-2(As-1(™) ) = 0 by our inductive assumption 
and the fact that _Im[#,] = Ker[ps], and Im[A,] — Ker[A,-1] ; consequently, 
we can choose an element e in E, such that (e) == (m), which gives 
£,.1(¢,(€)) =m; thus Im[é,.¢,] contains ImfA,]. On the other hand, 
we have 


Às-168-1Ps = Esopsahs =, 


which proves that Im[¢,..¢,] is contained in Im[A,]. It follows from 


Lemma 4 (as applied in the statement of Lemma 5 with £,.1¢,-=7’) that we | 


can choose a homomorphism é, of F, into M£, with the property Asé: = £¢-1$83 
and from Lemma 5, it follows that é maps E, onto M3, Since E, M, are 
free O-modules and é maps Æ, onto M3., we apply Lemma 2 and obtain 
an isomorphism y, of M4, into E, such that és is the identity map of M4,. 
It remains to check that ¢sye==7e1\s. To this end, we observe that 
És-1Dans = Assays = As Since E514 = Aes and bins is the identity map of M4; 
this leads to ms-165-1Dane = nss and since the restriction of ys... to the 
submodule Im[me_1] is the identity map of that module, we get dens —%5 16: 

Applying Lemma 2 to the homomorphism é; from #, onto M4,, it follows 
that Ker[é,] is a free O-module. We have that é maps Ker[#,] onto Ker[A,] 
(for we proved at the start of the proof of Lemma 1 that £,:9, maps E, onto 


Ker[A,.1 |); thus we have that Ker[¢,] is the direct sum of Ker[é,| and ye 


the image of Ker[¢,] by sés, which image is isomorphic to Ker[a,]. This” 
completes the proof of the supplement to Lemma 1. 


§15. Consider the exact sequence of sheaves 


"r-d 0 
(1) pri—>: : -> Q 0 


of § 13. At a point p on X, we have the exact sequence of stalks 


W- Wp 
(2) JF tHE, — > * : > Fy —> Oy — 0. 


If p is not on F, then Qp is the zero module and Ker[y*], is a free @y- 


module for all 0Æs<r—d, as follows from Lemma 2 since O» is a 


local ring. 


“we 


Y 
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Assume that pe V. Then there exist r — d regular functions 2,-° >, Er-g 
in Oy which generate the ideal determined by V in Øp, and since p is a 
simple point on V, they can be extended to a basis of r elements for the 
maximal prime ideal of Oy; consequently, £1," - -,æ,_4 satisfy the condition 
(C.E.) of § 14. The residue class ring of @, modulo the ideal (a,- - -, 2,4) 
is the local ring O(V ;p) of V at p. The stalk Qp is free module of dimen- 
sion q over O(V;p). Thus the structure of the stalks Ker[y*], is known 
on the basis of Lemma 1 of §14 and its supplement. In particular, we have 
that Ker[y"-4] is a locally free sheaf defined on X. 

Taking account of the properties of locally free sheaves and the structure 
of the stalks Ker[y*], as revealed by Lemma 1 of $ 14, we can suppose that 
our covering {Ua} aez has the following properties: 


1) The restriction of Q to any U,NV (with a€ J*) is a free sheaf 
generated by sections 1%,- + - us 


2) The restrictions of Fs, 1ssir—d, to Ua (again «€ J*) is a 
free sheaf of dimension n, generated by sections 


fe Lha 5 "sha 54], 1Sh<: j <h Sr—d Sig, 
ferah 1E] S Ua — És, 
TP uth 1S k S ne — ts, 


(the restriction of F° to Ua is generated by 


f(s, 1 Si Sq, 
Farts 1= k S n— g), 
where for s = 1, we have 
ta = q (r — d) s !(r— d— s) ! ` 
he — te == Ne — Ug, 
and Uy == ty = q;) 
8) The restriction of y° to Ua is described by 
| fol i] > 0%, 1<i<, 
Fa 0, ` … 1SkEn—0Q, 


and the restriction of Ker[y°] to Ua is generated by the sections 
fe 54], 1ShSr—daisisg 


Past, 1<kSm—q 
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4) The restriction of ys (s=1) to Ua is described by 


8 : 
f*[Ra, my hg 34] — 2 (—1)7 220, fe h, DRE hp, as hs sil, = 
= : 
Pts qu Fusa 1 = J = Us FER Le = (7 m Ug-1» 
i Tte O, 1 S k S hng- — Usa 3 


consequently, the restriction of Ker[y*] to Ua is generated by the 


8+1 
$ (atf [hs si + tazi], 
B= ; 
ISh <1) <hSr—d1 Sissy 


fusts | 126 S n m US 


The functions 2°,,--+,@%,g are as in §9. We shall agree that f#[hi,---, hat] 

is defined for arbitrary sequences h,°" "*,h, chosen from {1,- - -,r—d} 

but that it is strictly skew-symmetric in the h’s. 7 
The restriction of Q, =@Q to any U*a N V* is a free sheaf generated 

by sections 


le 


where lą% is the reciprocal image of the section 1%; of Q over U a; similarly, 
the restriction of Fe, to U*, is the free sheaf generated by the sections - 


faha" $ ths 54], Loy: - <hSrT—-di<i< 3; 
f etat | | | I> = Us —— ts, 
tT S | 1S k E&E ng ~— us. 


It follows that the restriction of F° to U™,,,, is the free sheaf generated by _ 
the sections 


Fea Eho, haz" "ehea 34], ISh <: z <ha Er— daţi Sg, 


where hp=&h, for 1 5 p & s— 1, the sections 


n TA ” “sha LS (— 1)? (6%, /E no) fx Lho Ras * | fp’ : "she 34] 
p=1 


for all 1ÆM<:--<h<r—d, 1Sisgq, and hph for l=pss, 
and the sections 
tai LS <= Ut, 


fausse 1 = k = Teg ~~ lige 
On U* gn We have that j A 


wap = (E/E h) 1ShSr—d, hh; 
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consequently, the restriction of y, (s2=21) to U*an, is described by 
fea Eho hi + +, hea 34) — Eh (folles © he 54] 
+S De) slo hp = staa 4) 


for al 1S h, <c <hem Sr d, hgh, 1S4, 


fshi hi] +3 (—1)P (n/t) f sho fas" sh + he 31] 0 
for al 1S h, <: <h SSr—d, hp ho 1S4, 
ET > Puteri LS j S ty bs = Moi — Uy, 
use 0, 0 1S k S Ne Us. 
This proves that the restriction of Ker[y*,.|, s= 1, to U*q,, is a free sheaf 
generated by the sections 
fallut + + he 34] +3 (1)? (€%1,/ bho) f a [hos Mays 5 lp > +p he 54] 
for 1S h LeeL hS r—d, hÆ hyo 1StSy4y, | 
faut | 1 S k S ns — Us; 


furthermore, the restriction of Im[y**?,] to U*,x, is a free sheaf since it is 
the subsheaf of the restriction of Kerfy*, | to U*,,,, generated by 


T'ho (Fe hu °° he 54] 
HE (1P (Enin) f aoha © ang” «ste 3i) 
for 1Sh<:--<hEr—d, hho 1Si1<y, 
fa pnto 1<kSm—t. 


The restriction of Ker[y°,] to U*,n, is equal to the restriction of Im[w’.] 
to Un, whichis the subsheaf of the restriction of F°, to U "am generated by 
en xl 50], ISIS gs 
fikat 1 SkSm—4. 
We conclude therefore that Ker[y*,|, resp. Im[y*,], is a locally free 
sheaf defined on X* for all OSs r—d, resp. 1Zs<r—d; Ker[y,] 


==Im[y',]; Ker[y4,,] =Ø Ker[y7-¢]. The residue class sheaf Q’, of 
Ker[ys.] modulo Im[y##,] for 1=s<r— d—1 is evidently the extension 


14 
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to X* of a locally free sheaf of dimension g(r—d-+—1) !/s!(r—d—1—s)! 
defined on V*. By a rather straightforward calculation, one constructs an 
isomorphism of Q*, onto Qa A*(8N); thus we have the exact sequence 


(3) 0 —> Im [y**4,. | > Ker[y?, ] > Q8 AS(SN) — 0 


for 1=s<r—d—1. This completes our discussion of the assertions 1., 2., 
and 3. of 818; the assertions 1’., 2”., 3’. follow rather easily from the calcu- 
lations of this § but we shall have no need of them in the sequel. 


lil. The Dual Rational Transformation. 


§16. The variety X and the sheaf # are as in §3; G is a locally free 
sheaf of dimension m defined on X, and # is a homomorphism from @ into 
E with the property that Im[y] is not the zero sheaf. We are going to 
construct a rational transformation @ (y) from @(H) into B(G); it is 
called the dual rational transformation of the sheaf homomorphism y: G— E. 

It is permissible to asume that the previous covering {Ua} a ez is such 
that the restriction of G to any Ua is a free sheaf of dimension m generated 
by sections g%,,°* -,9%m of G over U,. With reference to G, we have the 
transition laws 


J'a = D Ppap 1=qg=m, 
pel 
on Ua N Ug; the functions Ge, 1 & p,q S m are regular on Uan Ug. The 
restriction of y to any Ua is described by 


% : 
ws I> Bdge, lspsm; 
zl 


the Ami, LStSn, 1S p5 m, are regular functions on U,, and our 
assumption that Im[w] is not the zero sheaf means that for any «€J, not 
all of the functions A%*, are equal to the function zero. 

ra (Ua), the portion of B(G) over Ua, is a product variety Ua X P'o 
where P’, is a projective space of dimension m—1. Let w%,,: + +,w%, be the, 
homogeneous coordinate system on P’, which is paired with g%,::-,9%%» 
over Ua with reference to B (G); let U’ap denote the open subset on Ua X P'a 
consisting of all points g which satisfy w%,(g) 40; the family {Uap} aega Es 
forms an open covering of @(G). The restriction of the basic sheaf B(G) 
to any U’,, is a free sheaf of dimension generated by the section Gla, p] of 
B(G) over U'up. On Uap O U’ga we have the transition law 


Gla, p] = (Z GPA a8 ,/u,) GLB, q]. 
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Consider the subset Y(wW) on the product variety B (E) X B(G con- 
sisting of all points (e, g) such that rg(e) —er(g); (y) is a non-singular 
subvariety on @(H) X B(G) of dimension r+n-+m—2 (dim. X =r). 
Let Sy denote the rational transformation from Y(y) onto X which maps 
a point (e,g) of F(#) onto the point p= vrg(e) —re(g) of À; By is a 
regular mapping from Y(y) onto X. The open set Sy7(U,) on (y), 
consisting of all points which žy maps onto U,, the the product variety 
Ua X Pa X P'e 

We shall say that a point e on Ua X Pa satisfies the requirement (2) if: 


(R) Saut (p) (e) £0 for at least one p, 1S p S m; ®t (p) is the 
i=l 


value of A**, at the point p==awg(e). The points of Ua X Pa which “ail to 
satisfy (R) form a proper algebraic subset on Ua X Pa since Im[y] is not 
the sheaf zero. Let Ta be the closed (i.e, algebraic) set on Ua X Pa X P'a 
consisting of all points such that | 


n 
pow, (g) = pr ZA% (DP) 7% (€); | 1£p£Em; 
4m 


Po; pı are arbitrary constants not both zero, and p = Xy(e, g); T is a vroper 
algebraic subset on Ua X Pa X P'a Tf e satisfies (R), then there is a unique 
point g on Ua X P'a such that (e,g) is a point Te- Consequently, there is 
a unique subvariety Va of dimension r+n—1 on Us X Pa X P'a which is 
a maximal component of Ta, and with the property that Va contains all 
points (e,g) on Ta such that e satisfies (R). Let ya be that rational trans- 
‘ formation from Ua X Pa into Ua X P'a whose graph is Vae It is easy to 
_ check that the restriction of ņa to 75 (Ua N Ug) is equal to the restriction 
_ Of ng to wn? (Ua N Ug) ; hence there is a unique rational transformation @ (y) 
from B (E) into B(G) whose restriction to any Ua X Pa is equal to ya. The 
reqiurement (R) is a sufficient condition for @ (4) to be a regular at a 
point e; but in general, it is not a necessary condition. 

Consider the subvariety (y) on Y(wW) which is the graph of @(y); 
thet family {Va} forms a covering of @ (y) by open sets. Let y; and y; 
denote the projections from #(#) into @(#) and B(G) respectively; 
¥iB(H) and w.B(G) are locally free sheaves of dimension one defined on 
6 (y), for they are the reciprocal images of B(E) and B(G) with respect 
to Yy; and w., respectively. We shall exhibit a canonical homomorphism B (yp) 
of the sheaf W..B(G) into ya B(E); B(y) is called the basic homomorphism 
associated with the sheaf homomorphism y: G— E. 

The restriction of y..B(E), resp. w:2B(G@), to (Ua), resp. ¥i2(T'ap), 
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is a free sheaf of dimension one generated by the section ¥..7H[a, i], resp. 
W.o1G[a, p], which is the reciprocal image of the section Fa, i], resp. G[a, p]; 
(we consider here only those U’,,, such that w,.7(U’a,)) is non-empty). We 
have the transition laws 


a EBLa i] = ( $ Et (0/8) LB, 5] 
on Ya (Tas M U3), and 


vis Ge, p] = ( È Gay (w/a) Wwe GLB, q] 


on Y; (Uap N U'Ba) ; the coefficients in these transition laws are to be 
viewed as rational functions on (4). For each triple (a;n p), a€J, 
LSisian, l=psm, such that ya (Uat) N die (U up) is non-empty, we 
set 


Uap = ir (Un) N yia (U ap); 


the family of all such admissible sets forms an open covering of 6 (y). 
The homomorphism B(y) is constructed according to the rule that its 
restriction to any Ug.» is described by 


p G Lo, p] -> (SA, (11/75) ) pa BL a] ; 


the coefficient is viewed as a regular function on Us». It is easy to verify 
that B(y) has been constructed in a consistent way. 

There is also a naturally determined locally free sheaf S(y) of dimension 
one defined on @(y), and a naturally determined isomorphism of the product 
sheaf (y: 1B(G))@S(y) onto the sheaf y,.7B(H). The restriction of 
Sy) to any Ua;ıp is a free sheaf of dimension one generated by a section 
S[@;i p], and we have the transition law 


Slat, p] = ( > EPK (78, /rs) ) ( x GB p (oap) FELE; jq] 


on Uap O Ug:;43 the restriction of the isomorphism to any Uc:, 1s described 
by 
(y: GI p]) © STosi,p] va Elo; p]. 


Everything is consistent since we have 
(ZA (7%, /7%) ) 
h=1 


= (ES (rh /18,)) > (È Gr, (Paaha) ) (Z3 Ma (Fo /2%)) 


on Uap N Ui ¢- 
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$17. Assume that y maps G onto E. It is permissible to suppcse, on 
the basis of the definition of a coherent locally free sheaf together with 
. Lemma 2 of §14, that the families of generating section for Æ and G have 
been chosen such that the restriction of y to any Ua is described by 
ga eM; 1£1£n, 
J nay —> 0, 1S uS mn. 
In this situation, @ (4) is a bi-regular mapping from B(E) into B(G); 


a point e on Ua X Pa is mapped by B (y4) onto the point g on Ua X P'a 
such that 


ra(g) =u (e), 
o% (g) =7%(8), 1=i<n, 
wna (4) == (),. LS uS mn. 
We view (E) as subvariety (G) by the device of identifying 8 (E) with 
its image with respect to 8B (y). If p>n, then B(E)NU'up is empty. 
For any 1, 1<1<n, the m—n functions 
Onan / w“ 1 = “Sm — n, 


generate the ideal determined by 8 (E) in the local ring of B (Q) at every 
point on U'wt 
We have that 


GP = EE9,, 134,552, 
\ 
Gfp"g = 0, LS=pSn,0n+1Sqsem—n; 
which is to say, we have the transition laws 
n m-n 
g= 2 EP gP, +. 2 P nug nu 
= u= 
for 1S j Sn, | | 
I" nae == 2 OE nse LR 
for lSv=m—n. It is an immediate consegence of these transition laws, 
together with the fact that the functions | 
Onn /O%4, 1Susm—n, 
generate the ideal determined by @(H) on Us, that the induced sheaf of 
“ B(G) on B(E) is equal to B(E). 
Thus, under the assumption that y maps G onto E, we have that B (y) 
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is a bi-regular mapping of 8 (FE) onto a subvariety on 8 (G); if we identify 
B(E) with that subvariety, then the restriction of re to B(E) is equal to rs, 
and the induced sheaf of B(G) on B(E) is equal to B(E}; in particular, 
the trace of the divisor class ®(G) on B (E) is equal to @(F). 

Suppose that m >n. The sheaf Ker[y] is a locally free sheaf of 
dimension m—n defined on X; the restriction of Ker[y] to any U, is the 
free sheaf generated by the sections 9%," ° *,9%, and we have the tran- 
sition laws 


m-n 
J ny = > HE SG? axa; lSvSm—n, 
uzi 
with 
HB, — CE mutin 1 < U, Y < m ote tT. 


We construct a locally free sheaf H of dimension m—~n defined on X as 
follows: the restriction of H to Ua is a free sheaf generated by sections 


hti: + +,h%n-», and we have the transition laws 
mr 
he, — ` H?’ pohu 1 < v = Mm — Tt. 
u-1 


We construct an isomorphism ô from H into G according to the rule: the 
restriction of @ to Ua is described by 


0: heu Gnu, LSus mn, 


the sheaf Im[#] is equal to Kerfy], but we must emphasize that the range 
of 8 is the sheaf G; consequently, there is the exact sequence 


ü Y 
0 H ——> G—> FH 0 . 


of locally free sheaves defined on Z. 

We shall examine the constructions of §16 with refernce to the homo- 
morphism 6: H->G. ag (U,), the portion of @(H) over Ug, is a product 
variety Ua X Pa; P”a is a projective space of dimension m—-n—1 with a 
homogeneous coordinate system 7%1,:-+,7°%mn» which is paired with the 
sections 4%,- * +, A3m-n over Ua with reference to the construction of 8B (H). 
0 au LS uS m — n, is the open set on Ua X P”a consisting of all points 
H such that »°%,(6) +40; the restriction of the basic sheaf B(H) to Ua» is 
a free sheaf of dimension one generated by the section H[«, u]; we have the 
transition law 


H[a,u] = (SH (9P/aPo) ) LB, v] 
on U" aa N Uii | 


maté 


“7 


| 
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Y(8) is the non-singular subvariety on B(G) X B(H) consisting of 
all points (g,)) such that 


wa(g) = 7H(b) ; 


3 is the projection from Y(8) onto X which maps a point (gb) onto 
the point we@(g)==7H(h) =p on X; Sy (Ua) is the product variety 
Ua X P'aX Py. Let (gb) be a point on @(6) N 3_7(Ua), and suppose 
that a(b) 0, %,,(g) 340. We shall prove that (g,§) is a simple point 
on # (8). 


Case I: pp >n. The m—n—1 functions 
Onsn/ 06 Per Nu N ne» u ge Pom À, l = n £ M — N, 


generate the ideal determined by # (4) in the local ring of Y (0) at (g,b); 
visibly, (g, ġ) is a simple point on #(4) and 8.:, the projection from 4 (8) 
onto B(G), bi-regularly maps some open neighborhood of (g,b) on 6 (8) 
onto an open neighborhood of g on @ (G); in fact, the restriction of 8. to 
8.1 (Uap) is a bi-regular map of that open set onto U’a, ps 


Case IT: o% (g) —0 for all n< pS m, so that o% (g) 40 for some 
to L&p n. In this case, the m-— n— 1 functions 


0 nay / 0% EN (n%/ nu) oian D Vo u fe Uo, 1 = u =m — n, 


generate the ideal determined by € (8) in the local ring at Y (9) at (g,9); 
visibly, (g,b) is a simple point on 6 (0); moreover, the variety 8: (U'ai) 
is obtained from monoidal transformation of U’,,, centered on the subvariety 
BE) NU’, Since the ideal determined by that subvariety is generated by 
the functions 


Onn / 0%, 1susm—n, 
in the local ring at every point on Usa. 

Thus the projection 6,; is an anti-monoidal transformation from @ (6) 
onto @(G@); the center is the subvariety B (E) on B(G). Let O’aspotts EJ, 
Ll=p=m, 1S=uSm—n, denote the open subset on 6(6) consisting of 
all points (g,b) on 6(6) NS" (0e) which satisfy 


o%%(G) 0,  710(D) 05 


let aye denote the anti-center of 4, Then NaN U'’'aipau is empty for 
%< PoS=m, and for p= to % =, the function 


| oTa 0% 
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generates the ideal determined by “Nt, in the local ring of @(6) at every 
point on U’aipauo From the previous discussion on monoidal transformations, 
we know that the restriction of 8 to M, equips that variety with the 
sttructure of a projecive fiber bundle whose base space is @(H) and whose 
fiber is a projective space of dimension m—mn—1; as such, ‘tg is the dual 
projective bundle of the sheaf N(@(G@),B(£)) of germs of covariant normal 
vectors fields to Æ (FE) in B(G); the restriction of 0,, to A, is equal to the 
bundle projection TN (TN = 7 (B(G) BEJ) of No onto BH). 
We have that 


o%yr2/ 0% = ( X HP (fm/ ofu) )( S GPS (0/08)? 


on Uai N Usa, for all 1 Sus m — n, where to 1, are fixed and V SE to % Sn. 
Consequently, the restriction of N(@(G);@(H#)) to any Ua, (1=1<£n) 
is a free sheaf of dimension r—n generated by sections 


git, + +, gti, 
and we have the transition laws 
By = (> BB; (03/03) paa Baghi, 
on UaiN Ug, for all l1SusSsm—n, since we have 
8,4, — GES 1Sisn, 
and w,/wg; is the rational function zero on Uai =B (E) N U'ar for s>n. 
By inspection, we obtain 
N(B (G); B(E)) = B?(#) Ors; 


which is to say, the right hand side is the product sheaf of B-1(Æ) (where 
B(E) @B(E) = sım) with the reciprocal image yH of the sheaf H 
with respect to the mapping ru: 8 (E) — X. 

Appealing to the constructions of §16, we have the locally free sheaf 
8(6) of dimension one defined on @(6) with the property 


6 2B (H) @ 5 (6) =f B(G); 


the sheaf 0, B(G), resp. 0.:B(H), is the reciprocal image of B(G), resp. 
B(H), with respect to the mapping @,, resp. 8. The basic class @(8(8)) 
of S(8) is the divisor class of the divisor 71, on 6 (8); this follows from the 
fact that 


m-n m 
On n/ D = (2 H sa, (9? ¢/ Pv) ) ( 2 GP 08 ,/ wf j ) Taba wf; 
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on Uana N U'g:3y for fixed i, j, u,v, 1 Stijn, 15S u, v Sm —n, ard the 
transition law 


m-n mM 
Sasiu] — (SH (11/10) ) CE P,8108/08)) STE; j, 9] 


on Ü'ouu N U'g.5. By inspection, we obtain that the induced sheaf of S (8) 
on the subvariety A is the sheaf BT(N(B(G);B(E))). We have arrived 
at the important formula 


8 ;2* (O(H)) +@(S(8)) —8:*(O(G)) ; 


8.:*(@(@)), resp. 8.:*(@(H)), is the reciprocal image of the basic civisor 
class @(G), resp. @(H), with respect to the projection 8,1, resp. 6;:, and 
@(S(6)) is the divisor class of the anti-center ‘It, of 81. 

We shall prove that the projection 8. equips @(@) with the structure 
of a projective fiber bundle whose base space is @ (H); as such @(@) is the 
dual projective bundle of a certain locally free sheaf R(4) of dimension 
n + 1 defined on @(H). Let b be a point on U" au 6:21(b) consists of 
all points (g,b) such that g€ Ua X P'a satisfies 


(a) ro(g) =ru (ġ) | 
(b) on (G) — (9%u/9% uo (D ) Jonu (g) = 0, uA, 1lSusm—n; 


consequently, 6.27 (U” au) is the product variety of U”au, with a projective 
subspace of dimension n on P'a; this subspace is described by the equations 


Oran — (n%/ uo) Oran = O, UV, l SusSm—n. 


If the point (g,§) belongs to 6:07(U’au.) Gi7(U"g.,), then we have 
(where p= va (b) = re(g)) 


w% (g) =p ( È BPa (p) (a) = (È Pant (P)Fe/1Pr0(B)) novo 8) ); 


for all 1<1:<n, and 


ong (G) = p ( 2 AP Puy (P) 74/7 00 (D) ofm (9) : 
this proves that 6,. equips 6(4) with the structure of a projective fiber 
bundle. 


R(8) is a locally free sheaf of dimension n -+1 defined on @(H) as 
follows: the restriction of (8) to U”am (EJ, 1S u S m— n) is a free 
sheaf of dimension n-+1 generated by sections 


LE La, Uy | > sn [ a, tol, Pret (a, Uy | 
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on UO" au, Up: there is the transition law 


Tt mirn 
rila, Uo] =à Ebre, Vo] + (2 GF natts (4? t/5 v5) ) Tn LB, to] 
for 1£1<n, and . 
Pret [ a, Uo | => ( 2 HES (nF, / 7500) ) Tuti [ 8, vo] . 


We identify the dual projective bundle of the sheaf R (0) with 6 (8) according 
to the rule that the homogeneous coordinates 

ws, # + « f wn pit 
are paired with the sections 


Ti La, Uo]; ae | Tal 2, uol, Tred [a tbo | 


od 
. 


over U",,, with reference to the construction of B (R(8)); the projection 
6;2 is then equal to the bundle projection ang). There is an evident iso- 
morphism of B(H) into R(4); the restriction of this isomorphism to any 
U” aug is described by 

Aa, to] — Tna L2, tol. 


mm aaa 0e on tee 
, } 


It follows by inspection that the quotient sheaf of R(4) modulo the image of 
B(#H) is isomorphic to the sheaf rx, the reciprocal image of # with respect 
to the mapping wy. Thus we have the exact sequence 


0 B(H) > B(0) > arn — 0 


of locally free sheaves defined on 8 (H). 

The homomrophism from #(@) onto rx permits us to identity B (rl) 
with a subvariety on @(0@) in such a fashion that the restriction of 8 to 
B(rxE). More precisely, we can assert that B (ruE), as a subvariety on 
& (8), is equal to the previously introduced variety Ng. For the restriction 
to U” aus of our homomorphism from #(6) onto rxË is described by 

ri[ a, Uo] -> rate, lin, 


Prot Ta, to] —> 0, 


where mgee, is the reciprocal image of the section ef%,; consequently, 
B (an) N 0:23 (U" au.) consists of all points (g,b) which satisfy 


0 nino (8) = 0, 
which clearly gives us that B (axl) 16.07 (Ux) is identical to £ 
Ne N 6 ;2 (UO ato) 
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Thus the subvariety Ng on @(0) carries the structure of a projective fiber 
bundle in two ways; the restriction of 0, to Tl, equips À, with the structure 
of B(rxEË), and the restriction of 4. to À, equips À, with the structure 
of B (awnll)— since N(B (G), B(E)) =rsH @B*(#). 

It is a straightforward matter to check that 


B(R(8)) =6;:B(G) ; 


the restriction of 6,,B(G) to Np is equal to the reciprocal image of B(E) 
with respect to the mapping from %, onto @(#) which is the restriction of 
8 ;1 to h 8- 


§18. Let V be a non-singular subvariety of dimension r—1 on X 
(dim. X =r). E and @ are locally free sheaves defined on X as in $16; 
but here we assume that y is an isomorphism from G into E, and that the 
residue class sheaf Q of E modulo the image of G by y is the extension to X 
of a locally free sheaf defined on V which we continue to denote as Q, 
We suppose that the covering {Ua} aez of X has the property that for each g, 
there exists a regular function z* on Ua which generates the ideal determined 
by V in the local ring of X at each point on U,, and that the restriction of 
Q to VNU, (assuming that V N Ua is non-empty) is a free sheaf of 
dimension q defined on V N Ua generated by sections 


Le, re, que 
of Q over VN Ua. It is permissible to suppose that the sections e%,: * <, etn 


are such that the restriction to Ua of the homomorphism from Æ onto Q is 
described by 


e*u > 0, LEUS n— g, 


and the restriction of the kernel of this homomorphism to U, is generated by 


ret, —> 0, : 1sis Js 
En —> 0, 1sSusn—gq; 
furthermore, we can suppose that the sections g*,,- --,g%, (here we must 


have m =n) are such that the restriction of y to Ua is described by 
> we, 1Sisq 
gti > Cr gins lSusn—g. 
Thus we have the exact sequence 


0- G&G- E> Q>), 
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where Q is the extension to X of a locally tree sheaf defined on FV. 

We suppose that v% is the constant function 1 for each a such that 
VOU, is empty. For each ordered pair, we introduce the function D8 
according to 

got Po — gÊ; 


De is a regular function on Ua O Ug which vanishes at no point of Ua N Ug, 
and we have . 
Der D$ DS == 1, 


DB DB 1, 
We have the transition laws 
l : | 
et, == > 18,408, , 1SiS_n, 
R= 
n La 
g% == D, GP, g h iSt n, 
A=1 


for E and G respectively ; but in view of the homomorphism y, we must have 


GPa (Da) ER, 1SiSqg1Shsy 

GB nti == (Dre) gh BF, 1Sis¢g1isusn—g, 
TE que = Eng | 1<hSqgiSsvsn—y, 
GP gan quo = Eu ques | 1Z=u,vE=n—g. 


This gives the transition laws 


q n-q 
g% == (DB) E EEr ugha + 28 D ES 0 498 geu) 
h=1 ual 
for 114g, and 


qd n-d 
Gg = (z8) >, ES h awg Ba + 5 E Pa aed) B g+v 
hol yal 


for 1 &v S n— q; in particular, we observe that (2°)+H8,%,,, is a regular 
function on Ua N Ug for all LS ASQ, 1S0 S n— q. 

Let Æ”, resp. G’, denote the induced sheaf of Ẹ, resp. G, on the sub- 
variety V; let y” denote the induced homomorphism of y. HH’ and @ are 
locally free sheaves of dimension n defined on F; the induced sheaf of Q 
on V is clearly the sheaf Q. We have the exact sequence 


, 


G— F ->Q >00 
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of locally free sheaves defined on V; but Ker[y’| is not the sheaf zere. In 
fact, the restriction of G’ to VNU, (assuming that this is not empty) 
is a free sheaf of dimension n defined on V-N U, and it is generated by 
the sections g’%,,- - -,g’, which are the induced sections of g%,- - °,9%, 
respectively on V N U,. The restriction of Ker[y’| to V N Ua is a free sheaf 
of dimension g generated by the sections 


9% ts ga; 
we have the transition laws 
q 
g'h == (De) E E Prg Pr IShkSq, 
A=1 


where D'Ba, resp. #’8,%;, is the induced function of DP", resp. H,%;, on 
VOU, Up. ` On the other hand, we have for the sheaf Q the transition laws 


q 
= D E Pah teng; 
hat 


this proves that Ker[y’] is isomorphic to the product sheaf of Q with a 
locally free sheaf of dimension one defined on FV. 

£(—V) is the sheaf of germs of rational function on X which are 
multiples of the divisor —-V on X, The restriction of €(—V) to Ua is a 
free sheaf of dimension one and the function (x) is a generating section. 
We have the transition law 


(°) = DP (af) 


on UaN Ups. It is evident that the basic divisor class @(&(— V}) of 
£(— V} is the divisor class of V. Let (¥(—V))’ denote the induced 
sheaf of (—V) on the subvariety V. Then we obtain by inspection that 


Ker[y’] 8 (£(— V))’= 9, 
or better, 
Ker[y’] =Q 8 (£(V))’, 


where (¥(V))’ is the induced sheaf on V of the sheaf (V) of germs of. 
rational functions on X which are multiples of the divisor V. Thus we have 
obtained the exact sequence 


? 


,0->Q@(£L(7)) — RES ES Q— 0 


of locally free sheaves defined on V; this is called the “subordinate exact 
sequence” of the exact sequence 


0—(—>E-— 0-0. 
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The sheaf Im[y’] is a locally free sheaf of dimension n-—q defined 
on V; we denote this sheaf by M(y). M(y) is a subsheat of H’, and the 
restriction of M (y) to VM U, is a free sheaf generated by the sections 


fa + ga 
8 qis sÊ ne 


With reference to M (y4), we have the transition laws 
Le +3 ; x Le 
io = D E Pont qro ques Le) tO; 
“ai 


to be the function zero on V. -Thus the subordinate exact sequence is com- 
posed of the exact sequences 


0> 98 (L(V) > # > My) 0, 
0 M(y)—F-0Q-0 


of locally free sheaves defined on V. 


819. Consider the exact sequence 
0> G> E -Q0 


of §18. We shall prove that the graph @(y) of B (y) is a non-singular 
variety. 
We form the variety Y(w) and the projection Sy from Y(y) onto X, 
as in §16. Xy1(U,) is the product variety Ua X Pa X P'a A point (e,g) 
on 6(¥) O Sy (Us) must satisfy | 


pot; (g) = pau (p)1% (e), 1s<i<g 
p19" gin (8) = pot qau(e), -isusn— q» 


where p= Jy(e,g) —#p(e) = xa(g). The case where p is not a point V 
is essentially trivial; in fact, we then have that 8B (y) bi-regularly maps 
some open neighborhood of e on B (E) onto an open neighborhood of g on 
B(G). Assume that p lies on V so that 2*(p) =0. 


Case I: rue) 0, 1SuSn—g. Then we have 


0% (g) — 2° (p) (1%/T"guo) (2) @% avo (8) = 9, ISto; 
aq (8) — (T gsu/T aus) (ejor (8) =0, 1EuZ=n—-g - 
This forces w"g..(g) 40. Consequently, the n—1 functions 
094/00 getty — 2 (74/7 gag) » ISt < g> 


Du / Oquo — T 2 gau/ T qru 1Susn— 7, UF Ud, 
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generate the ideal determined by 6 (y) in the local ring of F(y) at (e,q). 
It is clear that (e,g) is a simple point on @(W), and that the projection 
y: from @(y#) onto B(E) bi-regularly maps some open neighborhood of 
(e,g) on (4) onto an open neighborhood of e on 8 (FE). 


Case IT: rue) = 0 for all 1 Sus 4: hence r%,(e) £0 for some 

to 1<%<g Then we have 
o% (g) — (r%/7%) (e)0%(g) = 0, ISSi 
T*(P)otgu (8) — (T%gru/T%i) (€) 0% (8) = 0, lsSusq, 
("gun 7%) (€) am (8) — (1% aeua/T%) (€) ogn (9) = 0, 
1S Uy, Us E n — q. 


This forces at least one of the following to be not equal to zero: 


oy (g) otg (8) © +> (8). 
Assume first that o%,(g¢) £0; then the n— 1 functions 
wt ot — T/T tog LS1ISGiFr, 
g T gru/ T qru — T° (a gan / Oty) » 1IEUER—G, 


generate the ideal determined by @ (y) in the local ring of Y(w) at (eg). 
Next assume that w%,.,(g) 340 for some to, 1 Su) & n— q; then the n—1 
functions 


w%/ qe FE (r®/ ru) wh qi 1 = 1 = q; 15 dos 
Le Tiga Ty — (rc qio T” ig) @ Lu O gruo 1 S u S nag, U E to 
LI (Tga Tio) 0 40/0 gatty 


_ generate the ideal determined by (y4) in the local ring of Y(y) at (e,g). 


-ln both subcases, it follows immediately that (e,g) is a simple point on 
G(w). We have by inspection that the open set y; (Uai) is obtained by 


"monoidal transformation of. Uai centered on the non-singular subvariety 


which’ determines the ideal generated by the n — q + 1 functions 
qa 
TYquu/ Tio 1SuSn—¢. 
in the local ring of each point on Uate 


We have proved that @(y) is a non-singular variety, and that the pro- ` 
jection y; is an anti-monoidal transformation whose center is a non-singular 
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subvariety of dimension r+ g—2 = (r—1) +(g—1) on @(#). Let us 
denote this subvariety, temporarily, by ‘W. We shall exhibit a specific bi- 
regular mapping of the dual projective bundle 8(Q) of @ onto W. First 
let us observe that a point e on U, X Pa belongs to WN (Ua X Pa) if and 
only if: 


(a) pb==2z(e) is a point on V, so that a*(p) — 0. 
(b) 7% au(e) = 0, | i<uSn—g; 


next if e lies on W N (Ua X Pa) N (Up X Pg), then we must have 
q 
T% (e) =p BHP (p)r’a Ce), 1=r= 9, 


since 7®,,,(e) = 0 for all 1 Su &n— g. This proves that the restriction of 
an to W equips W with the structure of a projective fiber bundle whose base 
space is V. With reference to the sheaf Q, we had the transition laws 


1e, = SE HP, 1, 1<i<y 
k=1 

where #’P,%, is the induced function of H,% on the subvariety V; it follows 
by inspection that we can identify the bundle #(Q) with W according to the 
rule that the induced homogeneous coordinates r%,,: - +, r% on WN (Uy X Pa) 
are paired with the sections /°,,:--,1% over Ua with reference to B(Q). 
The restriction of ra to @ (Q) is equal to rq; the induced sheaf of B(E) 
on the subvariety B (Q) is equal to B(Q). 

Let y denote the anti-center of ¥,.; Ny is a non-singular subvariety 
of dimension r-+-n—2 on (y). From $ 16, there is the locally free sheaf 
S(ÿ) of dimension one defined on @(y) and with the property 


VaB(G) OS (vy) =y4;B (E); 
in the present situation, we obtain by an easy calculation that 
S(y) = £(—Ny), 


recalling that (—'Ny) is the sheaf of germs of rational functions on 6 (y) 
which are multiples of the divisor My, Thus the basic class @(5(w)) 
is the divisor class of hy, and we have the important formula 


Y” (@(@)) + O(8(y)) =" (0 (E)); 


Ya” (O(E)), resp. #..*(@(G)}, is the reciprocal image of the divisor class 
@(H), resp. O(G), with respect to #1, resp. Wye. 


wf 
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Let Uap (€J, 1 Si p&n) denote the open set on 6 (y) consisting 
of all points (e,g) on £(y) N (Sy) (Ua) which satisfy r% (e) 540, o% (g) 0. 
If U,V is empty, then ny N Ua, is empty. Assume that Ua N V is non- 
empty. If i> gq, then MyM Uap is empty. If tq and p> gq, then the 
function ' 


7, fT% 


generates the ideal determined by “ly in the local ring of @(y) at any point 
on Ua, <q and pq, then the function 


ch 


generates the ideal determined by “ty in the local ring of @ (y) at any point 
on Üa:4p- 

The projection y.. is anti-monoidal transformation from @(y) onto 
B(G) with a non-singular subvariety on @(G) for center. In fact, for a 
point (e,g) on 6 (y) N (Sy) (Ua), we must have 


pat (p)o gu (sg) = par qu (€) 1=u=n—g; 
pws (Gg) = par (€), 1=i£ 1, 


the discussion in cases I and II is simply repeated but now with w%,- - :,w°®, 
playing the former roles of +%g,1,°  *,7%. The center of Y,, is a subvariety 
Z of dimension r + n—q-—2 = (r—1) + (n—q—1) on B(G); the g+1 
functions 
ot wqu ; | J: = t = q; 
ya 


generate the ideal determined by Z in the local ring of B(G) at each point 
of Wag; Z N Uai is empty if 1<i.<q The restriction of xg to Z equips 
Z with the structure of a projective fiber bundle whose base space is V; 
as such Z is the dual projective bundle of the locally free sheaf M (y) defined 
on V, and we set Z == @(M(y)). ma (V}, the portion of B(G) over V, 
is a non-singular subvariety of dimension r + n—-2 on B (GŒ); the restriction 
of re to that subvariety equips it with the structure of the dual projective 
bundle @(G’) of the induced sheaf G’ of G on the subvariety V. We observe 
that B(M (y4)) is a subvariety on B(G’). 

Let My denote the anti-center of y; If Uan V is empty, then 
My N Uap is empty. Assume that Uan V is not empty. If pq, then 
My N Uap is empty. If p> gq and <q, then the function 


w% 12% 


15 
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generates the ideal determined by my in the local ring of @(y) at any 
point on Uuu,p3 if p> q and +> q, then the function 


gl 


generates the ideal determined by y in the local ring of (4) at any 
point on Ua;p. The divisor y,2*(8(G’)), which is the reciprocal image of 
the divisor 8(G’) on B(G) with respect to #;. and also the total transform 
of B(G) with respect to the inverse of ,2, is the divisor My+ Ty; that 
is to say, 


¥i2*(B(G’)) = My + Ny. 


The intersection cycle WyoNy is a non-singular subvariety of dimension 
r+n—2 on (y); the restriction of y; to Ny is an anti-monoidal trans- 
formation of Ny onto B(G) whose anti-center is Myohy and with center 
B(M(y)) as subvariety on B(G). The restriction of y; to My is an anti- 
monoidal transformation from My onto the non-singular subvariety 8 (£) 
on B(E), where @ (E) is the dual projective bundle of the induced sheaf 
E’ of E on the subvariety V on X, whose anti-center is Myo“Ny and with 
center @(Q) as subvariety on B (E). w*(B(H’)), the reciprocal image 
of the divisor 8B (F) on B(E), is the divisor My + Ny; consequently, we 
have 


Y;a” (B(G")) = My + Ny = ya” (8 (7). 


§ 20. We shall prove that the dual projective bundle @(#) admits a 
projective model. Let Oz" denote the direct sum @x-+- -+ Ox taken N 
times. It is obvious that B(Ox) is the product variety of X and a projective 
space of dimension N—1; hence, 8(Qx%) admits a projective model since 
we have supposed that X admits a projective model. With respect to a specitic 
projective imbedding of X we denote by D, the locally free sheaf of dimension 
one defined on X such that @(D,) is the divisor class of the linear system 
of hypersurface sections of degree h on X. Now we have 


! B(O x" Dr) = B(Ox%), 


and it is an elementary fact (the construction of the projective model of the 
product of two projective models) that for any h > 0, the linear system of 
positive divisors from the divisor class ®©(@x" @ Dp) serves as a system of 
hyperplane sections for a projective model for B (Ox). 

On the other hand, we have, from one of.Serre’s fundamental theorems, 
that if we are given a sheaf F, then, for all sufficiently large positive integers 
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ho, We can choose 6 x^ and a homomorphism y of Ox" onto E8 Dr 
Assuming that F is a locally free sheaf and applying the results of $ 17, we 
have that @(y) is a bi-regular mapping of @(#)—which is the same as 
B(E ® D,,,)—onto a subvariety on B (Øx). This proves.that B(E) edmits 
a projective model and that the linear system of positive divisors from 


O(E © Dun) serves a system of hyperplane sections for a projective model 
of B(E). | 


IV. The Unicity of the (-genus. 


§21. By an arithmetic functional, we shall mean a mapping @ which 
assigns a rational number @ (X) to every non-singular projective model X 
and satisfies the following axioms: 


Axiom I: (Normalization) @(P) ==1 for any projective space; @ (Ø) 
== 0, where Ø is the empty variety. 


Axiom II: (Modular Law) X is a non-singular projective model of 
dimension r; A, A’ are non-singular subvarieties of dimension r—1 on Z; 
the intersection cycle À o Á” is proper and 


AA =X Vs 
il 
where V; is a non-singular subvariety of dimension r—-2 on X for all 
1sisss, and ViN V; is empty if 15447, 11,758; finally, there is a non- 
singular subvariety A, of dimension r—1 on X such that the divisor 4, 
is linearly equivalent to the divisor A-+ A’. In these circumstances, we 
require that 


@(A:) — (4) + A(4)—È A (V). 


Axiom III: (Fiber Law) Y, X are non-singular projective models; 
®: Y->X is a rational transformation from Y onto X which satisfies either 
of the following conditions: | 


(a) & equips F with the structure of the dual projective bundle of 
some locally free sheaf defined on X ; 


(b) :Y is obtained by monoidal transformation of X centered on a 
non-singular subvariety on X with & the anti-monoidal transformation. Then 
we require that 


A(Y) = (x). 
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In this chapter, we assume the existence of an arithmetic functional €; 
G(X) is called the G-genus of the variety X. The main issue will be to 
prove that @ is unique. 


§ 22. Our aim is to define the “virtual” @-genus of an arbitrary divisor 
class on a non-singular projective model XY. To this end, we must repeat for 
the C-genus the familiar arguments used to define the virtual arithmetic 
genus. 

We note first that @(X) is a bi-regular invariant of the non-singular 
projective model X; this is the weak form of the Fiber Law (Axiom ITT) 
which corresponds to the case where & is a bi-regular mapping. 

Next, if A, A, are non-singular subvarieties of dimension r—1 on X 
(dim. X ==r) and if A, A, are linearly eqivalent as divisors on X, then, as 
follows from the Modular Law (Axiom IT) by taking A’ equal to the empty 
variety and using Axiom I, 


(1) G(4:) —@(A). 


Let x be a divisor class on X, and assume that there exists a non-singular 
subvariety A of dimension r— 1 which, as divisor, belongs to +. In this 
situation, we define Œ(x), the @-genus of the divisor class x, according to 


G (x) = (4) ; 


(x) depends solely upon 2, as follows from (1). (If dim. X — 1, and if x 


contains a positive divisor À of type pı +- - - EL p; with pat - +, Pe different 
points of X, then we define 


G(r) —A(4)—s; 


this definition is consistent with Axiom I and the Modular Law.) 

Now assume that v is sufficiently ample (i.e., the positive divisors of x 
serve as a system of hyperplane sections for some projective imbedding of X Ja 
Then @(a) is defined as above. We define @(2*) according to 


Œ(z*) = Œ(A:0: - -0 Az), 


where A10: - -o An is the intersection cycle formed by k-general members 
of z; this cycle is a non-singular subvariety of co-dimension k on XY (with 
the obvious modification if k = f= dim. X); @(z*) depends solely upon x, 
as follows by repeating the argument used to obtain (1); furthermore, if 
k >r, then @(z*) —0, as follows from Axiom I. 

Let W be a non-singular subvariety on X, and let {x}w denote the trace 


ed 
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of æ on W. Then {x}w is a sufficiently ample divisor class on W; hence, 
G(({z}w)*) is defined for all k and we have 
A (({t}w)*) = (410: - -04,0W). 


Let 2,y,2,' °° be sufficiently ample divisor classes on X. Then æ + Y, 
z-+-z,y-+2,--: are sufficiently ample divisor classes on X. We consider 
Œ(({x}»}*), where B is a sufficiently general member of y; it depends solely 
upon x and y and we set 


G(({x}y)) = A (({2}s)). 


Similarly, we set 
A(({t}yo2)*) = A(({z}200)"), 
where B, C are general members of y and z respectively, and we have 
A (({a}y02)*) = A (410: - -o Ano BoC). 


Let D be a non-singular member of the divisor class y +z. Then, as 
a consequence of the Modular Law, we have 


A(({t}p)*) = A(({a}n)*) + A(({2}e)*) —A(({2}200)*) 5 
but we can rewrite this formula as 
(2) CA (({t}y.2)*) = A(({x}y)*) + A(({2}2)*) — A(({2}y00)*). 
Define the quantity K (x) according to 


# (2) = G(X) +È (a), 
and observe that 
(3) K (x) = A(X) + K ({t}o). 
The quantity K ({x}w) is well defined for any non-singular subvariety W and 


K ({a}w) = AN) +È ({a}w'). 


In particular, ({z}z) is defined for any general member B of y, and 
we set 


K (Eju) = A ({z}z), 


observing that K ({x},) depends solely upon x and y. Similarly, K ({}yo2) 
is well defined and 

K ({2}y o2) = K ({2}z00). 
From (2), we obtain 


(4) K ({}yr2) = K ({t}y) +H (The) — K ({2}y 02). 
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PRR 4 
(5) K(r+y)— K(x) + K({e+ y}y). 


Proof. The proof is by induction on the dimension r of the ambient 
variety X. The proposition is evident if the ambient variety is of dimension 
one; we asume that it is true whenever the ambient variety is of dimension 
less than r. From (3), we have 


K (x + y) =A(X) + K (x + y}ow) ; 
from (4), we have 
À (ET + Joy) = AE +y} + KA (ET + yy) À (ET + Y}20y) 5 
the inductive assumption gives | 
K ({T}a = K {2 F Yje) — À E+ Y}ooy); 
where the ambient variety is a general member of z; this gives 
K ({T + Yarn) = K ({2}2) +K (x + y}y); 
and the proposition is proved by adding @(X) to both sides. 
PROPOSITION 2. 
(6) K({y + 2e) — Ky Hans) = K ((y}2) — K ({y}a)« 
Proof. Applying (4), we have 
K ({Y + zje) = Ky + 2}0) + A ((y + zj) —K (fy + 2002) 5 
from Proposition 1, we have 


À ({y}a) =K ({Y + 2}2) — K ({y + 2}a02), 
which proves that 


(7) À (ty + 2}oi) = K ({y}e) + Ky + 2}e); 
similarly, we have 
(8) À (Ly F Tue) =A ({y}y) + KX ({y + 2}z) ; 


hence, (6) follows by substracting (8) from (7). 

Let # be an arbitrary divisor class on XY. Then it is possible to choose 
sufficiently ample divisor classes x, y on X with the property 0=-a2—y. We 
define @ (2), the virtual G-genus %, according to 


(9) | Œ(8) = A(z—y) = K ({y}o) —K ({y}y). 


GEOMETRIC SYZYGIES. 231 


On the basis of Proposition 2, it follows that a(#) depends solely upon #. 
The explicit formula is l 


(10) G(#) = (A) +3 G(Be- . -o Bpo A) 
— Q(B) -E4 (B: 0 ..oB,0B), 


where A (resp. B,B,,- ` -,B,) are general members of œ (resp. y). If à 
contains a non-singular member U, then 


(11) a(9) =a(U); 


for À, B+U are linearly equivalent divisors on X and from the Modular 


Law, we have that 

d(A) = G(B) + €(U)— (Bod), 

QA(Bı0: - -0 Bpo A) = Q (B10: - -0 Bpo B) + A(Bi9- + -0 BoU) 
~—— Q (B,0: + -0 BoBoU). 
(11) follows‘ by summation of these last equations followed by subtraction 
of SA(B,o- --0B,0B). | 
“For an arbitrary divisor class %, we define # (4) according to 

(12) K (D) = A (£ —y) = K (x) — K ({z}y), 


where #==2—y, x,y sufficiently ample. (If # is sufficiently ample, then 
this agrees with the previous definition as follows from Proposition 1.) From 
the equation K (z) = @(X)4+-K({z}.) and the definition of Œ(—#) 
= K (y — x), it is evident that 


(13) K (3) = A(X) —A(—*#). 


THEOREM 1. Let d, d, be arbitrary divisor classes on X with the 
property that @—®, contains a non-singular member T. Then 


(14) K (8) = K (81) + K({F}r), 
where {9}p denotes the trace of & on T, and 
(15) A) =G(#.) + A(T) — A({6,}1). 


Proof. It is possible to choose sufficiently ample divisor classes 2, y, y 
such that =z —y; 0,—2—y,; thus T is a member of y¥,—y. Now 


K (2) =H (2 — 41) = À (x) —K ({2}y:)> 
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and from the Modular Law, í 


K ({t}y,) = K ({2}y) + R ({t}2) — K {2yo r) 


(where K ({T}yo r) = K({z}z.7) with B a general member of y), which 
yields 


(16) K (21) = K(x) — K ({2}y) — K (re) + R ({2}rer). 
But i 

K (8) = K (x) — K ({7},) 
and 


K ({P}r) = A (ejr) — K (Tuer) 


from the definition of K (2), K{d}r); hence (14) follows from (16). 
We obtain immediately from (14) that 


(17) K (— 0) = K (0) + K (— i)e). 
But 

K (— 8) = A(X) —4 (8), 

K (—8) = A(X) — 4a (8), 

K ({—Aj}r) = A(T) —A({a}e) ; 


hence (15) follows from (17). 


§23. X, F are non-singular projective models and @ is a regular 
mapping from Y into X—eventually we shall assume that & satisfies one of 
the conditions required by the Fiber Law. Given a divisor class & on X, 
then there is a divisor class ®*% on Y which is the reciprocal image of à 
with respect to &. If D is a locally free sheaf of dimension one defined on X 


such that ==@(D), the basic class of D, then ®*# is the basic class of }D,: 


the reciprocal image of D with respect to ©. . 

Specifically, if there exists a posittive divisor A which belongs to # and 
with the property that no component of A contains the image of Y in X— 
and this property will be automatically true if ® satisfies one of the conditions 
of the Fiber Law—then there is the reciprocal image divisor ®*A on Y 
which is defined as follows: Let f==0 be a local equation for A on an open 
subset U of X; then &-1f— 0 is a local equation for &*A on @7*(U), where 
-f is the image of f under the natural homomorphism from [(@y,U) into 
T(Oe+7),87(U)).. The divisor.6*A belongs to the class 6*%. Conse- 


quently, if æ is a sufficiently ample divisor class on Æ, then for a general . 


positive member A of x, we have that ®*A is an irreducible non-singular 
subvariety on X (with the usual modification for dim. X = 1). 


Na” 


i N 
eo 
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Now assume that ® satisfies the condition (a) in the Fiber Law, so that 


ð equips Y with the structure of the dual projective bundle of some locally 


free sheaf 8 defined on' X. Let x be a sufficiently ample divisor class on X 


‘and let A be a general member of XY. Then the restriction of æ to &*A 


equips ®*A with the structure of the dual projective bundle of the induced 
sheaf of S on the subvariety A, and from the Fiber Law, we have Ü($*4) 
== (4), which proves that 


Œ(&*z) = A (2). 
Let 4 be an arbitrary divisor class on X and choose sufficiently ample divisor 


classes x,y with O==-x2—-y; A,B are general members of z, Y respectively. 
Applying Theorem 1 on the variety Y, we have 


GA (b*x) — A (8*9) + A (BR) — OZ ({b* 3} een) 
since &*B is a non-singular member of * —®*z, and on X, we have 
A(x) =A (8) + G(B) — A ({F}z). 


Then we obtain, by induction on the dimension of the ambient variety X, 
that 


(1) | at) —a(9); 


for we have Q(z) = ((6*z), @(B) = ((*B) and, since dim.B is less 
than dim. X, the inductive assumption gives Œ({9}r) = A({P*P}aen). We 
have, as an immediate consequence of (1), that | 


(2). À (8*0) = K (2). 


Now assume that ® satisfies the condition (b) of the Fiber Law, so that 
Y is obtained by monoidal transformation of X centered on a non-singular 


‘subvariety V on X and & is the anti-monoidal transformation. If À is a 


general member of a sufficiently ample divisor class z on X, then ®*4 is a 
non-singular subvariety on Y and ®*A is the variety obtained by mcnoidal 
transformation of A centered on the intersection cycle A o V; the cycle Ao V 


‘is a non-singular subvariety of dimension n—1 on X if dim. V =n, for a 


general member A of x; the restriction of 6 to ®*A is the anti-mcnoidal 
transformation. (If n=1, then AocV==p,-+---+p, with p,-- -, Ds, 
different points on A and #*A is obtained by successive monoidal trans- 


formations of A centered at the points p,,---,s.) The arguments of the 


previous paragraph can be repeated and we again have that 
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Gy Le a (8*2) = A (8), 
(2) | À (8*2) = K (8), 
where ® satisfies condition (b) of the Fiber Law. 


THEOREM 2. Let 6: Y->X satisfy one of the conditions of the Fiber 
Law. Then for any divisor class à on X, we have 


A (e*3) = A (8), 
K (3*9) = K (8). 


The following proposition is essentially a corollary to Theorem 2, and 
it is used extensively in the next §. 


Proposition 3. Let E be a locally free sheaf defined on X, and let 
bh: Y— X be as in the Fiber Law. Then 


(3) a(@(&E)) — 4(@(E)), 
(4) A(O(SE)) =K (0(E)). 

Proof. We recall from $ 8 of Chap. I that 8 (DE) is the induced bundle 
of B(E) from the mapping 6: Y—>X of the base spaces, B(®#) is the 
reciprocal image of B(E) with respect to the fiber preserving map from 
8(dH') to B(E) over $: Y — X, and O(&E) is the reciprocal image of O(E) 
with respect to the fiber preserving map. But, by inspection, it is evident 
that the fiber preserving map from B (E) onto (E) satisfies one of the 


conditions of the Fiber Law since @ has this property, and our conclusions 
follow from Theorem 2, 


§ 24. Given a locally free sheaf # defined on a non-singular projective 
model X, we define K (E), the K-characteristic of the sheaf F, according to 


(1) _ K(#) = K(0(F)) = a(B(E)) —a(—e(E)). 
For the sheaf Ox of local rings on X, we have 
(2) K (Ox) = A(X) 


since ®(@x) is the divisor class zero on X. 
We have 


(3) K (B(E)) =K (E) 


since E(B(E))—@(E) and A(X) —€(B(B)). 
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PROPOSITION 4, X, Y are non-singular projective models, 6: Y — xX 
satisfies one of the conditions of the Fiber Law. Then for any locally free 
sheaf E defined on X, we have 


(4) | K (SE) =K (E). 


Proof. This is a restatement of Proposition 3 which gave K (©(3E)) 
== K(O(H)). 


THEOREM 3. Let 


6 y 
(5) 0 => H—— G— E => 0 


be an exact sequence of locally free sheaves defined on X. Then 
K (G) =K (H) +K (E). 


Proof. We refer to the results and notations of $ 17, Chap. III where 
the geometric resolution of (5) is discussed in detail. On the graph 6 (8), 
there are the projections 8.: @(@)—> B(G) and 6..: 8(9) — B(H); 6,1 is 
an anti-monoidal transformation whose center is the subvariety B (E) on 
B(G) and whose anti-center is Ng; 8. equips (0) with the structure of 
the dual projective bundle of the locally free sheaf R(8) defined on #(H); 
thus both 0., and 4. satisfy one of the conditions of the Fiber Law. On 
6 (8), we have i 
(6) 9*0 (G) =6,,*0(H) +0(8(6)) 


and the non-singular subvariety 1, belongs to the -divisor class @O(S(8)). 
Set c= 0,,*0(G@), y—0.,*@(H) and s=0(8(0)) so that (6) is identical to 


(6°) tay +s. 


We can apply Theorem 1 since s == g— y contains the non-singular member 
N; and we have 


(7) K (2) =K (y) + K({e} mv) ; 


from Theorem 2, we have K(x) == K(@(G)) and K (y) = K(@(H)} since 
both 6., and 6.2 satisfy one of the conditions of the Fiber Law; {x}sv,, the 
trace of x on the. subvariety Mọ, is equal to the reciprocal image of @(£) 
with respect to the restriction of 6;, to Tt, and, since this restriction mapping 
equips À, with the structure of the dual projective bundle of the sheaf 
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N(8(G),8(E)), we can again apply Theorem 2 to obtain that H({z}æ.) 
= K(O(E)). Substituting in (7), we obtain 
K(O(G)) =K(O(H)) + K(O(#)), 
which proves the theorem. 


THEOREM 4. Let 
ÿ 
(8) 0 G-—— fF > 0 


be an exact sequence of sheaves defined on X of the type described in § 18, 
§19 of Chap. III. Then 
(9) KE) = AG) +8 (Q). 


Proof. The proof is similar to that of the previous theorem, but we 
refer now to the results and notations of §18, §19 of Chap. III. On the 
graph @{w), we have 


Ya *0 (E) = 2*O(G) +O(S(y)); 


Wi, (resp. W) is an anti-monoidal transformation from #(#) onto 8B (E) 
resp. 8(G)); Ny belongs to the divisor class @(S(y)) and the restriction 
of y; equips y with the structure of the dual projective bundle of the sheaf 
N(B(B);B(Q)). Set v—=y,*0(E), y=y*0(G) and s—0(S(y)). 
We can apply Theorem 1 since s==z—y contains the non-singular member 
Ny and we have 


(10) K (2) = K (y) + K (Has). 


The divisor class {z}av,, which is the trace of æ on the subvariety Ny, is the 
reciprocal image of the divisor class @(Q) with respect to the bundle pro- 
jection from Ty onto @(Q). From Theorem 2, we have 


# (x) = X (O(E)), 
À (y) = A(O(G)), 
K ({c}v,) = K(0(Q)), 
so that (9) follows by substitution in (10). 


§ 25. Consider the exact sequence 


r-d 8 0 
(1) OT: FD Pet». ss 00 
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‘of 818, Chap. IT; Fr-d,. : -,#° are locally free sheaves defined on X; Q is 
the extension to X of a locally free sheaf defined on V, which sheaf we 
continue to denote as Q, where V is a non-singular subvariety of dimension 
d on X with dim. X =r. The following theorem is of fundamental impor- 
tance in the proof of the unicity of €. 


THEOREM 5. For the exact sequence (1), we have 
r-d 
(2) K (0) =E (—1) 4 (FY). 


The remainder of this § is devoted to proof of (2) which depends upon 
a lemma to be stated here but proved in the next §. X* is the variety 
obtained from monoidal transformation of X centered on V; ® is the anti- 
monoidal transformation from X* onto X and V* is the anti-center. Using 
the notations of § 13, we have the exact sequences 


(3) 0— Im[y.*]> F0, 0, 

(4) 0—> Im[ya"*] > Ker[yse] > Q, ® A*(8) 30 
for l=ssr—d—I1 and 

(5) 0— Ker[y,*| > Fa > Im[y,*] > 0 


for lSsSr—d. We can apply Theorem 3 to (5) since (5) is an exact 
sequence of locally free sheaves defined on X* and we obtain 


(6) K (Im[y.°]) = K (Fz) — K (Ker[y,,*]) 


for 1=s<r—d We can apply Theorem 4 to the exact sequences (4) and 
(3) since Q, (resp. 9, @ AS(SN)) is a locally free sheaf defined on the 
subvariety V* of co-dimension 1 on X*; thus we obtain 


(7) K (Qa) = K (Fa) — K (Im[y,"]) 


and ` Eaa 
(8) K (QB As(aN)) = K (Ker[y.*]) — K (Im[p.*7]) 


for 1=s<r—d—1, The following lemma will be proved in § 26. 
Lemma. #(Q,@ A(ÈN)) =0 for 1=sSr—d—1. 
Consequently, we have 


(9) KH (Kerly,°]) = K (Im[y,**7]) 
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for 1=s=r—d so that we obtain from (6), (7) and (9) 


r-d 
(10) | A (Qu) =2 (— 1) IK (Pat) 
since Im[yg t] = Fart, 

Applying Proposition 4 of $ 24, we obtain K(F') == K (F!) since Fy! 
is the reciprocal image of F? with respect to the anti-monoidal transformation 
® from X* onto X; similarly, we have X (Q) = K (Q4) since the restriction 
of @ to V* equips V* with the structure of the dual projective bundle of 


N=N(X;V) and Q, is the reciprocal image of Q with respect to that 
restriction mapping. Thus (10) gives 


r-d 
(2) # (Q) => (D'K (FI). 
SUPPLEMENT. For any resolution 
(11) OF... F> Q -> 0 
of Q by locally free sheaves F°,: > - Ft on X (t is necessarily =r—d as 
follows from Chap. II), we have 
t 
À (Q) = 2 (—1)'K (F7). 
826. THEOREM 6. Let E be a locally free sheaf of dimension n defined 
on the non-singular projective model X. Then we have 
A (hO (E) + 2*0) =A (X) 


for al 1S h &n— 1, where mg*® is the reciprocal image with respect to wa 
of any divisor class Ò on X. 


The proof will be by induction on the dimension n of the sheaf Æ. 
The theorem is vacuously true for n—1. Let n > 1, and, as the inductive 
hypothesis, assume that the theorem is true for all locally free sheaves of 
dimension less than n. The main part of the proof is given in two lemrnas. 


Lemma 1. Theorem 6 is true under the further assumption that E 
admits an exact sequence 


$ 
(1) 0 D— E> F >90, 


of locally free sheaves defined on X, where D ws a locally free sheaf of 
dimension one. 
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Proof. We shall apply the results of § 17, Chap. III to the exact sequence 
(1). We have dim. 8 (F) — dim. 8(Æ) —1 since D is a locally free sheaf 
of dimension one defined on X; this proves that ¢;ı is a bi-regular mapping 
6 (pb) onto B(E) since ¢,, is an anti-monoidal transformation whose center 
is the subvariety B (F) on B@(H). In fact, here the dual projective trans- 
formation @(¢) is a regular rational mapping from B (E) onto B(D) =X 
and @(#) is equal to the composite mapping ¢:2°¢;1:7 where ¢,,1 is the 
inverse map to 1 The projection ¢;. equips @() with the structure of 
the dual projective bundle of a locally free sheaf of dimension -n defined on 
B(D)==X. On 6(¢), we have 


(2) $a“ (E) = $2*O(D) + @(S(¢9)), 
where the divisor class ®(S()) contains the anti-center Ng, and of course 
A bi-regularly maps ts on B(F). 

To avoid an unnecessarily pedantic notation, we shall identify @(¢) 
with @(#) and Ne with @(F) according to the mapping ¢,.. Under this 
identification, the projection D, is equal to mg. Set r—,,*O(F) —@(EÆ), 
Y = $;2"0(D) —7r"®(D), and s=@(S(¢)); hence s is the divisor class 
of B(F) on B(#) and we rewrite (2) as 
(2’) =y +s. | 
The trace {t}æcr) of x on B (F) is equal to @(F). From (2’), we have 
(3) ha + rg*0 == (h— 1s + y + mn +s, 
where À is any integer = 1 and ® is any divisor class on X. We have 
(4) A (ha + raž) = A((h—1)¢-+ y + rr") 

+ G(s) —A({(h—1)a@+y + 72*9} aur), 


as follows from Theorem 1 of $22 since the divisor class s contains the non- 
singular member B (F). 


Consider first the case where h —1. Then (4) is simply 
(5) A+ nd) = A (y +758) + G(s) — A ({y + 72*3} a0). 


Now y+ 7n* (resp. {y + 2n*9}g r)) is the reciprocal image of @(D) +3 
with respect to wa (resp. rr) so that, from Theorem 2, 


Cy + re”) = G(O(D) +9) =A ({y+ a2" } ay). 
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Thus we have 
C (w+ ap*t) = A(s) 5 | 
but Œ(s) —G(B(F)) since B(F) belongs to s, and, from the Fiber Law, 
G(B(F))—G(X); this proves that 
Now assume that h> 1, h&n—1 so that 1=h—1=n—2 We 
have that F is a locally free sheaf of dimension n — 1 defined on XY and that 
{(h—1)#-+-y +25*9} gum = (h—1)0(F) + rr*®(D) + 8) ; 
hence, by our inductive hypothesis, we have 
A({(h—1)a+ y+ r"ta) = A(X), 
and since @ (s) = Œ(B(F)) = G(X), we obtain from (4) that 
CG (ha + ra*t) = A((h—1) e+ y + r* nd). 
Thus we have 


(7) CO (hi + rr*d) = (O(a + (h—1)y + rn*d), 


and from the previous paragraph, we have that the right hand side of (7) 
is equal to @(X). The proof of the lemma is complete. 

We turn to the case where Æ is an arbitrary locally free sheaf of 
dimension n defined on YX. 


Lemma 2. Lei 6: Y— X be a regular mapping from Y onto X which 
satisfies one of the conditions of the Fiber Law. If Theorem 6 is true for 
the reciprocal image sheaf $E of E with respect to ®, then the theorem is 
true for the sheaf E. 


Proof. For we have that 
(8) hO (DE) + rer" (8*0) 
is the reciprocal image of 
(9) hO (E) + ry*0 
with respect to the fiber preserving map from 8B (9E) onto @(#) which 
covers the map ®: Y —> X of the base spaces; the fiber preserving map satisfies 


one of the conditions of the Fiber Law since & is such a mapping; from 
Proposition 3 of § 22, we get that the virtual @-genera of (8) and (9) are . 
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equal. But if Theorem 6 is true for PE, then the virtual @-genus of (8) 
is equal to Œ(Y), and, from the Fiber Law, @ (Y) = @(X), which proves | 
Theorem 6 for the sheaf E. 

Completion of the proof of Theorem 6: Consider the sheaf *# of § 4, 
Chap. I; it is a locally free sheaf of dimension n defined on the dual projective 
bundle B (nÆ) of the (n—1)-st derived sheaf 8,8 of E. The sheaf FE 
is the reciprocal image of # with respect to the composite mapping 


X = 7p rs, 0" * OW, oO 7S, WB 


from @8(8.H) onto X. The residue class sheaf of *# modulo the subsheaf 
n15 is a locally free sheaf of dimension n— 1 defined on @(8,,#), as 
follows from the composition series (4) of § 4, Chap. I. Thus Theorem 6 
is true for *H# since *# satisfies the addition assumption of Lemma 1. But 
% is composed of bundle projections of dual projective bundle so that by 
repeated application of Lemma 2, Theorem 6 is true for # since it is true 
for FE. 


THEOREM 7%. E, F are locally free sheaves defined on X, and E is of 
dimension n > 1. Then we have 


K (rel © B*(L)) =0 
for all 1ShSn—1; (B1(E) is such that B1(E) Q B(E) = Gacy and 
B-*(H#) is the tensor product of B(H) with itself h times). 

Proof. Let T equal the dual projective bundle of the sheaf raf defined 
on B (E); T is the induced fiber bundle of B(F) with respect to the mapping 
ma: B(H)—>X. Let &: T—-B(L) denote the bundle projection of T, 
and let &:T—>&@(F) denote the fiber preserving map which covers the 
mapping rw: @(#)—>X of the base spaces of T and B(F). It follows by 
inspection that € equips T with the structure of the dual projective fiber 
bundle @(arH) of the sheaf rpE and that é is the fiber preserving map 
from T == B (ar) onto 8(H#) which covers the mapping we: @(F) >X of 
the base spaces of @ (ar) and @(#). Thus we have that 

@ (nF) —£,"0(F), 
O(rrE) == &,*O(F). 
The basic class of the sheaf maf & B-*(#) is the divisor class 


O (ruF Q B!(H)) = @(apF) + £,*@(B-*(B)) 


16 
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on T, as follows from $ 8 of Chap. I. But 
E,*@ (B-*(#)) = — hé,*0(B(#)) ——h£"O(E), 
which gives 
(10) - Or O B*(#)) = &,*0(F) —hé,*O(#). 
For 1=h=n—1, we can apply Theorem 6 to. the sheaf 7rË and obtain 
A (hE,*0(#) —é,*0(F)) = A(B(F)); 


this is permissible since &*0 (E) = ©(arH), and FE is a locally free sheaf 

of dimension n defined on @(F). This proves, in virtue of (10), that 

GC (—@(rak © B*(#))) = (B(F)); 

but | 
Klas © B"(£)) = 4(B(#))—a (— © (rF © B°?(E) )) 


and since Œ(B(#)) = @(X)—€(B(#)), our theorem follows. 


The unproved lemma of § 25 is an immediate consequence of the following 


more general result. 


TuErorem 8. E, F are locally free sheaves as defined on X, and E is 
of dimension n>1. Then 


K (raf AS(SE)) —0 
for all 1=s<n—1; (recall that A*#(8H) is the s-fold exterior product 
of the derived sheaf SE of the sheaf E). 
Proof. We rewrite the exact sequence (7) of $ 5, Chap. I: 

-0 At (rel) O BO) (EH) a+ + +> A (rE) @ B*(#) — AS(SE) — 0. 
It is an exact sequence of locally free sheaves defined on @(#) and it is 
composed of the exact sequences 
(11) O—> A (8E) @B*(E) — A**(reh) Q B*(E) 

> AIE) © B&D (E) > 0 


for 1=k£n—s. Tensorizing (11) with rf preserves exactness since gF 
is a locally free sheaf, and we obtain the exact sequences 


(12). 0 apF'@ ASÉ(SE) Q B*(E) > rg O N (rE) @ B*(E) 
| > raF Q As!) (88) Q B--H(E) > 0 


N 
` 
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for 1=k< n—s. From Theorem 3, we obtain 
(138) K (wk @ A*(8E)) a (—1)**K (rrF O A %**(rek) © B*(E)) 
Rai 


since A"(SH) is the sheaf zero (8H is of dimension n—1). On the other 
hand, 
aul © At (rel) =r FO ASYX(E)) 


and from Theorem 7, we have 
K (rn( FS NIE); @BEX(E)) —0 
for al 1<k<n—Ss; thus we finally have 


K (rol @ AS(SE)) — 0. 


827. KIX:,: ::,X,] is the ring of polynomials in the r + 1 indeter- 
minates Xo: * *,X, with coefficients in the fixed field K. By an S-module 
(terminology of Koszul, Serre, --+-), we mean simply a module n over the 
ring S=K[X,,-:+,X,]. Al S-modules considered here are unitary, 
graded, and finitely generated by homogeneous elements. 

Unitary: this means 1-m==m for all me M, where 1 is the constant 
polynomial 1 in K[X,° © 0, £r]. 

Graded: Mm is equal to a direct sum of additive subgroups 9%, 0 = k < %; 
the elements of 9n* are called homogeneous of degree k and we require that 
Fm € In** for a homogeneous polynomial F of degree h and m € M*. 

Finitely generated by homogeneous elements: it is possible to choose 
finitely many homogeneous elements m, mı from Mm which generate 
Mm as module over K[X,,: - +, Xr]; this implies that %n* is a finite dimen- 
sional vector space over the field K; m,,---,m; is called a system of 
generators of M. 

By a homomorphism ¥: In—- of S-modules M, N, we shall mean 
a homomorphism of their structure as modules over K[X5,: : : ,X,] that 
preserves degree; that is ¥ maps 9n* into h* for all 0& k <œ. It is easy 
to check that Ker[¥: 91-1] and Im[¥: M-N] are sub S-modules of 
M and À respectively. FM is called a “free” S-module if we can choose a 
(homogeneous) system of generators of Mm which generate M as a free 
module over K| Xot © +, £r]. 

Let M be any S-module. Since M is finitely generated, it is possible 
to choose a free S-module F, and a homomorphism %, from F, onto M so 
that we have the exact sequence of S-modules 


0 — Ker[%,] —> Fo- Mm — 0. 
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Repeating this process several times, we arrive at an exact sequence of S- 
modules 


WV; ' 
F:—> Fn >: -Fa MO, 
where #0, © +, F: are free S-modules. Hilbert’s famous theorem on “chains 


of syzygies” asserts that Ker[,] is a free S-module if =r. Thus, for any 
S-module M, it is possible to construct an exact sequence 


P, Yi Wo 
(1) 0> $,—> Fra +s SO F,— M0, 
where Fo, * <, Fp are free S-modules. 
For any h, 0h <œ, we have the exact sequence of vector spaces 


0h... 3 Fs: Ft mi 0, 


where m? (resp. #.*) is the vector space over K consisting of the hcmo- 
geneous elements of degree h of Mm (resp. F). For the dimensions of these 
vector spaces, we have the relation | 


dim. M? = $ (—1)* dim. FA. 


8=0 
Now for all h>>0 (that is for all sufficiently large A), we have 
dim. F = y(#s3h), 


where y(#,3/) is a polynomial in k with rational coefficients; this is obvious 
if we recall that each F, is a free S-module. Set 


x(M sh) =$ (DRE 0). 


Then x(M;h) is a polynomial in A with rational coefficients and we have 
that for h >> 0, | 
dim. M* =x(M;h). 


x(M;h) is called the Hilbert characteristic polynomial of the S-module Ph ; 
and we have repeated Hilbert’s own proof of its existence. 


§ 28. Pr (=P) is a projective space of dimension r, and let us identify 
K[X.: - -,X,] with the homogeneous coordinate ring over K of P. Serre 
has given a method whereby one associates with any S-module Mm a (coherent, 
algebraic) sheaf M defined on P. We shall review his construction first for 
the special case of a free S-module ¥. The associated sheaf F is then a 


art 


~ 
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locally free sheaf defined on P. For let fu’ > -,f, freely generate F, so that 
fat © -fn are homogeneous elements say of degrees h4,’ - -, hy respectively; 
let {Ug}, «=0,1,-°-,7r, be the standard covering of P, that is Ua is the 
open set on P whose frontier is the hyperlane X¥,—0. The restriction of 
F to any Ua is a free sheaf generated by sections f*,,- + +,f% of F over Ua; 
on U, Ug, we have the transition laws 


fa = (Xp/Xa)"™ fi, 1=1=n, 


(k4 is the degree of the generator f;). It is evident that the associated 
sheaf F is equal to the direct sum of the sheaves @ (—-/i),: © +, G(—h,). 
(G(—h) is isomorphic to the sheaf £(#,) of germs of rational functions 
on P which are multiples of a divisor #; belonging to the linear system of 
hypersurface sections of order h on P.) | 

A locally free sheaf defined on P is called “ S-free” if it is the associated 
sheaf of a free S-module; it is clear that a sheaf is S-free if and only if it is 
a direct sum of finitely many sheaves of type O (—h) with h=0. 

Let & be a free S-module, and let there be a homomorphism ©: 4 —> F. 
Then there is an associated sheaf homomorphism y: G-—>F of the associated 
S-free sheaves. Let & be described by 


Vi Arfa 1<p<m 
4=1 


(assume that 9 has m generators), where the A’s are homogeneous poly- 
nomials and | 
deg. Jp = deg. Ay, + deg: fi 


for all 1Æ=1<n. The restriction of the sheaf homomorphism y: G— F to 
any U, is described by 


Jp > > (Aip/(Xa)"*?) f%, l=pZm, 


where vip = deg. Aip- 


Let Mn be any S-module, and choose free S-modules F, & and homo- 
morphisms Y: F M, &: $ > F such that 


y p 
4 — f — M—>0 


is an exact sequence of S-modules. The associated sheaf M of 9n is defined 


\ to be the residue class sheaf F/Im[y], where Im[y] is the image of G by the 


f 
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associated homomorphism y: G—>F; it is easy to check that M depends 
solely on M and that there is an associated sheaf homomorphism y’: F— M 
so that we have the exact sequence of sheaves 


Ÿ y 


G&G —> F — M-> 0. 


For an arbitrary S-module M, we recopy the “chain of syzygies” (1) 
of the preceding §: 
F, P, Y, 
(1) 0- F, — — FF, — MO. 


Applying Serre’s construction, we take associated sheaves and homomorphisms 
and we have the exact sequence of sheaves 


Ur ty wy 0 


(2) 0 f,—> > - -—#,;——>M 0, 


where Fo © <, Fr are S-free sheaves. According to Serre’s cohomology theory, 
we have the Euler-Poincaré characteristic x(P,M) of the sheaf M, where 


(P, M) =X (—1)' dim. H’ (P, M) 
t=0 


(H*(P,M) is the t-dimensional cohomology module of the sheaf M defined 
on P). We also have that 


(8) x(P,M) =$ (—1)'x(P, Fe). 


Incidentally, Serre has proved that 
x(P,M) =x(%M, 0), 


that is, where y(7n,0) is the value of the Hilbert characteristic polynomial 
of Mm for h=0. 

Let F be a non-singular subvariety on P, and let #@(¥) be the hamo- 
geneous coordinate ring of V, that is @(V) is the residue class ring of 
K[X,- + -,X,] modulo the ideal determined by V. Then #(V) is an S- 
module. The associated sheaf of œ (V) is easily seen to be the sheaf Oy of 
local rings of V extended to P. From (2), we get, upon setting M — Ôr, 
the exact sequence 


Wr Wy Wo 


(4) OF. - -—> Fy > G7 > 0, 
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where F,,- - -,F, are S-free sheaves. From the Supplement to Theorem 5 
of § 25, we obtain that 


(5) o. K (Ov) =È (—1)*K (F). 


In the next $, we shall prove that K (F) ==x(P,F).for an S-free sheaf F. 
On the basis of this assertion, we obtain from (3) and (5) that 


x(V, Ov) = K (Or). 
Since K (Ov) — A(V), we have proved the unicity @, for we now have: 
THEOREM 9. Let V be a non-singular projective model. Then we have 
Œ(V) =x(V, Ov). 


829. PROPOSITION 5. Let F be an S-free sheaf. Then K(F) = x(P; F). 
(This proposition completes the proof of Theorem 9.) 


Proof. F, since it is S-free, is equal to a direct sum 
O (— hi +--+ O (— ha) 


with each h= 0. Now, from the Serre cohomology theory, we have 


x(P3F) = Šx(P; 0 (—h)), 


and, from Theorem 3, we have 
K (F) =K (6 (—h,)). 


Hence it suffices to prove our proposition merely for sheaves of type O (— h), 
h=0. 


Proposition 5 follows from: 
Proposition 6. K(O(—h)) =x(P,G(—h)) (kZO). 


Proof. The proof is by induction on the dimension r of P and the 
degree h. We assume that our proposition is true for S-free sheaves of 
dimension one defined on projective spaces of dimension less than r. (It is 
clearly true for a projective space of dimension zero.) For the case h — 0 
on P, it is true; (it is well known that 


x(P; Or) ==], 
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Op = 0 (0), and K(Or) — A (P) —1 by the Normalization Axiom). There- 
fore, we assume that 4 > 0 and that our proposition is true for 4—1. _ 
Consider the exact sequence 


0— 0 (—h) > 0 (—(h—1)) > Gp (—(h—1)) 7 0; 


P’ is a projective subspace of dimension r—1 on P and @p-(—(h—1)) 
is the extension to P of an S-free sheaf defined on P’. From the Serre 
cohomology theory, we have 


(1) _x(P3O(—h)) =x(P3 O(—(h—1))) —x (PS Op (—(h—1))), 
and from Theorem4, we have 
(2) K(O(—h)) = K(O0(—(h—1))) — K (Or (—(h—1))). 


From our inductive assumption, we obtain that the right hand sides of (1). 
and (2) are equal, which proves 


K(O(—h)) =x(P; 0 (—h)). 


THe JORNS HOPKINS UNIVERSITY. 


A DUALITY THEORY FOR INJECTIVE MODULES.* 
(Theory of Quasi-Frobenius Modules) 


By Goro AZUMAYA.! 


Introduction. Let A be a finite-dimensional algebra with identity element 
over a field #. Let M be a finitely generated left A-module. Then M, when 
regarded as a left representation space, defines a representation of A in 9, 
and there corresponds to this. representation a finitely generated right A- 
modul M*, which is called the dual representation space of M. M= is nothing 
but the conjugate space of M, i.e., the vector space consisting of all &-linear 
mappings f of M into @, where fa, a€ A, is defined to be the mapping 
x—>f(ax), c€ M, and moreover we have, by associating M with M*, a one- 
to-one correspondence (up to isomorphisms) between finitely generated left 
and right A-modules. The present paper establishes a theory which extends 
this known situation to the case where A is a ring with minimum condition 
and possessing a certain type of injective module, so that it provides also a 
generalization of the theory of quasi-Frobenius rings, which has been developed 
mainly by T.. Nakayama, M. Hall and M. Ikeda. Our principal results are 
summarized as follows: 


Let À be a ring with identity element and satisfying the left minimum 
condition? Suppose that Q is a finitely generated left A-module which is 
injective and contains an isomorphic image of every irreducible left A-module. 

Let A* be the A-endomorphism ring of Q, considered as a right operator-ring. 
Then we have first that the same situations hold quite symmetrically for the 
A*-module Q, that is, A* satisfies the right minimum condition, Q is, as 
right A*-module, both finitely generated and injective and contains an iso- 
morphic image of every irreducible right A*-module, and moreover A coincides 
with the A*-endomorphism ring of Q (Theorem 6). Now, let M be a left 
A-module. We consider the module M* =: Homa (M, Q) consisting of all 


* Received November 19, 1857; revised October 6, 1958. 

1 This work was supported by the Office of Naval Research, under Contract Nonr : 
609-19, 

2 By left minimum (or maximum) condition we mean the minimum (or maximum) 
condition for left ideals. As is well-known, the left minimum condition implies always 
the left maximum condition, under the assumption of the existence of identity element. 
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A-homomorphisms f of M into Q. M* can be converted into a right A*- 
module by defining fa*, a* € A*, to be the mapping «—>f(x)a*, x € M, which 
we shall call the dual module of M (with respect to Q).5 Similarly, we may 
define a dual module for every right A*-module. We have then the following 
fundamental duality theorem: Let M be a finitely generated left A-module. 
Then its dual module M* is also “initely generated, and moreover, M may 
be regarded as the dual module of M* in the natural way. ‘The same holds 
also for every finitely generated right A*-module (Theorem 8). Let now 
M, and M, be two finitely generated left A-modules and let M,* and M,* 
be their respective dual modules. Then with each A-homomorphism ¢ of 
M, into M, we can associate, in the usual manner, its dual mapping ¢* which 
is an A*-homomorphism of M,* into M,*, and in this case, ¢ is regarded, 
by virtue of the above duality theorem, as the dual mapping of ¢*. We have 
thus an isomorphism ¢<>¢* between the groups Hom4(W.,W,) and 
Homy,+(M,*, M,*). Further, it is clear that if y is an A-homomorphism of 
M, into a third finitely generated left A-module, then (yẹ)* = ¢*y*. 

Interesting is however the fact that a complete converse of these situa- 
tions holds in the following form: Let A and A* be two rings with identity 
elements (but not be assumed to satisfy any chain conditions). Suppose that 
there is associated with each finitely generated left A-module M a finitely 
generated right A*-module M* so that the M*’s exhaust, up to isomorphisms, 
all finitely generated right A*-modules. Suppose furthermore that for each 
pair of finitely generated left A-modules M, and M, there is given an iso- 
morphism <> * of Hom, (Mı, M2) onto Homa., (M,*, M,*) in such a way 
that these isomorphisms together fulfill (yọ) = #*#*. Then A and A* 
indeed satisfy the left and right minimum conditions respectively, and we can 
find a two-sided A-A*-module Q such that Q, when regarded as a left A- 
module, is of the same type as above and A* coincides with its A-endomor- 
phism ring, and moreover every M* may be so identified with the dual module 
of M with respect to Q that every #* coincides with the dual mapping of ¢ 
(Theorem 10). 

In order to establish the above results, it is indispensable to make use of 
an important concept of quasi-Frobenius two-sided modules for two rings 
A and A*, which was however essentially introduced in the recent paper 
of Morita and Tachikawa [9], and in fact our theory should also be regarded 
as a theory of such modules. In particular, [9, Theorem 1.1], in a generalized 


3 Here and hereafter, one should pay attention to the fact that A* is not necessarily 
(isomorphic to) the dual module of the left A-module A. Whenever there is a fear of 
such confusion, we shall use the notation A, for the left (or right) A-module A. 
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form, plays a basic role. It turns out, among other things, that under the 
respective assumptions of the left and the right minimum conditions for A 
and A*, quasi-Frobenius modules are exactly the same as the above considered 
modules Q, when regarded as two-sided A-A*-modules, and moreover a ring 
A satisfying the left or the right minimum condition is a quasi-Frobenius 
ring if and only if it is quasi-Frobenius as a two-sided A-module. On the 
other hand, it may be of some interest that the notion of quasi-Frobenius 
modules gives a natural extension of the density theorem for irrecucible 
modules and completely reducible modules. In fact, it will be shown in 
particular that a necessary and sufficient condition for a two-sided A-A*- 
module, which is both faithful and completely reducible with respect to A, 
to be quasi-Frobenius is that A* is a dense subring of the A-endomorphism 
ring of the module. Furthermore, we shall, in the last section, apply the 
above theory to algebras over a commutative ring with minimum condition 
to make it possible, for instance, to verify for the first time that the sym- 
metricity of an algebra over a field is entirely independent of the choice of 
the base field. 


It should be noted, in this connection, that a ring A with the left 
minimum conditions does not always possess an injective left module Q of 
the above mentioned type, as has recently been shown by Rosenberg and 
Zelinsky [14], while every finite-dimensional algebra A as well as every 
quasi-Frobenius ring A certainly has such a module. 


Needless to say, the present study is indebted much to the fundamental 
works of Nakayama [11, 12] and Ikeda [5]. Also, I wish to express my 
thanks to Professor N. Jacobson who let me have an opportunity to discuss 
fully about the present subject in his seminar, as well as to Professors A. 
Rosenberk and D. Zelinsky who have communicated to me valuable infor- 
mation on the existence of injective modules during the preparation of this 
paper. 


1. Preliminaries. Throughout this paper we shall assume, unless other- 
wise stated, that all rings considered have identity elements and also all 
(left, right, or two-sided) modules over rings are unital in the sense that 
identity elements operate on the modules as identity (cf. Jacobson [%,9.1]). 

Let À be a ring. A left A-module Q is, following Cartan and Hilenberg 
[1], called injective with respect to A (or A-injective) if given an left A- 
module W, an A-submodule W’ and an A-homomorphism /’: M’ Q, there 
is an extension A-homomorphism fJ:M—Q. We may however restrict our- 
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selves here to the particular case where M = A, as a matter of fact ([1, 
Theorem I.3.2]). Now, in order that Q be injective it is necessary and ' 
sufficient that Q be a direct summand in every extension A-module. In fact, 
we have more strongly the following | 


PROPOSITION 1. A left A-module Q is injective if (and only f) Qia 
direct summand in every extension A-module which is expressible as a sum 
of Q and a cyche A-submodule. 


Proof. Let Y be a left ideal of A and f an A-homomorphism of I into Q. 
Let M==A@®@ be the direct sum of two left A-modules A and Q. Then 
all elements of the form (a,—f(a)) with a€TÏT constitute an A-submodule 
W of M. We consider the factor module M” — M — M’. By identifying 
u € Q with the coset of (0,u) modulo W’, Q is clearly imbedded isomorphically 
into M”. Furthermore, A is, by associating a € A with the coset of (a,0), 
mapped homomorphically onzo a (cyclic) submodule of MW”, and so M” is a 
sum of Q and this submodule. Consequently, M” may be expressed as a 
direct sum of Q and a second submodule. Let v be the Q-component of the 
coset of (1,0) relative to tkis direct decomposition. Then we have imme- 
diately av==f(a) for every a€ 1, which shows that Q is injective. 


COROLLARY. If Q is a finitely generated left A-module, then Q is injec- 
tive if and only if Q is a direct summand in every finitely generated extension 
A-module of Q. _ 


Now let Q be any left A-module. Consider a maximal left ideal [ of A. 
One can easily see that Q contains a minimal A-submodule which is 4A- 
isomorphic to the irreducible factor module A—JI if and only if the right 
annihilator rọ(1) of I in Q is non-zero, and in fact, when this is the case, 
cyclic submodules Au with non-zero elements u in reg({f) and only those are 
isomorphic images of À —Y in Q. On the other hand, if m is an irreducible 
A-submodule of Q and if u is any non-zero element in m then the left anni- 
hilator 7(u) =la (u) of u in A is a maximal left ideal of A and m= Au is 
isomorphic to A—J(u). These facts mean that the (A-)socle of Q, i.e., 
the sum of all irreducible A-submodules of Q coincides with the sum of the 
rq{1)’s for all maximal left ideals I of A. Moreover, for any given maximal 
left ideal Į of A such that Q contains an isomorphic image of A— I1, the 
homogeneous component of the socle belonging to the irreducible left A- 
module A—JI (cf. [%, p. 63]) may be expressed not only in the form 
Arg (T) but also as the sum cf the rg({’)’s for all those maximal left ideals I’ 


z 
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for which À —Y is isomorphic to A—I. We now call Q distinguished with 
respect to À (or A-distinguished) if Q contains an isomorphic image of every 
irreducible left A-module, or equivalently, if ra({) 40 for all maximal left 
ideals Į of A. Because of the fact that every proper left ideal is contained 
in a maximal left ideal, it is clear that Q is distinguished if and only if 
ra(T) s£0 for all proper left ideals I of A. Further, we shall call Q weakly 
distinguished if, for any A-submodules m and m’ of Q such that m D m’ and 
the factor module m— m’ is irreducible, Q contains an isomorphic image of 
m— nm’. Evidently, distinguishedness implies weak distinguishedness. 
Finally, we shall mean by the capacity of any irreducible left A-module 
the (finite or infinite) dimension of it over its endomorphism division ring. 


2. Quasi-Frobenius modules. We consider, besides A, a second ring 
A*, and suppose that Q is a two-sided A-A*-module (in the sense thaz Q is 
a left A- and a right A*-module at the same time and (aw)a* == a(ua*) 
for every a€ A, u€ Q, a*E A*). Let M be a left A-module, and let 
M* = Homa (M, Q) be the module consisting of all A-homomorphisms of M 
into Q. For any ce M and fe M*, we denote by af the image of « by f. 
M* can be made into a right A*-module by setting z(fa*) == (af)a*, a* € A*, 
which we shall call the right-dual module of M with respect to Q. Similarly, 
we may define a left-dual module for any right A*-module. Now, we call Q 
a quasi-Frobenius two-sided A-A*-module if i) Q is faithful (with respect 
to both A and A*), and ii) for every maximal left ideal I of A and for every 
maximal right ideal r of A* the right annihilator ro (1) and the left anni- 
hilator lọ (r) of I and r in Q are A*-irreducible and A-irreducible respectively 
unless they are zero. If we observe however that for any left ideal I of A 
the right annihilator ro(l) may be regarded as the right-duàl module of 
A —T and the similar holds for every right ideal, we may evidently replace 
the second condition ii) by the following: ii’) the right-dual module of every 
irreducible left A-module as well as the left-dual module of every irreducible 
right A*-module, both with respect to Q, is irreducible whenever it is non- 
zero (or equivalently, whenever Q contains an isomorphic image of the given 
irreducible module). 


THEOREM 1. Let Q be a quast-Frobenius two-sided A-A*-module. Then 
the A-socle of Q coincides. with the A*-socle of Q. Moreover, if M is an 
irreducible left A-module such that Q contains an isomorphic image of M, 
or equivalently, the right-dual module M* of M is irreducible, then the 
homogeneous (A-)component of the common socle belonging to M and the 
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homogeneous (A*-)component belonging to M* coincide and tt is a minimal 
A-A*-submodule. 


Proof. The homogeneous A-component of the A-socle belonging to M 
is the sum of the rg(I)’s for all those maximal left ideals { of A for which 
A-—{ are isomorphic to M (§1). Such ro(l)’s are however all (A*-)iso- 
morphic to M*, and so the A-component is contained in the homogeneous 
A*-component of the A*-socle belonging to M*. Since M is obviously the 
left-dual of M*, we can conclude by symmetry that both the components 
coincide. Now, for a fixed maximal left ideal I as above, any non-zero 
A-submodule of the common component contains a non-zero element of rọ (1), 
because it contains an isomorphic image of M=:A—J. This, together with 
the A*-irreducibility of rọ(1), implies that any non-zero A-A*-submodule of 
the component contains Arg(I), whereas the latter coincides with the com- 
ponent itself (§ 1), which shows nothing but the minimality of the component 
as a two-sided A-A*-module. The coincidence of socles follows immediately 
from that of homogeneous components. 

* Let M be a left A-module and M* a right A*-module. Suppose that for 
any r€ M and y€ M* there is defined a product zy in Q satisfying the 
following conditions, for x, à € M, y, y € MY, a€ À, a*E€ A*: 


(£ -4-2 jy =y + ey, aly + y) = ary +xy 
(ax)y =a (xy), (xy)a* =g (ya*). 


If moreover sM* ==0, c€ M, and My = 0, y€ M*, imply always z= 0 and 
y==0, then we shall, following Morita and Tachikawa [9], say that M and 
M* form an orthogonal pair with respect to Q (and relative to the given 
product). Now we have, as a generalization of [9, Theorem 1.1], the 
following fundamental 


PROPOSITION 2. Let Q be a quasi-Frobenius two-sided A-A*-module. 
Suppose that a left A-module M and a right A*-module M* form an 
orthogonal pair with respect to Q, and suppose further that either M or M* 
satisfies both the maximum and the minimum conditions for A- or A*-sub- 
modules respectively. Then the other one also satisfies the same conditions, 
. and moreover M and M* may be regarded, in the natural manner, as the 
left-dual and the right-dual modules of M* and M respectively. 


4In [9], the notion was defined in the special case where À — A*, In this connec- 
tion, the concept of dual modules was also introduced in this case, by the name of 
character modules. 
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The proof is virtually the same as that in the above cited theorem in 
[9], but we shall state it here for completeness. We may assume, without 
loss of generality, that M satisfies both the maximum and the minimum 
conditions, or equivalently, M has a composition series for A-submodules, say 


M=M, D M 2: ? -D Moi D M, —0. 
Consider then the following series of A*-submodules of M*: 
M* =r (Ms) Dr (Ma) D+ + Dr(Mis) Dr(M.) =0, 


where r(M;) denotes, for each 4, the right annihilator of M; in M*. The 
right multiplication of each element of r(M;) clearly induces in M,- — M, an 
A-homomorphism into Q and moreover elements of r(Jf;.,) and only these 
induce the zero-mapping. Therefore r(W;) —r(M;..) may be regarded as an 
A*-submodule of the right-dual module of A,:—-M; But since M;,.— M; 
is irreducible and since Q is quasi-Frobenius, the right-dual of Mi-ı — M; is 
either irreducible or zero, so that r(M;)—r(Mi.) is irreducible unless 
FL) =r(M,.). It turns out from this that M* has a composition series 
whose length [M*], does not exceed the composition length s = [MJ], of M. 
Then we should, by symmetry, conclude that [M],—[M*]. Now, M* may 
be looked upon, in the natural manner, as an A*-submodule of the right-dual 
module Homs(M,Q) of M. Therefore, W and Homs(M,Q) form also an 
orthogonal pair, and the later posesses a composition series whose length is 
equal to [M] = [M*], This implies that M*— Hom,(M,Q). Similarly, 
we have M == Homu+(M*,@Q). 


COROLLARY. Under the same assumption as in Proposition 2, A-sub- 
modules L of M and A*-submodules R of M* correspond one-to-one by the 
following relations: 

r(L)=R, DL-=i(B), 


where r{ ) and 1( ) mean the right and the left annihilators in M* and M 
respectively; and, in this case, L and M*—R, M — L and R may respectively 
be regarded as dual modules of each other. 


Proof. Let L be an A-submodule of M. Then L and M*—vr(L) “orm 
naturally an orthogonal pair, so that L may be regarded as the left-dual 
module of the latter. But since r(Z) is also the right annihilator of I(r(Z)), 
I(r(L)) is the left-dual module of M*—r(L) too. This implies, because 
, of LCl(r(L)), that D= I(r(Z)). Similarly, we have R= r(I(R)) for 
~ any A*-submodule R of M*. | 
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Proposition 3. Let Q be a faithful two-sided A-A*-module. In order 
that Q be quasi-Frobenius it is necessary and sufficient that the A-socle of Q 
contain the A*-socle of Q and every A-homomorphism of any finitely 
generated completely reducible A-submodule of Q into Q can be given by the 
right multiplication of an element of A*, 


Proof. Suppose that Q is quasi-Frobenius. That the A-socle contains 
(and in fact coincides with) the A*-socle follows from Theorem 1. Let 
now L be'a finitely generated completely reducible A-submodule of Q. Then 
L satisfies both the maximum and the minimum conditions. On the other 
hand, the left A-module L and the right A*-module A*—~+r(L), r(L) being 
the right annihilator of L in A*, form an orthonal pair. Hence the latter 
may, by Proposition 2, be regarded as the right-dual module of L, or what is 


the same thing, every A-homomorphism of L into Q can be obtained by right- 


multiplying an element of A*. 

To prove the sufficiency, consider first a maximal left ideal I of A such 
that re(t) 0. Take two non-zero elements u, v from ro(l). Then, by 
associating au, a € A, with av, we have an A-isomorphism of Au onto Av, 
both of which are irreducible A-submodules isomorphic to A—J. ‘The iso- 
morphism may, therefore, be given by the right multiplication of an element a* 
of A*: ua* ==v, and this shows that Jg(1) is A*-irreducible. Consider next 
a maximal right ideal r of A* such that re(r) 0. Then Jg({r) is contained 
in the (A*- whence) A-socle and so it is a completely reducible A-submodule. 
Suppose that lę (r) were not irreducible. Then it would contain two distinct 
irreducible A-submodules m and m’. Now the projection mappings of the 
direct sum m @ nt onto m and nr can be given by the right multiplication 


of elements e and e’ of A* respectively. Consider the right annihilator r(m) : 
of m in A*, which evidently contains r. Then e is not in r(m) but e’ is in © 


r(m). Hence we have r(m) =r (because r is maximal), so that ¢’ is in r. 
But since m’Clg(r), it follows necessarily that m’e’—=0, and this is a 
contradiction. Thus it is proved that Q is quasi-Frobenius. 

As an immediate specialization of Proposition 3, we have easily 


THEOREM 2. Let Q'be a faithful two-sided A-A*-module, and suppose 
that Q ts completely reducible with respect to A. Then Q is quasi-Frobenius 
if and only if A* is a dense subring of the A-endomorphism ring of Q.° 


5 Generally, a subring D of the endomorphism ring of an A-module Q is said to be 


dense if for any given finite number of elements ty, Us’ ` -,u, of Q and any given endo- « 


morphism f of Q, there exists an element d in D such that ud = t f, tad = uf, >, 
Und = Unf. Cf. [T]. ` 
6 In view of this and Theorem 1, we can immediately deduce that if a faithful two- 


a 
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Next, we proceed to the following 


THEOREM 8. Let Q be a faithful two-sided A-A*-module, and suppose 
that Q is weakly distinguished with respect to A and every A-homomorphism 
of any finitely generated A-submodule of Q into the A-socle of Q can be 
given by the right multiplication of an element of A*. Then Q is quasi- 
Frobenius. 


Proof. Consider a non-zero element u of Q, and denote by J(u) the 
left annihilator of u in A. Associating the coset of any a€ A modulo /(w) 
with the element au, A—-i(w) is mapped isomorphically onto the cyclic 
A-submodule Au of Q. Since l(u) 4A, there exists a maximal left ideal I 
of A containing /(w). Then evidently Au-—-lus:A—HlI, and therefore Q 
must, since it is weakly distinguished, contain an irreducible A-submodule 
isomorphic to A—lI, that is, ro(1) 40. Take any non-zero element v from 
ro(1). Then the mapping au— av, a€ À, is obviously an A-homomorphism 
of Au onto the irreducible A-submodule Av, and hence there exists an element 
a* of AŸ such that ua¥ =v. Thus we have shown that uA* D rọ(1). This 
implies in particular that every irreducible A*-submodule of @ is of the 
form ro(l) with a suitable maximal left ideal I of A (and conversely, any 
non-zero annihilator of such form is A*-irreducible). Consequently, the 
A*-socle of Q is contained in (and in fact coincides with) the A-socle of Q. 
Our theorem now follows immediately from Proposition 3. 


Now we have the following main theorem: 


THEOREM 4. Let Q be an injective and distinguished left A-module, 
and let A* be a dense subring of the A-endomorphism ring of Q. Then Q 
is quasi-Frobenwus, when regarded as a two-sided A-A*-module. 


Proof. By virtue of Theorem 8, we have only to prove that Q is faithful 
with respect to A. Let c be any non-zero element of A. Then the left 
annihilator I(c) of c in A is a proper left ideal, and therefore rg(1(c) ) s40. 
Take now a non-zero element u from re(l(c)). Then the mapping ac— au, 


sided A-A*-module Q is completely reducible with respect to A and if A* is dense in 
the A-endomorphism ring of Q, then Q is also completely reducible with respect to A* 
and A is dense in the A*-endomorphism ring of Q, and conversely; moreover, in this 
case, homogeneous A-components and A*-components of Q coincide. This fact, however, 
remains true even when A and A* do not possess identity elements, as can easily be 
seen from the later remark at the end of this section, and therefore we have obtained 
Jacobson [7, Theorems VI. 1.1 and VI.2.1]. Indeed, our proof of Proposition 3 may 
be seen, partly, as a modification of the proof of the former theorem. 


17 
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a € A, is an A-homomorphism of Ac into Q. Hence there exists, due to the 
injectivity of Q, an element v in Q such that cv = u, which shows that cQ 40. 

We shall next show that, under certain chain conditions, the converse 
of Theorems 8 and 4 is also true: 


THEOREM 5. Let Q be a quast-Frobenius two-sided A-A*-module. Then 
A satisfies the left minimum condition if and only tf Q satisfies both the 
maximum and the minimum conditions for A*-submodules. And, if this is 
the case, (1) A coincides with the A*-endomorphism ring of Q, (2) Q is both 
injective and distinguished with respect to A, (3) A* is a dense subring of 
the A-endomorphism ring of Q (4) every A*-homomorphism of any A*- 
submodule of Q into Q can be extended to an A*-endomorphism of Q, (5) Q 
is weakly distinguished with respect to A*. | 


Proof. Since Q is faithful with respect to A, the left A-module A and 
the right A*-module Q form an orthogonal pair (with respect to Q). If we 
apply Proposition 2 to this orthogonal pair, we get immediately the first 
assertion and (1). Apply next, assuming the chain conditions, the Corollary 
of Proposition 2 to the same orthogonal pair. Then, firstly, we know that, 
for every left ideal I of A, l4(ro(1)) =I holds and moreover Q —ro(f) is 
regarded as the right-dual module of I. ‘The former fact implies that 
re(l) 40 whenever [54 A, that is, Q is distinguished, while the latter fact 
means that every A-homomorphism of any I into Q can be obtained by the 
right multiplication of an element of Q, that is, Q is A-injective. Secondly, 
we can see that, for any A*-submodule # of Q, the factor module A —1(R) 
modulo the left annihilator 7(#) of À in A may be regarded as the left-dual 
module of À, which means, in view of (1), nothing but (4). Let now L be 
a finitely generated A-submodule of Q, and denote by r(Z) the right anni- 
hilator of L in A*. Then L satisfies both the maximum and the minimum 
conditions for A-submodules, and L and A*-—-r(Z) form an orthonal pair. 
Hence, Proposition 2 can again be applied to conclude that every A-homo- 
morphism of L into Q may be given by the right multiplication of an element 
of A*, and this implies, in particular, (3). To show finally that Q is weakly 
A*-distinguished, consider two A*-submodules À and R’ of Q such that 
RDE and R—K is A*-irreducible. Then it follows again from the 
Corollary of Proposition 2 that (R) 541(#’), and so we can find an element 
a in 1(R’) which is not in {(R). The left multiplication of a evidently maps 


1 This fact may be regarded as an extension of the density theorem for irreducible 
modules (cf. [7, p. 31]). 
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R—R’ isomorphically onto an irreducible A*-submodule of Q. This com- 
pletes the proof of our theorem. 

By combining Theorem 4 with Theorem 5 (and by symmetry), we have 
the following special case: 


Tasorem 6, Let À and A* be two rings, and let Q be a two-sided A-A*- 
module. Then the following conditions are equivalent: 


(i) À satisfies the left minimum condition, Q is injective, distin- 
guished and finitely generated with respect to A, and A* coincides with the 
A-endomorphism ring of Q.8 


(ii) A™* satisfies the right minimum condition, Q is injective, distin- 
guished and finitely generated with respect to A*, and A coincides with the 
A*-endomorphism ring of Q. 


(iii) Q ts quasi-Frobenius, and A and A* satisfy, respectively, the Left 
and the right minimum conditions. 


(iv) Q is quasi-Frobenius, À satisfies the left minimum condition, and 
Q is finitely generated with respect to À. 


(v) Q is quast-Frobenius, A* satisfies the right minimum condition, 
and Q is finitely generated with respect to A”. 


We now turn to the general case. Let Q be a quasi-Frobenius two-sided 
A-A*-module. Let M be an irreducible left A-module such that Q contains 
an isomorphic image of it, or equivalently, the right-dual module M* of M 
is irreducible. Then M may be regarded as the left-dual module of H* and 
moreover the homogeneous component of the socle of Q belonging to M 
coincides with the homogeneous component belonging to M* (Theorem 1). 
Let A be the endomorphism division ring of M. Then [%, Theorem V.7.1], 
together with Proposition 3, implies that there is a lattice isomorphism , 
between the lattice of A*-submodules of the common homogeneous component 
and the lattice of A-submodules of M, and, in particular, the A*-dimension 
of the homogeneous component coincides with the A-dimension of M. Thus 
we have 


PROPOSITION 4. Under the same assumptions as in Theorem 1, the A- 


8 Here, the injectivity and the distinguishedness for Q may, by virtue of Theorem 8, 
be replaced respectively by the weaker conditions that every A-homomorphism of any 
A-submodule of Q into Q can be extended to an A-endomorphism of Q and that Q is 
weakly distinguished with respect to A. 
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and the A*-dimensions of the homogeneous component of the socle belonging 
to M, or to M*, coincide with the capacites of M* and M respectively. 


Now, we call a quasi-Frobenius Q Frobenius if, for any irreducible left 
A-module M such that Q contains an isomorphic image of it, the capacity 
of M coincides with that of the right-dual M* of M, or what defines the 
same thing, if the A- and the A*-dimensions of each homogeneous component 
of the socle of Q coincide. 

The following proposition is not only for quasi-Frobenius modules but 
also for Frobenius modules and may be verified quite easily: 


Proposition 5. Let Q be a quasi-Frobenws (or Frobenius) two-sided 
A-A*-module and let Q, be an A-A*-submodule of Q. Then 3==la(Qo) and 
a* ==14-(Qo) are two-sided ideals of A and A* respectively, and Qo is quasi- 
Frobenius (or Frobenius) when regarded as a two-sided À /3 — A*/3*-module. 


Assume again the left and the right minimum conditions for A and A* 
respectively. Then left ideals I of A and A*-modules R of (the quasi- 
Frobenius module) @ correspond one-to-one by the annihilator relations 
(Corollary of Proposition 2), and it is evident that [ is a two-sided ideal 
if and only if the corresponding R is an A-A*-submodule; the similar is also 
the case for right ideals of A* and A-submodules of Q. This, together with 
Proposition 5, yields | | 


THEOREM 7. Let À and A* satisfy the left and the right minimum 
conditions respectively, and let Q be a quasi-Frobenius (or Frobenius) two- 
sided A-A*-module. Then there is a one-to-one correspondence between two- 
sided ideals 4 of A, A-A*-submodules Qo of Q, and two-sided ideals 3* of A* 
by the annihilator relations: 


ra (3) = Qo; 3 = la (Qo), 
Tas(Qo) =3"  Qo=le(3*); 


and, in this case, Qa is quasi-Frobenius (or Frobenius) when regarded as a 
two-sided A/3-A*/2*-module. 


Example. Let À be a ring without non-zero nilpotent ideals. Then it 
is quasi-Frobenius when regarded as a two-sided A-module. To prove this, 
consider an irreducible left ideal { of A. Then it is generated by an idem- 
potent element e ([7%, Proposition IIT.9.1]): 1— 4e. One can now easily 
see that the right-dual module of I with respect to A is isomorphic to eA, 
whereas the latter is an irreducible right ideal of A by virtue of [7, Corollary 
of Proposition IV.3.1]. Similarly, the left-dual module of every irreducible 
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right ideal of A is irreducible too, and this shows our assertion., It should 
be noted, in view of this, that [7, Theorem IV.3.1] may be interpreted as a 
special case of our Theorem 1. 

Suppose next that A is a ring whose left socle S is faithful. Then A is 
semi-simple, and, in particular, it. has no non-zero nilpotent ideals. Hence, 
it follows (from either of the above mentioned theorems) that S coincides 
with the right socle of A. Let 3 be a non-zero two-sided ideal of A. Then 
38 40, and so there is an irreducible left ideal I such that 3l +40, whence 
al =l. But this implies S30, because 831 SII? 40. Thus it is shown 
that S is a faithful right ideal of A, and we know from Proposition 5 that 
if A is a ring having a faithful completely reducible left ideal, then (not 
only A but also) the common socle of À is quasi-Frobenius when regarded as 
a two-sided A-module. 


Remark. The notion of quasi-Frobenius two-sided A-A*-modules Q may 
be transferred to the case when A and A* do not necessarily have identity 
elements but Q satisfies rg(A)==0 and lge (A*) — 0, by taking the conditions 
i) and ii) as its definition, provided we restrict, in ii), both maximal left 
and maximal right ideals I and r to be modular (cf. [%, p. 5]). It is then 
almost evident that we may also replace ii) in this definition by the condition 
il’). Furthermore, if we observe that the results stated in $ 1, except those 
which are concerned with injectivity, remain valid for modular left ideals | 
when A does not have an identity element but Q satisfies rg(A) — 0, we can 
examine, without difficulties, that all the propositions and the theorems in § 2, 
including the above example, still hold in our case under obvious additional 
assumptions, provided we require the existence of identity elements only for 
A in Theorem 4 as well as for A and A* in (i) and (ii) of Theorem 6. 
For instance, we have to asume additionally that in Theorem 3, each element 
u of Q is always in Au, while in Theorem 5, A satisfies the left maximum 
condition. It is however to be noted that Theorem 2 remains true even 
without assuming that ro(4) —0 and Ig(A*) — 0, because these conditions 
follow automatically from the complete reducibility for Q and the denseness 
of A* respectively. 


3. Duality theorems. 


Lemma 1. Let Q be an injective left A-module and A* its A-endo- 
morphism ring. Let M be a left A-module and M* its right-dual module 
with respect to Q. Then, for any x € M and fE M*, we have 


ro(la(z)) ==aM*,  r(I(f)) == fA*, 
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where r( ) and 1( ) in the second equality mean the right and the left 
annihilators in M* and M respectwely. 


Proof. Let u be an element in ro(l4(æ)). Then the mapping ax — au, 
a € À, is an A-homomorphism of Az into Q, and it can, since Q is A-injective, 
be extended to an A-homomorphism g( € M*) of M into Q: zg =u. This 
shows that rg(la(z)) Œ whence —æM*. Similarly, if h is an element in 
r(1(f)) the A-homomorphism æf—>zxh, se M, can be extended to an A- 
endomorphism a*( € A*) of Q: fa*—h, which shows r(1(f)) —fA*. 


Proposition 6. Under the same assumptions as in Lemma 1, suppose 
in addition that Q is A-distinguished. Then «==0 is the only element of M 
such that xM*—0. More generally, we have 1(r(L))—L for every A- 
submodule L of M. 


Proof. Let x be a non-zero element of M. Then #M*==rg(la(x)) by 
Lemma 1, while the right side is non-zero because la(s) is a proper left ideal 
of A and Q is distinguished. The second assertion may immediately be seen 
by applying this first one to the left A-module M—JL and its right-dual 
module r(L). 


We now get the following 


Tarorem 8. Let A and A* be two rings satisfying the left and the right 
minimum conditions respectively and let Q be a quasi-Frobenius two-sided 
A-A*-module. (Or equivalently, let A, A* and Q satisfy one of the equiv- 
alent conditions in Theorem 6.) Let M be a finitely generated left A-module 
and let MY be its right-dual module with respect to Q. Then M* is also 
finitely generated (with respect to A*) and M coincides with the left-dual 
module of M*. The same holds also for every finitely generated right 
A*-module. 


Proof. Since Q is both A-injective and A-distinguished, M and M* 
form an orthogonal pair with respect to Q according to Proposition 6. On 
the other hand, the finitely generated left A-module M satisfies, because of 
the left minimum condition for A, both the maximum and the minimum 
conditions for A-submodules. Our theorem now follows immediately from 
Proposition 2. 


We shall next prove the following converse of Theorem 8: 


THEOREM 9. Let Q be a two-sided A-A*-module. Suppose that, for 
each finitely generated left A-module M, the right-dual module M* is also 


Se 
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finitely generated and moreover M coincides with the left-dual module of M*, 
and suppose that the same holds for each finitely generated right A*-module. 
Then A and A satisfy the left and the right minimum conditions respectively 
and moreover Q 1s quasi-Frobenius. 


Proof. Consider a finitely generated left A-module M and its right-dual 
module M*. Let L be an A-submodule of M. Then the right annihilator 
r(L) of L in M* may be regarded as the right-dual module of M-—L. 
Since M — L is finitely generated, r(Z) is also finitely generated and more- 
over l(r(L)) == L, according to our assumptions. Similarly, we know that, 
for each A*-submodule À of M*, the left annihilator /(#) is finitely generated 
and moreover r(i(R))==R. These together show that A-submodules L of 
M and A*-submodules À of M* are all finitely generated and L and R 
correspond one-to-one by the annihilator relations. However, the former fact 
means, as is well-known, that M and M satisfy the maximum condition for 
A- and A*-submodules respectively, and this, together with the latter fact, 
yields that M and M* fulfill also the minimum condition. Now, we take in 
particular M = A; whence H*—(Q. Then it follows that A satisfies the left 
minimum condition, l4(Y)—0, i.e, Q is A-faithful, and ro(l) is A*- 
irreducible for every maximal left ideal T of A. Furthermore, the similar 
must, by symmetry, be the case for A* and the A-module Q, and this shows 
that Q is quasi-Frobenius. 

Now suppose that M, and M, are two left Pa right) A-modules. For 
any A-homomorphism ¢: Mı—>M, and any element s€ M,, we denote by 
æp (or pt) the image of s by ¢. If further ÿ is an A-homomorphism of M, 
into a third left (or right) A-module Ms, we shall denote by how (or yog) 
the composite mapping æ—(xb)y (or —>#(br)). Let Q be a two-sided 
A-A*-module, and let M,* and M,” be the right-dual modules of M, and M, 
respectively. ‘Then we can associate with each ¢ an A*-homomorphism 
¢*: M,— M,* by setting bŸ*g = dog, gE M,*, i.e., 


(*) - a(ġ*g) = (x6)9, zE Ms, 9 € My". 


b* is called the dual mapping of ¢ with respect to Q, and it satisfies, with 
any A-homomorphism y: M, Mz, (6°w~)*—¢d*oy*, Thus, the associa- 
tion M*— M*, together with the mapping #— #*, defines a contravariant 
functor of one variable in the sense of [1]. Suppose now that A and A* 
satisfy, respectively, the left and the right minimum conditions and Q is quasi- 
Frobenius. Suppose in addition that both M, and M, are finitely generated. 
Then M, and M, may, by Theorem 8, be looked upon as the left-dual moduies 
of M,* and M,* respectively, and therefore the above equality (*) shows that 
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@ coincides with the dual mapping of ¢*. Thus, the mapping ¢-—> ¢* gives 
an isomorphism between two groups Homa (M, Ma) and Homy,-(M.*, M,*). 
Moreover, it follows from Theorem 8 that the M*’s exhaust, up to isomor- 
phisms, all finitely generated right A*-modules when M runs over all finitely 
generated left A-modules. We can however prove a complete converse of 
these situations: 


Turorem 10. Let A and A* be two rings. Suppose that we have a 
contravariant functor T (of one variable), defined only for finitely generated 
left A-modules M and taking finitely generated right A*-modules as its 
values T(M), such that the T(M)’s, up to isomorphisms, cover all finitely 
generated right A*-modules and moreover T maps Hom,(Mi, M2) isomor- 
phically onto Homx(T(M,),T(M:)) for any finitely generated left A- 
modules M, and M,. Then A and A* satisfy the left and the right minimum 
conditions respectively, and there exists in fact a quasi-Frobenius two-sided 
A-A*-module Q such that T is naturally equwalent® with the functor which 
is defined by associating every finitely generated left A-module M with its 
right-dual module M* with respect to Q. 


Proof. There exists a finitely generated left A-module Q such that T(Q) 
is isomorphic to the right A*-module A*. We may however assume, witbout 
loss of generality, that 7(Q)==-A*. The left multiplication of an element 
a* of A* induces on A* an A*-endomorphism, and there must be a unique 
A-endomorphism of Q which is mapped by T onto it. If we identify this 
with a*, Q can, since T is contravariant, be converted into a two-sided A-A*- 
module. Consider a finitely generated left A-module M and its right-aual 
module M*—Homs(M,Q). Then the mapping f—T(f), fE M*, is an 
isomorphism of M* onto Homy,+(A*,27(M))), whereas the latter module 
may be identified naturally with T(M).° Moreover, the above mapping is 
actually an A*-isomorphism, because T'(fa*) = (T'(foa*) —)T(f) oT (a*) 
_ should be identified with the element T'(f)a* of T(M). Now let M, and M, 
be two finitely generated left A-modules. Let ¢ be an A-homomorphism of 
M, into M, and ¢*: M,*— M,* its dual mapping. Then 7'(d*g) = T(bog) 
== T(p)oT(g) for any g € M,*, and the last term is, when T (g) is regarded 
as an element of T (M+), identified with T'(¢)7'(g), i.e., we have the com- 
mutativity of the following diagram :. 


? Cf. [1, p. 201. 

1° That is, we identify each element of T (M) with the multiplication effected by it 
in A*; the element is conversely characterized as the image of the identity element of 
A* by the identified A*-homomorphism. 
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T 
M,* ——> T (M) 


¢* T(p) 
T 
M,* ——> T (M). 
Thus it is shown that 7 yields a natural equivalence between two functors 
M— M* and T. 

In order to prove the remaining part of our theorem, we may evidently 
assume that both functors coincide. Let M be a finitely generated left A- 
module, as above, and consider an A*-homomorphism é of the right-dual 
module T(M) of M into Q. Since Q is identified with the right-dual module 
T(A) of Á, there exists a unique A-homomorphism ¢ of A, into M such 
that the dual mapping T(¢): f>¢of, f€ M*, coincides with £ If x is an 
element of M which is identified with ¢, then zf may also be identified with 
bof and so we have af=éf (for all fe M*). Thus it is shown that M 
coincides with the left-dual module of T(M). Since moreover the T (Mys 
range, up to isomorphisms, over all finitely generated right A*-modules, it 
follows from Theorem 9 that A and A* satisfy the left and the right mirimum 
conditions respectively and @ is quasi-Frobenius. 


Remark. Lemma 1 may be regarded as an extension of the first part 
of Ikeda and Nakayama [6, Theorem 1]. And by making use of Lemma 1, 
we can easily generalize the last part of this theorem in the following form: 
under the same assumptions as in Lemma 1, r(L,0 Le) =r(L,) +7(Le) 
for any A-submodules Lı and L, of M, and r(1(R)) =R for all finitely 
generated A*-submodules R of M*. As an immediate consequence of this, 
we know that if M satisfies the minimum condition for A-submodules, then 
M* satisfies the maximum condition for A*-submodules, and moreover if M 
satisfies both the maximum and the minimum conditions for A-submodules, 
then so does M* for A*-submodules. In particular, if A satisfies the left 
minimum condition, then @ satisfies both the maximum and the minimum 
conditions for A*-submodules, while if Q satisfies both the maximum and the 
minimum conditions for A-submodules, then A* satisfies the right minimum 
condition. 


4, Injective modules and quasi-Frobenius rings. Let A be a ring, 
and let Af be a left A-module. An extension A-module M’ of M is called an 
essential extension of M if M” ==Q is the only A-submodule of W’ such that 
M’OM=0. After showing that injective modules may be characterized 
as those modules which have no essential extensions other than themselves, 
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Eckmann and Schopf [2] proved the existence and the uniqueness (up to 
isomorphisms over M) of an injective essential extension M of any given 
(left A-module) M. Moreover, every injective extension of M contains such 
an Mf, and therefore injective essential extensions are nothing but minimal 


injective extensions. 


Proposirion Y. An injective left A-module Q (540) is directly indecom- 
posable if and only if it is an essential extensions of every non-zero A- 
submodule. 


Proof. Suppose that Q is directly indecomposable. Let M be a non-zero 
A-submodule. Then Q contains an injective essential extension M of M. 
Since M is a direct summand of Q, we must have Q—M . Suppose, con- 
versely, Q is directly decomposable into two non-zero A-submodules, say, M 
and M’: Q=-M@M’. Then necessarily M N W—0, which shows that Q 
is not an essential extension of M. 


COROLLARY. Let Q be an injective left A-module containing an irre- 
ducible A-submodule M. Then the following conditions are equivalent: 


(i) Q ts directly indecomposable. 
(1) M is a smallest A-submodule™ of Q. 


(iii) Q is an essential extension of M. 


Proof. The implication (i)=> (ili) is the special case of the preceding 
proposition, while the implications (iii) (ii) and (ii) (i) hold evidently 
without the assumption of injectivity for Q. 


Proposition 8. If A satisfies the left maximum condition, a direct 
sum of left A-modules is injective if and only if so is each direct summand.” 


Proof. The “only if” is well-known and is easy to see. So we have 
only to prove the “if” part. Suppose that a left A-module @ is a direct 
sum of injective A-submodules Q,: Q = 5, @ Qu and denote by ey the pro- 

I 


jection mapping of Q onto Qa for each u. Let I be a left ideal of A, and 
suppose that there is given an A-homomorphism ¢:[—@. Then there 
exists, since the composite mapping ¢ °«, is an A-homomorphism of I into Qe, 
an element u, in Qy such that (ape = (a(hoe,) ==)au, for all ac; here, 


11 By a smallest A-submodule we mean a non-zero A-submodule which is contained 
in all non-zero 4-submodules; it is of course the only minimal A-submodule, if it exists. 
13 Cf. [1, Exercise I. 8]. i 


” 


5 
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we may of course take u,==0 whenever (If)e,—0. But since A satisfies 
the left maximum condition, Į and hence Id is finitely generated, so that 
| (Id )e,— 0, or u,==0 except for only a finite number of p. Now their sum 
u == $ u, fulfills au = ap for all a€ {, and this shows the injectivity of 9. 
H 


Suppose, from now on, that A satisfies the left minimum condition, 
Let N be the radical of A, and let A denote the (semi-simple) factor ring 
A/N, or the factor module A—N. Then À is a direct sum sum of orthogonal 
simple subrings 4,,4.,---,A,. Let & be, for each x, a primitive idem- 
potent element in Ax. Then &Aé is a division ring, and Ax is (ring-)iso- 
morphic with the total matric algebra over 6Aé« of a finite degree f(x). 
In fact, Aé is an irreducible left A- or A-module whose endomorphism ring 
is éxAé and whose capacity is f(x): [Aëx: &Aé]—f(«), and Ax is, as left 
A-module, isomorphic to the f(«)-times direct sum of Aék: Ax =s (ëk) t. 
Moreover, the k modules 4é,,Aé,° + -, Aëx exhaust, up to isomorphisms, all 
irreducible left A-modules. There exists, for each x, an idempotent repre- 
sentative &( € A) of the coset &. The k idempotent elements ¢,, 62, * +, ex 
are all primitive and non-isomorphic, and any primitive idempotent element 
of A is isomorphic to one of them. Furthermore, A is, as left A-module, 


k 
isomorphic to the direct sum 3) @ (Aex)! ; the isomorphism naturally yields 
kzi 


a decomposition of the identity element 1 of A into orthogonal primitive 
elements eri k= 1,2, - -, k, 1==1,2,---,f(«), such that ex is, for each x, 


k f(x) 
isomorphic to ex and A = $, @ > O Aex; gives a direct decomposition of A 


KE 4=i 


into directly indecomposable left ideals. 


Now, we denote by Qx the minimal injective extension of the irreducible 
left-A-module Aé,. Then, according to the Corollary of Proposition 7, Qx is 
directly indecomposable and has Aé as a smallest A-submodule, and con- 
versely any directly indecomposable injective left A-module is isomorphic 
with some Qx. Consider a left A-module Q. Then the right annihi'ator 
rg(NV) of the radical N is, as is well-known, the socle of Q, and moreover Q 


is its essential extension. Suppose now rọ (N) = > D (Aéx) vai non-nega- 
tive cardinal numbers g(x), and consider the direct sum Q’ == > D (Q. 
Then Q’ is injective by virtue of Proposition 8, and He the above 
_ isomorphism of rẹ (W) onto 5 P (A&)™ can be extended to an isomorphism 


of Q into Q’ ([2,4.i.2]}). “Since, however, È @® (Aé).6 is the socle of Q’, 
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Q’ is necessarily an essential extension of the isomorphic image of Q. From 
this follows immediately the following generalization of Nagao and Nakayama 
[10, Theorem 2]: 


THEOREM 11. A left module of a ring A satisfying the left minimum 
condition is injective if and only if tt is a (finite or infinite) direct sum of 
A-submodules each of which is isomorphic to some Qk, where Qk is the minimal 
injective extension of an irreducible left A-module Aéx which is the homo- 
morphic image of a directly indecomposable left component Aex of À. 


x 
Let Q be an injective left A-module, i.e., Q = D @ (Qk)7%, with uniquely 


determined multiplicities g(x). It is then evident that Q is distinguished 
if and only if g(x) -<0 for all k, and Q is, in this case, finitely generated if 
and only if all Qr are finitely generated and all g(x) are finite. Suppose 
now that this is the case, that is, Q is both distinguished and finitely generated. 
Let A* be the A-endomorphism ring of Q. Then A* satisfies the right mini- 
mum condition by Theorem 6, and there exist in A* a complete system of non- 
isomorphic primitive idempotents e.,*,e*,: * +, ep" (just like e:,6,° * *, €x 
in A) such that Qek* = Qk for each x. On the other hand, consider an A*- 
module e.@, which is a direct summand of the right A*-module Q. Since 
Q is also A*-injective and A coincides with its A*-endomorphism ring again 
by Theorem 6, ekQ is necessarily both injective and directly indecomposable, 
and therefore it contains, according to the Corollary of Projosition 7, a 
smallest A*-submodule. These facts show the necessity of the following 
theorem : 


THEOREM 12. Let A and A* be two rings satisfying the left and the 
right minimum conditions respectively and let e1, 6s,' * * ,ex be a complete 
system of non-isomorphic primitive idempotent elements in A. Let Q bea 
faithful two-sided A-A*-module. In order that Q be quasi-F'robenws ti is 
necessary and sufficient that A* have exactly k non-isomorphic primitive 
idempotent elements e,*,e.*, - -,e.* and they, tf suitably' ordered, satisfy 
the following conditions: 


i) the left A-module Qex* contains, for each x, a smallest A-submodule 
and this is isomorphic to Aéx, the homomorphic image of A% modulo the 
radical of A. 


ii) the right A*-module exQ contains, for each k, a smallest A*-sub- 
module. 
And, tf this is the case, the smallest A*-submodule of exQ is isomorphic to | 
&*A*, the homomorphic image of ek*A* modulo the radical of A*. 
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The sufficiency can, however, be proved in the similar way as in (the 
first half of) the proof of Nakayama [12, Theorem 6]. Namely, let ex:*, 
k=: 1,2, + e, k, i= 1,2, < -,g(«), denote similar orthogonal primitive idem- 

k g(x) 


potent elements in A* as ex in A: erni” = ek", 1 =Ñ, 2 Ori. In view of the. 
kzl ¿i= 


fact that ro(N) is an A-A*-submodule of Q, we have then the direct decom- 
% {x} 

position rg(V) = > @ S D re(N) exs®, where ro(Nex* = rq(N) ex* (as left 
KT1 4=1 


A-modules). But since ra(N) is the A-socle of Q, ro (N Jek” = ro (N) N Qex* 
is by virtue of the assumption i), necessarily the smallest A-submodule of 


- gtx) : 
Qek* and is isomorphic to Aéx. This implies that each X, ® ro(N)ex* is a 
į=1 


homogeneous (A-)component of rg(N), and hence is an A-A*-submodule. 
Moreover, it is a minimal A-A*-submodule. For, if u is any non-zero element 
in it then wexp*5<0 for some p; but Auex* == To(N)ex*, because of the 
irreducibility of the right side, and therefore 


gtx) 
AuA* D Avekp*A* = To (N) er A* D X @ ro(N)ex. 
é=1 


Let now N* be the radical of A*. Then every minimal two-sided A-A*-module 
is, since N* is nilpotent, annihilated by N*, and, in particular, we have 


g(x) 
> D re(N) eu* Cle(N*). Since this is true for every «, it follows that 
4-1 


taQ(N) Clg(N*). Now, lo(N*) is the A*-socle of Q and hence elo(N*) 
= lo (N*) N eQ is, by the assumption ii), the smallest A*-submodule of exQ. 
But since ekre (NV) ex* C exle(N*) ex* and exra(N)ex* 40 (because 7r9(N) ex* 
= Aé.), we have éxlg(N*)ex*540, whence exlg(N*) = KA, From this 
and by symmetry, we can conclude that rọ(N)(2 whence) ==1Ig(N*) ; 
observe that we have derived the above relation rg(N) Clg(N*) from the 
condition i) only. 

Consider now any irreducible left A-module Aé. It is isomorphic to 
the factor module A—-I modulo the maximal left ideal I == A (1 — ex) + N. 
Hence the right-dual module of Aé with respect to Q is isomorphic to 
ro (I) = re(1— ex) N ro(N) = eQ N re(N) = extra (N) = eklo (N*), which is 
A*.irreducible as we have seen just above. Similarly, we may show that the 
left-dual module of every irreducible right A*-module is A-irreducible too, 
and thus Q is quasi-Frobenius. 

Now, Nakayama [12] called A, satisfying both the left and the right 
* minimum conditions, to be a quasi-Frobenius ring if there exists a permu- 
tation (w(1),7(2),- + -,#(&)) of (1,2,:--+,%) such that for each x, 
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i) Aer contains a smallest left subideal and this is isomorphic to A, 
ii) é A contains a smallest right subideal. 


So, Theorem 12, combined with Theorem 6, yields the following 


THEOREM 13. A ring A satisfying the left minimum condition is a 
quasi-Frobenius ring if and only if it is quasi-Frobentus when regarded as a 
two-sided A-module. 


Owing to the preceding theorem, it follows from the Corollary of 
Proposition 2 in particular that if A s a quasi-Frobenius ring, then 
L(r({)) =I and r(i(r)) =r for every left ideal | and right ideal rt of A. 
Consider now a maximal right ideal r of A such that I(r) 540. Let I be an 
irreducible left subideal of I(r). Then r(1) =r, because r(l) is clearly a 
proper right ideal containing r. From this and by symmetry, we can easily 
conclude that if conversely I(r(1)) ==! and r(l(r)) =r for every irreducible 
left ideal { and irreducible right ideal r of A, satisfying the left minimum 
condition, then À is quasi-Frobenius** Thus we have derived [12, Theorem 
6]. Next, let n be a natural number and consider the direct sum A” of n 
copies of A. A” may be regarded as a left as well as a right A-module in the 
usual fashion, and it is evident that if we define the product of twe vectors 
(4, Go, © °, 0n) and (bi, bo’ © +, bn) to be a:b; + debe + + + +--+ and, the left - 
A-module A” and the right A-module A” form an orthogonal pair with respect 
to A. Hence, we have, as a special case of the Corollary of Proposition 2, 
the following theorem cf Hall [41:14 If A is a quasi-Frobenius ring then 
I(r(L)) =L and r(i(R))—R for every left A-submodule L and right 
A-submodule R of A”. On the other hand, Theorem 6 shows that a necessary 
and sufficient condition for A to be a quasi-Frobenius ring is that A be both 
injective and distinguished as left A-module. However, we may, for sufficient 
condition, omit the distinguishedness. To prove this, suppose that A is 
injective. Then each direct summand Aex is also injective, so that it is, by 
(the Corollary of) Proposition 7, a minimal injective extension of its irre- 
ducible (in fact, smallest) left subideal Ix. The k irreducible left ideals 
ll" ° +1, are mutually non-isomorphic, since so are Ae, 4e,,' * *, Aez, 
and therefore they must coincide, up to isomorphisms and up to arrangements, 
with Aé,, 48, - -,Aé,. We thus obtain the following theorem of Ikeda [5] 
(cf. also [6], Hilenberg and Nakayama [3]): A ring satisfying the left 


28 We may here restrict further [ and r to be nilpotent, because every non-nilpotent œ 
irreducible one-sided ideal is generated by an idempotent element and so satisfies the ” 
above annihilator relations. 

14 In [9], this was derived in just the same way. Cf. also [12, Theorem 12]. 
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minimum condition is quasi-Frobenius if and only if is is left self-injective. 
k 
Now, consider again an injective left A-module Q == > ®(Qx)™, and 
K=1 


suppose that Q is both finitely generated and distinguished, or what is the 
same thing, all Qk are finitely generated and all g(x) are non-zero and finite. 
Then the endomorphism ring A* of Q satisfies the right minimum condition, 
and Q is quasi-Frobenius as two-sided A-A*-module (Theorem 6) ; moreover, 
it is easy to see that, on retaining the notations in Theorem 12, the capacity 
of each irreducible right A*-module é*A* is g(x). From this (and Theorem 
6), we get immediately the following 


THEOREM 14, Let Q be a two-sided A-A*-module, where A satsifies the 
left minimum condition. Then in order that Q be Frobenius and that A* 
satisfy the right minimum condition it is necessary and sufficient that Q be, 


k 
as left A-module, both isomorphic to $ @(Qk)f®), the minimal injective 
K=1 


extension of À = A — N, and finitely generated and that moreover A* be the 
A-endomorphism ring of Q. 


Nakayama [12] called A a Frobenius ru if it is quasi-Frobenius 
and moreover f(x) = F(r(«)) for every k= 1,2," , k. So we have, in 
particular, 


THEOREM 15. A ring A satisfying the left minimum condition ts a 
Frobenius ring if and only if it is Frobenius when regarded as a two-sided 
A-module, that is, vt is, as left A-module, isomorphic to the minimal de 
extension of A=A-—N., 


As an application of Theorems 14 and 15, we prove the following 


THEOREM 16.15 Let A be a Frobenius ring, and let 3 be a two-sided 
ideal of A. Then the factor ring A/a ts Frobenius if and only if the right 
annthilator r(3) of 3 is both left and right principal: r(3) == Ac == cÀ. 
And, in this case, A/4 is isomorphic with À/3*, where 3* is the double right 
annihilator of 3: 3% ==r(r(3))- 


Proof. By Theorem 7, r(3) is Frobenius when regarded as a two-sided 


15 This is a generalization of [11, Theorem 9] and is also a modification of [12, 
Theorem 15]. There is a little discrepancy between our theorem and the latter theorem; 
in fact, the “only if” part of the latter is contained in that part of ours (and its left 
analogy), but the similar is not the case for the.“ if” parts. 

46 Generally, in a ring satisfying both the left and the right minimum conditions, 
a two-sided ideal which is both left and right principal is generated by a common 
element. See Nakayama [13, Lemma 1]. 
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A/3-A/3*-module. Hence, in order that 4/3 be Frobenius it is necessary 
and sufficient, by virtue of Theorems 14 and 15, that 4/3 be, as left (4/3- or) 
A-module, isomorphic to r(3), or what is the same thing, that there exist 
an element c in r(3) such that Ac=-r(g) and l(c) —3; but the latter 
equality means cA = r (3), because r(/(c)) = r(I(cA)) = cA and I(r(3)) —3. 
The last assertion is now an immediate consequence of the fact that 4/3 and 
A/z* are, in this case, the endomorphism rings of the left A-modules 4/3 
and r(3) respectively; in fact, we have an isomorphism between these two 
rings by associating a€ A with such a*¢€ A* that ac=ca*. 

Finally, we would like to refer to the existence of finitely generated 
injective modules. Let r be the index of nilpotency of N. Consider a factor 
module Ni--Ni#t, 1=i<r, and any left A-module M. Then the module 
Hom, (Nt— N", M) consisting of all 4-homomorphisms A of Ni-— N*** into 
M can be converted into a left A-module by setting ah, a€ A, to be che 
mapping æ—>(xa)h, æ € Ni'—N*™ (cf. [1, 11.8.]). Now, Rosenberg and 
Zelinsky proved the following theorem ([14, Theorem 1]): The minimal 
injective extension M of M is finitely generated if and only if so is every 
left A-module HomA(Ni-—Nitt M), 1=1,2,--+,r—-1. Moreover, they 
gave, by making use of this theorem, an example fcr a ring A (satisfying 
the left minimum condition but) having no finitely generated injective left- 
module (540). We shall, however, need later only the following special case 
of the above theorem: | 


Proposition 9. Let À be a commutative ring satisfying the minimum 
condition for ideals, and let M be a finitely generated A-module. Then the 
minimal injective extension of M 1s also finitely generated. 


For, Hom,(N‘—-N*", M) may be, in this case, interpreted as the dual 
module of N+—N* with respect to M (when M is regarded as a two-sided 
A-module in the natural manner), and therefore is finitely generated, as can 
easily be seen from the finite generatedness for both modules Ni— Ni! and M. 


Addendum. It is perhaps of some interest, in connection with Theorem 7, 
to add the following theorem, which holds for an arbitrary ring A: 


THEOREM 17. Let M be a left A-module and Q—M its minimal 
enjectwe extension. Let 3 be a two-sided ideal of A. Then ro(3), when 
regarded as a left-module of À/3, is the minimal injective extension of the 
left A/g-module ry(@). 


Proof. It is easy to see that ro(3) is A/j-injective. So it suffices to 
show that r,(3) is, as 4/3-module, an essential extension of ra(3). However, 
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this follows immediately from the fact-that W N M == MW N rola) O M = 
M’ N ru (3) for every A-submodule W of ro(à). 


COROLLARY. Let 3 be a two-sided ideal of A, and let M be an injective 
left A/3-module. ` Looking upon M as an A-module, let Q be the minimal 
A-injective extension of M. Then we have ro(3) = M. 


5. The canonical module for an algebra. Changing letters, let ® be a 
commutative ring satisfying the minimum condition (for ideals) and let n 
be the radical of æ. Denote by F the minimal injective extension of the 
(completely reducible) factor module 6-~-1, and let us call it the canonical 
b-module. | 


PROPOSITION 10. The canonical -module F is finitely generated, and 
$ coincides with the -endomorphism ring of F; in other ‘words, F is u 
Frobenius &-module, when regarded as a two-sided -module in the natural 
manner. 


Proof. The finite generatedness of F follows from Proposition 9. Let 
@* be the -endomorphism ring of F. Then, by Theorem 14, * satisfies the 
right minimum condition and F is a Frobenius two-sided -*-module. 
Furthermore, since re(n) = ([r(1) =)lr(n®*), it follows from Theorem 7 
that rr(n) is Frobenius as two-sided @/n-6*/n@*-modlue. On the other hand, 
the -socle rr(n) of F is (isomorphic to) @—n, so that &/n coincides with 
the -endomorphism ring of-rr(n). This implies that ®*/n®* = @/n, i.e. 
o* — +n”; but since n is nilpotent, we can immediately deduce that 
Dé — D. 

Combining Proposition 10 again with Theorem 7, we have 


COROLLARY. Ideals a of $ and &-submodules Fa of the canonical ®- 
module F correspond one-to-one by the anmhilator relations, and in this 
case, Fa is regarded as the canonical &/a-module in the natural way. - 


Let now M be a finitely generated ®-module. According to Theorem 8, 
the dual module If = Homs(M,F) of M with respect to F is also a finitely 
generated &-module, and M coincides with the dual module of M; further- 
more, &-submodules L of M and R of M correspond one-to-one by the anni- 
hilator relations, so that L and MR are dual modules of each other. 

We shall, from now on, assume that A is an algebra over ® in the sense 
that A is a ring and at the same time a finitely generated -module such 
that a(ab) = (aa)b—a(ab) for ae, a, b€ AT Then A satisfies evi- 


17 Tt should be noted that here the notion of algebras is free of such a condition as 
that they have linearly independent bases, or more generally that they are projective, 


18 
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dently the left as well as the right minimum condition. So we may use nota- 
tions N, A—A/N(—A—N), k, f(x), ex, etc. in the same meanings as in 
the preceding section. Let now M be a finitely generated left (or right) A- 
module. Looking upon M as a finitely generated -module in the natural 
way, we consider its dual module M (with respect to F). We may however 
convert M into a right (or left) A-module by setting ya (or ax), x€ M, a€ A, 
to be the mapping &—> (ax) (or > yx(aa)), ce M. The A-module M is 
obviously finitely generated, and will be called the -dual module of (the 
A-module) A7. It is then easy to see that M may be regarded as the -dual 
module of Jf in the natural manner and there exists a one-to-one .corres- 
pondence between A-submodules L of M and R of M by the annihilator 
relations, so that L and M— R, M -—L and À are -dual modules of each 
other 18; the corresponding L and R we shall call the -annihilators of R 
and L respectively. From this it follows in particular that M is irreducible 
if and only if so is M, and indeed we have 


LemMaA 2. The -dual module of Aé is isomorphic to &A, for each x. 


For, if y is an element of the -dual module M of M = A& and if Ax, 
then xea Maps M onto x (@ M) == y (€Aéx) = 0, that is, Me, = 0. 
~ Let Q be a two-sided A-module (which is element-wise commutative 
with æ). Then it is clear that the æ-dual module Q of Q is (not only a right 
and a left but also) a two-sided A-module too. We now call Q a canonical 
two-sided A-module if Q is isomorphic to (the two-sided A-module) A itself, 
or equivalently, if Q is isomorphic to the -dual module A of A. 


THEOREM 18. In order that.a two-sided A-module Q be canonical it is 
necessary and sufficient that Q be faithful and have a -homomorphism u 
into F such that p(au) =p(ua) for a € A and u€ Q and that »(L) 340 for 
every non-zero left A-submodule L of Q. | 


Proof. That Q = À means the existence of an element x of Ọ satisfying 
the following three conditions: (1) au == pa, a€ À, (2) pA =Q, (3) pa =0, 
a€ À, implies a= 0. However, the second condition (2) is equivalent to 
saying that the ®-annihilator of pA is 0, that is, u(Au) ==0, u€ Q, implies 
u = 0, while the third condition (3) means nothing but that u(aQ) =0, a £ À, 


with respect to their base rings, which was asumed throughout in both the papers [3] 
and Kasch [8] (although we impose stronger restrictions on base rings in our case). 

38 In the special case where is a field, F coincides necessarily with @ itself, and 
. therefore the concept of $-dual modules accords with that of dual representation spaces; 
indeed, the above relationship between -dual modules turns, in this case, to the known 
relationship mentioned at the beginning of our introduction. 


` 
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implies a==0, which, under both the assumptions (1) and (2), is evidently 
equivalent. to the faithfuiness of: Q. | 


Lemma 3. For aay left (or right) ideal of A, its ighi (or left) anni- 
hilator in A coincides with its 6-annthilator. 


Proof. Suppose. that y is an element of the right annihilator in À of 
the given left ideal I. Then x(a) == (ay) (1) — 0 for all ac I.. Assume con- 
versely that x is in the &-anmihilator of I. Then, for any «€ and se A, 
(ax) (x) =x (ta) = 0; Le, ay= 0. 


THEOREM 19. Let Q be the canonical two-sided A-module. Then Q is 
Frobenius. Moreover, for any two-sided ideal 3 of A, its right ana left 
annihilators in Q coincide, and the common annihilator, when regarded as a 
two-sided A/s-module, is canonical. | 


Proof. We may of course assume that Q — A. Let I be a maximal left 
ideal of A and suppose that A—IsAé.. Then the right annihilator rẹ (1) 
is, as right A-module,.isomorphic to the right-dual module of A&. On the 
other hand, #9(1) may, since it coincides with the ®-annihilator of I by 
Lemma, 3, be regarded as the -dual module of AT, so that we have 
ro (I) = &À by Lemma 2,- The similar holds, by symmetry, for.every maximal 
right ideal of À. In view of the fact that the capacities of both irreducible 
modules 4e and éA coincide with f(x), these, together. with the faithfulness 
of Q (Theorem 18), show that Q is a Frobenius two-sided A-module. Now, 
Lemma 3 again assures that both the right and the left. annihilators rg (3) 
and Ig(3). of a two-sided ideal 3 coincide with the -annihilator. of.4 and 
moreover 3 is the left as well as the right annihilator (in A) of the common 
annihilator r9(3) —lo(a). The remaining part of our assertion. follows now. 
from Theorem 18, because if x is a &-homomorphism of Q into F as in the 
theorem then the restriction of » in the common annihilator satifies the 
similar conditions as p does. 

We now prove the following fundamental 


| "THEOREM RO. Let Q be a canonical two-sided A-module, Then, for any 

finitel y gener ated left A-module M, the right- dual module M* == Homa (M, Q), 
of M with respect to Q is, as right A-module, isomorphic to the &-dual 
module M of M, by associating each f€ M* with the composite mapping of f, 
ps where u is a Ẹ- homomor phism of Q into F as in Theorem 18. 


Pr oof. For any fe M*, we denote by f the composite mapping of f, 
p: F(a) = ulaf), sE M. Then 7€ Ñ, and (fa) (x) = flax) —n(axf) = plafo), 
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l.e, fa = fa for all a€ A, which shows that the mapping f— f gives an A- 
homomorphism of M* into M. Suppose now f= 0, that is, p(Mf) — 0. 
Since Jf is a left A-submodule of Q, it fcllows that Mf = 0, whence f= 0. 
This means that the mapping f— f is one-to-one. Suppose, on the other 
hand, that p(#M@*) —0. Since zM* is a right A-submodule of Q, it follows 
also that rM* — 0 (because if u€ vAl* then p(Au) —u(uA) = 0) ; but since 
@ is (quasi-) Frobenius by Theorem 19, it follows that x—0 (Theorem 8). 
This means that the @-annihilator of the homomorphic image of M* (under 
the mapping f->f) is 0, that is, the image fills up M. Thus the proof is 
completed. 

Now, let T denote the center of A. Then T is a commutative algebra 
over ®, and in particular it satisfies the minimum condition (for ideals). 
Let C be the canonical l-module, that is, the minimal (T-)injective extension 
of the factor module of T modulo its radical. Consider, on the other hand, 
the -dual module T of (the F-module) I. Then T (is element-wise com- 
mutative with Tr and) is, by Theorem 19, a Frobenius [-module, Hence, 
it follows from Theorem 14 that T is isomorphic to C, or what is the 
same thing, C is a canonical two-sided module of (the algebra) T. Then C 
has, according to Theorem 18, a ’-homomorphism vy into F such that (S) 30 
for every non-zero [-submodule § of ©. Now, looking upon À as an algebra 
over T in the natural way, we consider a canonical two-sided A-module. Q. 
Then Q has, by Theorem 18, a T-homomorphism » into C such that u(au) 
== p(ua), a€ A, uE Q, and p(L) 0 for every non-zero left A-submodule L 
of Q. It is then easy to see that the composite mapping u— v(p(u)), we Q, 
is a -homomorphism of Q into F and fulfills the same conditions as p, 80 
that © is, again by Theorem 18, a canonical two-sided = of the algebra 
A over & We have thus proved the following 


THEOREM 21. The canonical two-sided A-module is uniquely determined, 
up to isomorphisms, by the ring A, and is independent of the choice of the 
base ring. 


Let us now call A a symmetric algebra if it is canonical when regarded 
as a two-sided A-module. The following theorem, which follows immediately 
from Theorem 18, shows that the notion accords with the old one in the 
case of algebras over a field (cf. Nakayama [11]): 


THEOREM 22. An algebra A over ® is symmetric if and only if À has a 
-homomorphism u into F such that (ab) = p(ba) for a, b € A and p(T) 0 
for any non-zero left ideal T of À. 


Finally, we shall give characterizations of Frobenius modules and Fro- 
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benius algebras in terms of the canonical module. For this purpose, we 
consider a two-sided A-module Q and an automorphism ¢ of A. For any 
«€ Q and a€ A, we define a new product by setting usa = uat. Then it is 
easy to see that @ is converted into a new two-sided A-module under this 
multiplication, if the left multiplication of- elements of A on @ is taken to 
be the original one. We shall denote this module by (Q,¢). 


THEOREM 23. Let Q be the canonical two-sided A-module. Then a 
two-sided A-module is Frobenius if and only if it is isomorphic to (Q, >) 
with some automorphism o of A; and, in this case, ts unique up to inner 
automorphisms. 


Proof. Let Q" be a Frobenius two-sided A-module. In view of the fact 
that Q is also Frobenius (Theorem 19), Theorem 14 implies that Q’ is, as 
left A-module, isomorphic to Q and moreover A, as right operator-ring, 
coincides with the endomorphism ring of Q’ as well as of Q. Therefore, 
ifu— wu’, u € Q, is an isomorphism of Q onto Q’, we can find an automorphism 
$ of A so that (ua) = wat, or equivalently, (usa) (= (ua®’)’) =w'a for 
uE Q, a€ A, showing that Q’ is isomorphic to (Q,¢). That conversely every 
(Q,¢) is Frobenius may also be seen quite easily from Theorem 14, while 
that two modules (Q, ¢) and (Q, y), with automorphisms #, y, are isomorphic 
if and only if by! is an inner automorphism follows immediately from the 
fact that any isomorphism betwen the above modules can be given by the 
right multpilication (in the original sense) of a regular element of A. 


THEOREM 24. An algebra A over ® is Frobenius if and only if A has a 
-homomorphism u into F such that p(t) 40 for any non-zero left ideal I. 
And, in this case, there exists an automorphism $ of A such that u(ab) 
== (ba?) for a, be A. (Cf. [11] and [12, Theorem 1].) 


Proof. Since the -dual module A of À is Frobenius (Theorem 19), 
it is evident from Theorems 14 and 15 that A is Frobenius if and only if 4 
is isomorphic with A as left A-modules. But if we observe the fact that A 
and À have the same composition length with respect to ® (by the Corollary 
of Proposition 2), it is easy to see that the latter condition may be replaced 
by the weaker condition that À contains an isomorphic image of A, i.e., 
there exists a WE À such that au —0, a € A, implies a—0, and this proves 
the first part of our theorem (because ax — 0 means nothing but p(Aa) — 0). 
Now, since Au = À and À is faithful, it follows again from the equality of 
-lengths of A and À that pA= À too. Thus, by associating each a€ A 
with an a*€ A such that a*u = pa, we obtain the desired automorphism 
pi as>a*. 
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Indeed, most of our principal results are also obtained in these papers; ef. in particular, 
fe, Theorem 1.1] and fe, Theorem 6. 3]. 


ERRATA. 


à l’article: Sur les revêtements non ramifiés des variétés algébriques 
geur1q 
(vol. 79, 1957, pp. 319-330). 


par SERGE LANG et JEAN-PIERRE SERRE. 


Soit f: U— V un revêtement d’une variété algébrique V, soit V’ une 
sous-variété irréductible de V, et soient U, les composantes de f-?(V’). 
D’après un théorème de Krull, les facteurs séparables [U;: V’], des degrés 
[U;: V’| vérifient l’inégalité: : 


(1) 3[U/: VJ. (0: F]. 
Si de plus (1) est une égalité, on a [U/: V’],—[U/: V’]. 


. Dans larticle précité, nous avons écrit à la place de (1) la formule 
incorrecte suivante : 
(2) SEUS: V] S[U: F]. 


Cette erreur nous a été signalée par M. Greenberg. Elle west d’ailleurs 
d'aucune conséquence pour la suite de Particle: l’inégalité (2) n’intervenait 
que dans le lemme 1, et peut y être remplacée par (1), à condition de définir 
les entiers n; par n; = [Ur: V']e 

Quant à la formule (2), elle est vraie si V’ est simple sur V, en vertu 
de la théorie des intersections (voir Samuel, Algèbre locale, p. 32, cor. 2). 
Elle est par contre inexacte dans le cas général, comme le montre l’exemple 
suivant: 

Soit X une variété normale, définie sur un corps de caractéristique » > 0. 
Soit U == X? (produit de la variété p fois avec elle-même), et soit V — X 
(puissance symétrique p-uple de 4); la variété V est quotient de U par le 
groupe symétrique de degré p, ce qui montre que [U: V] ==p!. Prenons 
pour V” l’image de la diagonale A de X?; l’image réciproque de V’ dans U 
est A, et l'application A— V’ est bijective; toutefois, ce n’est pas un iso- 
morphisme; on constate en effet, par application du théorème des fonctions 
symétriques, que les fonction rationhelles sur V’ s’identifient aux puissances 
p-ièmes des fonctions rationnelles sur A. On a done [A: V] = ptm-X, et 
Pinégalité (2) est en défaut si l’on s'arrange pour que pdim X > pl; Vexemple 
le plus simple est p— dim. —%?. On notera que l’on peut même choisir U 
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non singulière (par contre, on sait que. V = XP est toujours singulière lorsque 
dim. X = 2). i | | ne 

Traduit en termes d’algébre locale, l'exemple précédent fournit deux 
anneaux locaux normaux À et B, avec B entier et galoisien sur A, tels que, 
si ka et kp désignent leurs corps des restes, on ait: 


[ Atg: ka] > [B: À |. 


En prenant une infinité de variables on peut même s’arranger pour que 
[kr: ka] =%, mais les anneaux A et B ne sont alors plus noethériens. 


Correction to the paper “On some invariants of cyclotomic fields” 
by K. Iwasawa, this Journal, vol. 80 (1958), pp. 773-788. 


Lemma 2 on p. 779 should be replaced by the following: 
Lemma 2. Suppose that 
Y aebna == 0 mod. p° (£ in U mod. Uz) 
with agin Qp. Then ag==a, mod. ps whenever é= o mod. U pi. 


Jsing this lemma, it follows from (8), after a simple computation, 
that S(x) ==O0mod.p for any character y of U satisfying. y(U,) =1, 
x(Un-1) Al, x(n) =7%. Hence (8) implies y > 0. 


Per 





SECONDARY COHOMOLOGY OPERATIONS: TWO FORMULAS." ? 


By F. P. PETERSON and N. STEIN. 


Introduction. In the past decade, there have been many important 
applications of algebraic topology involving such primary cohomology opera- 
tions as cup products and the Steenrod reduced powers. Recently, it has 
become clear that many more problems can be attacked by considering 
secondary and higher order cohomology operations. Unfortunately, these are 
more difficult to compute than primary operations. In.this paper, we give 
two formulas relating secondary cohomology operations to primary and func- 
tional primary cohomology operations, thus reducing the problem of com- 
putation to somewhat simpler problems. 

In Chapter one, we discuss higher order cohomology operations, paying 
particular attention to the difficulties which arise in the non-stable cases. 
For example, in such cases the values of a secondary cohomology operation 
may be cosets of subgroups which depend on the variable to which the opera- 
tion is applied and not only on the operation itself. In some cases they may 
be subsets of a group which are not necessarily cosets. 

In Chapter two, we prove the following two formulas (stated here in the 
stable form). Let & be a secondary operation coming from the relation 
06 = 0, where 0€ H” (m, nyn) and # € HOr, w +1;G). 1) Let f: Lok 
and let uc H”(K;r) be such that f“(u) —0 and &@(u) —0. Then 
fFb(u) == 1 (0,(u)) € HUL; G) /6’f* (A (K 32’)), where 18 denotes the sus- 
pension of #. 2) Let f:L—K and let ue H mK 37) be such that f*4(u) 0. 
‘Then (f*(u)) —#,(8(u)) € HI(L;G)/ 6 (B (L;x)) + f* (HK; @)). 
We also prove analogs of these formulas for some non-stable operations and 
for operations on more than one variable. There are similar formulas for 
higher order cohomology operations, but we shall not discuss them here. 

In Chapter three, we give examples of applications of these two formulas 
to finding relations on secondary cohomology operations; e.g. we show that 


* Transferred from Annals of Mathematics, September 27, 1958. 

1 This research was supported in part by the United States Air Force under Contract 
No. AF 18(600)-1383, and Contract No. AF 18(600)-1494, monitored by AF Office of 
Scientific Research, Air Research and Development Command. 
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Sq? ¥, = 0 for n odd, where %, is the secondary operation needed to classify 


maps into complex projective spaces (see Stein’s thesis [13]). Finally, we 
show how the knowledge of secondary cohomology operations in the base of 
a fibre space gives information on primary cohomology operatins in the total 
space. is 

Throughout this paper, all statements refer to the total singular com- 
plexes of the spaces involved, and all homotopies are singular homotopies 
[16]. For simplicity, we will always use the geometric language. 


A preliminary account cf these results was given in [8]. 


Chapter I. Cohomology Operations. 


1. Fibre spaces and principal fibre spaces. We will assume throughout 
this paper that the spaces are simply connected. 

For any two spaces X and Y with base points € X, y€ Y, we denote 
by +(X;Y) the set of homotopy classes of maps (X, <) — (¥,y). In many 
cases, e.g. whenever Y is a suace of loops, r(X;¥) has a natural group 
structure. In any case it contains a neutral element—the homotopy class of 
the constant map. We denote by +X the space of loops in X based at z and 
define TX ==1(74+X). Finally, we denote by SX the reduced suspension of 
X and define SX = S{Sr-1X). 

Let p: E—>B be a fibre space in the sense of Serre; let DEB and 
e € == p> (b) be base points and let 1: F—> E be the inclusion map. Then 


according to Lemma 2.1 of. [7], we have, for any space X, an exact sequence. 


("i)z ("pe 
(1.1) ©- (X53 F) ——— A(X 5B) op (X 5B) aX ;™F) > 


| ig P# 
TX) ——> TX; FE) ——> xX; B). 


We now recall the notion of principal fibre space [9]. 

Definition. Let p: E— B, b, e, and F be as above. We assume that F 
is a monoid (i.e. a topological semi-group with identity), and that there is 
given a map 

pi FX HOH 


LS 


such that the following diagrams are commutative (m is the multiplication 
in F and v is the projection onto the second factor) : 
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m 
F X F ——— F 


Lx: | fe 
p 


F X E —— E 


FXE eae E 
1x | P 
FX B—— B. 
Let E* = {(e,, 6) € EXE | p(e1)=p(e:)} and defines maps 
py: B*E, t= 1,2, 
by setting p:(¢1,é2) —e We assume that there is given a map 
h: EF 
such that the following diagram is note up to homotopy: 


(h, pr) 
H* ——— FXE 


In this case, we say that we have a principal fibre space. 

= As was remarked in [9], the Moore path space is a principal fibre space 
and any fibre space which is induced from a principal fibre space by a map, 
is itself a principal fibre space. 

It is easy to see that if F admits a classifying space y(F), i.e. if there 
is a principal fiber space with fibre F, base space y(F), and acyclic total 
space, from which any principal fibre space with fibre F is induced by a 
continuous map x of its base into x(#), then the exact sequence (1.1) can 


P# X 
be extended by one term so as to end with —— (X ; B) ——> (X ; x(F)). 
In particular, this holds whenever F is a loop-space. 
We recall for later use Lemma 4.1 of [9]. 


Lemma 1.2. Det (E, p,B,F, m, h) be a principal fibre space and let X 
be any space. Let v,vEr(X;E). Then pa(v) =pye(v’) if and omy if 
there exists wE r(X 5; F) such that p(w, v) =v’. [Here we use 
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Be 
a(X3F) Xa(X3B) = 0(X5F XK LE) —> a (X35 €).] 
Also for later use we- point out an obvious Jemma. 


Lemma 1.8. Under the same hypotheses, we have a commutatwe diagram 


px il 
PASP XEXE G =al XE) 
Txu 
„(X;F X E) X HFX E; Ņ—— BUX ® 


where the unlabelled arrows indicate operation of the first factor in the 
direct product on the second. 


-We note that it can be seen easily that the Moore path space is a homctopy 
associative principal fibre space in the sense that the following diagram is 
commutative up to homotopy: 


1X y 





FXFXE >FXE 


mxi u 
p 
FXE —— E. 


Furthermore, a principal fibre space induced from a homotopy associative 
one is clearly homotopy associative. Finally, in a homotopy associative 
principal fibre space the following diagram is easily seen to be commutative 
up to homotopy (f is the identity of F, + denotes projection onto the second 
factor, and 7 is the inclusion): 


jX1 
fx E——__> FXE 
T p 


A 


E. 


2. Postnikov spaces and their fibrations. The Postnikov scheme for 
determining the homotopy type of complexes [10] is based on the study of 
spaces with a finite number of non-trivial homotopy groups. The homotopy 
type of such a space is not uniquely determined by these groups but depends 
also on certain auxiliary invariants, known as k-invariants or Postnikov 
invariants. We will ‘describe an inductive procedure for constructing the 


Ne 


ps 
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Postnikov spaces which exhibits them as homotopy associative principal fibre 
spaces and in which the dependence on the k-invariants is indicated. 


We recall first that for the case of a space with only one non-trivial 
homotopy group, i.e. an Hilenberg-MacLane space, the homotopy type is 
determined by the group. We assume that we are given a Postnikov space $ 
and we wish to construct a new space W which has the same homotopy groups 
as $ except in one dimension n which is assumed to be larger than the 
dimension of any non-trivial homotopy group of P, and that 7,($} S r. 
For this, we consider the space K (m,n + 1) and the space Æ of Moore paths 
in K(a,n-+-1)with fixed initial point, which according to §1 is a principal 
fibre space over Æ(r,n +1) with fibre the space of loops in K (m,n + 1), i.e. 
K(r,n). For each map of $8 into K(r,n +1) we get an induced principal 
fibre space P with base P and fibre K (m,n). 


K (a, n) —> W — E < K (2,2) 


iS heed): 


The homotopy sequence of this fibre space shows that $B’ has the right 
homotopy groups. Altering the map $~—>K(a,n-+1) within its homotopy 
class does not change the homotopy type of $. According to the Hopf- 
Whitney theorem, the homotopy classes of maps PS K(2,n-+1) are in 
natural one-one correspondence with the elements of the group H= (R; r). 
The element of this group corersponding to the map $—>K(r,n +1) is the 
new k-invariant. ES 


We remark that it is clear from this construction that the homotopy 
type of W is determined by the Postnikov system, i.e. the sequence of 
homotopy groups and k-invariants. However, it is unfortunately over-deter- 
mined by this information in the sense that different Postnikov systems may 
correspond to the same homotopy type. Of course the homotopy groups 
cannot be altered beyond isomorphism but it is still an open question to say 
how much the k-invariants can be changed without affecting the homotopy 
type. 


We will use the notation S(a,232',7',63° + + 37@,n@,0@) for a 
. space with homotopy groups 7 in dimension »™ and k-invariants 


ge) E€ MMAR (ar, 3+ + parE D, nD, GH) 5 ge), 
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8. Cohomology operations. Serre has remarked in [11] that due to 
the Hopf-Whitney theorem we can identify a universelly defined cohomology 
operation with an element of a cohomology group of an Hilenberg-MacLane 
space. Motivated by this result, we give here a treatment of general cohomology 
operations, Our treatment gives a procedure for constructing these operations 
but we feel that it would be of interest to give an axiomatic characterization 
of them. J. F. Adams has recently given such a characterization for stable 
secondary operations. 

We describe briefly the treatment of primary cohomology operations. 
Such an operation is uniquely determined by a cohomology class in an Eilen- 
berg-MacLane space as follows: Let dE He (m,n; G). Let X be a space and 
let hE H”(X;x). The homotopy classes of maps of XY into K(a,n) are in 
one-one correspondence with the elements of H"(X3;7), and the correspon- 
dence is given by fe f*(:), where € H"(a,n37) is the basic class. Let 
f: X— K(a,n) be a map which corresponds to A, i.e. such that f* (1) =h. 
Then we define (h) =f*(¢). Thus for any space XY, œ is a natural 
function from H"(X 57) to H(X; G). . 

For clarity, we will now describe the case of secondary operations and then 
show how to treat the general case. Let P=% (r, n;a, n, 0) be a Postnikov 
space, and let p E€ H2(%;G@). According to $2, $ is a principal fibre space 
over K(a,n) with fibre K(x’,n’) and Kir,w +1) is a classifying space 
for this fibre space. For any space X, we have the exact sequence (1.1) with 
the extra term described at the end of §1. We rewrite this sequence identifying 
a(X;K (a, n)) with A(X 37): 

Cp)y | 6 
(8.1) + + -> r(X; P) —— H(X ir) —> H” (X30) 
ty Ds G 
—— r (X: P) — A(X 37) —> H(X; xr). 

Let h € H"(X ; r) be such that 8(A) — 0. Then by exactness of (8. 1)- there . 
is a vEnr(X; H) such that pa (v) ==h. Define 6,(h) ==v* (p) € H(X; G) 
and &(h) —{#,(h}}, i.e. (2) is the collection of &,(h) for all v such that 
pa (v) —h. & is the secondary operation determined by ¢. 

To define an m-+-1-ary operation now, let B—B(r,n;7,n/, 0) let 
I =B (r nir n, Onr” n”, g), and in general, let 


PO = Bm, nir, w, O; + + yrd, nn, GO), 


and let ġ € Ha (P™-); G). We have the exact couple described in [8], part — 
of which is: - 


Put a 


SECONDARY COHOMOLOGY OPERATIONS. 287 


r u (m-1) 


| py 
He™ (X; rm) ———> r (X; R) ——— H(X; G) 


(m~1) 
14 0n-2) 8 pert) 
He (X ; r9) —> r (X; Re) —— H(X ; r) 
(m~2) | 
hn im-8) 4-2) 
HE CL A PS (Ki) 
Par) 
pe 
ty 0401) 
HY(X;7°) à r(X $) — H" Y(X; r”) 
P# 
6 


H"(X3;7) ——Hr#(X;7). 


We recall that in this diagram, the sequences which begin at the far left, 
go one step to the right, one step down, and one step to the right, are exact. 
Furthermore, we note that if ® is the secondary operation associated with 


9), then for any he H"(X;2) such that 6(h) —0, @® (A) is the collection 
{6g (v)} for all v€ r(X;9B) such that py(v) —h. We assume inductively 


that t-ary operations have been defined for 11m and we denote by 0 
the (2 lj-ary operation associated with 6, We assume that © is 


defined for those elements À € H”(X;r) such that 0€ @(h) and that in 


this case, @(h) is the collection {0 (v) } for all v€ (X; PEY) such that 
pa px’: + -pg*Y(v) =h. There are such elements v because of the assumption 
that 0€ @%)(h). We now assume that 0 € @™-)(h)—note that this implies. 
that @(h) is defined for 0<i<m—1—and define (h) C H(X; G) 
to be the set of elements {¢z(v)} for all v € r( X; 8") such that 
pape ` > pg) pg) (v) =h. 

Returning to the case of secondary operations, let P—=H(r, 137’. n, 0), 
let pE HI(W; G) and let 6 =—i* (p) € Hif’ n’;G). We give a lemma now 
which will be used later: | 


Lemma 3.2. If q<n-+-n’, there is a unique element 
a W € HY (w w +-1; G) 
such that (18°) =Q, and we have 18 (0) =0 € H% (m,n; @). 
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Proof. The fact that there exists a 19€ H {x w 4+1; G) such that 
1(-46’) == & follows immediately from the suspension theorem of poe NeTes 
MacLane [8] because q <n+n = 2n’—1. 

Let + denote the transgression in the fibre space PK (m,n). Since 
1#(p) =, we have that 7(@’) — 0 by the exact sequence in [2]. However, 
since q nn, we have r(8(#)) = “0 (+()), where i € H” (n’,n’52’) is 
the basic class. Hence 0 =r (0 (63) = 70 (7(’)) =80 (0). 

We now wish to study the algebraic nature of the sets 6(h) = {®,(A)}, 
where ® is a secondary cohomology operation. We will consider a homotopy 
associative principal fibre space (FE, p, B, F, g, h) with B (n—1)-connected 
and F (n’—1)-connected (n>n). If q<n-+n, it follows from the 
Künneth theorem that 


HUF XE; G) = AUP; G) Of (£) +E (F) SHE; G), 
and we will identify these groups. 
LEMMA 3.3. If pEHUYE;, G) with g<n-+n’, then 
u*($) =" ($)81 +184, 
where 1: F-> E ts the inclusion. 


y 


Proof. From the defintion of a principal fibre space, we have 
M (D) = (1 X 1) a (D), 
and the standard argument shows 
m*i* ($) =" ($)®&1 + 1@i* ($) 
since g <n -Aw <3, 
We can write 
p*($) =a @1 +18, 


and we then see that œ—1*(p) and 1* (8) =7*(¢). 
On the other hand, since our fibre space is homotopy associative, we have 


(GX 1)*p*(¢) =x* (D) =1 86 ¢. (See end of § 1.) 
(7 X1)*(4* ($) D1+1S8) —1S8 


But 
and thus B== à. 


THEOREM 3.4. Let P= B(a,n;0’,n’,0) and let pE HR; G) with 
g<n+n. Let.& be the secondary cohomology operation associated with à. 
Let X be any space and let hE H"(X 57) be such that O(h) —0 € H(X; r). 
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Then | 
| (h) € H9(X;G)/7H" (X 57’) 


where 6 =i (p) € H4(x’,n’; G). 


Proof. If v,wEm(X;%) are such that pa(v) = p(v) =h, then 
according to Lemma 1.2, there exists a w € H"(X 3x’) such that pe(w, v) =v. 
It then follows from Lemma 1.3 and Lemma 3.3 that 


v* (p) = pe (w, 0) *(p) = (w, v)*(u* ($) ) 
= (w, v)* (1* ($) S1 +18 ¢) 
= (w, v)* (Q1 +18) 
— W*(#) U1+1U v*(¢) 
= 0 (w) + v* (4). 
Thus 
v*($) — o ($) =0 (w) € PH (X52), 
which shows that any two element of &(h) differ by an element of 6’H" (X ; r), 
and since g<n-+n’ <2n’,0’ is additive and hence #H"(X37’) is a sub- 
group of H(X; @). Furthermore, any element w€ H” (X;x’) gives rise 
to an element v’ € r(X;%3) such that | 


pa(v') = pe (v) =h and v ($) —0*($) +8 (w). 
Suppose now that P= P(r, n;r n, 0) and 6€ H” (P; G). It follows 
from the Künneth theorem that 
H" (F XP; G) = An (F; G) 8H ($) 
+E. (F) @ A" (P; G) +H" (F;H"($;G)), 


\ 


where we have written F for K (m,n). Now 
H” (F;H"(%;G@)) = Hom (r; Hom (r; &)) = Hom(r Or; G). 


Let P= Pr, nir n, 0; antn — 1, p). There is a Whitehead prod- 
uct homomorphism ay (W) Q ra (W) arun- (W) which is an element 
We Hom(r @ &; G). 


LEMMA 3.5. 
u“ (p) = ($) 8981+184 +W. 
Proof. For any space X and group G, we have a natural epimorphism 
H"(X;@) = Hom(A,(X) ; @) carrying an element h into ht. J. P. Meyer 


[18] has proved the following result: Let & € ma (W), BE ma(’), correspond 
to | 
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GE Hy ,n 32) Say E(w )) aa (B) Z rel W) 
and 
BEH, (PZ) = Hnr, n; Z) Em(K(rn)) San P) ~ rP) 
respectively. We have the generalized Pontrjagin product @ * B= ps(&X B) 
€ Hawn (V), where p: K(x w) XPP is the multiplication. Then 


pi (&x B) = “a, 8] 
the Whitehead product of « and B. 


The proof of Lemma 3.3 shows that the components of u*(¢ġ) in the first 
two terms of the direct sum decompositior are those indicated and we have 
only to identify the term in H” (F; H"(%3;G)). We have the diagram 


F pl 
Ay (Pf) @ A,B) ——> Baan (H) > G 
pox a (db) 
Baw (FX PB) 


in which the unlabelled arrow denotes the cross-product, P denotes the 
Pontrjagin product, the left triangle is commutative by definition of P and 
the right one is commutative by naturality. 

Now identifying Hy (F)®H,(%) with v&r, the result of Meyer 
quoted above shows that going across the top line of our diagram is just W. 
It follows that 


W(G@ B)—=p*(4)r GX $) = (4) 81+18$ +x)+ (GX $) 
Fi x(a X B), 
where x is the component of w*(¢) in H” (F3;H"*(B;G)). It follows that 


x= W. (We have identified H,(/)®H,(%) as a direct summand of 
Tran (F X $) under the croos-product maz.) 


THEOREM 8.6? Let R—V(r,n;r,n,0) and let 6€ H (V; A). Let 
X be any space and let he H*(X3) be such that 6{h) ==0 E H®#(X5n’). 
Then 
D (h) € How (X;G)/[8 +RUIA" (Xiw), 


where @ ==" (hb) and where the cup-product is relative to the Whitehead 
product pairing W in W = (x, 037’, 7’,0;G,n+n —1,¢). 


2 This theorem has also been obtained by M. 3. Barratt and by J. P. Meyer. 


A 
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Proof. As before, we consider v, v € r(X 398) such that pz(v) = p#(2") 
=h, and wE A" (X3n’) such that pe(w,v) =v. We then find 


uv (p) = (w,v)*(# @1+1@ + W) 


There is a commutative diagram 


We 
Hom (x, m) 8 Hom (x, T) -———> Hom (3 Oar; G) 


fut 
Fel 


H” (P35 2') QHP; 7) 


H” (FX B32’) @H*(F X $32) ——> Av" (F X$; G), 


where the bottom line is the cup product relative to W. Then if € H”; r) 
and € H” (F;x') are the basic classes which we identify with their images 
in the cohomology of F X P, and if 1’€ Hom (r,r) and 1€ Hom(z, r) are 
the identity homomorphisms, then 1’@1 corresponds to / @.. But We(1’@1) 
== W and hence W corresponds to & Ur. Thus | 


(w,v)*(W) = (w, v)” (Ur) =w U vi) =w Uh. 


Now as before, 
v* (p) —o* (p) =O (w) +wURETS+RUTHT(X ;7) 


which is a subgroup since again n +w < 2n’, and so # is additive. Further- 
more, any element w € H” (X zx’) gives rise to an element v’ € r(X;%) such 
that pe (v) = pp (v) =h and v*(4) =0* ($) +6 (w) +wU h. 


4. Cohomology operations and obstructions. For simplicity, wə treat 
only the case of secondary operations. The general case is similiar but 
more complicated. Let P=P(r, n;m, n0), let pE H" (B32) and let 
P = Ba, nir n, br” n”, 6). Let X be any complex, X+ its i-skeleton, 
and consider a map f: X*~>%$ which can be extended to ¥"*, and hence 
to £”. Now let«€ H"(%32) be the basic class. The obstruction to extending 
f toa map X*”= —> $ is just 6(f*(:)). If we assume that 6(f*:) —0, we can 
find extensions f: Y#% of f and hence extensions F: X” >$ of f. 
For each such extension, there is defined an obstruction cocycle in Z"#(X ; x”) 
and hence an obstruction class in H*"*(X¥ 3”). This class is not uniquely 
determined by f, but depends on the choice of an intermediate extension. 
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It is one of the classes ,(j*:) in §3. The set (f*:) is the collection of all 
such obstruction classes for all possible intermediate extensions of f. 


Chapter II. The Main Theorems. 


5. Functional cohomology operations. In this section, we recall two 
definitions of functional primary cohomology operations and prove a theorem 
showing that they are the same. 

Let f: L->K and let 6¢ H”! (m,n; r). Assuming f is an inclusion, 
we consider the following commutative diagram, where each row is the exact 
sequence of the pair (K, L): 

8 j* fe 
H™(L39r)— A (KK, Lir) — HUK 37r)— AL; r) 

19 8 6 

HV(K 32’) ——> HA" (L3 2’) —> HK, Lin) —> HK 527’). 
Let kE H"(K 52) be such that 6(h) — 0 and f*(h) —0. By exactness, there 
exists an element v € H"(K, L532) such that 7*(v)—h. Since j*6(v) = 67*(v) 
=f} (h) —0, there exists an element vE H*(L;r) such that 8(x) —r(v). 
The set of all x such that 8 (x) = (v) with 7*(v) — h is defined to be 0,;(A). 
in case 9 is an additive cohomology operation, it is easy to see that 8,(h) 
is a coset of f*(H"™(K 32’) +16(H"™*(L3r)) C HW(L;r), and hence can 

be considered as an element in H” (L3x’) /Imf* + Im 18.3 

A second definition of functional primary cohomology operations is 
obtained by considering the following commutative diagram. Here the rows 
are exact sequences 3.1 applied to the fbration of the Postnikov space 


PPr 232’, nb). 
ig T 6 
H” (E 32°) —> «(K 38) —> AK 57) — HK; r’) 
7 f* | f f* 
Hed; Ds HL a) — > o(L- HT: T). 


Let hE H*(K 37) be such that f*(h) —0 and 8(h) —0. As before, define 
6;(h) to be the set of elements s€ H" (L;~’) such that t(s) = f# ») with 
p#(v) —h. Again (h) can be considered an element of 


H” (L32’) /Im76 — Im f*. 


2 It is shown in [9] that this is true even when @ is not additive. 
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In [8] it is shown that there is an automorphism A of a subgroup of 
H” (L3x’)/Im16 + Im f* such that \6;(h) = 6;(2) for all we Re MN Ker 8. 
We now strengthen this result. 


THEOREM 5.1. 6,(h) —0,;(h). 


Proof. This proof and most of the proofs to follow will use the method 
of universal examples. In this proof, we will show how the general result 
follows from the result in a universal example; later, these details will be 
omitted. 


Special case. Let L==K(a’,n’), K =H, f—1i: K(r’,n)—% be the 
inclusion of the fibre in the total space of the fibre space p: PK (mn), 
and let h= [p] € H”(P; r). Clearly 7*([p]) —0 and 6([p]) —0. In the 
second definition, we may take v= [1] because pg([1])—[p]. Also, 
1 ((1]) = [i] = ig (t), where t E€ H” (m,w 30") Ær(K(r,n); K(r’,n’)) de- 
notes the cohomology class corresponding to the identity map. Hence, 
Ö([p]) = {7} € H” (m, n;a) /Imi* +1Im 76. It is well-known that if 
r<n+n’, then p,*: H" (m,n; G) — H (R, K (rn); G) is an isomorphism 
and the following diagram is commutative : 


| y p* | 
HRK (wn); 0) E (r, n; 0) —— H (P; G) 
8 pı” 17 
H" ($, K (7, n) ; G), 


where r is the transgression homomorphism [2]. Since n’+1<n--n’ and 
n< n+ n, the diagram defining 6; ven may be replaced by the following 
diagram. 


f T p* ; 4" 
Her, w 57) —> Hir, nr) — A837) —> H(x,n;7) 
14 6 6 
q“ 7 oF 
H" (Bir) — e (a, n ja!) — Hn, 52!) — BYOB 5!) 
As above, let ¿€ H" (x, 37) be the fundamental class. Then. p*(:) = [p], 
and by definition of P, 6(:) ==7r(’). Hence 
h (Cpl) = {3 = (Col) EH” (x, n;a’) /Im i* + Im ‘6. 


General Case. Let f: L-K; hE H'(K;x), O(h)—0, and f*(h) 0. 
Let x(h): K-> K(a,n) represent h. Since 8(h) —0, there exists a map 
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(h): KP such that pe[X(h)]—[x(hdl—h Since f*(h) —0, there 
exists a map ÿ(h): L— K(x,n’) such that the following diagram is commu- 
tative up to homotopy: 

(A) 


L————>> K(xr',1/) 


X 
1S. 


K ———> 


By an obvious naturality condition for functional cohomology operations, we 
have 


OC) — (x (h) * (CpI) = z(h) *0(Lp]) 
=R (h ECP = GRA) (EPI) = 8). 


6. The two formulas. In this section, we state and prove our two 
formulas relating secondary cohomology operations and primary cohomology 
operations. To avoid technical complications, we restrict ourselves in this 
section to stable secondary cohomology operations of a single variable. More 
general situations will be discussed in Sections 7 and 8. 


As in Section 3, let 0€ H" (m, n;a), B=B(a, 057, nw ;0), and let 
pE HI($8;G) define the secondary cohomology operation &. Let #{#) 
—1#*(p) € Hi(r n; G). We will assume that q< n- Hn throughout this 
section. 


Taeoren 6.1. Let f: Lo K and he H*(K:7) be such that f*(h) ==0 
and O(h) ==0. Then“ 


f*D (h) =O (6;(h)) € HAL; G) /6'f*(H" (E ;a')). 


Proof. We give a proof in the universal example. The general case then 
follows as in the proof of Theorem 5.1. Let L==K (r, n’), K=%, h= [p], 
and fi. Since pe[1] = [p], &([p]) — {¢+([1])} = {¢}. However, as in 
the proof of Theorem 5.1, 6:({p]) == {<}, and hence #(6;([p]) —#{#} 
—=i*b([p]). To complete the proof, we must show that both sides are well- 
defined in general. According to Theorem 3.4, under the assumption 
q<ntn’, d(h) € HK; G4) /0 (A (K3x’)). Hence i 


fra (h) € H4(L; G) /0f*(B* (K37’)). 


t Special cases of this formula were known to Shimada [12] and Stein [13]. 


Za 
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The right hand side.is defined modulo 
O (f* (B® (E sa)) +7*6(H"4* (L3x)) = Of" (A (K52’)) 
because 019 ==0 by Lemma 3. 2. 


Remark. Since & is natural, under the hypothesis of Theorem 6.1, we 
have f*6(h) == ®(f*(h)) =®(0) —0. Here 0€ H9(L;G)/0(A"(L;7’)). 
Our theorem gives more delicate information as we factor out by the smaller 
subgroup #’f*(H"(K3x’)) and show that f*#(h) is the image under # of 
a particular element, 8,(h). 

Before stating our second formula, we prove the following lemma. 


Lemma 6.2. Let p:E—8B be a fibre space with fibre F and leti: F> E 
be the inclusion. Let hkEH®#{(B;:x) be such that t(v) =h, where 
vE H” (Fs7n’) and ris the transgression. Let y E€ H® (x, n +13;G) be such 
that y(h) —0. Then 


(Wp) (h)) = 4 (v) € Ha(F; G) pi" (HV (E 57) ). 


Proof. Let x(k): B—K(x',n +1) represent h. Since (h) —0, 
there exist a map y(h): B—>B(r’,n'+1;G,q,y) =P such that p'x(x(h)) 
= |[y(h)] =h, where p’: W—K(x,n +1). Since p*(h) —0, there exists 
a map ÿ(h): E—>K(G,q) such that the following diagram is commutative 
up to homotopy: 


x(h) 
Be K(6, q) 
re T 
x(h) 
Dé OY 


We may assume that 7’: K(G,q)— ù% is a fibre map and that y(h) is a fibre 
preserving map. Hence x(h)| F: F—K(r', nw) and (X(A)| F)*() =o is 
such that r(5) = 7(x(h) | F)* (c) =X (h)* (r(e) ) =X (A) * (Cnr) =h. More- 


over, because D—v—1*(x) for some re H” (#H;7’), 
y (0) ==*y(v) € HI(F; G)/Im' y (H" (E ;x')), 


we need only prove our lemma for %. Hence by naturality, it is sufficient 
to prove the lemma for the fibre space t: K(G,q) > 9¥. As in the proof of 
Theorem 5.1, (¥)i([p]) =’, and since +’: K(x’, n’) > K(G,q), the inclu- 
sion of the fibre in the fibre space 7’: K(G, q) — $, is the loop functor applied 
to y: K(x, w +1) = K(G, q +1), we have that (#”)*(c”) ==4y(’) and our 
lemma is proved. | 
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We now prove our second formula. As above, let 4€ H (m,n; 2’), 
V— P(r, n; r, n, 0), and let pE Ha(H; G) define the secondary operation ©. 
Let P(c) =1*(6) € H4(n’,,n'3;G). Because q< ntn’, F =—ty, where 
We HI {r n +1; G). 


THeorem 6.3. Letf: L—K and hE H*(K 32) be such that f*é(h) — 0. 
Then 


B(F*(R)) = (O(h)) € He(L; G)/F*(HI(K ; G)) +0 (H (L32’)). 


Proof. We give this proof in the universal example. Let L—, 
K = K (r, n), f= p, and hu Then (p*(1))=—¢. By Lemma 6.2, with 
h=6(1) we have 1*((y),(4(1)))==0/(1)=1*(p). However, under the 
dimensional restriction g <n -+ n’, an element in H2({8;G) is determined, 
modulo p*(H%(a,n;G)), by its image under 4*. Hence (¥),(6(:)) = 
== (p* (:)) € H9(B; G)/p* (He (m,n; G)) +0 (H” (B5x’)). To pass to the 
general case, it only has to be noted that both sides are well-defined. 


Remark. The formulas in Theorems 6.1 and 6.3 are dual to each other. 
Notice that in Theorem 6.1, h€ Kerf” Keré@ and the values are in Coker 
f*6’, while in Theorem 6.3, k€ Ker f*@ and the values are in Coker (f* -+ 0’). 
We hope to make this duality more precise and give some applications In a 
later paper. 


7. A non-stable case. In this section, we generalize the formulas of the 
preceding section to some secondary cohomology operations where q = n + n. 
An example of this section will be discussed in detail in Section 10. 

The condition g<2-+-n’ was used in the proof of Theorem 6.1 only 
to show that both sides of the formula were well-defined. Let ZL(p,h) be 
the subgroup generated by all differences &,(h) —,(h) for pg (v) = pa (v) 
=h. Then ®(h) can be considered as an element of H2(K;G)/L(¢,h) for 
he H"(K37) with 6(h)=0. The proof of the following theorem is the 
same as that of Theorem 6.1. 


THEOREM 7.1. Let f: LK and h€ H"(K 32) de such that f*(h) —0 
and 0(h) —0. Assume that 6’ is additive. Then 


f* (h) = 6'(0;(h)) € HAL; G)/f*(L(o,h) + 0F*(H” (K 3 0’)) 
+ 69(H®(Lsm)). 


We now discuss the case g==n-+-n’ for Theorem 6.3. Let 9 € H" (a, n3 2’). 
Assume that there exists an element $ € H4(% ; G) such that 9’ == ië" (D) =t, 


+- 
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where yE HU (r n +1; G) is such that ¥(@) =.U6€ H (m,n; G) and 
the cup product is with respect to the Whitehead product pairing r 8 r — G 
(see Theorem 3.6). _ 


Tunorem 7.2. Let f: LK andhe H*(K 3x) be such that f*O(R) —0. 
Then 


B(f*(h)) = (W—hU)(O(h)) € HL; @)/f* (AUK; G)) 
+ (P —f*(h) U) (A"(L32’)). 


Before giving the proof of this theorem, we must discuss the definition 
of (y— kh U ),; it will be analogous to the second definition in Section 5. 

Let f: LOK, he AK 57), vE HY (K 50’), and y € HEr, n +1; G) 
be such that f*(v) —0 and ¥y(v)==hUv. To define 


(Y—hU),(0) € H0(L; @) /f* (Ha(K3@)) + Cy—f*(h)U) (E (Li), 
we study the universal example. Let 
K=B(rn;r,n +1,0; Gay’) —:U v) = À, 


let L= Bla, nir n +1,0;G,q,0(’) —eU 5a’, n’,c) ==’, and let p: 
> be the fibre map. Consider the spectral sequence of this foring. 
The element :@ 4€ E kills the element .U’=—wy(’) € Fano because 
a (1@ 1%) =U. Hence all (d'}’s are 0 on the element 1 (4r) € Bom, 
This element gives rise to an element in ÆHr#($;G), defined modulo 
p*H1(%; G), which we define to be (y—:U),(#). The general definition is 
obtained by mapping into the universal example. 

The proof of Lemma 6.2 now generalizes to a proof of the followirg 
lemma : 


Lemma 7.8. Let p: E— B bea fibre space with fibre F and leti: FE 


be the inclusion. Let h€ H"(B ; r), v € H"(B; n’), and y € HY (x, n! + 1; G) 
be such that y(v) =hU v and r(w) =v, where wE AH" (F 52’). Then 


i (y—h U )p (v) =y (w) € HF; G) Py (A (E3x’)). 


With this lemma, the proof of Theorem 6.3 easily generalizes to a proof 
of Theorem 7.2. 


8. Cohomology operations on several variables. Our two formulas 
have analogs for secondary cohomology operations on more than one variable. 
In this section, we give the analog for the Massey triple product [15]. 

Let we HP(K), ve HI(K), and we H’(K), where the coefficients are 


2 
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in a commutative ring with unit. If uU v= 0 and v U w= 0, then the triple 
product <u, v, w € He (K)/uU Hv (K) + Het (K) U v is defined as 
follows. Let ü, 3, and # be cocycles representing u, v, and w respectively. 
Let ŝa == üU 5, 8b—TU m. Then a representative of <u,v,w> is a U D 
+ (— 1) 94a U b. 

We now define left and right functional cup products. Let f: LK, 
u€ He(K), and ve H4(K). If uUv=0 and f*(w) =0, then 


uU ve Heer (L) /f*Her(K) + He+(L)U }* (v) 
f 
is defined as follows: Let 8c = f* (ü), where f* is the cochain map induced by f. 
Then a PRES of u U v is f#(a)—cUf#(ÿ). Also, if u U v=0 and 


f*(v) =0, then uÙ ve HP (L) /f* (H011 (E)) + f* (u) U H (E) is de- 


fined as follows: ‘Let &d—f#(5). Then a representative of u U v is 
f* (a) + (—1)*fF(a) U a. 
The analog of Theorem 6.1 is the following theorem. 


THEOREM 8.1. Let uc Hr(K), ue Ha(K), we HT(K), and f:L—kK 
be such that f*(u) —0, u U v—0, and vUw==0. Then" 
feu, v, wy = (uÙ v) U f* (w) € Hears (L) /f* (Hers (K) Uw). 
' f : 


Proof. Let Sa = ùU 7, 80 =U T, and 8c—f#(ü). Then f*<u,v, wY 
has as a representative 


f* (a) U f#(@) + (1) fF (a) U fF (b) 
= f#(a) U f* (m) + (—1)?8e U ff (b). 
On the other hand, (u U v) U f* (w) has a representative 
f* (a) U f* (m) —c U f* (5) U f* (m) = ff (a) U ff (w) — c U af* (b). 
However, 8 (c U f#(b)) — 8c U f*() + (— Ljrte U 8f*(b), and hence the repre- 
sentatives of f*<u,v,w> and ce v) U f*(w) differ by 8((—1)#*1c U f#(b)). 
The analog of Theorem 6.3 is the following theorem. 


THEOREM 8.2. Let uc HP(K), ve Ha(K), we HT(K), and f: LK 
be such that f* (u U v) =Q, f* (v U w) —0, and u U v U w =0. Then ` 


5 Formulas similar to this appear in [15]. 


ha 
\i 
# 
4 


p” 


SECONDARY COHOMOLOGY OPERATIONS. 299 


cf (u), f*(0), F*(w)> | 
=a (v U w) — (u U v) U we Hear- ( L) /f*(u) U Her (2) 
+ Heras (L) U f*(w) + FECHPATE CE) ). 


Proof. Let Sa f#(üU 5) —f#f(ü) U f* (7), 8b —ff(TU D), and de 
—GUTU%&. Then <f*(u),f*(v),f*(w)> has as a representative 


(—1)#ff (a) Ub+aU f*(@). 
However, u U (v U w) — (u U v) U w has as a representative 
f r 


f#(o) + (— 1) Y# (8) U b— (f* (0) —a U f#(@)) 
— (—1)f4@) U b +a U ff (D). 


The generalizations of these formulas to n-tuple products are straight- 
forward and are left to the reader. 


Chapter III. Applications. 


9. The Adem operation. ([1]) Let Pa=P (Z, n; Za n + 1, Sq’) 
with n= 4. (Only a slight change is necessary to handle the case 
n==3.) Ya is a fibre space over K(Z,n) with fibre K(Zaąn-+}1). We 
consider the mod 2 cohomology of M, Let 4€ Hr(Z,n;7,) = Z, be the 
generator. Then H""(Z,n;Z,) =0, H"! (Z, n; Z2) ZZ generated by 
Squ, H" (Z, n; Z) =~ Za generated by Sq, and H+ (Z, n; Za) © Z, gen- 
erated by Sq. Similarly, if / generates H"*(Z.,n+-1;Z2) = Za then 
H*(Z.,.n+132.) =Z, generated by Sq’, Hr#(Z,,n+1;2:) © Z, gen- 
erated by Sq’. Furrthermore, we have r(c’) ==Sq*, and hence r(Sg) 
= Sgu = g and 7(Sq*’) —Sq*8qu==Sqg8qu—0. It follows that 
H (Pa; Z2) == 0 for i <n, H"(Bi3Z2) = Z, generated by p*, H" (Ra; Ze) 
= 0, H” (Pa; Z2) = 0, and H” (Pn; Z2) & Z, generated by an element ¢, 
such that t* (dn) = Sq?’ € H" (Zan + 1;Z2). These results all follow from 
the exact sequence of Cartan-Serre [2]. ¢, gives rise to a secondary coho- 
mology operation ®, which is defined, for any space Y, on those elements 
he HX X;Z) such that Sgh — 0 € H(X ; Z), and since n = 3, we can apply 
Theorem 3.4 to see that ®, takes its values in H™*(X;Z.)/Sq?H™"*(X ; Za). 

As the first application of our earlier results, we prove a formula which 
- occurred in computations Peterson has made of homotopy groups of the 
unitary groups. The proof illustrates a useful way to apply our main 
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theorems to compute secondary cohomology operations. Namely, to compute 

a secondary operation ® on a class k in a space XY, construct a space Y and ` 
a map f: Y -> X so that the induced cohomology map is a monomorphism in 
the dimension of (2), and f*(h) ==0. Such a space can often be constructed 
as a fibre space over X with a K (7,2) as fibre and À as k-invariant. Then 
apply Theorem 6.1. 


THEOREM 9.1. Let .€ H*(Z,4;2) ZZ be a generator and let 3* be 
the Bockstein operator associated with the exact sequence 0 —> Z > Z = Z> 0. 
Then 
B,(8*Squ) = 0€ HN(Z,4;2:). 


Proof. We note first that #°(Z,4;2.) = Z. is generated by & and that 
Sg? = 0, so that Sq?H*(Z,4;Z,) —0, and hence ©, does take its values in 
H*°(Z,43;Z,) rather than in a quotient of this group. À 

Let B—P(7,4;7,6,8*Sq4), and let f: B—K(Z,4) be the fibre map. - 
À straightforward calculation with the spectral sequence of f shows that 
HY (P; Za) = Z2+ Z: + Zo and the generators are f*(48g4), f*(Sq*8q*), 
and an element g such that 1*(a) = Sq*’ € H*°(Z,6;2Z.), where +: K(Z,6) 

— $ is the inclusion of the fibre, and ” generates H°(Z,6;Z,). Thus f* is a 
monomorphism on H1°(Z,4:Z,). We apply Theorem 6.1 and find that 


fb, (#8 9%) = SES? S*S qe € H (BP; Za) /Sqrf*H (Z, 4522). 
But Sq?f*?=-0, so the relation holds in H” (%3;Z.). Furthermore, 
t” (Sgq?Sq?)5*8q') = Sgq*s* (Sq?5*8q"t) € SPH (Z, 6;2:). But H®(Z,6;2Z2) 
is generated by Sq?’ and Sq?Sq?" == S Sg == 0 so that 1*(Sq?Sq?/d*8q7t) = 0. 
It follows that 
Sg Sg Ng m a(f*Sq*Sqe) + OCF (Sa) ), 
where a and b are either 0 or 1. 
Let u= Sq?)8*Sq%€ HS($;72:). We have 


Sqn (fe) =a (SSF) + bf) gf). 

Consider the space S?(CP(4)) — S#U eU e Uet, where CP(4) is 
complex-projective 4-space. We have Sq?{S*} = {t°} and Sq*{e®} = {e°}. 
Also {S*} U {e°} —0 since cup-products are zero in a suspension. It follows 
from Lemma 9.2 which we will prove below that »{S$*}=-0. Thus 


0 = Sq*n{S*} = afe} + 0, te 
so that a= 0. 
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Now let Y == StU ef, where ef is attached by 4540 € 7,(8*). According 
to Theorem 1.2 of [5], there is a complex X = Y U e* such that {S*} U {e°} 
== {1°} if and only if [mu] is in the image of (44): 2s(S°) — ra(S*). 
On the other hand, we have, according to [14], f 


[ss ta] = Q 9r — so y m (na) a (vs). 


Hence there is a space X of the right type. We have H*(X;2Z,) — 0, so that 
p{S*}==0. Thus 0 = Sq?u{S*} —0 + dbf{e}, so that b — 0. 
This proves the theorem. 


Lemma 9.2. The double suspension of u°u—0 as a cohomclogy 
operation. 


Proof. We consider the path space over $ with fibre *$$ and compute 
the mod 2 cohomology spectral sequence. It is easy to see that up to 
dimension 7 the only non-zero groups HCR; Z) are Z in dimensions 3, 
5, and 7 generated by classes whose transgressions are respectively 1, Sq, 
and u, i.e. by the classes 4, 1(8g4), tu. We next consider the path space 
over $ with fibre *$ and compute in the same way. We note that °H has homo- 
topy groups Z in dimensions 2 and 4 and all others trivial. Since H°(Z,2;2Z) 
— 0, we must have *3—K(Z,2) X K(Z,4). Thus the mod 2 cohomelogy 
of *%3 in dimensions up to 6 has as an additive basis {«, B, a, «3, «8, Sa?B}, 
where dim «== 2 and dim 8 = 4. Then we must have r(a) == 4, d,(8) ="®a, 
Tr(a) ==7(Sq?a) == Sq (u), dal(a) =Le, di(aB)—UQB+aQu@ a 
=14@ B+4@ a?, and hence 7(Sq?8) —1n. This means a = Sq°8. But in 
the cohomology operation corresponding to 74, we must factor out the image 
of Sq’. Hence this operation is zero. 


10. The operation "8*,. ({13])® Let Pa == P(Z,2;Z, 2n -+ 1,0%), 
where C"™** is the (n-+1)-st power of the basic class CE H?(Z,2;Z). 
Let p: %,—-H(Z,2) be the fibre map, and let 1€ H?(Z,2;Z.) and 
VE H+ (Z,2n-+-1;Z2) be generators. Then dons, (e’) —r(/) =." so that 
donna (t@e’) == a, and 


0,2: odd 
P? n: even. 


dama (SG) = 7 (876) =8gr (e) = Sq? (0) = 
Since #*? is in the image of dən, we have in any case 
T (Sq*’) = 0 € Eont, 


° Much of the material of this section is taken from [13]. 
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It follows that H? (Ba; Z2) = 7, and a generator w, of this group has the 
property that 4% (yn) == Sq?’ € H*3(Z,2n+13;Z.). Let W, be the secondary 
cohomology operation associated with Wa. Then Y, is defined for any space X 
on those elements 4 € H?(X) such that h” —0€ H***(X), and according 
to Theorem 38. 6, | 


P,(h) € H(X ; Za) /[S +h U] (X ; Z), 


where the coefficient pairing Z ® Z — Z, which defines the cup product is the 
Whitehead product pairing mona (Br) © ro(Pr) — ronm (Vr) in 


Ba = Pa (2,2; Z, 2n + 1, OC"; Za Wn + 2, wa). 
Lemma 10.1. Let P,(C) denote complex-projectwe space of n complex 
dimensions. Then y, 1s the second Postnikov invariant kb?" (P,(C)) of P,(C). 
Proof. Obvious. 
It follows from Lemma 10.1 that the Whitehead product 
tonsa (Pr) © 2(Bn’) > Tome (Br) 
is the same as the Whitehead product 
ronn (Pa(C)) Dre (Pa(0)) > rame (Pa(C)). 


This product has been computed (see [13] or [17]) and is trivial for. n odd 
and non-trivial for n even. Thus when n is odd, we see that the cup-product 
term in the denominator for Y, vanishes, and we have : 


G,(h) € H(X 52.) / SPH” (X; Z), n: odd, 
while for n even, the cup-product is relative to the non-trivial coefficient 
pairing Z 8 Z —> Za. 


The next theorem illustrates one of the ways our main theorems can be 
used to find relations between primary and secondary cohomology operations, 
i.e. the computation of primary operations in the cohomology of spaces with 
two homotopy groups. 


THEOREM 10.2. Let X be a space, let n be odd, and let he H?(X) be 
such that h” ==0. Then 


Sgt, (h) = 0 € H(X ; Zp). 


Proof. Let f: X—>K(Z,2) be a map such that f*(:) —}h, where 
.€ H?(Z,2;Z) is the basic class. Then according to Theorem 7. 2, 


\ 
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PR) = Sq? CRE) 
E€ Hm (X 5 Z2)/(f* Hm" (Z, 2522) + SGH (X5Z)) 
=: H23 (X; Za / 8P H(X; Z) 


since the coefficient pairing in the cup-product term in Theorem 7.2 is trivial. 
Now 


Sgt, (h) € H(X; Za) /SPSPH* (X; Z) 
== 05 (X ; Za) /SPSG HH (LX; Z) = HT: Za). 
Furthermore, according to Theorem 7.1, (®an.2 is the Adem operation of § 9) 
Sq? Wn (h) = SES GE (ANS) = f Dana (0) in 
H(X 5 2,)/(PPSGH (7, 2 ; Za) + Seep HZ, 23 Za) + SG" (X ; Z)) 
= H?™(X ; Za). 


But Pona (tt) € H (Z, 2; Za) / SH (Z, 25322) =0, which proves the 
theorem. 


11. Cohomology operations in fibre spaces. In this section we show 
how Theorem 6.1 can be applied to the problem of computing primary 
cohomology operations in the total space of a fibre space when one knows the 
cohomology structure of the fibre and the base. We restrict ourselves to the 
stable range for simplicity; we will obtain information which is not contained 
in the spectral sequence of a fibre space. 

Let p: E—> B be a fibre space with fibre F. Let 1: F-E be the inclu- 
sion. As in Section 8, let 6€ H“ (m, nir), pE H9($;G) and let 
O (1) =" (h) EH (rn; G). Let hE H”(B;r) be such that 6(h) — 0 and 
r(v) =h, where ve H"*(F37). Note that r(10(0)) =6(r(v)) = 0(h) =0. 
We assume that n’<= the sum of the connectives of B and F and that 
q<n+n. 


THEOREM 11.1. Let se HW(E;x) be such that 1*(x) —:10(v). Then 
6" (2) = p*b(h) € HU(D;0)/6p*(H"(B;w')). 
Proof. It follows immediately from Lemma 6.2 that 
Op (h) =x € H” (5 x’) /p*(H* (B3x’)) +70(H"* (B57). 
Our theorem now follows from Theorem 6.1. 


Remark. In the spectral sequence of the fibre space p: H->B, 6’(r) 
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== 0 € H,°4 and hence also is zero in #,%%. Under our dimensional restrictions, 
this implies that &' (x) € Im p*. Theorem 11.1 gives more precise information. 


12. Cup products in fibre spaces. This section is the analog of Sec- 
. tion 11 for cup products. Using Theorem 8.1, we show that certain cup 
products in the total space of a fibre space are images of Massey triple products 
in the base space. These results were known to Hirsch [4] and Massey f6] 
in the case of sphere bundles. | 

Let p: E—B be a fibre space. Let u€ H?(B), v€ H1(B), w€ H(B), 
and let (x) =u, where x € H?*(F'). We assume that u U v —0; hence the 
element v Q z € E,%?-! ~ Ha(B;Hr1(#)) goes into 0 under each d, and gives 
an element {v s} € Fotr. We assume further that v U w —0 and hence 
that (Or) U w == 0 € Earra, 


THEOREM 12.1. There exists an element y€ H?*(H) which projects 
into {vOs} € Hv?" and such that 


(— Iy U p*(w) = p*<u, v, w> € Hrer (E)/p*(H®™=(B) Uw). 
Proof. In order to apply Theorem 8.1, we must show that a repre- 
sentative of (— 1} U v projects onto {18 s} E€ Earr. Let ZE Cr1(F) 


— E% represent v. Then d¢== p* (ü) € C?(E) for some representative & of 
u. DU TE Et? represents v@ ae Fort, and (7U &) == (— 1) U p*(a). 


u Ù v has as representative (— 1)915 U 5 + (— Dh AE where ŝa == ŭ U 5. 


Thus in H,%?4, GU Z is a representative of (— ie U v, and the theorem 
is proved. 


Remark. In case F is (p—®)-connected, then y is defined modulo 
p* (H?*+(B)) and the theorem gives a sharper result. 
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COMPACTNESS OF CERTAIN MAPPINGS.* + 


By G. T. WHYBURN. 


1. Introduction. A mapping of one topological space onto another is 
compact provided the inverse image of each compact set in the range space 
is itself a compact set. When this property is present the action of the 
mapping is in most essential respects similar to that of a mapping on a 
compact domain space. In this paper our cbjective will be the development 
of conditions, in situations of interest, which will imply compactness of the 
mapping or properties closely related thereto and also to study the implica- 
tions of these related properties. 

Our spaces XY and F are always understood to be separable and metric. 
Other properties will be explicitly stated when they are assumed. The use 
of the word mapping in connection with a transformation f(X) = Y always 
implies that the transformation is single valued and continuous. 


2. Traces of mappings. If f(X)—Y is a mapping and Y’ is any 
subset of Y, a set X’ in X which maps onto F’ under f, i. e., so that f(X’) = Y”, 
is called a trace of Y’. We shall be concerned primarily with conditions under 
which certain sets have compact traces. We note that any set in Y having 
a compact trace 1s automatically compact. Also, a simple application of the 
Borel Theorem yields at once 


(2.1) If X and Y are locally compact, every compact set in Y has a 
compact trace tf and only if each point of Y is interior to some set in Y 
having a compact trace or, equivalently, if each ye Y is interior to the 
image of some compact set in X. 


The set Y, of all points y€ Y such that y is interior to the image of 
some compact set in S is open. Thus if we say that f has the compact trace 
property at such a point y, we have 


* Received June 3, 1958. 
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(2.2) If X and Y are locally compact, the set Y, of all points in Y 
where f has the compact trace property is non-empty and open and its com- 
plement Fo = Y — Y, is closed and non-dense. 


That F, is non-dense and hence Y, is non-empty follows by a simple . 
category-type argument. For if X is represented as the union X = SK, of 
1 


compact sets with Kna D Kn, then for any open set U in Y, f(K,)-U must 
contain an open set U, for some m by local compactness of F; and Uo C Yo 
by definition of Yo. 

It results automatically that the sets XYy»==-f4(Y,) and Hy)=f7(Fo) 
are open and closed respectively and that Xo is non-empty. If F, is empty, 
so that f has the compact trace property at each if its points, we say that it 
has the compact trace property. Equivalently, in case of locally compact X 
and Y, f has this property provided every compact set in Y has a compact 
trace. We then have 


(2.3) If X and Y are locally compact, f | X, is a mapping of X, onto 
Y, having the compact trace property. 


A property very close to the compact trace property has been used 
recently by P. McDougle [1] in characterizing the invariance of metriza- 
bility under certain mappings. This property (called P,) requires that for 
each y€ Y there exist a compact subset ©, of f+(y) such that y is interior 
to the image of every open set in X containing Cy. Indeed for À and Y 
locally’compact, this is equivalent to the compact trace property as we now 
show. 


(2.4) THEOREM. If X and Y are locally compact, a mapping F(X) =Y 
has property Pa if and only 1f every compact set in Y has a compact trace. 


Proof. Property P, implies that every compact set K in Y has a compact 
trace. For if y€ K, by P, there exists a compact subset H, of (y) such 
that if U, is an open set containing Hy, then y is interior to f(U,). For 
each y € K let use choose such a Uy, so that U, is compact. Then since K is 
interior to Si f(U,), there exists a finite set of points y1,42,°° *,Yn in Y 


such that K is interior to > f(U,,). Accordingly if H denotes the compact 
set : 


H=f*(E): $0, 


f(H) =K so that H is a compact trace for K. 


f 
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To prove the reverse implication, let y € Y and let V be a neighborhcod 
of y in Ÿ with V compact. Then if A is a compact trace of V and U is 
any open set containing A-f“"(y), y must be interior to f(U) because 
f(A)—V and f| A is a compact mapping. 

We recall that a mapping f(4) =Y is quast-open provided that each 
y€ Y is interior to the image f(U) of every open set U in X which contains 
a compact component of f*(y). If in addition there exists a compact 
component of f-*(y) for each y€ FY, we say that f is effectwely quasi-open. 
Then either (2.1) or (2.4) yields at once 


(2.5) If X and Y are locally compact, every effectwely quast-open 
mapping f(X) =Y has the compact trace property, i.e., every compact set 
in Y has a compact trace. 


Also a mapping f(X) == Y is monotone provided f(y) is a continuum 
(compact and connected) for each y€ Y. For such mappings on locally 
compact spaces, having a compact trace is equivalent to having a compact 
inverse for a subset of Y. For we have in general 


(2.6) Tuarorem. If X is locally compact and f(X) =Y is monotone, 
any set in Y which has a compact trace has a compact inverse. 


For if the compact set H in Y has a compact trace K so that f(K) =H, 
f (H) must be compact. For if not we could choose a sequence of points 
Tı, Te, © * in FHH) so that È z, has no limit point but if y, —f(x,), the 
points y, are all distinct and the sequence (yn) converges to a point y€ H. 
Then if U is a conditionally compact open set containing K + f1(y) and 
C is the boundary of U, we must have C-f-"(y,) 30 for almost all n since 
for each n, f+ (Yn) is connected and intersects K and contains +. However, 
as C is compact, this gives Clim sup f> (Yn) 0, contrary to the facts that 
lim-sup f* (yn) C f(y) (by continuity of f) and f(y) CU. 


(2.61) COROLLARY. If X is locally compact and f(X) =Y is mono- 
tone,-for any compact set K in X, fFF (EK) is compact. If K is a continuum, 
so also ts f 'f(K). 


(2.62) COROLLARY. A montone mapping on a locally compact space 
is compact if and only tf it has the compact trace property. 


Note. That it is insufficient, in the theorem just proven, to have point 
inverses compact is shown by the mapping of the interval 0 = x < 2 onto the 
interval Oy = 1 defined by y =x for OS ¢=1, y—2—#x for 1 Se < 2. 
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™ Here point-inverses are either single points or point pairs and every compact 


+ 


set has a compact trace but of course the compe interval O=y=1 does 
not have a compact inverse. j 


3. Compact boundary traces. We next develop some conditions under 
which compactness of the mapping is a consequence of assumptions concerning 
the traces or inverses of certain boundary sets in the range space. A con- 
nected locally compact separable metric space is called a generalized con- 
tinuum. We prove first 


(3.1) Lemma. Let f(X)=—Y be a mapping, where X and Y are 
locally connected generalized continua. Let U be a conditionally compact 
open set in Y with boundary C such that f° (C) is compact. If the number 
of non-conditionally compact components of Y—C is finite and = the 
number of such components of X — f> (C), then f*(U) is compact. 


Proof. Let Ry, Re: + -, Ex be the non-conditionally compact components 


‘of X — f (C) and Sı 827 - -, 8, the non-conditionally compact components 


k 
of Y —C. By hypothesis k=l]. Now H == X — $ R; must be compact. For 
1 


if not, by local compactness of X and compactness of f-1(C), infinitely many 
distinct components of X — f-1(C), would intersect the boundary F of a con- 
ditionally compact neighborhood V of f+(C) so that F would contain a point 
æ of the limit superior of this sequence of components. This clearly is 
impossible by local connectedness of V at z. Hence H is compact. 

However, we must have f1(Ü)C H. For since f(R;) is connected, for 
each 4, and lies in Y — C, each 8; must contain one of the sets f(R:) because 
f(H) is compact. Since l= k, we must have f(R;) C $ 8; C Y —U for each 
i so that f?(U)C H. 


(3.2) Tuaeonem. Let f(X)—Y be a mapping, where X and Y are 
locally connected generalized continua having the property that there is an 
integer k= 1 such that the complement of each compact set in X or in Y 
has exactly k non-condttionally compact components. If for each ye Y 
there exist arbitrarily small neighborhoods of y whose boundaries have compact 
inverses under f, then f is compact. 


This is an easy consequence of the lemma. For if K is any compact 
set in Y, for each y€ Y there exists a conditionally compact open set U, 
about y with boundary Cy such that f*(C,) is compact. It results from the 
lemma that f*(U,) is compact. Since by the Borel Theorem a finite union 
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of the sets U, covers K, it follows that f-1(K) lies in a compact subset of X 
and hence is compact. 

As shown in g 3, for monotone mappings the requirement of having a 
compact inverse for a set can be replaced by that of having a compact trace. 
Thus we get 


(3.3) THEorEM. With the same conditions on X and Y as in (3.2), 
if the mapping f(X) —Y is monotone and if for each ye Y there exist 
arbitrarily small neighborhoods of y whose boundaries have compact traces, 
then f is compact. 


These two theorems have interesting consequences, particularly in the 
cases of mappings of a real line onto itself or of one Euclidean space onto 
another. In these cases the complement of every compact set has exacily 
two or exactly one non-conditionally compact component. Hence we have 


(3.21) COROLLARY. Any mapping which has compact point inverses 
of a line onto a line is compact. 


For in this case each point y of the line Y has arbitrarily small 
neighborhoods with boundaries of pairs of points. - 


(3.31) Any monotone mapping of one Euclidean space onto another 
such that each point of the range space 1s contained in arbitrarily small open 
sets whose boundaries have compact traces is a compact mapping. 


It is clear that a similar statement could be made about monotone 
mappings from any locally connected generalized continuuum which is the 
union of an increasing sequence of compact sets with connected complements 
onto any other such space. 


4, Mappings on Bouwer Property spaces. A space X has the Brouwer 
Property [2] provided every subset of X which is homeomorphic with an 
open subset of X is necessarily open in X. Now it is not true in general 
that when two spaces are homeomorphic, any 1-1 mapping of one onto the 
other is necessarily a homeomorphism. Indeed we have that 


Ezample. There exists a 1-1 mapping: of a plane locally connected 
generalized continuum onto itself which is not a homeomorphism. 


Let the space X consist of the whole z-axis, the positive y-axis L and 
the union 


> Ca -|- B-n 


n=l 
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where, for each n > 0, Cn is the circle of radius 4 in the upper half plane 
tangent to the z-axis at the point (n,0) and R-n» is the vertical ray in the 
upper half plane originating at the point (—n,0). For each point 
-(z,y) € À — L let us define 


k(x,y) = (e+ 1,9); 


and let À be defined on L so as to map it (1-1) and continuously onto (1; 
by sending (0,0) into (1,0) and wrapping L around ©, clockwise, say. 
Clearly this mapping A(X) == X meets all our requirements. 

It may be noted, however, that the space X does not have the Brouwer 
Property. We. show next that such a mapping is not possible on spaces 
which do have this property. 


(4.1) THEOREM. If X and Y are homeomorphic locally compact spaces 
having the Bouwer Property, any 1-1 mapping of X onto Y is a homeo- 
morphism. 


The proof may be accomplished by showing that h is an open mapping. 
To this end, let U be any open set in X, let y€ h(U) and let æ be a point 
of f(y) lying in U. Next let us choose an open set V containing æ such 
that Ÿ is compact and lies wholly in U. Then h | V is a homeomorphism. 
‘Accordingly, the set A(V) is homeomorphic with the open subset V of X 
and hence also homeomorphic with some open subset of Y because X and Y 
are homeomorphic. Thus h(V) is open in Y by the Brouwer Property. 
Hence y is interior to A(U) and h is open since A(V)CA(U). 


(4.2) THEOREM. Let f(X)—Y be monotone, where Y is locally 
compact, has the Brouwer Property and is homeomorphic with the natural 
decomposition space of f. Then f is compact. 


The natural decomposition space of f is the space Y’ whose elements 
are the point inverses f*(y), y€ Y, topologized by defining a set of such 
elements as open provided the set union of these elements is open in Y. The 
mapping f has the representation 


f(z) =hd(z), 


where ¢(X) == Y’ is the natural mapping of this decomposition and h(Y’) 
== Y is 1-1 and continuous. By hypothesis Y” and FY are homeomorphic 
and have the Brouwer Property. Accordingly, by (4.1), h is a homeo- 
morphism. Also, since f is monotone and Æ is locally compact, the natural 
decomposition of f is upper-semi continuous so that is closed. Since it 
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has compact point inverses, is therefore compact. Hence f is compact, 
being the resultant of the superposition of two compact mappings. 


(4.21) COROLLARY. Any monotone mappings of a Euclidean manifold 
M onto itself whose natural decomposition space is homeomorphic with M is 
necessarily compact. | 


In particular, any monotone mapping of a line onto a line is compact, 
a fact which is also a special case of (3.21) above. 


5. Monotone mappings on a plane. A deeper consequence of the 
theorem just proven, though not nearly so easily obtained, is 


_ (5.1) Tuxorem. Any monotone mapping of a plane onto a plane is 
compact. 


Let f(X) = Y be monotone, where X and Y are planes. Then if no 
point inverse f-*(y) separates the plane Æ, this conclusion follows at once 
from (4.2) together with the well known theorem of R. L. Moore [3] to the 
effect that the natural decomposition space of f is itself a topological plane 
and thus is homeomorphie with Y. Thus we have only to show that no point 
inverse under f can separate X. 

To this end, let N = f= (y), where y is any point whatever of Y. By 
(2.2) it follows that if A is a sufficiently large closed 2-cell on X enclosing 
N, f(A) will contain an open 2-cell Vin Y. By (2.61) the set H—f1f(4) 


is a continuum. Let C be a circle enclosing H, let Q be the component of: 


X—f1f(C) containing H and let F be its boundary. Again by (2.61), 
ff (C) is a continuum so that Ẹ also is a continuum. Accordingly, if we 
decompose the continuum Q -+ # into the set Ẹ and the individual points of 
Q and let ¢(Q + E) =S be the natural mapping of this decomposition, then 
S is a topological sphere. 

Next we let e=-¢(#) and decompose S into the point e and the sets 
f(y), for all y€ R, where R==f(Q), and let g(8)==K be the natural 
mapping of this decomposition. Since each of the sets ¢f*(y) is a continuum, 
it follows [4] that K is a cactoid. 

Now let us define 


h(a) fige) ze K—g(e). 


Then A is a 1-1 mapping of K—g(e) onto k. Further, h is compact. For 
if M C R is compact, f*(Af) is a closed set lying in Q and thus is compact. 


\ 


t 
i 
<” 


— 
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Thus #f (M) is compact as is also g¢f* (JZ), which is identical with h(M). 
Hence h must be a homeomorphism. 


Since R contains V, K must contain at least one topological sphere W. 
Let g be a non-cut point of K on W, where g—g(e) if g(e) € W, and let 
Z==W—g. Then Z is an open 2-cell and thus so also is A(Z). Accordingly, 
h(Z) is open in the space Y. Whence Z must be open in K and hence is open 
and closed in the connected set K —g. This gives Z == K —q so that K== W 
and g—g(e). Since K is then a topological sphere, no point inverse of f 
lying in Q separates X so that, in particular, N does not separate X and the 
proof is complete. 


It may be noted that, once we have shown that 4(Z) is open in Y, 
the proof may be completed by applying (2.1) and (2.62) instead of referring 
back to the first paragraph of this proof. For we then have y interior to 


h(Z) =f(@) Cf(@+C), and Q+C is compact. 


Note 1. Combining the theorem just proven with Moore’s theorem [3] 
we can assert the following: Given a monotone mapping F(X) — Y, where 
X is a plane and Y is a topological space, then Y is a topological plane if 
and only if the mapping f is compact and has point inverses which do not 
separate À. 


Note 2. For non-compact monotone mappings on a plane a consider- 
able variety of image spaces is possible. For example, the complex z plane 
may be mapped monotonically onto the unit circle | w | —1 by the mapping 
w == ei"), where m(z) = 2ar/r-+1, r—|2| 


The proof given for (5.1) suffices to give the same conclusion under a 
somewhat weakened ‘hypothesis as follows 


| (5.2) THEOREM. Any monotone mapping of a plane X onto a locally 
compact space Y which contains an open 2-cell and in which every open 2-cell 
is an open set, is necessarily compact. 


If the first paragraph of the proof of (5.1) is omitted and the proof 
concluded as indicated in the paragraph just preceeding Note 1, the reasoning 
establishes (5.2) without further alteration. Of course, it results by Moore’s 
theorem that the space Y even here is necessarily a topological plane. 
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CHARACTERISTIC CLASSES AND HOMOGENEOUS SPACES, IL* 


By A. BOREL and F. HIRZEBRUCH. 


Chapter VI. Applications to Todd Genera.” 
_ 20. Integration over the fibre in (Br, Bc, G/T, 0 (T, G)). 


Throughout § 20, the coefficients for cohomology are the real numbers and 
will not be mentioned explicitly. | 


20.1. Let G be a compact connected Lie group, T a maximal torus, 
2m the dimension of G/T, 6 an invariant almost complex structure on G/T, 
and ai’ * *,@m the roots of @ (see 12.3, 18.4). € defines an orientation 
of G/T, and hence also an identification of H?™(G/7') with R, which will 
always be used in this §. In the fibering = (Bz, Ba, G/T, p(T,G)) (see 
[2, §20] for its definition), the integration over the fibre is a linear map 
of H*(Br) in H*(Be) or of H**(Br) into H**(Be) which lowers degrees 
by 2m, (see §8). 

The order q of W(G) is equal to the Euler number #(G/T) of G/T 
and the latter is equal to the value of the m-th Chern class on the fundamental 
cycle. Therefore, considering the as as elements of H?(Br), we have by 10.8 


(1) (a1 ` 'Om) [G/T] = q= order W (G), 


where the left side denotes the value of a,° : -am on an oriented fibre. 


G/T is totally non-homologous to zero in £ for real coefficients and q is 
also the dimension of H*(G/T), [2, §26]. Therefore p*(T, G), which will 
be abbreviated by r”, is injective, and we can choose homogeneous elements 
hi, © +> hg E H*(Br) with hg=a,° ` ‘dm, whose restrictions to a fibre form 
a basis of H*(G/T); an element x€ H*(Br) can then be written in one 
and only one way in the form 


(2) ea" (bi) hat: + (bg) hg (b,€ H* (Ba) ) 


_* Received June 19, 1958. 
1 Part I of this paper appeared earlier in this Journal, Vol. 80 (1958), pp. 458-538. 
We refer to it for the notation and a general introduction. 
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and we have by 8.4(1) and (1) above that 
(3) GA == g bg, 


For any wE W(G), the elements w(hk:),-- °,w(h;:), sgnw'h, (see 2.6 
for sgnw), when restricted to a fibre, also form a base of H* (G/T). There- 
fore, if we apply w to (2) and use 8,4(1) again, we see that 


(4) (w(x) )! = sgn wv, 


20.2. Lexma. Let se H*(BrY be such that w(x) —sgnw:x for all 


wE W(G). Then 
q: =n" (2) a": + ne 


We may consider H*(Br) as the ring of polynomials with real coefficients 
on the universal covering Vy of T. Let Sç be the symmetry to the hyper- 
plane a;==0. Then, S;,(x) =— g implies that v is zero on m; = 0, and hence 
that x is divisible by a; It follows that e—y-a,---@, with y€ H*(Bx) 
and, in view of our assumption, invariant under W (G). Therefore [2, § 26], 
y =7* (b), bEH*(Ba), and the lemma follows from (3). 


20.8. THEOREM. Let a, - -,a, be the roots of an invariant almost 
complex structure © on G/T, and h be the integration over the fibre in 
(Br, Ba, G/T, x) with respect to the orientation defined by @. Then for 
TE H*(Br), we have 


(5) > sgaw'w(r) == ră" (wh) Qu t am 
we W(G) 


Let y be the left-hand side of (5). Then yi==q-x' by (4). On the 
other hand, we have w(y) = sgn w- y for any wE W(G) ; therefore 20.2 shows 


q- y= 1* (y) a rte | 


which proves the theorem. 
It follows from 20.3 that, if ze H**(Br), then 


(6) > senw-w(r) —-a2** (25) d “An. 
we W(G) 


21. Multiplicative sequences. 


21.1. In this paragraph, é is a bundle in which Fg is a compact 
connected n-dimensional oriented manifold, Ge is a group of diffeomorphisms 


of Fz, and Ë is the bundle along the fibres (7.4). T is a commutative ring . 


with unit and the cohomology groups of the fibres of é with respect to T are 


Nar” 
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assumed to form a constant sheaf on Bg. Then 4 == hę is a map of H** (Eg T) 
into H** (Ba T) which lowers degrees by n. In particular, we have 


(1) at == al Fe] -1 (a€ H"(EgT)), 
where 1 is the unit of H** (Ba T). 


21.2. Let {K;(p1,: - *,p;)} be a multiplicative sequence of polynomials 
in indeterminates p; with coefficients in T [19, §1]. If y is a real vector 
bundle, we put 


(2) Hy = 2K; (p0), "+, 0;(4)). 


We have K;(p1(n),° © +, pj(y)) € HY (By, T) and Ky E H**(By, T). IE p is 
the tangent bundle to a compact oriented differentiable manifold X, then 
the genus K(X) of X with respect to the sequence {Kj} is defined by 
K(X) = K[X], Le. 

K(X) =K; (p11); © > Pr(y))[X] ET 
if 4r == dim X, and K(X) =0 if dim X 540 mod 4. 

21.3. DEFINITION. Let Ê be the bundle along the fibres of & The 
multiplicative sequence {K;} is said to be strictly multiplicative in £ if and 
only if | 
(i) (He) c E (BaT). 

Let p; be the Pontrjagin classes of À. The condition (i) is equivalent to 
(ii) Ky(pry + +, pi) 0 (4j > n). 
The restriction of Ë to a fibre of £ is the tangent bundle to the fibre. There- 
fore we have by (1) for any multiplicative sequence 


(3) (KB > +, p) = K (Fe) 1 (4j = dim Fe), 
and therefore {K;} is strictly multiplicative in é if and only if 
(4) (HE) =K (Fe) 1. 


A multiplicative sequence is always strictly multiplicative in the product 
bundle, because in this case, é may be identified with the bundle induced 
from the tangent bundle to Fg by the projection of Ee— Be X Fe onto Fe, 
and then (ii) is obviously true. 


21.4. In addition to 21.1, we assume that £ is a differentiable bundle 
(7.4), and that Bg, Hg are compact connected oriented manifolds, the 
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orientation of Hg being induced by those of Bz, Fe taken in this order. It 
follows then from the definition of the integration over the fibre (8.1) or 
from its equivalence with the Gysin homomorphism (8.3, remark) that 


al Be] = a [Bi] (a€ H* (Eg T)). 


Let 7 and 7 be the tangent bundles to Hs and Bẹ respectively. We have an 
exact sequence (7.6): 


(5) 0— Ê> n> mt — 0, = (r—7e), 
and the multiplication theorem (9.7) implies 
p(n) = p(Ẹ)  r*p (q) mod Tors H* (Es Z), 


where Tors H* (E,Z) is the torsion subgroup of H*(E4, 2). By the funda- 
mental property of multiplicative sequences [19, § 1.2], this yields 


(6) Hy = RE Kry = Hea" (Ky), 
modulo the image of Tors H* (Eg, Z) OT in H*(E T). 
If Be Be X Fe, then |19, § 5.2] 
(7) K (Eg) = K (Be) K (Fẹ). 
More generally, we have 
21.5. PROPOSITION. Let £ be a differentiable bundle satisfying the 
assumption 21.4 and let {K;} be a multiplicative sequence of polynomials 


with coefficients in T. If {Kj} is strictly multiplicative in é, then K (Ez) 
= K (Be) -K (Fẹ). 


Since H? (Eg, Z) has no torsion for 7 — dim Hz, we get from 21.4 and 8.2 | 


K (Eg) = Role] = (KE a Ky)" [Be] = Ky (KE) TBE], 
and 21.5 follows from 21.2, 21.8(4). 


21.6. We repeat briefly this discussion for the case of Chern classes. 
Let {K;(¢1,- © -,c;)} be a multiplicative sequence of polynomials with coeffi- 
cients in T, in indeterminates c Given a complex vector bundle y, we 
introduce the elements K;(c,(y),- © *,c;(n)) € H(X,T) and put 


Ho Z Elala) el): 


It is an element of H**(X,T). If y is the complex tangent bundle to a 
compact connected almost complex manifold (7.3), canonically oriented, the 
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genus of X with respect to {K;} or its “K-genus” is K(X) = K,[X]. It is 
equal to Km(ci(y),* © *,¢m(7))[X] if mis the complex dimension of X. 


21.7. Let £ be as in 21.1. Assume moreover that É has been endowed 
with a complex structure & of the type considered in 7.4, that is, defined 
by means of an almost complex structure of Fg, invariant under Gg, and let 
ĉ be its Chern classes. The multiplicative sequence {K;} is then said to 
be strictly multiplicative in é with respect to Ec if one of the three following 
equivalent conditions is fulfilled 


(i) (Kez) *€ H° (BaT) 
(ii) (Kj(6,,° : +56) )*—=0, © (2j > dim Fe) 
(iii) (Ke)? —K (Fe) 1. 


21.8. Let é and é be as before. Assume in addition that £ is differ- 
entiable and that Bg carries an almost complex structure y’¢. Then an almost 
complex structure nc of Ee is said to be compatible with n'c and & if there 
is an exact sequence 


(8) 0 —> fc ne r* (7c) > 0, (x = re). 


Since exact sequences of vector bundles of the type (5), (8) always split, ye 
always exists and is determined up to isomorphism by 7’c and éc. The proof 
of the following propostition is exactly the same as in the case of Pontrjagin 
classes : 


21.9. ProposiTion. We keep the assumptions of 21.8 and assume 
moreover that the multiplicative sequence {K;} is strictly multiplicative in & 
with respect to c. Then K (Eg) = K (B) K (Fe). 


22. The Todd genus of certain almost complex homogeneous spaces. 
Throughout this paragraph, all cohomology groups will be taken with real 
coefficients, and all characteristic classes which occur will be regarded as real 
classes unless otherwise mentioned. The symbol R will be omitted in real 
cohomology groups. 


22.1. Notation. Let £ and y be complex vector bundles with the same 
base space: B= Be—By. We recall that the Todd multiplicative sequence 
{Tj (¢1,° © +, ¢;)} has @(1— e7) as its characteristic power series [19,§ 1] 
. and define the cohomology class J (é) € H**(B) by the equation 


T (£7) = h(n) > T;(0,(€),- lE), 
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where c;(é) € H*#(B) is the i-th Chern class of é and ch(y) is the Chern 
character of 7 as defined in 9.1. For dE H?(B), set 


I (6,4) ion -+,0)(€)) 
and for d=0, 


It is clear that J (£, d) = J (én) if y is the complex line bundle aes d as 
its first Chern class. 
More generally, as in [19, §1], let {Tiy 5 ¢1,° + *,c;)} be the ities 
Todd sequence. This multiplicative sequence has 
a(1 + y)/(l1— et) — ye 
as its characteristic power series. We define J (£) € H**(B)@R[y] by the 


equation 


TE =È Dyal) lE), 
Obviously, Jo (£) = J (£). | 


If B is a compact almost complex manifold and if now é stands for the 
tangential complex vector bundle of B, then we set 


J (B,7) = J (&7), d (B, d) = J (Å, d), Jy(B) == J y(§). 


Moreover, in agreement with the notations of [19, §§ 10, 11, 12], the following 
real numbers (respectively polynomials with real coefficients) are defined 


T(B,y) = J (B, n) [B], 
T (B, d) = J (B, d) [B], 


T,(B) = J,(B) [B] = $ TB), where n= dime B. 
p=0 


T(B) denotes the Todd genus (T(B) —T,(B) —T(B,0)). 
Finally, let us recall the following formal fact: If c; is the i-th elemen- 
tary symmetric function in yı ‘Yn (&=0 for iœ n), then 


Š Tiles + +465) = et TT yy (2 sinh (y/2)). 


22.2. Let G be a compact connected Lie group and T a maximal torus 
of G. Let V be the universal covering of T and a, * -,@m the positive roots 
of G with respect to an ordering 3 on V* (2.4). Let £ be a principal 
G-bundle and éc the complex vector bundle along the fibres (7.4) of 


Se ai 
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| i (E/T, Bs, G/T, 2) which belongs to the invariant almost complex structure 


on G/T: having et, er, * *,€ndm, (a= + 1), as its roots (12.3 and 13.4). 
We orient G/T according to this almost complex structure and denote by h 
the integration over the fibre with respect to this orientation (8.1). The 
total Chern class of ec is given by the formula (10.8): 


(1) c(£e) = (1+ ea) (1+ e282) © © © (1 + emt). 


Now let d be an arbitrary element of H'(7') =-V*. We may regard d 
as an element of H? (E/T) under the negative transgression. Then, using 
(1) for the cohomology class J (ĉc, d) introduced in 22.1, we have 


F (Eo, d) — e- TI ejay/(1—exp(— ejay) ) = ol TT ai/ (2 sinh (a,/2)), 


where cı == ¢,(&) = Sea; We are going to calculate J (fc, d)" by 20.3. 
t=1 


In view of 8.3, this is possible since £ is induced from the universal bundle. 
First observe that [[ a,/(2 sinh(a;/2)) is Invariant under the operations of the 
Weyl group W(G) since the roots are permuted up to sign and since x//sinh x 
is an even function in z. Thus we obtain, after setting b == d + 4e,(&&) and 


m 
a === > dj, 
j= 


ete © * emt" (T (ĉc, d)4) = 2 oer (w)er®/ I 2 sinh a;/2 


or, in the notations of 3.2: 
(2) €1€2° * + egm®* (FT (Ee, d)*) == E(b/2r(—1)})/ÆE(a/4r(—1)à). 


It follows that J (ĉe, d)” vanishes if b is singular. The right side of the 
preceding equation is a formal power series in d, a,,--+,@m, (regarded as 
elements of H?(Hz/T)) and, as such, is an element of H**(Æ:/T). On the 
other hand, d, a, - -,@m are originally elements of V*, i.e. functions on Y. 
Tf b isa non-singular weight, then E(b)/E(a/2) is also a function on V, 
namely, up to a sign, the character of a certain irreducible representation of G 
(for G, see 3.8). In fact, if b is a non-singular weight, then there is a 
unique element w’€ W(G) such that w’(b) is in the positive Weyl chamber 
(2.7) with respect to the ordering 3; i.e., (w’(b),a;) > 0 for l=j =m, and 
hence w’(b) — a/2 is the highest weight of an irreducible representation A 
of G which is uniquely determined up to equivalence. According to 3.4, 
the function #(b)/#(a/2) on V equals the character of À as a function on V 
multiplied by Sgn(w’). Thus we have seen that J (éc, d)" is essentially 
given by a character. 
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It is‘clear that w’(b) —a/2 is integral on the unit lattice of G if and 
only if d has this property. Assume now that d has the property just. 
mentioned (in other words, that de H1(T,Z) C H1(T) ==V*) and that 
b= d-+-4¢,(éc) is non-singular. Then À also defines a representation of G. 
The A extension (6.5) A(é) of the principal G-bundle é is then defined. It 
is a U(n)-bundle and we have 


(3) T (Ec, d)" = Sgn (w")ees ` ` em ch(A(é)). 
Here ch is the Chern character as defined in 9.1. See also 10.2, 10.3. 


22.3. In Sections 22.3 and 22.4, we shall apply the results of 22.2 to 
the very special case where Bg is a point; then E= G and E/T = G/T. 
Every element of V* may be regarded as an element of H*(G/T). Other- 
wise, we keep the notations of 22.2. 


The homogeneous space G/T has 2” invariant almost complex structures 
belonging to the 2” possible choices of the signs «1, €2,' * *, ém. Now endow G/T 
with the invariant almost complex structure having the roots €,@;,€.02,- * :, 
Emam. Then the first Chern class of G/T is 


Cy = Os ( G/T) som Es -+ Eotls +- RE: + Emme 


Since a/2 is a weight, c,/2 is also a weight, which implies by (10.1) that the 
integral first Chern class ¢c,(G/T) € H?(G/T, Z) equals 0 when reduced to coeff- 
cients mod2. Thus the second Stiefel-Whitney class w,(G/T) € H?(G/T, Z2) 
vanishes. 


The Pontrjagin class p; of G/T is the i-th elementary symmetric func- 
tion in the a, and vanishes for 1>0 (10.9). Thus for dE H?(G/T) (see 
end of 22.1), 


J (G/T, d) —exp(d + $61) € H* (G/T), 
(4) m!-T (G/T, d) = ((¢,/2) + d)"[G/T], 
omm le T(G/T) = &”[G/T]. 


On the other hand, in our special case, T (G/T, d):1= J (G/T, d)” and we 
have, by 22.2, for an element dE V*, that 


(5) T (G/T, d) == 0 if d+ (6/2) is singular, 
(6) T (G/T, d) == + deg (à), 


if d is a non-singular weight, and if à is a suitable representation. 
‘By Theorem 4.3, the sum c, == e&t, +: > +-+ émām is non-singular if and 


ó 
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only if ¢,4:,° © -,€m@m is a positive system of roots of G. By 4.9 and 12.4, 
we get that «a@,-+-:---++en@m is non-singular if and only if the invariant. 
almost complex structure on G/T with roots e.41,° * *,€m@m is integrable. 


Putting the value 0 for d in (5), we see that the Todd genus of G/T 
endowed with a non-integrable invariant almost complex structure vanishes. 
If, however, the structure is integrable, i.e., c is non-singular, then (for 
d—0) we have in the notation of 22.2 that w’(4c,) —w’(b)=—@/2 and 
Sgn(w’) = «662° * ‘em. Thus À is the trivial representation of degree 1 and 
the Todd genus of G/T equals deg(A) — 1. 


22.4. Let a1, o,’ ` * ,äm be as before the positive system of roots of G 


m 
with respect to some ordering 3 and let a= Sia; Choose the integrable 


invariant almost complex (i.e. complex) structure on G/T which has 
is Gas ` 5m a8 its roots (&—1) and let G/T be oriented accordingly. 
An arbitrary element b€ V* can be regarded as element of H?(G/T) and 
then the number 8(b) —b"[G/T]/m! is defined. 8 defines a homogeneous 
polynomial of degree m on V*, which vanishes if (b,a;) ==0, see (4) and (5). 
Since a; and a; are not proportional for +344 and since 8(a/2) —1 by (4), 
we get 


(7) b" [G/T] = m TI (b,a;)/(a/2, a), (be V*). 


Formula (7) shows that b is singular if and only if b"[G/T]— 0. 


Theorem 20.3 implies immediately that 
(8) bor G/T] = (a02 Am) * Z Sgn(w)w(d)”, 
we W(G) 


where the right side of this equation has to be regarded as a quotient of two 
homogeneous polynomials of degree m on V. Assume now that b is a weight. 
Then b is in the positive Weyl chamber ((b,a;) >0 for 1S 7m) if and 
only if b—-a/2 is in the closure of the positive Weyl chamber ((b,a;) 20 
for 1=j<m). By (3) and (6), we get: 


If b is a weight contained in the positive Weyl chamber, then 
(9) bm G/T ]/m!—=T (G/T, b—a/2) = deg (A), 


where À is the irreducible representation of G with main weight b —a/2, and 
ais the sum of the roots a; of the invariant complex structure on G/T; i.e., 
a is the first Chern class of G/T endowed with this complex structure. 
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By (7) and (8), we get well known formulas for the degree of À, 
see 3.4. 


22.5. In this and the following Section, we shall use 22.2 to prove 
the strictly multiplicative behavior of the Todd sequence in certain fibre 
bundles. For this purpose, we take the value 0 for d in 22.2. Then 2b 
equals the first Chern class of the complex vector bundle la along the fibres 
of (E/T, Be, G/T, m). By 22.2 and 22.3, we see that the integration over 
the fibre (with respect to the orientation of G/T induced by Eo) gives, when 
applied to J (Ëc), either 0 or ch (A(&)), where à is the trivial 1-dimensional 
representation, and thus ch(A(é)) —1. Im either case, the integration over 
the fibre gives only a zero-dimensional term. According to the definition in 
21.7, we get: 


THEOREM. Let £ be a principle G-bundle. Choose an invariant almost 
complex structure on G/T and let Ëc be the corresponding complex vector 
bundle along the fibres of (H/T, Be, G/T). Then the Todd sequence {T;} 
is strictly multiplicative in (Es/T, Be, G/T) with respect to M 


For later use, we reformulate our result as follows: Let Ÿ be a set of 
roots of Œ which contains for each root à exactly one of the roots a, — «a. 
Then © is the set of roots of an invariant almost complex structure on G/T. 
Orient G/T by this structure and let h (Y) be the integration over the fibre 
in (E/T, Be, G/T) with respect to that orientation. Then we have 


1, if Y is a positive system 
—— ge) UP) me 4 ? 
(19) (He oe) B otherwise. 


Let e be a map of Y into {1,—1} and S(e) the number of elements in Y 
which are mapped by e on — 1, and let sgn (e) = (—1)®®. We have 


Ie) -a/(1—e 2) — exp (2 2 e(a) a) Late sinh(¢/2)). 
Thus, by (10), 
(10*) (exp ($ Z e(a) a) -IL a/ (2 sinh(a/2)))*0 
is equal to sgn (e) ‘1, if {e(a)-a]a en 5 a positive system, and to 0, 
otherwise. 


We give two applications of formula (10): Let é be a principal G- 
bundle for which Bg is a compact oriented manifold. Let © be a positive 
system of roots of G. Orient G/T accordingly and choose for E/T that 
orientation which is induced by those of Bg and G/T. Then, for y € H*(#;/T), 


“os, 
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we have (see 21.4) : 
y[Es/T] = y [Bg]. 


This fact, together with (10) and 8.2, yields for every element x of H* (Be) 
that 


(11) #[Be] = (w* (2) -I1 a/(1—exp(— 2))) LEs/T], 
where + is the projection of E/T on Be. 


22.6. Now let € be again an arbitrary principal G-bundle. For a 
closed connected subgroup U of G which contains a maximal torus T of G, 
consider the diagram 


Ry Ty 
(12) E/T ——> H:/U — Be. 


Orient G/U. Let © be a system of positive roots of U. Orient U/T by the 
invariant complex structure having © as its set of roots and give G/T the 
orientation induced by those of G/U and U/T. 


_ According to the above diagram, we have the fibre bundles 
ea: (Es/U, Bz, G/U, Ty), v= (E/T, Be/U, U/T ay), . 
= (E/T, Bg G/T, 7), = (G/T, G/U, U/T, x»); 


which satisfy the assumptions of 8.4. (The £ of 8.4 corresponds to the é here 
and the 8 of 8.4 to 7.) If we define the integrations over the fibres with 
respect to the orientations already chosen, then formula (2) of 8.4 holds. 
Thus we can infer from (10) and 8.2 the 


PROPOSITION. Let x be an arbitrary element of H**(He/U). Then 
in the foregoing notation 


di (ay** (a) JI «/(1—e®) ) "E. 
CET) 


28.7. Let U be a closed connected subgroup of G containing a maximal 
torus T of G and assume that G/U has been endowed with an invariant almost 
complex structure 8. Thus G/U is oriented. Let & be the set of the roots 


of @ and © a system of positive roots of U according to which we orient U/T. 


Then G/T is oriented. Let £ be again a principal G-bundle for which we 
consider the diagram (12) and the four fibre bundles y, v, È, 7. We wish to 
prove that the generalized Todd sequence (22.1) is strictly multiplicative 
(21. 7) in p with respect to the complex vector bundle jc along the fibres 
arising from the given invariant almost complex structure on G/U. Let n 
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be the complex dimension of G/U, i.e., the number of roots in ©. First we 
observe that r,**(J,(üc)) is, in virtue of 10.8, equal to the element > 


(18) ENG + y)a/(L— oO) — ga) € H (E/T) B R[y] 
which goes over into 
03) ILO -+-ye*)a/(1—exp(-——2)) € H** (E/T) O RI] 


if one multiplies the component of complex dimension 4 in (18) by (1+ y)***. 
We have to prove that Jy(ĝc)"» is a zero-dimensional element of H** (Bẹ). 


In view of the proposition in 22.6 and the passage from (13) to (13*), 
we must prove that the element 


(IL (1+ ye*): II B/(1—exp(—§8)) ) 
aey BeOUuY 


which is equal to -J 
(14) - (exp( Z 8/2): II (1+ye*): II 8/(2sinh(8/2)))*E 
BeGOuyv acet BeOuy i 


is zero-dimensional. But this is a consequence of (10*). The set OUW 
plays here the role of } in (10*). Thus the element given in (14) equals 
the unit of H**(Be) multiplied by T (G/U), (G/U has the given almost 
complex structure). Here we have to use that in passing from (13) to (13*), 
the component of complex dimension n is not changed. Using (10*), we can 
obtain the value of T,(G/U). In order to formulate the final result more 
easily, we introduce the following definition. | 


DEFINITION. Let U be a closed subgroup of G containing a maximal 
torus T of G. Let & be a set of complementary roots of G with respect to U he 
which contains for each complementary root « exactly one of the roots a, —@ 
Let © be a system of positive roots of U. Then k®(G/U,%,®) is defined as 
the number of those positive systems of roots of G which contain © and 
exactly n— p roots of Y and thus p roots of — Y (0 = 2p S2n = dimg G/U). 


Using this definition, we have, in virtue of (10*) and the fact that the 
element given in (14) equals F (G/U) -1, that 


(18) Ty (G/U) =È 7°(G/U) y= > (— y)?ke(G/U, ¥, ®). 


We notice that kr (G/U, ¥,@) depends only on © and not on the choice of 
the positive system © of U if © is the set of roots of an invariant almost 
complex structure on G/U. The number h?(G/U,¥%,®) is also well defined . yan 
if G/U does not admit an invariant almost complex structure. 
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Formula (15) states in particular that the Todd genus T(G/U) equals 
k°(G/U,%,®). Thus T(G/U) equals 1 if YU is a positive system of 
roots of G and is 0 otherwise. If the invariant almost complex structure on 
G/U with © as the set of its roots is integrable, then YU © is a positive 
system (18.7) and thus T(G/U)—1. If T(G/U) —1, then YU G is a 
positive system, but &U —© is also positive, since —® is a system of positive 
roots of U and k°(G/U,¥,—®) —T(G/U)—=1. Therefore, 7(G/U) =1 
implies that Y U ©, YU —6 are positive and thus closed systems. ©U —® 
is closed, since it is the set of roots of a subgroup. Thus 7(G/U) = 1 implies 
that YU @ U —© is closed and that the given invariant almost complex 
structure is integrable (12.4). 


We express the results of this section in the following theorem. 


22.8. THEOREM. Let G be a compact Lie group and U a closed con- 
nected subgroup of maximal rank of G. The Todd genus of an invuriani 
almost complex structure on G/U equals 1 (respectively 0) if the structure 
is integrable (respectively not integrable). With respect to a maximal torus 
T (TC U CG), let © be a system of positive roots of U. Assume that G/U 
has been given an invariant almost complex structure B and that Y% is the 
set of roots of 6. Then, letting n be the complex dimension of G/U and 
using the definition in 22.7%, we have 


T,(G/U) = S,19(G/U) yr = > (~y) (G/U, ¥, ©). 
p= p= 
Let £ be a principal G-bundle. The generalized Todd sequence 
{Ti Cat + +, ¢5)} 


ws strictly multiplicatwe in (H2/U,Bz,G/U) with respect to the complex 
vector bundle along the fibres ĉc arising from @. In particular, if Bs is a 
compact almost complex differentiable manifold, if é is differentiable and if 
the differentiable manifold E:/U has been endowed with an almost complex 
structure compatible (21.8) with the almost complex structure of Be and £c, 
then | 


Ty (He/U) = T,(Be) -T,(G/U). 


22.9. For y—1, the preceding theorem gives results on the index 
7(G/U), see [19, $$ 8 and 10]. These results remain correct for an arbitrary 
G/U not necessarily almost complex: 

Let G be a compact connected Lie group and U a closed connected 
subgroup of G of maximal rank. Let T be a maximal torus of U. Then, 
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with respect to T, let Y be a set of complementary roots containing for each 

complementary root a exactly one of the roots «,-—a. Let £ be a principal 

G-bundle. The element J] ¢/tgha¢ H**(H:/T) is symmetric in the «°? 
ae 


(a€ Y), and thus belongs to a,**(H**(H:/U)). According to 10.7, 


II a/tgh a = a,** (D Li (p's, Pas apa) 
acer 3=0 


where the y’; are the Pontrjagin classes of the real vector bundle â along 
the fibres of (E/U, Be, G/U). (For the L; see [19, §1].) We orient the 
bundle along the fibres and thus also G/U by requiring that 


II G == ary. (Wen), 
acy 


where Wan denotes the Euler class of à (2n ==dimg G/U). Then the same 
calculations as in 22.7 show that {L;} is strictly multiplicative in 
(#:/U, Be, G/U) and that | 


7(G/U) = È (— 1) (G/U, ¥, ®), 


® being an arbitrary system of positive roots of U. As a consequence of the 
strictly multiplicative behavior, we have 


7(Hig/U),=1( Be) x (G/U), 


in case Bg is a compact oriented differentiable manifold and £é a differentiable - 


bundle and after introducing convenient orientations. 


In a similar way, under the assumptions of this section, we get by | 


setting y==—1 for the Euler number #(G/U) that 
E(G/U) = S (G/U, w, 0). 
p=0 


22,10. The strictly multiplicative behavior (22.8) of the Todd sequence 
has certain formal consequences. We follow the notations of 22.7. Let £ 
be a differentiable principal G-bundle over the compact almost complex 
differentiable manifold Bg and y a complex vector bundle over Bg. Consider 
the bundle u = (Hz/U, Be, G/U, mu) and the complex vector bundle fic along 
the fibres arising from a given invariant almost complex structure on G/U. 
Then endow Æ£/U with an almost complex structure compatible with that 
of Bs and with fic. We have 


(16) J (Es/U, run) = T (G/U): F (Ben). 
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Proof. Since the complex tangent bundle of Ez/U is the Whitney sum 
of fc and the complex tangent bundle of Bg lifted under my, we obtain from 
the Whitney multiplication theorem (9.7) that 


J (84/0) = J (fc) ` ru” J (Be). 
Thus 


J (Es/U, a™ gy) e = (ru (ch (4) ) ru” (F (Be) ) J (âe) )* 
= J (jic)*#- J (Bs n) =T (G/U): F (Bsn), 


which completes the proof. 
As a consequence of (16), we get (see 21.4): 


(17) T(Eg/U, mu"n) TR P( G/U) | T (Bin). 


There is a formula for the generalized Todd sequence which is analogous 
to (16) and which follows from the strictly multiplicative behavior of the 
generalized Todd sequence. In order to write it down, we introduce the 
element ch,(7) as the element obtained from ch(y) by multiplying its com- 
ponent of complex dimension j with (1-++y)/. The element chy(y) was 
denoted by t,(n) in [19, § 12.2]. We have 


(18) (chy (an*9) : Ty (Eg/U))" == Ty (G/U) chy (n) Fy (B£), 
which implies 
(19) Dy (Be/U, man) = Ty (G/U) - Ty (Ben). 


For the definition of T (Ben) and Ty (E/U, mu*n), see [19, $12]. Compare 
also [19, §14.4]. 


22.11. Let.G be a compact connected Lie group, U a closed connected 
subgroup of maximal rank and T a maximal torus of U. Let d be an element 
of H*(T,Z) which is orthogonal to all roots of Ọ ; i.e., d is invariant under 
all operations of the Weyl group of U. By the canonical isomorphism of 
H*(T,Z) with Hom(T,U(1)), the element d gives rise to an homomorphism 
of T in U(1) which has a unique extension to an homomorphism of U in 
U (1), also denoted by d. Now let é be a principal G-bundle. We extend the 
principal U-bundle (Hz, Ee/U,U) by the homomorphism d of U in U(1). 
We get a principal U(1)-bundle over Hz/U and the associated line bundle 
whose first Chern class we also denote by d. Following the notations of 22. 6, it 
is clear that m,” (d) is that element of H° (E/T, Z) which is obtained from the 
original element d€ H?(T,Z) by the negative transgression in (Eg E/T, T). 
Therefore, we may also denote w,*d by d. 


4 
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Now assume moreover that G/U carries an invariant complex structure. 
Let & be the set of roots of this structure and let © be a system of positive 
roots of U. Then, by (13.7), OU Y is a positive system of G, to which 
belongs a positive Weyl chamber. Assume furthermore that d belongs to the 
closure of this Weyl chamber; i.e, (d,a) 20 for «€Y. Let À ke the 
representation of G with main weight d and let dg be the complex vector 
bundle over Bg associated with the A-extension of é Now, as in 22.10, we 
make. the hypothesis that Bg is a compact almost complex manifold and that 
Hz/U has been given an almost complex structure compatible with the almost 
complex structure of Bg and the complex vector bundle jc along the fibres 
of H:/U arising from the given invariant complex structures on G/U. We 
have then, using the notations of 22.6, that 


(20) J (He/U, d)" == J (Bg, de). 
Proof. 


J (Es/U, d) it == (m,* (0% ru (J (Be)) : T (Bc)) Haft — 67%) }# 


=J (Bs) (et IL a/(1—e*)) 48 
aeguy 
Formula (20) follows then by applying 22. 2. 


Remarks. (1) Formulas (16) and (20) are closely related to Grothen- 
dieck’s generalized Riemann-Roch formula (not yet published) ; compare also 
with [%b, p. 241]. 


(2) The representation À induces a holomorphic map 8 of G/U into 
a complex projective space P,(€) such that dE H?(Hz/U) restricted to G/U 
equals B*(e*), where e*¢€ H?(P,(C),Z) is the cohomology class duai to a 
hyperplane (see 14.4). 


23. The A-genus of certain homogeneous spaces. Throughout this 
paragraph, all cohomology groups are taken with real coefficients and all 
characteristic classes which occur are regarded as real classes. 


23.1. Let {A;(p.,- + -,p;)} be the multiplicative sequence of poly- 
nomials [19, §1] with 424/sinh 423 as characteristic power series. The poly- 
nomials A; are related to the A, introduced in [19, 81.6] by the equation 


A= À, 


For a real vector bundle é, we define the cohomology class â( é) € H** (Bẹ) 
as follows: | 


à 


gP 
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G(é) — À (pa (6) mé) 


If € is the tangent bundle of a differentiable manifold X, then we set 
G(é)= (A(X). The genus A(X) of a compact oriented differentiable mani- 
fold X is given by 

A(X) = (X) [YX]. 
A(X) vanishes if the dimension of X is not divisible by 4. For dim X = 4k, 


we have 

A(X) = Âr (p (X); ° ', P(X) LX], 
and, obviously, A(X) ==2%4 (X), where A(X) is the genus corresponding 
to the power series 2z4/sinh 2z5, and which is called the A-genus of X. If X 


is almost complex with vanishing first Chern class, then its Todd genus equals 
its A-genus; see 22.1 and [19, p. 15]. 


23.2. Let G be a compact connected Lie group, T a maximal torus of 
G and U a closed connected subgroup of G containing T. Choose an ordering 
B (2.4), let © be the set of those roots which are positive with respect to 3 
and belong to U, and let & be the set of positive complementary roots. Orient 
U/T and G/T by the invariant complex structures with root systems © and 
©U Y respectively. We orient G/U by its Euler class using Y (see 22.9). 
Then, in the fibre bundle (G/T,G/U,U/T), the orientations of G/U and 
and U/T induce that of G/T. Let é be a principal G-bundle. We adhere 
now strictly to the notations given in 22.6. Consider the fibre bundle 


p= (Eg/U, Bs, G/U, vu). 


We wish to calculate the value of A(G/U) and to investigate under which 
conditions the sequence {A;} behaves strictly multiplicatively (21.3) in p. 
Let ~ be the real vector bundle along the fibres of u. Then, by 10.7, 


ay** CE (A) — IT 2/ (2 sinh (a/2)) 
and we get, by the proposition in 22.6, that 
GG (IL B/(1—e*) IL a/(2 sinh (4/2) ) )¥. 
If we write s for the sum of all & € ©, then | 
a (à)ta— (s IT a/(2sinh(a/2)) )%. 
acOuy 


Let a be the sum of all roots in OU Y. Since © UW is a positive system 
of roots for G and since G/T is oriented by the invariant complex structure 
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having © U W as its set of roots, we get, in virtue of 22.2, that 
(1) mE (CL (ft) *) = E(s/4r(—1)5)/E (a/4x(—1)4). 


The genus A(G/U) is given by the constant term on the right side of the 
* preceding equation which, by 22.3 (4), is also equal to (s”/2”m !) [S/T], 
where m == dime( G/T). Thus, by 22.4 (7), 


(2) A(G/0) = TL (s8)/(a8). 


Now assume that U is the centralizer of a toral subgroup of G and that 
¥ is the set of roots of an invariant complex structure on G/U. Then a—s 
represents the first Chern class of G/U. The element a—s is orthogonal to 
all roots of ®© (see 14.2 and 14.8). Therefore, (s,8) = (a, B) for all BE © 
and thus, by (2), 


(3) 4(G/0)—= TE (5,8)/(a8). 


23.3. THEOREM. Let G be a compact connected Ine group, T a maximal 
torus of Gand U a closed connected subgroup of G containing T. Choose 
an ordering 3 and let © be the set of those roots which are positive with 
respect to 3 and belong to U. Let s denote the sum of all a€@. Then 
the following holds: 


i) The genus A(G/U) vanishes tf and only if s is a singular element, 

ii) If £ is a principal G-bundle and A(G/U) —0, then the sequence 

{À,} is strictly multiplicative in (Ez/U,Be, G/U). In particular, 

if Be ts a compact orientable differentiable manifold and é a difer- 

entiable bundle, then A(G/U) —0 implies that A(#:/U) —9 also. 

iii) If A(G/U) is not zero, then U is the centralizer of a toral sub- 

group of G;i.e., G/U is homogeneous algebraic ($ 14). In particu- 

lar, A(G/U) vanishes if the second Betti number of G/U is zero. 

iv) If é is the universal principal G-bundle and UG, then {A,} is 

strictly multiplicative in (E£/U, Be, G/U) if and only.if A(G/U) = 0. 

Proof of i) and ii). The statement i) follows from formula (2). Ifs 

is singular, then H(s/4r(—1)4) —0 (see 3.2). Thus, ii) follows from i) 
and formula (1). 


The proof of iii) will be preceded by the following lemma. 


23.4. Lemma. If G is compact, connected, and semi-simple, of T is a er 


maximal torus of G, and if U (UÆG) is a closed connected semi-simple 
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subgroup of G which contains T, then the sum s of all roots of U which are 
positive with respect to a given ordering à on Vr* is singular. 


Proof. It is enough to prove the lemma for the case that U is a maximal 
connected subgroup of G, i.e., U is not contained in a closed connected sub- 
group of G different from U and G. In this case, we have ([7, p. 205], 
compare also 10.1) 


G/U = (G:/U1) X (G:/U2) X` °K (G/U x), 


where G; is simple, rank U, == rank Ga, and U, is a maximal connected sub- 
group of G The lemma holds for G/U if it is true for at least one cf the 
factors. Thus it suffices to prove the lemma for the case G simple and U a 
maximal connected subgroup of G. These spaces G/U were listed in [7, p. 
219], see also 13.8. Because of i), it suffices to prove the lemma for one 
ordering on Vr*, for then it is proved for all orderings on Vr”. The proof 
will proceed by checking the various cases with G simple and 7 maximal. 

If GB, and U—B;X Dy, (0<i<I—R2), the positive roots of U 
with respect to a suitable ordering and a suitable maximal torus are 


+ Tr + (1=r <iZ£i), tate; @+4+1Sr<isl),2 (Srs). 


The sum s of these roots is 


4 ` 1-4 
À (2jÿ—1)25 +23 (j— 1) au 
= f= 


which is orthogonal to the root 2;,,, and thus s is singular. 
If G=(C, and U=C;X Cz, the positive roots of U with respect to a 
suitable ordering are (16.4) 


+a,+a (1Sr<ctSi), rtr (i t1Sr<cts)), 2e, QSr). 


4 li 
The sum s of these roots is 2 $, jz; +2 © jzu; which is orthogonal to the root 
j=l ja 


— tı + tim, and thus s is singular. Next we check F,/B, and G/A, X A. 
In these cases, one can choose a set of complementary roots containing for 
each complementary root g exactly one of the roots «, —g and such that the 
sum of all roots of this set is 0 (see 18.3 and 19.2). But then it is an 
immediate consequence of 4.4 that s is singular. The space G/A. has 
dimension 6 (in fact, it is the 6-sphere). Thus A(G,/A,) —0, and the 
lemma is correct in this case by i). | 

If G is simple and U maximal, one can choose orderings 3 and 3’ on 
Vr* such that each root of U simple with respect to 3 is a root of G which 
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is either simple with respect to 3’ or equals the negative dominant root of 
G with respect to 3’ (see [7]). If G—D, E,, E, Es, then all 3’-simple 
roots of G and the corresponding dominant root of G have equal lengths and 
thus all simple roots of U with respect to the ordering & have all the same 
length p in the Killing metric of G. Then the sum s of all roots of U which 
are positive with respect to d has a representative contravariant vector lying 
in the principal diagonal of the d-positive Weyl chamber of U [25a, p. 221], 
since (s, 8) = (8,8) for each d-simple root B of U, by 8.1. According to 
(25a, Théorème 7], the principal diagonal contains only singular vectors, and 
thus s is singular. 

It remains to check our lemma for the spaces F,/A, X C; and F,/A, X A. 
The Schläfli diagram of F, (including the dominant root) is , 


LA & & 3 





$ı z Ds da —ọ 
where the ¢; are the 3’-simple roots of F, and where ¢ == 2¢, + 4e: + 3¢s 
-+ 2¢, is the 3’-dominant root [25a]. The integers 1, 2 indicate the values 
of (di, $i) and (4, $). 
The subgroup U = Á, X €: is represented by the following diagram 

which indicates the d-simple roots of U. 

1 1 2 À 

Pi Pr $3 — 


By an easy calculation, we get for the sum s of all d-positive roots of U 
s = 4h; -H Bho + 303 — Ra 


which is orthogonal to the root ¢, + 2¢2-+ 2ds + ġa. Thus s is singular. 

Finally, we consider F/A: X 4, This space is almost complex (18.3) 
with vanishing Todd genus (22.8). Since the second Betti number of 
F,/4: X A, is zero, also the A-genus vanishes (23.1) and thus the lemma is 
true in this case by (i). 


The proof of the lemma is completed.? 
23.5. Proof of iii). The proof proceeds by induction on the dimension 


of G/U. Assume iii) is proved for U’, G’ with dim G’/U’ <n. We prove 
it now for U, G with dimG/U==n. If Q is the center of G, then G/U 


* (Added in proof). Another proof of this lemma will be given in a forthcoming 
paper of the authors. 
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= (G/Q)/(U/Q) and if U/Q is the centralizer of a toral subgroup in G/Q, 
then the same holds for U in G, and conversely. Thus, in proving ili) for 
U, G with dim G/U =n, we may assume that G is semi-simple. Suppose 
A(G/U) 0. Then by i) and 23.4, the subgroup U is not semi-simple. 
Let T’ be the identity component of its center and V the centralizer of T. 
Then V is connected. VG, since G is semi-simple. Thus UC VC G. 
We have the fibre bundle (G/U, G/V,V/U) and A(V/U) 0 by ii) . By 
the induction hypothesis, U is the centralizer of T” in V; but then U =F. 


23.6. Proof of iv). Let é be the universal principal G-bundle. It 
follows immediately from formula (1) in 23.2 that the sequence {4;} is 
strictly multiplicative in (Fe, Be, G/U) if and only if the function E(s)- E(a)*, 
which is defined on Vr, is a constant (see 3.2). This happens in the following 
two cases and only then. | 


a) Æ(s) is identically 0. b) E(s)== + E(a). 


We shall show that b) is impossible, if U 2 G. If b) holds, then s is not 
singular and U is the centralizer of a toral subgroup of G, according to 1) 
and iii). From b), we infer more precisely that s is a transform of a under 
the Weyl group of G; i.e., s==w(a) for some we W(G). Now we can 
define a new ordering by letting the element s€ Vr” be positive if (s,æ1 > 0. 
Since s==w(a), we conclude that s equals the sum of all roots of G which 
are positive in this ordering. Since (s,8) > 0 for all REO (notaticns of 
23.3), all B€ © are positive in the new ordering. Since s is the sum of all 
roots in @, we infer that the sum of all complementary roots positive in the 
new ordering is zero which is impossible if UG. Therefore {A;} is 
strictly multiplicative in (&/U,Bz,G/U) if and only if a) holds, but this 
is the case if and only if s is singular (3.2). In virtue of 23.3, i), the 


element s is singular if and only if A(G/U) vanishes. This completes the 
proof. 


23.7. Remarks. 


1) As a corollary of 23.3, i), we mention that s is singular if the real 
dimension of G/U is not divisible by 4. Thus s can only be non-singular 
‘if G/U is homogeneous algebraic of even complex dimension, see 23.3. ili). 

2) In view of 28.8, 11), one might formulate the following conjecture: 
Let é be a bundle for which Fẹ is a compact oriented differentiable manifold 
and Gz is a group of differentiable homeomorphisms of Fs. If A(Fz) =0, 
then {4;} is strictly multiplicative in é (For the notations see 21. 1-21.3.) 
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3) If the first Chern class of a compact almost complex manifold X 
vanishes, then 4(X) is equal to the Todd genus of X. Taking this into 
account, 23.3, ii) is in agreement with 13.2 and 22.8. 

4) In the proof of Lemma 23.4, we used the theorem of de Siebenthal 
on the principal diagonal. de Siebenthal proved his theorem by “ checking 
all cases.” There exists a general proof of it (A. Borel, unpublished). 


24, Applications to simply connected algebraic homogeneous spaces. 


24.1. Let X be a non-singular n-dimensional projective manifold, whose 
cohomology classes with respect to complex coefficients of type (p,q) vanish 
if pq. Then the A™4 of X satisfy (see for instance [19]): 


CE) = È (1) htm (—1) Pho, 
q=0 


(1) 
2) = (1)? Sh = (— 1) 


where b; is the Betti number of X in the real dimension t; it vanishes if à 
is odd. From (1) and [19, § 21.3], we conclude 


(2) T,(X) => (—y) ep. 
p=0 


For y == 1 (respectively y==-—-1), T (X) is equal to the index r(X) (respec- 
tively the Euler number #(XY)) of X ([19], pp. 84, 122); hence 


(3) D =È (Dba B(X) =È ba 


p=0 

24.2. Let G be a compact connected Lie group, T a maximal torus, 
and U the centralizer of a toral subgroup of T. Let @ be an inveriant 
complex structure on G/U, % its root system and © a system of positive roots 
of U. Then (13.7), ©U W is a positive system of roots of G. The complex 
manifold G/U (with the structure @) is projective and satisfies the assump- 
tions of 24.1 (see 14.4, 14.10). It follows then from (2) and 22.7, in the 
notations of 22.7, that 


(4) bop (G/U) = ke (G/U, ©, ®). 


As was recalled in 2.7, the map w>w(®U Y) is a 1-1 correspondence 
between the Weyl group W(G) of G and the systems of positive roots. Let 
W (G/U, ¥, @) be the set of those elements in W (G) for which © C w(@U v). 
Each right coset w(U)-w of W(G) modulo W(U) contains at most one 


` th 
gent 


ba 


LA 
2 
my 
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element of W(G/U,¥,®), since only the identity of W(U) transforms © 
onto ©. Moreover, given w € W(G), the system w(@U W) contains a system 
@’ of positive roots of U ; hence, if u is the element of W(U), carrying ©’ 
onto ©, we have u-w€ W(G/U,Y,®). Thus W(G/U,%,®) is a system of 
representatives for the right cosets of W(G) modulo W(U). 

Given w € W(G), let u(w) be the number of elements in w(@U ¥) N (— #). 
Then, clearly, kr (G/U, ¥%,®) is the number of elements in W(G/U,W,®) for 
which p(w) == p. Since is invariant under W(U), (13.4, remark), we have 
p(w) =p(w’) if w and w belong to the same right coset of W(G) modulo 
W(U). By (4) and 18.7, we have the: 


24.3. THEOREM. Let U be the centralizer of a torus in the compact 
connected Lie group G. Let 3 be an ordering of the roots of G for which 
~ the set Y of positive complementary roots is closed. For w€ W (G), let p(w) 
be the number of positive roots whose image under w is a negative comple- 
mentary root. Then we have, with 2n—dimG/U: 


D bopt? == (ord W(U))* X pew, 

(5) m we W(G) 

7(G/U) == Ÿ (—1)?bop = (ord W(U) )> >> (—1)#@), 
is w € W(Q) 


where (G/U) is the index of G/U, and bap tts 2p-th Betti number. 


24.4. It follows in particular that bə (G/T) (T maximal torus of G) 
equals the number of elements of W(G@) for which w{Y) contains exactly p 
negative roots. Therefore, in the notations of 2.6, we have 


SZ bop (G/T) P= Y iw, 
p=0 we W(G) 


Theorem 24.8 was proved independently by R. Bott (Bull. Soc. Math. 
France 84 (1956), 251-281) in a slightly different formulation. 24.4 was 
also proved by C. Chevalley by means of a cellular decomposition (Tohoku 
Math. Journal 7 (1955), 14-66). The general case could also be read off 
from the cellular decomposition mentioned in [5]. 


24.5. Kodaira’s vanishing theorem. Let X be a compact connected 
Kählerian manifold, n its complex dimension, and F a holomorphic complex 
line bundle over À. The bundle F is said to be negative of order == k if its 
first Chern class c (F) can be represented by a closed real (1,1)-form œ of 

~ class C® which, around every point x€ X, can be written in the form 


o == t > Jagdza /\ dig 
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where (ag) is a hermitian matrix with at least k negative eigenvalues. 
. In particular, F is negative of order =n if and only if it is negative ix the 
sense of Kodaira, that is, if and only if F~ is positive in the sense of Kodaira. 
In [22], Kodaira has shown that if F is negative, then the cohomology 
groups H%(X,F) of X with respect to the sheaf of germs of holomorphic 
sections of F vanish for q < dimce X. By Serre’s duality theorem, this is 
equivalent to the following statement: Let K be the canonical bundle of X. 
If F@ K- is positive, then HI(X,F) —0 for g> 0. 

Bott [7b, p. 231] has given a generalization of the first theorern in 
the case g==0: if F is negative of order =1, then H°(X,F) =0, that is, 
F does not admit a not identically zero holomorphic cross section. 


Remark. Bott formulates his theorem in a slightly different fashion ; 
but, if one takes into account the lemma in [22, p. 1271], one gets Bott’s 
theorem in the above form. 


24.6. We keep the notations of 24.1 and 24.2. Since H®*(G/U) 
== 17%? (G/U) =0, by 14.10, the map assigning to a holomorphic line bundle 
over G/U its first Chern class defines an isomorphism between the group of 
isomorphism classes of line bundles and H*(G/U,Z). The negative trans- 
gression defines a homomorphism of the group A of weights which are 
orthogonal to the roots of U onto H?(G/U,Z) by 14.2. For any weight, 
we define H*(G/U,d) as the 1-th cohomology group of G/U with respect 
to the sheaf of germs of holomorphic sections of a complex bundle with first 
Chern class d. (G/U, d) will denote the alternating sum of the dimensions 
of the Hi (G/U, d). 


24.7. THEOREM. Let U be the centralizer of a torus in G, W be the 
set of roots of an invariant complex structure on G/U, and @ a set of 
positive roots for U. Let d be a weight orthogonal to the roots of U. If 
(d, b) = 0 for all bE Y, then H*(G/U, d) —0 (i> 0) and dime H? (G/U, d) 
equals T(G/U, d), which is the degree of the irreducible representation of G 
(see 3.3) with main weight d (in the ordering which has ©U % as positive 
roots). If (d,b) <0 for at least one bE Y, then H°? (G/U, d) =Q. 


The last assertion follows from Bott’s theorem (24.5) and 14.6. Let cı 
be the first Chern class of G/U. Then (¢,,6) > 0 for b€ © by 14.8, and 
(d,b)=0 for bE implies (d+c,b) >0. Since c,——c,(K), the 
vanishing of Hi(G/U,d), (4 > 0), follows then from 14.6 and 24.5. 

Assume G/T and U/T to be endowed with the invariant complex struc- 
tures having as root systems @UW and © respectively. Then (14.3), 
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(G/T, G/U,U/T,v) is a complex analytic fibering; we have by 22.8 and 
22.10 


and, therefore, by Riemann-Roch 
(7) x(G/U, d) = (G/T, d). 


Since Hi(G/U, d) = Hi (G/T, d) —0 for à > 0, we get 
| dime H? (G/U, d} — T(G/T, d), 
and the remaining assertion of the theorem follows from 22. 4. 


Remarks. (1) Assume that U =T. Let de H*(G/T,Z) be such that 
dt-(c,/2) is in the closure of the positive Weyl chamber, but not inside; 
therefore it is singular, (d,b) <0 for at least one positive root b, and 
(d-+¢,,b) > 0 for all positive roots b. By 14.6 and 24. 5, it follows that all 
cohomology groups Hi (G/T, d) vanish, in agreement with the fact (22.3(5)) 
that T( G/T, dì ==x(G/T, d) —0 if d+ (6/2) is singular. 


(2) If the weight d is orthogonal to the roots of U, the element 
de H°(G/T,2) is the first Chern class of a line bundle which is the image 
under v* of a line bundle on G/U with first Chern class d€ H?(G/U,2Z). 
Since Hra(U/T) —0 for pq (14.10), one can deduce by a spectral argu- 
ment applied to the fibering (G/T,G/U,U/T,v) that, more generally than in 
the proof of 24. 7, v* induces an isomorphism of Hi(G/U, d) onto H+(G/T, d) 
for all + and all d. 


24.8. We assume here that G is semi-simple. Then H*(G/T,2Z) is 
isomorphic to the group of weights of G. 

The projective space associated to the vector space H°(G/T,d) can be 
identified with the complete linear system of all positive divisors whose 
homology class is dual to d. Thus the preceding results on dim H°(G/T, d) 
are also consequences of the results of [7a] quoted in 14. 4. 

Bott [%b] has proved the following theorem, which had been conjectured 
by the authors in view of 22.2 and 24.7: 


THroreM (Bott). Let d be a weight. Then all groups H*(G/T, da) 
vanish if and only tf d + (61/2) is singular. If d+ (¢,/2) is regular and 
if w ts the unique element of W(G) which brings d+ (6,1/2) into the positive 
Weyl chamber, then H'(G/T, d) is zero if 1-<s(w), and is equal to the degree 
of the irreducible representation G with main weight w(d + (¢,/2)) — (61/2) 
fi—s(w) (see 2.6 for s(w)). 
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24.9. Degrees of embeddings. We follow the preceding notations. Let 
d be a weight orthogonal to.all roots of U for which moreover (4,b) > 0 for 
all bE Y. Let T be the representation with main weight d and Ý the contra- 
gredient representation. G/U is strictly associated (14.4) to T, and Ý incuces 
an embedding j of G/U in the complex projective space P(C), where g-+1 
is the degree of the representation T. If e*— H?(P,(€),2) is dual to a 
hyperplane of P,(€), then j*(e*)—d (d regarded now as element of 
H?(G/U,Z)) and the value of the cohomology class d” (n == dime G/U) on 
the fundamental cycle of G/U is the degree of the embedding in the sense 
of algebraic geometry. The following formula is clear for an arbitrary 
de H? (G/U, R) 

d| G/U] =nllimr*T (G/U, rd). 


Let a be the sum of all roots in ©U Y, then (6) and 22.3(4) and 22.47) 
give 
T(G/U,rd) = TI (rd +-0/2,¢)/(a/2, 0) ` IT (rd+-a/2,b)/(a/2,b). 
ces bet 


Since (d,c) == 0 for cE ©, the first product equals 1. Passing to the limit 
yields 


(8) d [G/U] =n! IL (d,b)/(a/2, b) for de H?(G/U,R). 
vE 


24.10. THEOREM. Let @ be a compact connected Lie group, T a 
maximal torus of G and U the centralizer of a toral subgroup of T. Endow 
G/U with an invariant complex structure, and let Y be the set of its roots. 
Choose an ordering 3 on Vo for which © is the set of all positive comple- 
mentary roots. Let a be the sum of all positive roots. Let d be a weight 
orthogonal to the roots of U and for which (d,b) >0 for all bE. The 
contragredient representation of the wreducible representation of G (3.3) 
with main weight d induces an embedding of G/U in a complex projective 
space (14.4). The degree of this embedding in the sense of algebraic 
geometry is 


(9) d"| G/U] —al [I (d, b)/(a/2, 6), (n = dime G/U). 


24.11. As an example, we take G = U (4) and U =U(2) x U(1) X UW). 
In 13.9, two invariant complex structures @,, @, on G/U were defined. We 
shall calculate the number c,°>[G/U] with respect to these two structures. Let 
a) (respectively a) be the sum of the positive roots with respect to the 
ordering 3, (respectively 3.) defined in 18.9. We have 


a) = I Ta Cy — Lo m 3235 at?) = 32, ~- To — La > 324. 
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The first Chern classes and the roots of these two structures have been given 
in 13.9. With respect to the coordinates v; the metric in the universal 
covering Vr of the maximal torus of U (4) is the usual euclidean metric. 
Thus, in the formulas (8), (9), the scalar product is the ordinary one, and, 
by a straightforward computation, the Chern number ¢,°[G@/U] of G/U with 
respect to @, (respectively @2) is 4860 (respectively 4500). Therefore we 
get an example of two 5-dimensional algebraic varieties which are U®-differ- 
entiably homeomorphic, but have different Chern numbers. 


Chapter VII. Genera Defined by Pontrjagin Classes. 


In this chapter, a real number s is said to be an integer exc 2, or integral 
exc 2, if there exists an integer & such that 2*-s is an integer. Analogously, 
a real cohomology class æ is integral exc 2 if x, multiplied by a suitable power 
of 2, is the image of an integral cohomology class under the coefficient 
homomorphism induced by Z—> R. 


25. The integrality of the A-genus. 


25.1. Let {L;(p1,- + +, p;)} and {A;(p.,: * +, 9;)} be the multiplicative 
sequences [19, $ 1] with 23/tgh 25 and 224/sinh 2z4 respectively as characteristic 
power series. The polynomials A; have rational coefficients which, when 
written as quotients of relatively prime integers, do not contain the fector 2 
in their denominators. It suffices to prove this for the coefficients a, of the 
power series 223/sinh 223. The coefficient of z* (k = 1) in this series is 


dy, = (— 1)*2?#+1 (221 — 1) B,/ (2k) ! 


and, by elementary number theory, (2%)! is not divisible by 2%, whereas by 
von Staudt’s theorem, the Bernoulli number B, contains 2 exactly to the first 
power in its denominator, which proves the desired result. 


25.2. If X is a compact oriented differentiable manifold, then the 
genera L(X), A(X), A(X) are defined (21.2, 28.1). They are rational 
numbers which vanish if the dimension of X is not divisible by 4. We have 


A(X) = 24 (X) | for dim X = 4k. 


A(X) may be written with an odd denominator; by [19, Haupsatz 8. 2. 2], 
the rational number D(X) equals the index +(X) and thus is an integer. 
In this paragraph, we wish to prove in particular that the A-genus A(X) is 
also an integer or, equivalently, that A(X) is integral exc 2. 
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For a compact almost complex manifold Æ with Chern classes 
c€ H**(X,Z) and for elements d,,- © -,d,€ H?(X,R), we define the virtual 
Todd genus as in [19,§11] by the formula 


(1) Td >>, d)z= (Gen). (Le) Tes > +0) ) LE]. 
J= 
This virtual Todd genus is a real number. 
For d€ H?(X,R) the number T(X, d) is defined by the formula 


(2) T(X, d) = (GS Ty(es,° ' 6) ) [Z], (see 22.1). 


By [19, Satz 14.3.2], the Todd genus T( X) =T(X,0) is an integer exc2 
and the virtual Todd genus 7'(d,,- - -,d;)x is integral exc? if di: - -, dy 
are images of integral cohomology classes. We have 


TX, d) = T(X) —T(—d)x 


and thus T'(X, d) is also integral exc? if d is the image of an integral class. 
We give now 2 slight generalization of these results. 


25.3. Proposition. If the elements d,d,,-+-,d, of H?(X,R), (X 
compact almost complex), are integral exc2, then T(X,d) and the virtual 
Todd genus T(d:,: ` -,ds)x are integral exc2. 


By (1) and (2), it is sufficient to prove that T'(X,d) is integral exc2 
if 2*d is the image of an integral class for some positive integer k. This 
statement will be proved by induction on k. It is proved already for k—0, 
and we assume it to be true for k— 1. We have 


et — (1 = (1 — et) ) à, 


and therefore 


rz, =( $ (ae È Tes se) 2, 


a | 
The coefficients (—1)r( 7$) =r (7) are integers exc 2. Jf 2*d is the ` 


image of an integral class, we see that T (X,d) is a finite linear combination, 
with integers exc? as coefficients, of numbers T (X,f), where f runs through 
certain elements of H?(X,R) for which 2*"f is the image of an integral 
class. By the induction assumption, it is therefore an integer exc 2. 


The following theorem will include the integrality of the A-genus (25.2). 


25.4. THEOREM. Let X be a compact oriented differentiable manifold 
_ with the Pontrjagin classes p;€¢ H*i(X,Z). Let the element d of H?(X,R) 
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be integral exc2. Then the number Â(X,d) defined by 


A(X, d) = ZA "+, p) ) [X] 
is integral exc 2. 


The theorem is trivial if the dimension of X is odd. Therefore we may 
put dim X equal to 2g. Let = (H,X,SO(2q)) be the principal tangent 
bundle of X. Let T be a maximal torus of SO(2q) and (a,-- *, £q) a base 
of H*(T,Z), see 10.1. We consider the fibre bundle 


` Then x*(é) is the Whitney sum of q principal U(1)-bundles é,,- - -,&, where 
é; is the extension of (E, E/T,T}) with respect to é—> exp 2aia;(t). The 
first Chern class of & is x, if we regard z; under the negative transgression of 
(HZ, E/T,T) as an element of H?(E/T,Z). Let a,- + *,an (m= q(q—1)), 
be the positive roots of SO(2q) with respect to T and an ordering. The a; 
are the roots of an invariant integrable almost complex structure (§ 12) on 
SO (2q)/T, to which belongs a complex structure of the vector bundle along 
the fibres of €. Thus the principal bundle » along the fibres of ¢ is restricted 
to U(m) and the corresponding principal U(m)-bundle 7’ is the Waitney 
sum of m principal U(1)-bundles 71, 72,- * -,7m whose first Chern classes are 
dy," © *,@m regarded as elements of H?(H/T,Z). 

The principal tangent bundle of E/T is the Whitney sum of r*é end y; 
thus H/T admits an almost complex structure whose principal tangent 
U (m+ q)-bundle is the Whitney sum of ms’ * *, mms én: © tség Hence E/T 
is an almost complex split manifold [19,§13.5] with total Chern class 


o(E/T) = (1+ ar) (1+ ae) >» © (1+ am) (14 21) (14 2a) ` © (A +). 
By 22.5(11), we get for an arbitrary element d€ H?(X, R), 


A(X, 4) = (7% (0) J] ay (1—0) “(3 An (pays * + p))) [E/T]. 
Observing that 


n*(p(é)) = p (2*6) = (1+2?) (1+2) - + + (1+ z) 
and- using the identity x/(1— et) — (ix/sinh 4r) -exp(x/£), we obtain 


a*( $ Âr (Po | *; D)) 
k=0 


q q 
= [] (2/2) /sinh (@;/2) == eMart ted [Ta/ (1 — ess). 
4=1 4=1 
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Thus we see that | 
ÀA(X, d) =T(H/T,x*(d) — (21+; ` +æ)), 
and this, together with 25.3, proves 25.4. 


25.5. THEOREM. Let y= (#,X,U(k)) be a principal bundle over a 
compact oriented differentiable manifold X (dim X==2q) and let p; denote 
the Pontrjagin classes of X. Let dE H?(X,R) be invegral exc 2. LAEN the 
number Â (X,d, q) defined by 


A(X, d,n) = (e¢ch(y) Š Alpu "t Py) )[X] 


is integral exc. (As in 9.1, ch(7) denotes the Chern- character of 7). 


We consider the associated bundle {== (E/T, X, U(k)/T, r) where T is | 
the standard maximal torus of U (k). Let (x,,: - -,x;) be the standarc base 
of H'(T,Z). Then x*(y) is the Whitney sum of k principal U(1)-bundles 
whose first Chern classes are a, > >, Zy if we consider 2,° - -, 2p via negative 
transgression as elements of H?(#H/T,Z). We note that 


(3) a*ch (q) = ch (aq) = 61 e% f+ +f gen. 


Let a: >` *,Qm (m==k(k—1)/2) be the positive roots of U(k) with 
respect to T and an ordering. By 10.7, the Pontrjagin class 9 of the PRES 
& along the fibres of £ is given by 


(4) p— I (1+ ut) 
and therefore 
(5) E Apo: > +, pi) = TY (a/8)/sinh(u/2) = er tam) + TY a /(1 — ess). 


The tangent bundle to Æ/T is the direct sum of ¢ and of r*o where o is the 
tangent bundle to X (7.6). Thus if p’; denotes the i-th Pontrjagin class of 
E/T, we have in view of (5) 


(6) "(SAP + +, pi)) ITL a — e+) etat tam) SA, pp). 
On the other hand, it follows from 22.5(11) that 
A(X, dy) = (w* (et: ch (4) ZA" + +, pi) ) Ia (1 —e*) ) [E/T]. 
Together with (8) and (6), this gives 
A(X, dq) = S.A (B/T,0*(d) + a+ (m- + + am) /2), 
and the right hand side is an integer exc? by Theorem 25. 4. 
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25.6. Hemarks. The preceding theorem is the most general integrality 
theorem we give in this paper. All the theorems of integrality for the Todd 
genus, ete., [19, § 14. 4, 2) | are formal consequences of it: Let X be a compact 
almost complex manifold of complex dimension q and y a principal U(k)- 
bundle over X. We have T(X,n) =A(X, c/8,n). Thus T(X) and T(X, 7) 
are integers exc?. As a consequence, T (X) and T,(X,n) are polynomials 
in y with integers exc? as coefficients [19, p.93, (7), (8) J]. The virtual T,- 
‘characteristic T,(v1,- + -,v, |,n)x as defined in [19, p.95], (v1,° - -,1, are 
elements of H?(X,Z)), is a polynomial of degree g—7 in y which can be 
written as a formal power series in y, the coefficients being finite linear com- 
binations with integral coefficients of polynomials 7',(X,&), where é runs 
through certain unitary bundles depending on 7, v1, * *,v.. This is purely 
formal (see also the analogous statement for the y,-theory, [19, p. 132]). 
Thus, T'y(v,°° +, |,7)x is also a polynomial with integers exc? as 
coefficients. 

The proofs of 25.4 and 25.5 depend mainly on the strictly multiplicative 
behaviour of «(1—e~?)“, and on Proposition 25.3 which we actually would 
need only for almost complex split manifolds. The theory of Thom enters 
implicitly in the proof of 25.3 (integrality of virtual indices, see [19, $ 9 and 
end of §13]). 

We do not know how far in 25.5 “integral exe 2” could be replaced by 
“integral.” We can only dare the following conjectures which are motivated 
by the theorem of Riemann-Roch (see [18]). Let X be a compact oriented 
differentiable manifold and y a principal U(k)-bundle over X. 


1) Let w, denote the second Stiefel-Whitney class of X, (wa € H?(X, Z;)). 

If d€ H*(X, Z) reduced mod 2 is w, then A(X, d/2, ny) is an integer. 
2) If w:==0 and dim X=4 (mod 8), then A(X) is an even integer. 
2*) If wa=0, dim X==4 (mod8) and if the structural group of n can 
_ be reduced to SO(k), then Â(X,0,n) is an even integer. ` 


These conjectures would be generalizations of Rohlin’s theorem [24] thet the 
Pontrjagin number p,[X | is divisible by 48 if dim ¥ == 4 and w,—0. Rohlin’s 
theorem goes over into conjecture 2 fro dim X == 4.5 


25.7. Examples. Putting the value 0 for d in 25.4 yields that A(X) 


# (Added in proof). A proof of (1), using the integrality of the Todd genus recently 
proved by Milnor (yet unpublished) will be given in the paper mentioned in footnote 2). 
For a different approach which proves (1} and (2*), see F. Hirzebruch, Séminaire 
Bourbaki, Exposé 177, Febr. 1959. 


5 
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is integral exc2 or, equivalently, that the A-genus of X (see 25.2) is an 
integer. This is non-trivial only if the dimension of X is divisible by 4. For 
dim X = 8, we get [19, p. 14] 


(5) (— 4p2 + %p.7)[X]=0 (mod 45). 
The integrality of the L-genus (index) gives 
(6) . (%p2— pr?) [X] =0 (mod 45). 


The two congruences (5) and (6) are not independent of each other; (5) 
results if one multiplies (6) by — 7. For dimX—12, the integrality of 
A(X) and L(X) respectively means 


(7) (169, — 44p:p, + 81p.2)[X]=0 (mod 945), 
(8) (627, — 13929: + 2p?) [X] = (mod 945). 


In this case, neither of the two congruences is a formal consequence of the 
other, since one can derive from (7) and (8) that 


(9) (pipe) [X]=0 (mod3). 


(8) is a formal consequence of (7) and (9), and (7) of (8) and (9). The 
congruence (9) can also be obtained by the use of Steenrod’s reduced powers. 
In fact, by [15, Theorem 2.1], 


p? =— pı (p: — pı”) (mod3). 


Assume now that X is a compact connected oriented differentiable mani- 
fold of dimension 2q, whose real Pontrjagin classes p; vanish for 7540, dim X. 
Taking into account that 4(X) is integral exc 2, we get 


(10) di[X ]/q! is integral exc2 for all d€ H?(X,Z) 
and also, by 25.5, 
(11) ch(n)[X] is integral exc2 for every U(k)-bundle over X. 


Let c; be the Chern classes of 7. We infer from the definition of the 
Chern character (9.1) that for g40, the 2q-dimensional component ch(y) 
of chy is of the form 


(12) q!ch(n)g= (—1)%gq" eg + P(G,° + +, Ca); 


where P is a polynomial in g—1 indeterminates with integral coefficients. 
Therefore (11) and (12) prove in particular the following: 


wy 
“te 
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25.8. THEOREM. Let é be a U(k)-bundle over Ssg, and let ca be its 
g-th Chern class. Then ¢g[Soq|/(q—1) ! is an integer exc 2. 


The theorem is non trivial only for k= q. For q= k, it implies that 
the spheres S,, are not almost complex for g=24. (See also [18, $2.11.) 
This was proved by Borel-Serre by showing that c,[S2 7] is divisible by every 
prime p less than q and not dividing q, see [6, Propositions 12.4 and 15.1]. 


25.9. COROLLARY. Let n be a principal O(k)-bundle (Sp(k)-bundie) 
over the sphere Sy. Let pq (respectively eg) be the q-th Pontrjagin class 
(g-th symplectic Pontrjagin class) of n. Then 

Dq[ Saq|/(2g—1)! or eglSaq|/(2¢—1) ! respectively 
is an integer exc 2. 


For the proof, it is enough to observe that p, (respectively e,) is by 
definition up to sign the Chern class C of the complex extension 7 of 7, 
with respect to the inclusion O(k) C U(k) (respectively Sp(k) C U(2k)), 
and then to apply Theorem 25.8 to 7. 


26. Applications to homotopy groups of Lie groups. In this para- 
graph, Ca will be the class of finite commutative 2-groups. 


26.1. The boundary homomorphism in the homotopy sequence of a 
bundle é will be denoted by dg. We recall that there is a commutative diagram 


Og 
mi Be) c 7 (Bgmod F) ——> mi(F) 
(1) ot a a 
P 
Hi; (Bg, 4) —— H; (Eg mod F, Z) ——> Hi (F, Z), 


where F is some fibre, 9. the boundary homomorphism of the relative homology 
sequence and & the Hurewicz homomorphism. Using the bottom line of (1) 
to define transgression in homology and the corresponding maps 

a* 


Ht (Bz, £) ———> Hi (Esmod F, Z) ee Hi (F, Z) 
to define the transgression rg in cohomology, we obtain readily the: 


Proposition. Let xE m(Bg) and let y€ H**(Fz,Z) be transgressive. 
Then for any image re(y) € H? (Bg, Z) of y by transgression, we have 


KT(re(y),a(x)) = KI (y, adgr), 
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where KI (for Kronecker index) denotes the standard pairing of homology 
and cohomology. 


26.2. t will denote a generator of 7,(S,) or its image in H,(&,,2), 
and in” the dual generator of H"(S,,Z). We recall [26, §18.5] that if we 
associate to a principal G-bundle £ over S, the element de) E m1(G@), we 
define a 1-1 correspondence between the set of equivalence classes of principal 
G-bundles over S, and x»1(@). Also, since for any finite dimension, we may 
take a differentiable manifold as classifying space for G, each equivalence 
class may be represented by a differentiable bundle, and we shall assume our 
bundles to be differentiable whenever convenient. Clearly, if A: G2 @ is a 
homomorphism and if the G-bundle £ is represented by «, then its A-extension 
is represented by Ao(a@), where Ao: #n1(G) > 22-1(G’) is induced by À 

We shall be interested in the cases n == 2q, G—U(m) (m È q), n= 44, 
G=Sp(r), (r= q), n= 4g, G—SO0(s) (s= 2q +1), and shall dencte by 
c*, or c¥,(&) (respectively e*, or e*,(€), respectively p*, or p*,(é)) the value 
of the k-th Chern (respectively symplectic Pontrjagin, respectively Pontrjagin) 
class on tm where n == 2k (respectively n = 4k, respectively n = 4k). It follows 
directly from the definition of the characteristic classes by means of classifying 
spaces that é—>c™, (é) (respectively £— e*,(é), respectively £— p*,(é)) is 
a homomorphism of the (n—1)-th homotopy group 7,.(@) of the structural 
group into Z; hence this homomorphism depends ia on maı(@) modulo, 
torsion. Finally, we recall that the maps 


wog- (U (r) ) > roga (U (8) ), 7492 (Sp(r)) > raa (Sp(s)) (s2r2a@) 
maq- ( S0 (r) ) > ma- (S0(s)) (sr 4g +1) 
induced by the standard inclusions are isomorphisms [26, § 22.8, 25.2, 28.5] 
and that 
Tag: (SO (2r + 1)) — rag- (S0 (28 + 1)), (s2r2q), 
is an isomorphism mod Ca; this last fact follows from the homotopy sequence 
of the fibering SO (2r 4-1) /SO(2r—1 ) = War- where Wara is the mani- 
fold of unit tangent vectors to S, and from the existence of a map 


Sir > War. which induces a C,-isomorphism of 7:(S42,) onto mF ar) 
for all ¿= 0 (see [25], Chapitre IV, Prop. 2). 


26.3. Lemma. (a) Let £ be a principal U(q)-bundle over Sz, and 
let n be the associated bundle with fibre Su: —=U(q)/U(qg—1). Then 


On (tag) = E Ca (É) + toga 


af” 
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(b) Let ¿be a principal Sp(q)-bundle over Saq, and n be the associated 
bundle with fibre Sas = Sp(q)/Sp(q—1). Then Ontag == + 0* q(€) iag- 

The assertion (a) follows from the fact that c(£) is the image by 
transgression of = 4291 in y (see §29) and from 26.1. 

By definition, ey(£) == (—1)%c2(£), where £& is the A-extension of é 
under the inclusion À: Sp(g) —U(2gq). It is immediately seen that the 
pair inclusion (Sp(g—1),Sp(q))— (U(2g—1),U(Rq)) induces a homeo- 
morphism of Sp(q)/Sp(g—1) onto U(2q)/U(2g—1). As a consequence, 
the bundle (£,8,,:) associated to & is the A-extension of 7, and then {b) is 
implied by (a). 


26.4. The result quoted at the end of 26.2 implies in particular that 
Tag (W4g1) is the direct sum of Z and of a finite 2-group, and that there 
exists an integer 2°@ such that the image of the Hurewicz homomorphism 


a: mag (Waga) > Haga (Wags, A) 
is generated by 2°) - jq, where j,:is a generator of Hugi (Wag, Z). 


Lemma. Let & be a principal SO(2q+-1)-bundle over Sy, n be the 
associated bundle with fibre W ag- = SO (2g +- 1)/SO (2q — 1), and let y, be 
a generator of mag1(Wag1)mod 2-torsion. Then we have in the previous 
notation 

Ontag == +R °@-1*, (E)y, modulo 2-torsion. 
Modulo 2-torsion, we have ĝytsg = ¢- yg, for some integer c, and therefore 
AOntag = 22(9) °C: da. 
By $ 30, pal(é) is the image by transgression in 7 of + 27,*, where j,* is the 
generator of H*0*(W4-4,4) dual to jg. Hence we have by 26.1 
st p*g (é) = KI (ja, aðntsa) = WO- c 
which proves the lemma. 
26.5. THEOREM. There exists: 
(a) over Sg a U(m)-bundle with c*, = (q—1)! for m= q. 
(a*) over Sig a SO(n)-bundle with pë = (2—1)! 2 for n= 4q and a 
Sp(m)-bundle with e*,—= (2g—1)!-2 for mq. 
(b) over Si, q even, a SO(n)-bundle with p*,—= (2qg—1)! for n=4q+1 
(for n= 8 if q=2). 
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(c) over Sag q odd, a Sp(m)-bundle with e*,— (2q — 1)! for m= q. 


(d) over Sig a SO(n)-bundle with p*, equal, up to a power of 2, to the 
greatest odd factor of (3g — 1)! for n=22q-+1. 


By 26.2 and the end remark in 9.7, it is enough to prove (a), (b); (c) 
for one particular value of m or n; (d) follows from (a*). The case g —2 
in (b) will be dealt with in 26.6. 

Let » be the principal SO (2q)-bundle of the tangential bundle to S,,, 
and let A: Spin(2q)—>SO(2q) be the covering map. Since w:(7) —0, 
the bundle 7 may be à-restricted to a principal Spin(2q)-bundle. In fact, 
P(A)? Bspintny > Bso) 18 (for any n =?) a fibre map with fibre Bz, (see 
[2] §22 or [6] $1), i.e. an Eïlenberg-MacLane space K (Za 1); its spectral 
sequence shows readily that the obstruction to a cross section is the univarsal 
second Stiefel-Whitney- class w,; then, by a standard argument, every map 
o: B— Bso) With o* (w) = 0 can be factorized through p(A), and this sows 
in our case the existence of a A-restriction 7’ of 7. 
_ Let a, (15:1 q), be the standard basis of the usual maximal torus 
T of SO(2q), and let T’ be the inverse image of T in Spin(2q) ; it is con- 
nected (see 10.1) and is a maximal torus of Spin(2q); we shall also denote ` 
by z; the image of x, in H1(7’,Z) under the covering map; these generate 
a subgroup of index 2 of H1(T’,Z). Let 8: Spin(2¢) > U(221) be one 
of the half-spinor representations, say the one with the highest weight 
$(% +--+ -+ r), and let 8 be the B-extension of 7). We want to prove 


(2) | Ca (8) = (— 1) (q — 1) ! tsa 

which,* in view of our initial remark, will prove (a). Leto; (1=9<27t), 

be the weights of 8. It is known that these are just the linear forms 
glar +: : egg), (a= + 1, @=—1,:- 59), Ila= 1) 


(in fact, these are all transforms under the Weyl group W(SO(2q)) of the 
highest weight, hence they must be weights; moreover, since there are 294 
of them, they represent all weights). Let p be the projection of Ey/T' 
onto Sa By (9.5), we have p*(Wo~(y)) =," + +g, and hence 


(3) By" Ty 2- p* (tag). 


By (10.3), p“*(ca(8)) is the g-th elementary symmetric function in the w,. 
Since the lower symmetric functions are zero here (because H*(S,,,Z) — 0 


‘The other half-spinor representation yields a bundle whose g-th Chern class is 
— Ce(B). j 


Á 
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for 0 <i < 2q), we get 
(4) (—1)9*q° pë (Ca(0)) = o1 +: + ost (s— 227). 
Let w= $ (e&t, +: - ++ egtg) be one particular weight. We have 

wf ql Bay: > at Dy 


where b; is a sum of monomials in the æ?s, none of which contains all 
variables v, and therefore 


Duf—qgl8 tea. + + Dd; 


or, taking (3) into account, 


Zof= q l p* (tag) + 2 ds 
so that (2) will follow from (4) if we show that 


(5) > b;=0. 


W(SO(2q)) is the group of permutations of the a; combined with an 
even number of changes of signs. Thus, the ring Iw of invariants of 
W(SO(2q)) is generated by 2,- - -£g and-by the symmetric functicns in 
the 32. The Weyl group permutes the w; and therefore $, b,€ Iw; sicce no. 
monomial in this sum contains all variables zs, b; must then be a symmetric 
function in the 2°; but, by (9.3), it is then the image under p* of a poly- 
nomial in the Pontrjagin classes of 7. Since the Pontrjagin classes of Sag are 
all zero, this proves (5). 

Let now q = 2s be even; let £ be the U(2s)-bundle over $,, with Chern 
class (2s—-1)!, and é* be its extension under the contragredient us | 
tation (10.6). We have cé) = ¢25(é*), hence 


Cra (É D EF) = (28—1) L B-n 


but in U (4s), the matrices of the form 4 + À (A € U(2s)) form a subgroup 
consugate to a subgroup of Sp (2s) or of SO (4s), and € @ & can be considered ` 
as the complexification of a Sp(2s)- or of a SO(4s)-bundle. This proves (a*). 

It is known that the image group of a half-spinor representation of 
SO(4q) is conjugate to a subgroup of SO (270-1) (respectively Sp (272-7) ), if 
q is even (respectively odd). (See E. Cartan, Jour. Math. Pur. Appl. 10 
(1914), 149-186, § XV, p. 173, or A. I. Malcev, Isv. Ak. Nauk. SSSR Ser. 
Math, 8 (1944), 143-174, A. M. S. Translation 33, pp. 29-30.) This iraplies 
that 6 is the complexification of a SQ(221-1)- (respectively Sp(272-*)-) bundle, 


for q even (respectively odd), and (b) and (c) follow from: (2). 
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26.6. Remark. The image group of Spin(8) under a half-spinor 
representation is conjugate to SO(8;, as is well known and follows also from 
the result just quoted. The standard representation of SO(8) and the two 
half-spinor representations provide three homomorphisms cf Spin(8) onto 
SG(8) which are, up to equivalence, all the representations of degree 8 of 
Spin(8). They may be distinguished by the element or order 2 of the center 
of Spin(8), (isomorphic to Z,+Z,), which they map onto the identity. 
They may be obtained from one another by performing on Spin(8) the auto- 
morphisms of the triality principle, (which are transitive on the elements of 
the center of Spin(8) different from the identity). 

The last step of the proof of 26.5 shows therefore that # is a S@‘8)- 
bundle over Ss with p*,==-—-6, which ends the proof of (b). On the other 
hand, the projective lines on the Cayley plane W are homeomorphic to Ss 
and a generator u of H*(W,Z) restricts on them to a fundamental cocycle ; 
therefore 9.7 and 19.4 show that the normal bundle 6’ to a projective line 
in W has also p*,==—6. In fact, it can be shown directly that 6 and 6’ 
are isomorphic; we sketch the proof, using 19.1 and some information on W 
to be found for instance in [1]: Let U be a subgroup of F, isomorphic to 
Spin(9), V a subgroup of U isomorphic to Spin(8), and P the point of W 
fixed under U. Then V leaves exactly two other points Q, R fixed, and the 
projective line Mf joining ©, E is operated upon transitively by U. Thts the 
fibering == (U,U/V,V) may be identified with (Spin(9), Ss, Spin(8)). 
The natural representation of V into the tangent space Wg of W at Q decom- 
poses into the representations pı, pa into Mọ and into the subspace Ng of Wo 
orthogonal to Mọ. Thus the tangent (respectively normal) bundle to AZ is 
the pı- (respectively p2-) extension cf é The representation of V in Wg is 
faithful, because its kernel belongs to the center of F,, which is reduced to {e}. 
Hence (see beginning of this section) pı anc pz are not equivalent, the normal 
bundle to M and the bundle 6 of 26.5 arise from the tangent bundle to Ss, 
by the same construction. | 


26.7. THEorEmM. The fibrations 
U(q)/U (4—1) =S  Sp(g)/Sp(g—1) = Saga, 
SO (2¢4-1)/SO(2q—1) = F ias G2/Sp(1) = Wa 


give rise to the following sequences, which are exact modulo the class ©, of 
finite commutative 2-groups: 


(a) 0 Za- mag-a(U(q — 1)) — traq-2( U(G)) — 0 (¢ = 2) 


` 
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(b) 0> Zigi > T4q-2(Sp(q—1)) > Tag-(Sp(q)) — 0 (gZ 2) 
(c)  0~> Ziga) > teq-2(SO(2q — 1)) — mag SO (Rg + 1)) > 0 (az?) 
(d) 0 >? Luss = 710083) —> a10(G2) 7 0, for Some k = 1s 


(a) Let «E mg1(U(q)). Let £ be a principal U(q)-bundle over Sy, 
representing «, and 7 be the associated bundle with fibre Sy,. Then 
E, = Ez/U(q—1) and the restriction of the natural map Fg— En to a fibre 
is the projection map in the fibering (U(q),S2q-1,U(qg—i1)) hence we get a 
commutative diagram 


07 
Tog (S21) ———> Toq-1 (S 291) 


y 
i T2q (Sog) 5 T2q-1 (U(q) JS 


where y is part of the homotopy sequence of (U(q),S21, U(qg—1)). By 
definition, æ = 0g(124), hence we have by 26. 8a. 


pa) = + t*a (£) toga 


which is divisible by the greatest odd factor of (g— 1)! in virtue of 25.8. 
Since g is arbitrary, this shows that W(aeg+(U(q)) is contained in the sub- 
group generated by b(¢—1) -tog-1, where b(q— 1) is the greatest odd factor 
of (g—1)!; on the other hand, the same argument together with (26.5), 
shows that Y(m41(U(¢))) contains (g—1)!>ts¢-1, and the mod C, exactness 
of (a) follows. | 

The proofs for (b} and (c) are quite analogous, the sole difference being 
that one has to invoke 26.3b and 26.4 instead of 26. 3a. 

For the fibration G,/Sp(1) = Win, we refer to [4,817]. Let & € r11(G2), 
let é be a principal G,-bundle representing a, and let y be the associated 
bundle with fibre W,,. We have the commutative diagram 


On 
T12 (S12) => Ti (Wu) 
(6) y 
Oz 


T12 (S12) ———> TiL (G2) . 


Now G, is embedded in SO(7) and its action on Wy, extends to that of 
c SO(7); in other words, G+, as a subgroup of SO(7), acts transitively on 
W,,—SO(7)/SO(5) and G NSO(5)—Sp(1). This means that if we 


5 It will be shown later that k = 1. 
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extend the structural group of 7 to SO(7), we get the associated bundle to 
the extension é’ of é Therefore we have by 26.4: 


Oy (t12) = = 2 H)-19*, (E )ya mod 2-torsion 


and (6) gives then: (a) = + p*3(@)-ys, up to a power of two. Since 
(25.9) the number p*;(é) is divisible by 15, and since this argument is 
valid for any a € 74,(G,), the mod C, exactness of (d) is established. 


26.8. Proposition. Jf we have 
(7) 7 ws(SO(%)) =0,  ro(U(5))=2Z:5 mod Cp, 


then the following congruences mod C, are valid: m10(G2) =0, m10(SO(5)) 
== Ês, ™9(SO(n) ) == 0 (n = 7, n 8), #10 (Sp(n) ) =0 (n = 3), ro(U(n)) 
== ( (n = 6), 


In this proof, all congruences are mod Ca. We use the following results: 
(8) Tns1 (Sn) == mme (Sn) == 0 (n = 3), Tna (Sz) == Z; (n = 5). 
(9) m10(S3) = Zis, mo (Sa) = 2; 


(For the last equality of (8), see J-P. Serre, Comm. Math. Helv. 27 (1953), 
198-232, for the other ones, see [25]; as to (7), see 26.9 and 26.10 below.) 
he first equality in (9) shows that in 26.7d, we have &—1 and 
mio (G2) =0. The fibering G./Sp(1) = W411, discussed in [4, $17], together 
with (9) and the congruence m(W11) ==7,(Si,) shows that r(G:) = Zs. 
Applying this and (7) to the exact homotopy sequence of the fibering 
Spin(7)/G,==S, (see [1]), we get the mad C, exact sequence 


0 —> mo (50 (7)) —> Z > Z; — 0; 


hence .mı(50(7)) ==0. The mod, exact sequence 26.7e yields then, for 
== 3,-that r10 (50 (5) ) s=Z,5. Since, as is well known, the universal covering 

Spin(5) of SQ(5) is isomorphic to Sp(2), we deduce from 26.7%b that 

rm10(Sp(3))==0, and hence also mo(Sp(n)) =0 for n= 8. 

Since SO(9)/SO(7) =W 5 has, mod C,, the homotopy groups of Sis, 
we have mo (SO (9)) == mo (S0 (7)) =0 and then r10(SG(n))=0 (n=9) 
follows from (8), the finiteness of z,,.(SQ(11)) (see [25]) and the homotopy 
sequence of SO(n) /SO(n—1) = Sn 

Finally, (7) and 26. 7a give r0(U(6))=0, and therefore 14.(U(n)} =0 
for n= 6. 


26.9. The preceding results (found in Spring 1957) contradict several 


HOMOGENEOUS SPACES, II. 355 


of those of [30]. Since then, Toda has made new computations whose out- 
come (yet unpublished) agrees with the above. They have also been con- 
firmed by Bott (Proc. Nat. Ac. Sci. USA 43 (1957), pp. 933-935) who in 
particular determines all stable homotopy groups of the classical groups. 


26.10. Bott has also shown (to be published) that the sequence 26. 7 (a) 
is exact also for the 2-primary components (since w2g-2(U(q)) —0, by Bott, 
loc. cit., 26.9, this gives wog-2(U(q¢q—1)) =Ziq-1)!). This implies (see 26.3 
and the proof of 26.7) the following generalization of 25.8, 25.9: 


TuEorEM (Bott).. Let é be a U(k)-bundle over Sa Then c*q(&) is 
divisible by (g—1)!. Let n be a SO(k)- (respectively Sp(k)-), bundle over 
over Sage Then p*q(y) (respectively e*a(n)), 1s divisible by (2g—1) 1. 


Using this theorem, Kervaire has proved more generally that p*,(n) 
(respectively e*,(n)) is divisible by (2g—1)!-2 if q is odd (respectively 
even) (Amer. Jour. Math., vol. 80 (1958), pp. 632-638). 

The stable homotopy groups r21(U(k)), (Èq), and ag1(SO(K)) 
(k= 4g +1) are infinite cyclic according to Bott (loc. cit. in 26.9). The 
generator of the first group has the Chern number c*,=— + (q—1)!, the 
generator of the second group has Pontrjagin number p*, equal to + (2q — 1)! 
if q is even and + (2q¢g—1)!-2 if q is odd; similarly for the symplectic 
groups (with odd and even interchanged). This follows from the preceding. 
theorem, the result of Kervaire and 26.5. The “spinor-method” in 26.5 
gives an explicit construction for these generators. 

The above theorem would follow by the same argument as 25.8, 25.9 
if one could prove that the virtual Todd genus with respect to an infegral 
class is an integer. In this respect, compare the conjectures in 25.6. The 
last one would contain Kervaire’s result for the orthogonal groups. 

Finally, we remark that the proof of 25.8, 25.9 also applies if the 
sphere is replaced by a compact connected oriented manifold X whose real 
Pontrjagin classes p; vanish for 47340, dim_Y, and if é (respectively y) is a 
U(k)-bundle (respectively O(4)- or Sp(k)-bundle) whose real Chern (raspec- 
tively Pontrjagin or symplectic Pontrjagin) classes vanish in all positive 
dimensions less than dim X. 


26.11. Milnor and Kervaire, independently, have deduced from the 
result of Bott quoted in 26.10 that S,, endowed with its usual differentiable 
structure, is not parallelizable if n5£1,3,%. An easy argument similar to 26. 3: 
shows that if S,,_. is parallelizable, that is if the fibering SO(2n)/SO(2n — 1) 
= §,,., has a cross section, then there exists a SO(2n)-bundle y over Son, 
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whose Euler-Poincaré class Wen is equal to 1:41. Therefore the theorem of 
Milnor-Kervaire is a consequence of the 


Turorem (Milnor). Let é be a SO(2q)-bundle over Sag, where gl, 
2,4. Then W,(É) is divisible by 2. 


. We want to give here a proof for this, different from Milnor’s but also 
using 26.10. 


Let y be a SO(2q)-bundle whose second Stiefel-Whitney class w, vanishes. 
Then (see beginning of the proof of 26.5), 7 has a A-restriction 7’, where 
à is the projection of Spin(2q) onto SO(2q). We denote again by ð the 
extension of » by means of the half-spinor representation 8. It is a U(2t*)- 
bundle. | 


Lemma. In the previous notations, we have 
G) ¢9(8)/(q—1) != Wag(n)/2 if q is odd, 
Gi) ca(0)/(2k—1)! 
—— (tg (0)/( (2k — 1) 14) )pe(n) — War(3)/2 + Rala) 
if q= 3k ZR, 
where Rex(q) is a polynomial with rational coeficients in pin), ` -Pra(n), 


and tg@*-)(0) denotes the (2k—1)-th derivative of tgr at r==0. 


We keep the notations of 26.5. Since p* is injective, we allow ourselves 
to omit the symbol p*. The computations of 26.5 show first that 


(10) D o ql By: ruf8 + gq! rg (tr, > +, a"); 
where +”, has rational coefficients; this can be written 
(11) È o q!Wo(n)/8 + ql ra 


r, being a polynomial in the p;(7) with rational coefficients. On the other 
hand, ¢,(@) is the g-th elementary symmetric function in the w,’s, hence 


2, ojt = (— 1) %q-cg(8) + 4! 89, 


where sg is a polynomial in the c,{(?) (1 < q) with rational coefficients. Now, 
6 is extension of a Spin(2q)-bundle y’, hence its characteristic ring is con- 
tained in the characteristic ring of 7’. Since we consider real cohomology, 
p* (A): H*(Bso(aq)) > HE(Bspint2a)) is an isomorphism, and therefore the 
c,(8) belong to the characteristic ring of 7, which is generated by the p;(7) 
(t<q) and by Win). Thus we get | 


= 
ar 
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(—1)%-%0(8)/(q—1) 1 = Wao(n)/2 + to 


where tg==T~—S8, is a polynomial in the p(y) (2i< q) with rational 
coefficients. It is necessarily zero if g is odd, and this proves (i). In order 
to prove (ii), we have to compute the coefficient dy of p(y) in tox. By the 
above, dy is equal to the coefficient of px(y) in rx. Let © be defined by 
S(2,) = — z, and S(2;) =a, (122) and put oj= S(w;).. The set {oj} is 
then the set of forms 


(et: + ar: + Ezkor) / R, Il a=— 1, 
(which are the weights of the second half spinor representation), and (10) 
yields 
(12) > oÿ — — (2k) ! Ti° " * Tor/ à + (2k) lr'ox (T°, "r ta Dox"), 
hence | 
(13) 2 (aj?! + off) = (RE) 12+ Tar 2 
so that 2d, is the coefficient of p, in 


(CRE) TZ (ot + o). 
We have clearly 
| on 
I exp (cits +--+ earten) /2 — 2% T] cosh (2/2). 
e4=% re 


Let {D;(p:,° © +, p;)} be the multiplicative sequence with cosh 24/2 as charac- 
teristic power series (this is well defined since cosh x is an even function in £). 
Then 2-**1d, is for k = 1 the coefficient of p, in Dy. The formula 1.4(10) 
of [19] yields therefore, (with 2d,==1), i 


22 d;(— 2/4) 4 = cosh (423) : d(z/cosh (422) ) /dz, 
254 2/4)4 == 1— (24/4) tgh ($24). 
Putting z = — e we get then 
ae = (1/4)tg 2, 
and this ends the proof of Gi). | 


Proof of the theorem. Since the base space of é is Sa (9<1), we have 
Wa(£) —0, hence we may apply the lemma to é For g odd, the theorem 
follows then from (i) and from the divisibility theorem of Bott (26.10). 
Let now q= 2k be even. We have tg’(0) —1, tg®(0) ==2, and it is well 
known, and easily checked, that tg@*)(0) is an integer divisible by 4 for 
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k= 3. Moreover, in (ii) of the lemma we have R.,==0 since Bg = Sir. 
Thus, for g—2h, the theorem follows from the lemma and 26.10. 


27. Multiplicative properties of the index and consequences. 


27.1. Notation. Throughout this and the following paragraph, all 
cohomology groups will be taken with real coefficients and all characteristic 
classes which occur will be regarded as real classes unless otherwise mentioned. 

D denotes the class of differentiable bundles é, where Le, Be, Fe are 


compact connected oriented differentiable manifolds, the orientation of Ez | 


being induced by those of Bz, Fg taken in that order, and where the fanda- 
mental group of Bẹ operates trivially on H* (Fẹ). 

We recall (21.5) that if {K;} is a multiplicative sequence with real 
coefficients which is strictly multiplicative in é, then 


(1) K (Eg) =K (Be) -K (Fe) (£c D). 
We wish to prove a theorem which is a sort of converse to 21.5. 


27.2. THEOREM. Let F be a compact connected oriented differentiable 
manifold. If {K;} is a multiplicatwe sequence of polynomials with real 
coefficients, for which (1) holds in every bundle £E D such that Fze=—F, 
then {K;} is strictly multiplicative in each of these bundles. 


The proof uses essentially the theorem of Thom [29, Corollaire II 30] 
that every real cohomology class of Bg is a finite linear combination of real 
cohomology classes representable by submanifolds. By definition, a real 
cohomology class is representable by a submanifold if and only if it corres- 
ponds by Poincaré duality to a real homology class containing the funda- 
mental cycle of a compact oriented differentiable manifold differentiably 
imbedded in Bg. 

The strictly multiplicative behavior of {K;} is obviously true if dim Be 
==Q. Let us make the induction hypothesis that it is proved for dim Bg < n. 
Then we will prove it, using (1), for an n-dimensional manifold Bz. Let p: 
be the Pontrjagin classes of the bundle along the fibres of & We have to 
show that 


(2 Eis ° -p i= K (Fe) -1, 


where h: H* (E) — H*(Bz) is the integration over the fibre (8.1). We can 
restrict the bundle é to every submanifold Y of Bz. Since integration over 
the fibre and restriction commute (8.3), we cbtaïn by our induction hypothesis 
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that for dim Y < dim Bz the restriction (> K;(p1,: + -,p;))* to Y equals 
j=0 


K (Fz) +1, where 1 denotes now the unit of the cohomology ring of Y. This, 
together with the above mentioned theorem of Thom, implies 


(2 Bip -topi ) =E (Fe) 1+c, 


where c€ H” (Be). 


We denote the Pontrjagin classes of Be by p and those of Mg by pi 
Then (compare the proof of 21.5) 


K (Bs) = ( Š Ep +593) [Ee] 
= (E (Fe) 1+0) EE: +, p's) [Bel 


=K (Fe) (Spa : 80) [Be] + [Be 
== K (Fg) -K (Be) + c[Bel. 


According to (1) we have K (E) =— K (Bė)K (Fẹ) and thus obtain c==0, 
which completes the proof. 


It was proved recently [12] for the index r and a bundle £e D that 
(2) T(E) = + (Be) 7 (Fe). 


Since the index r equals the genus L defined by the multiplicative sequence 


{L;}, see [19,88], we get in virtue of the preceding theorem the following 
result: 


27.3. THEOREM. The sequence {L;} is strictly multiplicative in every 


ECD. 
If £€ D and h ts the integration over the fibre in £, we have therefore 
(Lj (pus + +> pi))? = 0 (4j dim Fẹ), 
(Ly (pis* * +5 pj) ) =r (Fe) 1 (4j = dim Fe). 


27.4. Erampies. 


1) dimFfg=—2. In this case, r(Fz) vanishes. L;(9:,0,: : :,0) is a 
non-zero multiple of 717, see [19,§1]. Since pa = Wa, where W, is the 
Euler class of the bundle along the fibres, we get (in real cohomology) 


(W3) —0, j—1,2,8,- - 
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If Bg is.of dimension 44-——2 and hence Eg of dimension 4k, then W,2— 0. 


2) dimFe—3. We get for the Pontrjagin class f, of the bundle 
along the fibres that (917) (j==1,2,3,---), vanishes in real cohomology. 


3) dimFge= 4. We have 45: L,(9, p2) =7p2— px". Thus 
Cie pt) 0. 
This equation is proved in real cohomology and not known in integral 


cohomology. Again p:== We, where W, is the Euler class of the bundle 
along the fibres. If dim Bg—4 (and hence dim #z==8), then 
7 g F, = Pr”. 

27.5. Remark. The strict multiplicativity of {L;} was proved in 22.9 
for bundles £€ D with Fe— G/U (rank G rank U) and G as structural 
group. It was also shown (§ 23) in this special case that the sequence {A;} 
is strictly multiplicative provided A(Fe) —0. It might be conjectured that 
in every fibre bundle £€ D the vanishing of A(F4) implies that of A‘E4). 


As-a consequence, we would have (27.2) that {4;} is strictly multiplicative 
in every fibre bundle £€ D with A(Fz) — 0. 


28. A uniqueness theorem on the index. 


28.1. In this paragraph, we shall prove that the sequence {L;} is essen- 
tially the only multiplicative sequence with coefficients im a field of charac- 
teristic 0 giving rise to a genus which is multiplicative in fibre bundles. - 
Throughout this paragraph, we keep the nctations of 27.1. 

Let M be a 4k-dimensional compact oriented differentiable marizold 
and p; its Pontrjagin classes, which may be written formally as elementary 
symmetric functions: 


tpt + pe (+8): + (14+ Ba). 
Then the number s(J/) is defined by 


S(M) = (B+: -+ BF) [A], (see [19, § 6.3]). 


28.2. Lemma. Let £E D be a principal U(q)-bundle over a 4-dimen- 
sional base space and c; its Chern classes. If 2q + 2 = 4k = 8, then 


s(Be/U (1) X U(q@—1)) = (ala + Dot (TF7) De) (Ba. 


For the proof, we use the notations of 15.1. We always take into 


HOMOGENEOUS SPACES, II. 361 


account that Bs is 4.dimensional, and hence, for example, c,—0 for +> 2 
and 


(1) rë (1-4 6, + ea) = (14+ a) (1+ 22): (+). 
Furthermore 
(2) 5% — TT (Ca) 4+ Br" (C2) = 0. 


q 
Letting a= $, (#;—2,)%", we get by (1) that 
ja 


(B) (mm g mt + (g+ jar (c) 
—(° : ‘) T m” (C1? — 262). 


We infer readily from (2) and (3) that 
Dee (a+ gra (ce) + (TF 1) atate), 


We may put a =p* (b) and æ:—p*(y,). Then the preceding formula yields 


(4) b——q(q +2) (— y1) 0" (ca) + (F) : (— yi) t0* (61°) 


M will denote the total space of the bundle 98 == (Ez/U(1) X U(q—1), 
Bz, P,.(€)). The tangent bundle of M is the Whitney sum of 0, the bundle 
along the fibres of 6, and of the tangent vector bundle of Bg lifted by o. 
We have for the total Pontrjagin classes 
(5) PO) = p(6) -o*p(Bg) = p (f) : (1+-0*p,(Be)). 


In 15.1, one finds a formula for p*c(y’) which yields 


(6) p*p(8) = TI (1 + (a —a)?). 
By (5) and (6), we get for 2q + 2 == 4k 
s(M) = (b + (o* (p: (Be) )*)) [W]. 


Since (p:(Bz))— 0 for k Z2, we have s(M) —b[M]| which, by (4), com- 
pletes the proof because the value of (—-y,)%* on the oriented fibres of 8 
equals 1. 


28.3. We are going to construct a special base sequence for the algebra 
2@@Q of Thom [29]. Consider over Y=—P,(C) the differentiable principal 
U(q)-bundle é(q) which is the Whitney sum of g—® trivial U(1)-bundles 
and of the two principal U(1)-bundles with g and —-g respectively as first 


6 
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Chern classes, where g is the cohomology class dual to a complex projective 
line imbedded in X. The Chern classes of £(q) are | 


C1 = 0, Ca = — 9”. 


For 2q + 2 = 4k Z8, let H** be the 4k-dimensional manifold fibred with 
P(C) as fibre and associated to €(q) ; i.e. 


EM — Beg /U (1) X U(g—1), (2q +2 = 4k = 8). 
According to the preceding lemma, we have 
(7) SES) = (2h + 1) 2k—1) = 4h? —1 40. 


For k==1, we put #*—P,(C) and then (7) holds also in this case. 

By [19,§6], the sequence {EB}, (k = 1, 2, 3,- : +), of 4k-dimensional 
manifolds is a base sequence of the algebra 0®@Q of Thom; and we have in 
terms of the usual base sequence P,:(€) 


(8) H**— (2k—1)Po.(C) + composite terms in the P2;(C),7 < k. 


28.4. THEOREM. Let {K,(p:,°:° :,p.)} be a multiphcative sequence 
cf polynomials with coefficients in a field of characteristic 0 and suppose that 
the corresponding genus K satisfies the equation K(E) =K(B)-K(F) for all 
differentiable fibre bundles in D, or equivalently (27.2), that {K,(p:,° + -, pr)} 
is strictly multiplicatwe in D. Put a—K(P,(C)). Then 


(9) K(Y) =a’ L(Y), (4r = dim F) 
for all 4r-dimensional compact oriented differentiable manifolds Y . and 
moreover 

(10) K, (p, | `, Dr) = aL, (01, ° ` On): (r= 1, À, 8" | aJi 


We prove (9) by induction over r. TIt is true for r = 1 since P(C) generates 
Q4. Suppose it is proved for all Y with dim Y < 4r. The vector space 
Q4 QQ over the rationals is generated by H* and “composite” manifolds 
M*r which are cartesian products of lower dimensional manifolds. Since K 
and £ are both multiplicative in cartesian products, (9) is true on the com- 
posite manifolds M*r by induction hypothesis, and since K and L are also 
both multiplicative in differentiable fibre bundles, (9) is true on Æ#r too 
(again we have used the induction hypothesis). Thus (9) holds on Qt @ Q. 


This proves (9) in full generality which implies (10), [19, Satz 6.5.1]. 


h 


FR 
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Appendix I. 


29. The different definitions of the Chern classes. 


29.1. Orientation conventions. In the n-dimensional complex vector 
space V with coordinates z;--2,-+ iy; we take as usual the orientation 
defined by the order 2,91," * Tn Yn. This determines also an orientation 
for complex analytic manifolds as well as for the 2n— 1 dimensional sphere 
Sons of unit vectors with respect to some hermitian metric on V. The 
image of the fundamental cycle of So. thus defined in zon+(Son+), Or 
Hon-a(Sen+1,2), or Hena( V —0, Z), (0 being the origin in V), ard the 
element of H*"*(S,,,,4) or H?#*1(V—0,2Z) taking the value 1 on it will 
be called the canonical generator of the corresponding group. 

Let Wangs be the complex Stiefel manifold of ordered systems of 
n— q +1 orthonormal vectors in Cr (1=gÆ=n). We know that its first 
non-vanishing homotopy group is in dimension 2q— 1 and is infinite cyclic. 
Now Wang is fibered by W.1— Soo, with base Wn n-g; the projection 
assigning to each (n—gq-+1)-frame the (n—-q)-frame formed by its first 
n—q elements. The fibre may thus be identified with the set of unit vectors 
in €2 and its injection in W,n-œ1 induces isomorphisms for the (2qg—-1)-st 
homotopy or homology or cohomology groups. The element corresponding to 
the canonical generator previously defined will also be called the canonical 
generator. 

Similarly, let W*.,n-qer be the manifold of ordered systems of n—q -+ 1 
linearly independent vectors in' C”; it has Way. as a deformation retract; 
let e:,°- *,e, 4 be independent vectors, and let V be a g-dimensional sub- 
space supplementary to the space spanned by the eÿs. The subspace U of 
Wang made of the systems (f;), (j—1, ° -,n—q<+1}), for which 
fe; (J &n— q) and fr qu is in V may be identified with V—0. Its 
injection in the Stiefel manifold is an isomorphism for homotopy or hom- 
ology in dimension 2q — 1 and we define as before the canonical Goma of 
Hoga (W* n,n-Q+19 Z) and T2q-1( WV * sta): 


29.2. The Hopf fibering. (au), (1Æ=<i<n+i), are the coordinates 
of C*** and the homogeneous coordinates in the complex projective space Pa. 
By the Hopf fibering over P,, we mean here €C**!-—0 endowed with the usual 
C*—GL(n,1) bundle structure. e will denote a hyperplane with the 
positive orientation or the corresponding homology class and e* € H?(P,,Z) 
will be the dual cohomology class. Let U; be the set of points in P, for 
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which 3,560, (1=1i<n+1); using the usual conventions for the transi- 
tion functions of a bundle [19,§3.2.a] and of a line bundle associated to a 
divisor D [19,§$15.2] we see that in UN U, the Hopf fibering is given by 
fy == t/z; whereas the bundle {e} associated to e is given by gi=#;/%; 
thus the Hopf fibering is the inverse of {e}. We recall that the Hopf fibering 
over P, is a 2n-universal bundle for C* or U(1). 


29.3. The definitions of Chern classes. Including the definition (9.1), 
there are apparently seven definitions of Chern classes, which we proceed to 
list now; ‘ce; will be the j-th Chern class according to the i-th definition, 
and tc the sum of the te; 


(1) The definition (9.1) of this paper. It may also be formulated in 
the following way: in the Hopf fibering, we put 1e, ——7+r{x), where x is 
the canonical generator of H1(C*,Z); for a general €*-bundle, we use the 
characteristic map; for a general GL(n,C) bundle, we go over to the bundle 
of flags and take the elementary symmetric functions In the Chern classes 
of the different line bundles in which the lifted bundle decomposes. 


(2) The definition of [19]: it is quite similar to (1), except that we 
put °c ——e* in the Hopf fibering. 


(3) The obstruction definition. Given a complex vector timdle 
(#,B,C"), we consider the associated bundle (#’,B, Wane). The first 
obstruction to the construction of a cross section (B is supposed to be a 
complex here) is an element of H79(B,aog-1(Wrni)). We identify the 
coefficient group with Z by sending the canonical generator onto 1, and thus 
get a class *c,€ H*4(B,2Z). 

This convention was introduced in [20], and was recalled at the beginning 
of [11] but was not made in [9], where consequently the obstruction classes 
are defined up to sign only. 


(4) The definition of [6|: in the Hopf fibering, considered as universal 
bundle, we put *c,==7(#), and then proceed as in (1). 


(5) Schubert systems. Let H(n, N) be the complex Grassmann mani- 
fold of n-dimensional subspaces of C™N, It is the base space of the 2N- 
universal bundle (U(n-+N)/U(N),H(n,N),U(n)) for U(n), where U{N), 
(respectively U(n)), is the subgroup of U (n + NV), leaving the n first (respec- 
tively N last) coordinate vectors fixed. For n==1, we have the Hopf fitering. 
We take as universal °c, the dual class to the Schubert cycle of dimension 
2(nN—gq) represented by the symbol (VN—1,---,N—1,N,---,N), 


~ 
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(q times N—1, (nq) times N). By the intersection properties of Schu- 
bert varieties, °c, is also the cohomology class taking the value 1 on the 
Schubert cycle (0,- --+0,1,---,1) ((n—q) times 0, q times 1), and zero 
on all other Schubert cycles of Ehresmann’s cell decomposition of H (n, N); 
(Schubert cycles are defined for instance in [9,10,11].) This defines 5c in 
the universal bundle; for a general bundle, we take its image by the charac- 
teristic map. For n= 1, the Schubert symbol (N—1) represents the 
hyperplane of Py(C)—H(1,N). Thus, in the Hopf fibering, we have 


$C] — e*, 


(6) Definition by means of differential forms. This leads to real 
cohomology classes, defined for differentiable bundles. Let £ be a differen- 
tiable principal U(n)-bundle and let Qy (1S1,7 Zn) be the curvature forms 
of a connexion on gz. We then consider the (mixed) differential form : 


Y == SY, = det | Id + (2ri) 2y | 


(Y, of degree q; the product in the determinant is of course the exterior 
product). It defines a form on Bg, which is closed. The image of Yg in 
H*9(Bz,R) is by definition °c. This definition is introduced in [9] (our 
ÿ, is the Yaq of Chern), although in an apparently slightly more restrictive 
way. Chern considers only bundles of (tangential) orthonormal frames to a 
hermitian manifold and a special connexion characterized by a property of 
its torsion tensor [9, p. 111]. However, by a theorem of Weil, whose proof 
is reproduced in [10, pp. 58-59], the cohomology class of Y, is independent 
of the particular connexion chosen in é. 


(7) Definition by transgression. "ca is the image by transgression 
of the canonical generator of H241(W,, 41,2) in the bundle with fiber 
W n n-ga associated to a given complex vector bundle. 


The purpose of this Appendix is to prove the 


29.4. THEOREM. Let ic; be the j-th Chern class of a bundle (E, B, U(n)) 
with respect to the i-th definition (j—=1,--++,n;¢—1,---:,7). Then 
te= 70 == Sy == (—1)) tej == (— 1)? So (1)? Sey = — Te; 


29.5. Remarks. (a) All these definitions have the naturality property: 
if f: €—>y is a homomorphism, then f*(*e(y)) — ‘¢(€), where f: Be—> B} is 
induced by f. This is obvious for 1=-1,2,4,5,7, and standard for i=8; 
for 1==6, it follows by the theorem of Weil quoted above, because if Q; are 
the curvature forms of a connexion @ on Ey, then their images on Fẹ under 
f will be the curvature forms of the connexion induced from @ by f. 
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(b) Let a,b (14,67) be given, and assume that te; =e: ¢, (e= + 1) 
and that ĉc obeys duality.f Then ?c obeys duality if and only if te; == ee, 
(l=jsn). This is readily seen by using the bundle of flags. Thus że has 
the duality property for 1 6, but not for t= 7. For t= 1,2,4, the duality 
property follows immediately from an identity between elementary symmetric 
functions (see e.g. [6]). In the course of the proof of the theorem we shall 
use the fact that °c obeys duality, which is proved in [11], and therefore 
we do not provide a new proof for it. We note in passing that in the 
introduction of [11], Chern classes are defined as obstructions (with signs) 
but the proof for duality is carried out for Schubert cocycles. However, our 
29.4 shows that the obstruction classes obey duality, a fact for which there 
is, to our knowledge, no direct proof in the literature. 


29.6. Lemma. In the Hopf fibering, we have "e, = + eë == — ĉc. 


In view of a general fact about transgression and obstructions, recalled 
below (29.7), it is in fact enough to prove one equality, but both may be 
easily checked directly: As to the first one, we put a = È zy X and consider 

Q == (1/27) (a i > dx, A di — a? : >> T4 Lj dz, VAN dz;) s 
it is the imaginary part, multiplied by 1/r, of the Fubini metric 
(1) ds? =q- >. ax, s di — a? : >, Ti; dx; - dE. 
© is a closed real form of type (1,1) on P, and we integrate it on the pro- 
jective line Py: ti" * “= Zan — 0 with homogeneous coordinates (2,22) ; 


leaving out (0,1), we replace P, by the cross section s, == 1 and get for the 
integral 


(4/27) f (1 + Lo” Te)? : dx». A da om 1. 
Py 
Hence © represents e*. On the other hand, we have 
Q = (i/2r) dé log a = d( (i/2r)at Ya: dk), 


and the restriction of (i/2r)ôloga to the fibre t=- ‘= Tnu =0 is 
4(27r%,)“*d#,, whose integral on the positively oriented unit circle is again 1; 
this proves the first equality. 

8c, is the first obstruction to the construction of a cross section in the 
Hopf fibering and we only need to know its value on P,. Over this line, we 
consider the cross section defined (except at (0,1)) by (21,22) — (1, 22/2). 


8 By duality we mean the multiplication theorem 9.7(6). 


à 
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Around (0,1), we take as product representation of the bundle the one 
which identifies 1 on the typical fibre with (z,/a2,1); then we see easily that 
around (0,1), the map P,—»C* which defines the value of the obstruction 
cochain on a 2 simplex having (0,1) in its interior, is of the form z— 1/2; 
this value will therefore be — 1, and so will be that of the obstruction ccchain 
on P, hence the second equality. 


29.7. Proof of the theorem. By the definitions, the lemma and 
naturality, we have | 


1g, == 209 == 0, — fe, — — Fe, = — 1c 


since all these classes are equal to —e* in the Hopf fibering. For i= 1,2, 4, 5, 
tc satisfies duality, and we get therefore (see 29. 5b) 


(2) tome tyme (— 1) toi (—1)#-*oy (1SiSn). 
The equality 

(3) "Cj = — "64, (S75), 
follows from the more general fact that in a fibre bundle, “transgression is 


minus obstruction” for a proof of which we refer to [26, § 37.161. 


The 2N-universal bundle for U(n) over H(n,N) is (Wann, A (n, N), 
U(n)) which may also be written as (U(n-+N)/U(N),H(n,N),U(n)), 
where U(N), (respectively U(n)), is the subgroup of U(n + N) leaving the 
n first (respectively N last) coordinate vectors fixed. Let (wy), (Sij 
=n-+W), be the standard coordinates in the matrix space. Following 
Chern [9], we denote by fas the left invariant Maurer-Cartan form on 
U(n-+N) which is equal to dus (and not duas) at the neutral element. 
In these notations, we have 


i ntN L 
(4) ar one 2 Bai A Oiv ; Ooa Eat. oa. 


It is easily seen that for 1<a,b£n, the forms are right invariant under 
U(N) and satisfy 


Gan U = 2 Wight; (U*) oj (u € U (n), u == (uy)), 


hence they induce forms on U(n-+-N)/U(N) which define there a connexion 
for the U(n)-bundle structure. (4) shows that its curvature forms are 


k=N 
Qy= 2 Gu A Oris (1347S). 
z+ 
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Thus, by definition 
v= > Yv, = det | Id + (2ri) 0; | 


represents ĉc in the universal bundle. By a computation which we shall not 
reproduce, Chern ([9], Chap. II, §2, [10], p. 7?) has shown that Y; is 
equal to *cg; hence 


(5) °C; = “Ci, (j=1,;::":,n), 


first in the universal bundle, and then by naturalitv in all differentiable 
U(n)-bundles. 

To conclude the proof, we have to compare the obstruction classes with 
one of the six other types, and it will be enough to show that 


(6) se; = (—1)/-*e;, (lSjSn). 
We have first 


3 .6 ORN EE ne 
ĉj == Ej Cj (a= +1,j=1, si) 


with e; depending only on 7; by naturality, we have only to prove this in the 
universal bundle; there it follows from (2), (3), (5), and from the fact 
that "c; and tc; both generate the kernel of p*(U(7—1}, U(n)) in dimension 
27, which is infinite cyclic. The proof of this is identical with that of a 
similar statement on Stiefel-Whitney classes [3, Lemme 5.1] and will be 
left to the reader. 

To determine «;, it is then enough to compute the 2 classes °¢ and °c 
for one bundle with Chern classes not zero or of order 2. To this end, we 
take the tangent bundle of Pa. By [9, p. 118], we have 


P= (Bri) (" : ‘) A 


for the torsionless connexion associated to the Fubini metric, where A is 
the exterior form obtained from the metric (1) by replacing the symmetric 
products by exterior products; in the notation of 29.6, we have, therefore, 


Q == 1(27)7-A and 
y= (ri J (—1) i904, 
We have seen in the proof of 29.6 that Q represents e* and, consequently, 


(7) tg ("EY nie): G£i£n), 


as also follows from 15.1 and (2), (5). On the other hand, a direct con- 
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struction of vector fields in [9, Theorem 13] shows that 


(8) ym 0 Cerys, Gabon) 


whence e;== (—1)/ and (6). Of course we must check that in the proof of 
(8), the indices of singularities are counted with the proper sign conven- 
tions; this presents no difficulty, but for the sake of completeness, we outline 
Chern’s construction. Let 


1 1 De 1 
aii aig hy ns 
Oni One" * * Anne) 


be a matrix with constant coefficients and all minors of degree 7 (1=j=n+1) 
different from zero. Let H; be the j-dimensional projective subspace defined by 


2: Ute = 0 | (1=i£n—)). 


We denote by p; the vector field on C**1—-0 defined by 


b;(T) == Dd ajrtrer, ( (ex) canonical basis of €"**), 
k 


It is invariant under æ—>a-x (a€ C*) and defines a vector field w; on Pa. 
The vectors w; (7 =r) are dependent at a point P with homogeneous coordi- 
nates (z,) if and only if the r +1 vectors r= D ae; and bi,°° -,b, are 
dependent at x==(2z;), which is equivalent with the vanishing of n + 1—r 
homogeneous coordinates of P. | 

Let now 7 be fixed and put r==-n—j+1. On H; M: + +, are 


independent everywhere whereas 10," °°, %0, are dependent at (” *) points. 
We use these vector fields to compute the value of 3c; on H;; since we already 
know that it is equal to <(" H A we have only to show that the singular 


points have non-negative indices. Let Q be a singular point, and W a 

neighborhood of Q on H, Using the fields w, * <, W, which are also 

independent at Q we see immediately that the map W — Q > W*,,, leading 

to the index is homotopic to a complex analytic map of W — Q into a sub- 

space of W*,, of the type of the space U introduced in 29.1, and thet the 

resulting map of W— Q in €/— 0 extends analytically to Q and maps it 
= onto the origin; hence it has a positive degree, and the index is = 0 according 
7‘ to the conventions of 29.1 and 29.8(3). 
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29.8. Remarks. (a) The obstruction classes °c, are, the obstructions 
to the construction of contravariant vector fields. Hodge [20] uses co- 
variant vector fields and, by. 29.4 and 10. 6a, or directly, the resulting classes 
are our *¢;. | 


(b) According to Hodge [20] and Nakano (Mem. Coll. Sci. Kyoto 29 
(1955), 145-149), the canonical classes of Eger-Todd are to be identified 
with the Schubert classes 5¢;. 


(c) The lack of sign conventions for obstruction classes in [9] leads 
to a slight inaccuracy for the Chern classes of P,; Theorem 18 gives 


un Je); and ‘Theorem 12 gives the class of Ÿ,; as we have seen, 
these differ by (— 1y. 


29.9. Finally, to be complete, we list some properties or alternate 
definitions of the first Chern class. For the notations, and concepts used 
here, see [19]. 


(a) Let C*, be the sheaf of germs of continuous C*-valued functions 
on the space B. A complex line bundle over B is represented by an element 
¿€ H'(B,C*,) and we have 


te E dé, 
where 8 is the coboundary operator H'(B,C*,) — H?(B,Z) associated tc the 


exact sequence 0— 2€ 7 C*,—0, where e is the. exponential map 
[19, 84.38.11. 


(b) Let V be an oriented m-dimensional manifold, B an oriented 
(m—2)-dimensional submanifold, 7 the normal bundle oriented in such a 
way that orientation of B plus orientation of y gives the orientation of V. 
It has then a complex structure compatible with its orientation, determined 
up to isomorphism ; its class *¢, is dual to the homology class defined ty B 
[19, §4.8.1]. 


(c) Kodaira has introduced the following definition for the Chern 
class c, of a holomorphic principal €*-bundle == (FE, B,C*,r). Let (U;) 
be a covering by coordinate neighborhoods, z; the coordinate of the standard 
fibre over U;, (f) the transition functions, (a;) a cross section of the bundle 
with fibre R* defined by the transition functions fx: fx. Then ¢,(é) is the 
class of the form y == (1/27) dd loga; This class is equal to te. 


Proof. We have x*(y) == dy, where y is a 1-form over Æ with the local 


~% 


ei 
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representation (—i/2z)@log(z,/a;) over Uj; the restriction of y to a fibre 
is (—-1/2r)2;7d2z; and its integral over the positively oriented unit circle 
is —1. Thus the Kodaira class is equal to —r(x), where x is the canonical 
generator of H1(€*,Z), and is equal to 1c, by 29.4. 


(d) On a complex manifold B of complex dimension n, the canonical 
bundle K is the line bundle of exterior forms of type (n,0), i.e. the bundle 
of n-forms on the tangent bundle. By (10. 6a, b), its Chern class is — te, (8), 
where @ is the tangential bundle. In particular, the determinant g of a 
positive non-degenerate hermitian metric provides a section of the bundle 
with fibre R+ and transition functions | fy, |°, (fi, being the transition func- 
tions of K). Thus the Ricci form 


(— 4/2) 00 log g, 


where fag = — 0? log g/62a0%g is the Ricci tensor, represents 1c,(8) (see 
Kodaira, Annals of Math. 60 (1954), 28-48). 


Appendix H. 
30. Pontrjagin classes. | 


30.1. Notation. Tors À is the torsion subgroup of the commutative 
group A, and Tors, A its p-primary component. 

Let V be a vector space graded by finite dimensional subspaces V+ (i= 0). 
By P(V,t), we denote its Poincaré polynomial 


P(V,t) =D dim F+- ti, 
and for a topological space X, we write P,(X,t) for P(H*(X,Z,),t). 


f*, and f*, denote the homomorphism of cohomology rings over Æ, and 
Z induced by a continuous map f. 


Let € be a bundle with connected fibres, and A a commutative group. 
Then T: (Fẹ, A) or simply Ttg denotes the subgroup of transgressive elements 
in H? (Fẹ, A). We recall that the transgression rg is a homomorphism of Ttg 
into the quotient of H**"*(Bz,A) by a subgroup which will be denoted by 
L! (Bs, A) or Lite; we have L7s=0. 


30.2. Cohomology modp of Boim) and Bso(m. Let Œ be a compact 
Lie group, T a maximal torus. The ring of invariants of W (G) operating in 
the usual way in H*(Bz, Z) is denoted by Ig. If G—SO(Qn+1), O(2n + 1), 
O(2n), (respectively G— SO(?n)), and if (y;) is the base induced by trans- 
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gression in (Ea, Br,T) from the basis of H*(T,Z) discussed in §9, then 
W(G) is the group of permutations of the yÿs combined with an arbi- 
trary (respectively even) number of changes of signs, and consequently 
Tqg==S(y7,- © -,Yn”), (respectively is generated by S(yi7,° + *,7,?) and by 
the product of the yrs). 


Propostrion. Let G== SO(n) or O(n), let T be its standard maximal 
torus, and let @ be the subgroup of diagonal matrices. Then 

(a) For p2, p(T, G) maps H*(Be, Zp) isomorphically onto Ig @ Zp. 

(b) p*(Q,O(n)) maps H*(Bom Z2) isomorphically onto S(u,- +>. Un), 
where (u;) 1s a suitable basis of H*( Bg, Ze). 


For (b), see [3, Théorème 5], where a similar statement is also proved 
for SO(n). For G= SO(n), the assertion (a) is proved in [2,§29]. For 
G==Q(n), it follows from the more general 


30.3. Provosition. Let G be a compact Lie group, Ga tts largest 
connected subgroup, T a maximal torus. If H*(Go,Z) has no p-torsion and 
of the order of G/G, 1s not dimisible by p, then p*,(T, G) ts an tsomorpnism 
of H*(Be,2,) onto Ig @ Zp. 


For p—0, see [2, Prop. 27.1]. For p prime, the proof is practically 
identical, in view of the absence of torsion on G/T, (14.2), and is left to 
the reader. 


30.4. A remark on the Bockstein homomorphism. Let X be a space 
with finitely generated integral cohomology groups. Let r; be the number 
of cyclic direct summands of the p-primary component of Hi(Y#,Z). Then 
by the universal coefficient formula 


P(X, t) — P(X, t) = (1+ 1/t) Ero ti. 
Let £, be the Bockstein homomorphism attached to the exact sequence 


a 
0—> Z —— Z > Z,-> 0 (a(x) = pr, sE £) 


followed by reduction mod p. Clearly 8,0 B; = 0, and 
sı— dim £, (H= (X, Z))) 


is the number of torsion coefficients of Tors, Ht (X, Z) which are equal to p. A 


Thus we see: 
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Lemma. Tors, H*(X,Z) consists of elements of order p if and only if 
P,(X,t) —Po(X,t) = (1 + 1/t)P (8 (H* (X, Zp) ), ¢). 


When this is the case, the kernel of By is the reduction mod p of H*(X, Z), 
and tts image is the reduction mod p of Tors, H*(X, 4). 


We recall that 8p is an antiderivation and that B, == Sq’. 


80.5. Integral cohomology of Boim) and Bsotm. In this section, we 
shall prove that the torsion elements of the cohomology of these classifying 
spaces are all of order 2; first we insert a remark to be used in the proof. 

Let H be an anticommutative graded algebra with unit over a field K, 
with H° = K, and let D be an antiderivation on H, raising degrees by one, 
of square zero. Let A be a graded subspace stable under D. We denote by 
Na, Ma, Ia, Ja, respectively, the kernel of D in A, a graded supplementary 
subspace to N4 in A, the image of A under D, a graded supplementary sub- 
space to I, in Na. Since D increases degrees by one and is an isomorphism 
of Ma onto Ia, we have 


(1) P(A,t) = (1+ 1/t)P(Ls,t) + P(Ja,t). 


Let now B be a second graded subspace stable under D, linearly disjoint from 
A over K; i.e. such that the subspace 4:B spanned by the producis a:b 
(a€ 4,bE B) is isomorphic to A@B under the natural map aWb—a-b. 
Using the previous notations, we have, as an elementary special case of the 
Künneth formula 


(2) P(Ja-p, t) =P(Ja4,t)-P(Jz,t). 


Proposition. The torsion elements of H* (Bom 2) and H*(Bso(n), Z) 
are of order 2. 


It follows from 30.2 that these spaces have only 2-torsion. By 30.4, 
there remains to prove that for G == SO(n), O(n), we have 


(3) P,(Ba, t) — Po (Ba, t) = (1 + 1/4) P (Sq? (H* (Be, 22) ), t). 
We have 


(4) H* (Bso(n); £2) m Za[ w To'y Wn, Sq wi at (4 + 1 Win 

H* (Bown), 2) = Zal Wr," - +, Wal, Sw: = wiw + +1) ein 
(w;,==1t-th Stiefel-Whitney class, 1< n, Wna — 0), (see e.g. [31). We first 
consider SO(n). By the foregoing, we may write 
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We put i 
H* (Bouma) £2) —=A,®A,@: z Q Åm 
H* (Borm), Z2) ==: A’, @A,®@- af © Amz 
where 
A= Z| w* a, You | (1 Si m), 
Ay = Z,[w*;] =e [w], 


A’, = Z| w, WPam] = Zo [W Wom]. 
These are stable under cup-product and Sq*, and we have as above 
P(Ja t) = (1ta (1<i<m). 


In Ao, the kernel of Sat is spanned by w,? (s==0); and the image by w?! 
(s21); hence P(J4,t)—1. Let us now prove that 


(5) P(Jaryt) = (1— Ph), 
We have 
Sq? (wit: Want) = (8 + t) W: Wem! 


which shows that the monomials w,8w,,t with s-+-¢ even (respectively s+ ź£ 
even and s > 0) span Na» (respectively f4,,). Thus we may take the elemerts 
Wemt (t even) as a base for J4, and this proves (5). The remainder of the 
proof of (3) for O(n) is then the same as for SO(n). 


80.6. Corornary. Let G=O(n) or SO(n). Then the kernel of Sq 
on H*(Ba,Z) is the reduction mod? of H*(Ba,Z) and its image is the 
reduction mod? of TorsH*(Bg,Z). An element of H*(Bg,Z) is com- 
pletely determined by its canonical images in H*(Ba,R) and H*(B6, Z2). 


The first assertion follows from 30.4 and 80.5. The second one is an 
elementary fact about spaces with torsion elements of order 2 only. 


In connection with the integral cohomology of Bom) and Bso), let us 
also mention the following 


80.7. PROPOSITION. Let G=O(n), SO(n) and let T be a maximal 
torus of GŒ. Then p*z(T,G) maps H*(Bg,Z) onto Ig; its kernel is the 
torsion subgroup of H* (Be, Z). 


We have seen in 9.3 that S(y,2,- + -,y,?), (m = [n/2]), is contained in 
p*z(T,G@), which proves our statement for GSO(2m+1), O(2m+1), 
O(2m). For G==SO(2m), we have to know moreover that p*,(T, SO(2m) ) 
contains the product of the ys, but this follows from 9.5. 
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_ 80.8. Pontrjagin classes. We follow the notations of 9.2, 9.3. By 
30.6; the equalities 


(6) p*o(T, @) (5) = ILG + 9”), (G=O(n),SO(n)), 
(7) p: (respectively p:,;) reduced mod 2, is equal to Wwa? (respectively wos”), 
completely characterize the integral Pontrjagin classes. (6), over the integers, 


follows from 9.1, 9.3, 9.4. It implies that p; is a torsion element. (7) needs 
only to be proved for G— O(n) and, in view of 30.2(b), will follow from 


(8) p*2(Q(n), O(n) ) (p) =U +u’). 
We have | 
p*a(Q (n), O (n) ) (p) = p*:(Q (n), U (n) ) (0) = p*2(@ (n), T) (TIG + 2:)) 
where T’ is the subgroup of diagonal matrices of U(n) and (x) is the 
standard basis of H*(By,2), and therefore (8) follows from [4,811]: 
pe(@(n), T") (a1) = ur (Sis). 


80.9. Remark on integral Ktiefel-Whitney classes. It follows also from 
9.5, 80.6, (6), (7) that for an SO(2m)-bundle, we have 


(9) Pm = Wom’, 


both sides being considered as integral classes. The relations Waun == Sq'we; 
for SG(n)-bundles and (30.6), show that the universal wp is the reduction 
mod 2 of a uniquely determined element 


Woni € HH: (Bso) 4) 
of order 2, the integral 2i -+ 1-th Stiefel-Whitney class, and that we also have 


Pin = (Weir)? 
over the integers. 


30.10. Pontrjagin classes and transgression. As usual, Vn: denotes the 
Stiefel-manifold of orthonormal &-frames in euclidean n-space. We recall 
[2, §10] that for n odd, H?( Vin ou, Z) is equal to Z for j = 0, 4i— 1, to Z2 
for 7 even running from 24 to 4 — 2, and is zero for the other values of 7 
which are =4t—-1. We denote by v; a generator of Htt (F pn- Z). 

The first non-vanishing integral cohomology group of strictly positive 


dimension of the complex Stiefel manifold Wan n-a is of dimension 4i—1 .: 


and is infinite cyclic. We denote its canonical generator (see 29.1) by à. 
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The inclusion of O(n) in U(n) induces a natural injective map of 
Vix O(n) /O(n—k) into Wy, U (n)/U (n— k). 


LEMMA. Let n be odd, and An, be the natural inclusion of Ynn- in 
Wane. Let v and t; be defined as above. Then A*nil i) = + RU 


This lemma will be proved in the next section. Let é be a principal 
@(n)-bundle, and £ be its complex extension. The given homomorphism of é 
into é induces in a natural way a homomorphism æ: 7—#7 of the associated 
bundles with respective typical fibres Wann. and Wan- By the trans- 
gression definition (29.3(7)), we have cu——717(4). Hence 29.4 and the 
lemma imply the 


THEOREM. Let n be odd and t; be the canonical generatcr of 
HS (Wa voi, Z) and choose v€ H**" (Van ony A) such that Qui Anh). 
Let é be a principal O(n)-bundle, y the associated bundle with fibre Van sin: 
Then pilé) = (—-1)*"1)(20;) modulo Lt. 


For the notation L**,, see 30.1. Since the cohomology groups of Vanes 
in positive dimensions < 4¢— 1 are 2-groups, the spectral sequence definition 
of Lt, [2, § 5] shows that Lt, is a 2-group, so that the-theorem characterizes 
p up to 2-torsion. We remark also that v, itself is not universally transgres- 
sive (see following proof). 


Let n be odd and B be the natural projection of Fẹ onto Hy = H¢/O(21—1). 
Then we have of course 


P(E) = (—1) **rg(B*(2u:)) mod Le. 


By [2, $10], B*(v,) generates a direct sammad of H#i1(G{(n),Z) or of 
Hi (SO(n), Z). 


30.11. Proof of the lemma. We first consider the case where n = 21 +1 
and denote by £ the universal bundle for Q (21 +1), by & its complex exten- 
sion, by 7 and 7’ the associated bundles with fibres Foni and Wor. and by a 
the natural map of y in y. We have H*(F smars Z2) = A (har, hei), with - 
Sq hora = Roi and ry (Aoia) = Wei, ty (hoi) = Wer (see for instance [3]); 
` this implies easily that haı'ha is not universally transgressive. Since 

het" ħa is the reduction mod? of v, the latter is not universally trans- 
gressive In integral cohomology. For Was, we have H? == Ht = Z, 
. H” =Z, (see e.g. [2], $10), therefore, the non-zero terms in the spectral 
| sequence of y over the integers have fibre degrees 0, 2i, 44-1 and those with 


T 
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fibre degree 21 have order 2. Therefore 2t; is universally transgressive and 
Li, consists of elements of order 2. 

We know now that 2¢; generates Tt? (Pais 0, Z): this group contains 
necessarily A”s1,4(0:) since % is transgressive in 7. Thus we have 
A211 (0) = 2k- t for some integer k, hence also 


pi = + kry (2t) mod L*ty. 


* 


Let T be the standard maximal torus of O(21-+-1). Then, in the notation 
of 9.3, we get from (1) in 9.3 and from the fact that L*t, is a 2-group: 


yrs YP E kp*z(T, O Ri + 1)) (ra (2t) )- 
Since H*(By,Z) is the ring of polynomials in the ys, this yields k = +1, 
and the lemma for »—21-+1. 
In the general case, we consider the commutative diagram 


An,t 
a W an—2te1 


Actes, i 


24+1,2 > Woo 


where m, v are the injection of a fibre in the standard fiberings. It follows 
from §§9, 10 in [2] that m*, y* are isomorphisms in dimension 4i—1; 
therefore the general case of the lemma follows by commutativity of the above 
diagram from the particular case already proved. 


30.12. A property of p*z(@(r),@(n)). We end this appendix by 
proving that p*,(O(r),O(n)) is surjective (r&n), a fact which is useful 
in the discussion of relative Pontrjagin classes (see M. Kervaire, Amer. J. 
Math. 79 (1957)). 


Lemma. Let X, Y be two spaces with finitely generated integral co- 
homology groups and f: X — Y be a continuous map. We assume: 


(a) The orders of the torsion elements of H*(X,4) and H*(Y,Z) 


are square free. 
(b) f*o is surjective. 


(c) For all primes p, f*, is a surjective map for the kernels of the 
Bockstein maps Bp (see 30.4). 


Then f*z 1s surjective. 


md. 
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Let M, be the image of Hi (FY, Z) under f*. By (b), it has a finite index, 

say gi, in H*(X,Z). In view of (80.4), the assumptions (a), (e) imply that 
f*: Ht(Y,Z)@Z,7 H'(X,Z) OZ, (i = 0, p prime) 
is surjective, or in other words, that | 
Ht (X,Z) =p: H' (X, 2) + M, 
hence, by iteration, | 
Hi(X,Z) = gs H(X, Z) + Mi= Mi 
PROPOSITION. The homomorphism p*z(O(r),O(n)), (r&n), is sur- 


jective. 


By (30.5), Boi and Born) satisfy (a) of the lemma. 


It follows from (9.3) and (30.2) that H*(Boin), Zp) is the ring of 
polynomials in the universal Pontrjagin classes (1=21) for p542. Since 
these are preserved under the natural inclusion O(r)C O(n) (see 9.7), it 
follows that b*,(O(r), O(n)) is surjective for p42. This shows that (b) 
is fulfilled and also, in view of (80.2), (80.5), that (c) is true for p52. 
Thus, in order to derive the proposition from the lemma, there remains to 
show that 


(10) p*.(O(r),O(n)) is surjective for the kernels of Sq’. 

We write p* for p*.(O(r),O(n)), denote by w, (respectively @;) the 
universal Stiefel-Whitney classes for O(r)- (respectively O(m)-) bundles and 
define w*;, @*; as in the proof of (3). 

The assertion (10) is clearly true on any subalgebra A C H* (Boim, 22) 
which is stable under Sq* and mapped injectively by p*; the latter is given by 


p* (Mi) =m, p*(D*:) =w", (Sr), p*(@;) =0 (7 >7). 
Therefore, by (4), this applies to 
A==2Z,[%1,:--,@:] (iS<r,iodd), Z.[%.,° °°, Dre] (reven), 
Z,[ i017, D, - +, @*, 4,0] (reven). | 


This establishes (10) for r odd; for r==2m even, it reduces its proof to that 
of the following statement: given 


T == Wom P + Q, Sz == 0, (P, Q E Za[ wn: + +, Wom- Wom] ), 


77 


“(there exists y € H” (Bon), Z2) with the properties 
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Sgy=0, p*(y) =z. 
Sg'z=—0 gives 


Wan (WP + SGP) +87 —0 
and, since Z£,[w1,° + +, Wom- Wom | is stable under Sq’, 
wP + SEP = 8q'Q = 0. 


We may write 


P=wR+8, (BSE Za [w w*n * Wan, Wan’. 
Hence | 
SEP = 0,2R + w, SP kh +SPS, 
0 = wP + SEP = w (8 + EPR) + Sas, 
and, as before, 
S + SER = Seg == 0. 
Now let P, Q, BE H* (Botn Z2) be the elements obtained from P, Q, R by 
barring the wps. Then a trivial computation shows thet 
y = Dom P + Q À Dome R 
has the desired properties. 
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EXTENSIONS OF PURE STATES.* 


By Ricwarp V. Kaprson* and I. M. SINGER. 


1. Introduction and preliminaries. The main concern of this paper 
is the problem of uniqueness of extensions of pure states from maximal 
abelian self-adjoint algebras of operators on a Hilbert space to the algebra 
of all bounded operators on that space. The answer, as many of us have 
suspected for several years, is in the negative. To the best of our knowledge, 
the problem is not recorded in the literature. We heard of it first from 
I. E. Segal and I. Kaplansky, though it is difficult to credit a problem which 
stems naturally from the physical interpretation and the inherent structure 
of a subject. This problem has arisen, in one form or another, in our work 
on several different occasions; and we have been gathering bits of information 
related to it, over the years. (The present solution is prompted by just such 
a reappearance. ) 

To state the problem precisely, let % be a (complex) Hilbert space and 
X an algebra of bounded operators invariant under the adjoint operation 
(A->A*), containing the identity operator, J, and closed in the uniform 
(operator bound) topology. The algebra, W, is a C*-algebra, and a linear 
functional, f, on Y which is 1 at J and real, non-negative on positive operators 
(those operators, A, such that (Aw, x) 20 for each s in Sf), is a state of M. 
The set of states of Y is a convex subset of the dual of À and is comvact in 
the w*-topology on the dual (the weak topology induced by 2). The Krein- 
Milman theorem tells us that the set of states is the closed convex null of 
its extreme points—these are the pure states of W. An argument of the 
Habn-Banach type enables us to extend states from a C*-subalgebra of Wf 
to A [4]. The set of extensions of such a state forms a compact convex 
subset of the dual whose extreme points can easily be shown to be pure states 
of W [4], provided that the state of the subalgebra is pure. Thus, if a. 
pure state has a unique pure state extension from a C*-subalgebra of a C*- 
algebra to the algebra, then the closed convex hull of this extension, viz. 
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itself, is the set of all state extensions of the given pure state. Thus a pure 
state of a C*-subalgebra has a unique state extension to the algebra if and 
only if it has a unique pure state extensicn. 


If the C*-algebra Y is abelian, the set of pure states is compact, and 
the natural mapping of Y into the second dual, followed by the restriction 
mapping to the set of pure states, is an algebraic, isometric, order isomor- 
phism of N onto.the algebra of continuous, complex-valued functions on this 
compact space (the pure state space). (This isomorphism carries the adjoint 
operation in Ÿ into complex conjugation in the function space.) An easy 
Zorn’s lemma argument shows that W is contained in a maximal abelian, 
self-adjoint subalgebra, @, of the algebra, @, of all bounded operators on #. 
(Making use of the decomposition of operators as a sum of a self-adjoint 
and a skew-adjoint operator, it is not difficult to show that @ is maximal 
with respect to the property of being abelian.) The fact that bounded families 
of operators in @ have least upper bounds causes the pure state space of @ 
to be extremely disconnected (i.e., the closure of each open set is open [8]). 
Examples of maximal abelian, self-adjoint algebras arise from the multi- 
plication algebras on L.(X,), with u a measure on the space X, i.e. the 
algebra of operators T,, with g an essentially bounded, p-measurable function 
on X, where T,(h) == gh, for each h in Z,(X,u). In particular, with X the 
unit interval and » Lebesgue measure on X, the algebra, @,, which arises will 
be referred to as ‘the continuous maximal abelian algebra’; and with X, 
the integers, and p(n) —1, for all n, the algebra, (a, which arises will be 
referred to as ‘the discrete algebra.’ (The maximal abelian algebras on finite- 
dimensional spaces are constructed as (a is, with the integers replaced by a 
finite set. The algebra, (4, can also be viewed as the set of bounded diagonal 
matrices relative to a complete orthonormal basis.) Hach maximal abelian 
algebra on a separable Hilbert space is unitarily equivalent to Qe, a, a finite- 
dimensional maximal abelian algebra, or the direct sum of @, with one of 
the last two types. The problem of extensions of pure states from maximal 
abelian algebras to @ (we consider mainly the separable case throughous this 
paper) reduces then, to a study of extensions from (, and @,. Although 
we refer to Zaz as ‘the discrete maximal abelian algebra,’ it should be noted 
that there is a great deal of ‘non-discreteness’ about it. In fact, its pure 
state space is easily identified with the 8-compactification of the integers [9]. 

Each unit vector, x, gives rise to a state of @ by means of the mapping, 
A— (Aa,xz); and it is easily seen that this state, wz, is a pure state of B. 
We refer to ws as a ‘vector state’ (also ‘discrete state’). From our previous 
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remarks, we see that a pure state of an abelian C*-algebra is multiplicative 
(the converse is true for all C*-algebras), and from this, that a vector state — 
is pure on an abelian C*-algebra if and only if the vector which induces it 
is an eigenvector for each operator in the algebra. (Note that two vector 
states of @ are equal if and only if the two vectors differ by a scalar multiple 
of modulus 1.) Since some operators in C, have no eigenvectors, none 
of the pure states of @, is a vector state—yet, each such pure state has a 
pure state extension to @. Thus, there are pure states of # which are not 
vector states—we call these ‘singular pure states” Indeed, the points of the 
B-compactification of the integers which do not correspond to integers give 
rise to pure states of @a which are not vector states and, therefore, have ` 
singular pure state extensions to B. A well-known fact about singular pure 
states (which can be read out of the results of [3], for example) tells us that 
the singular pure states are precisely those which annihilate all completely 
continuous operators. 


The uniqueness problem for extensions of pure states is the following: 
is there a unique state extension of a pure state of a maximal abelian self- 
adjoint algebra of the algebra, @, of all bounded operators to @? There are, 
of course, the two subdivisions of this problem—the question for @a and the 
question for @,. It is quite easy to see that uniqueness of extension cannot 
be expected for abelian C*-algebras other than the maximal abelian ones. 
In fact, if Y is an abelian C*-algebra and @ is a maximal abelian one con- 
taining it properly, then, making use of the function representation (of @), 
the Stone-Weierstrass theorem assures us that W does not separate pure states 
of €, i.e., that there are two distinct pure states of @ which agree on Y 
(and this restriction to Y, being multiplicative, is pure). Naturally, one 
wonders why uniqueness should be expected in the maximal abelian case. 
Classically, our maximal abelian algebra, @, would be that associated with 
an orthonormal basis, viz. Zz, and the pure state, one due to a basis vector, v. 
Since the one-dimensional projections on the basis elements lie in Qa, another 
pure state, p, which agrees with w, on Qa will annihilate all these projections 
with the exception of the one whose range contains x; so that if p is a vector 
state, that vector differs from v by a scalar multiple of modulus 1. Thus 
p= üg When we note that if p were not a vector state, it would annihilate all 
completely continuous operators and, in particular, all one-dimensional pro- 
jections. More generally, if @ is a maximal abelian algebra, œs is a pure 
state of @, F is the one-dimensional projection whose range contains v, and 
w is a pure state extension of ws from (@ to all bounded operators, then o = wg.. 
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In fact, x is an eigenvector for each operator in @, so that @ leaves 
the range of E invariant and, hence, commutes with Æ (since @ is a self- 
adjoint algebra). Thus Æ lies in Q, and w is a vector state wp, since 
o(E) =0,(#) =1 0. From w,(E) —w,(#) —1, we conclude that | E| 
==] and that y lies in the range of E. Being a unit vector, y is a scalar 
multiple of modulus 1 of s, and wy == ws on all bounded operators. 

Having these results for vector pure states, it is not unreasonakle to 
expect them to hold for arbitrary pure states in the same way that one passes 
from certain properties of the point spectrum to those of the general spectrum. 
Indeed, a casual handling of limit processes (just allowing oneself the minor 
luxury of a sequential limit in place of a directed limit) leads to a “ proof” 
of the uniqueness of pure state extensions—false but provocative. Add to 
this evidence the elusiveness of a counter-example and one has the case for 
the conjecture. 

In [5], von Neumann introduces a process for taking the “ diagonal 
part” of certain operators in a von Neumann algebra (strongly closed C*- 
algebra) relative to a maximal abelian self-adjoint subalgebra. Among other 


things, this process is linear, order preserving, and idempotent, and, so, _ 


provides a continuous way of simultaneously extending all the pure states 
of a maximal abelian algebra (provides a cross-section in the sheaf-like 
structure of state extensions over the pure state space of the maximal abelian 
algebra, so to speak). Two distinct diagonal processes will, of course, settle 
the pure state extension problem negatively for a particular maximal abelian 
algebra. In Section 2, we give a discussion of diagonal processes suitable 
for our applications, and in 3, we prove the uniqueness of diagonal processes 
for a and the non-uniqueness of diagonal processes for @,. The non-unique- 
ness proof is a mixture of abstract and classical techniques which produces a 
specific operator with distinct “diagonal parts” relative to @, (and, so, to 
which some pure state of Q. can be extended in more than one way). In the 
last section, we discuss related questions concerning pure states. 


2. Diagonal processes. The lemma which follows provides the means 
for constructing diagonal processes relative to maximal abelian algebras. 


Lemma 1. If Q is an abelian von Neumann algebra generated by the 
projections {E} y. À the set of positive integers, and p is a point of 
B(&)— à, where B(A) is the B-compactification of À, then there is a 
linear operator, Dp, whose domain is the set of bounded operators and which 
is such that: 


f 
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a (a) D,(B) commutes with each En (so, lies in Q’, the commutant 

of Q), and D,(B) is a weak closure point of operators {B!E:1Es) 12a}, where 
TIE is BTH+I—H)TI—F). | 


(b) D,(AB) =AQ,(B), for each A in Q (and D,(BA) = D,(B)A). 
(c) D,(1) =I, and D,(B) Z0 if BEO. 


> 


Proof. Note that 
| BIS | = | EBE + (I1—E)B(1— E) | 
= max{| EBE |, | —E)BU—E D S18 |, 


so that the function, f, defined on À by f(n) == Blz |En maps & into the 
(weakly compact) ball of radius | B || about 0 in the set of bounded operators. 
Note also that BIEIF — BIFIE when HF — FE and that E(BIE) — (BIE)E ; 
so that f(n) commutes with #H,,---,H#,. From the properties of B(d), 
we have that f has a unique extension, f,, from À to B(&) which is con- 
tinuous and whose range is contained in the ball of radius | B | about 0. We 
define D,(B) to be f,(p). The observation that («B + C)lE = a (BIE) + Cl, 
together with the fact that À is dense in the Hausdorff space B(&), yields 
the linearity of D, and the fact that D,(B) is a weak closure pcint of 
{Bifil~t#\. Tf Bis I, then BlÆl lEn— I, for all n, so that D,(B) =]; 
and if B= 0, then Blz] [Ea => 0, for all n, whence each weak closure point 
Of {BlÆil1Ær} ig positive and, in particular, D,(B)=0. Moreover, 
(AB)? = A(Bl¥) (and (BA)?! = (Bl#*)A), with A in €, so that 
D,(AB) = AD,(B) (and D,(BA) = D,(B)A) (recall that left and right 
multiplication by A is weakly continuous). For a given no D,(B) is a weak 
closure point of BiZ: lEn, with m = no, each of which commutes with Em. 
Thus D,(B) commutes with En, for each no; so that D,(B) lies in Q. 


DEFINITION 1. A linear order preserving mapping from all bounded 
operators into the commutant of an abelian von Neumann algebra, Q, which 
is the identity on CL is a “ diagonal process relative to Q? If the image of 
each operator, B, is a weak closure .point of operators Bl#:l |En, with 
FE, -:,E, in Q, the diagonal process is “proper”; otherwise, it is “im- 
proper.” 


- Remark 1. If D is proper and Be Q’, D(B) is a weak closure point 
of Blz |En = B, so that D (B) =B. 


Lemma 2. If D is a diagonal process relative to Q then D(AB) 
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— AD (B) (and D(BA) = D(B)A) for each À in Q and each bounded 
operator, B. If D is weakly continuous on the unit ball, then it is the 
unique proper diagonal process relative to Q, and D(B) is the weak limit 
of {Ba}; where B, = BlAlTIE and {En} is a generating family of projec- 
tions for €. 


Proof. We remark first, that if T and § are distinct operators in €”, 
there is an extension to @’ of some pure state of @ (in fact, a pure state exten- 
sion) which differs on T and S. In fact, for each cardinal, n, there is a projec- 
tion P, in @ such that CP, is an n-fold copy of some maximal abelian algebra, 
Qa acting on a Hilbert space, ¥n (i.e. @’P, acting on P,(#) is unitarily 
equivalent to the algebra of nX n matrices with entries in @, acting on the 
direct sum of X, with itself n times, in the usual way), and DS P,—1. With 

n 


T and § distinct, 7P,54SP,, for some n. If we can establish our result 
for GP, and its commutant C’P,, (on P,(#)), there is a pure state pn of 
GP, and a state extension, p,’, of it to Œ’P, such that pr’ (TPa) A pn (SPA). 
Defining p and p’ by p(A) =pnr(AP,) and p’(A’) = pn (A’P,), respectively, 
we note that p, being multiplicative, is a pure state of @, p’ is a state 
extension of it and p(T) 4p (8). We may assume therefore that ( is an 
n-fold copy of the maximal abelian algebra @, acting on Ya; from which 
Q” is the algebra of all n X n matrices, with entries in G,, which give bounded 
operators acting upon the direct sum of e with itself n times. Let X be 
the pure state space of G, so that Q, is algebraically isomorphic to the 
algebra, C(X), of complex-valued continuous functions on X. Some entry 
in the matrix representations of T and S are distinct and, so, differ at a 
pure state po of Mo. Let po(4’) be the matrix obtained by replacing each 
entry of A’ by its value at po, for A’ in Q’. The operator corresponding to 
this matrix is bounded and positive if A’ is positive. Indeed, with n finite, 
the boundedness is automatic and the positivity then follows from the fact 
that po Is adjoint-preserving and multiplicative, since pọ is. (Boundedness 
and positivity can also be established when po is not assumed pure by making 
use of [1].) Thus | p.(A4’) || A’], when n is finite. Applying this to 
the infinite case, we see that each finite minor has norm not exceeding || A’ ||, 
and again | p.(A’)||=||4’ ||. As in the finite case, it now follows that 
po(A’) is positive if A’ is. Since 5(T) >< po(S), there is a unit vector, To, 
in the Hilbert space direct sum of the complex numbers with itself n times 
such thet (po(T)To, To) € (Po(S)To; To). Now po(A) is a scalar multiple 
of I, for each A in @ so that A— (f,(A)2,%) is a pure state, p, of Q 
and A’— (pol A’)Zo To) is an extension, p’, of it to @’. By construction, 
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p(T) p (8). (The set of all state extensions of p to Q’ is a compact convex 
subset of the set of states of Q’ whose extreme points are pure states of Q’. 
If T and $ coincide on each of these pure state extensions of p, they coincide 
on their finite convex combinations, so, on their (w*-) closed convex hull, 
1.e., on all state extensions of p—in particular, on p’. Thus T and g differ 
on some pure state extension to Q’ of a pure state of Q.) 


If p is a pure state of @ and p’ a state extension of p to all bounded 
operators, then p (AB) =p’(A)p’(B) (and p’(BA) =p (B}gp (4)), for each 
Ain Q. In fact, if E is a projection in G, p (E) — 0 or 1, since p’ is multi- 
plicative on @. Thus p’(#B) or p[(1—E)B] is 0 (as p’(#) is 0 or 1, 
respectively), by an application of Schwarz’s inequality to the inner product 
K, H-—-p’(H*K) on the algebra of bounded operators. In either case, 
p (EB) =p (E) (B). Thus p’(AB) = p’(A)p’(B) for operators A in Q 
which are linear combinations of projections in Q, and, by continuity of p” 
in the uniform topology, for uniform limits of such operators. From the 
spectral theorem, each self-adjoint operator in @ is such a limit, so that 
p (AB) ==p’(A)p’(B), for each A in @ and each bounded operator, B. 

In particular, if p” is a state extension of p to Q’ and p ==p” 0 D, then 
p is a state extension of p to all bounded operators. (Recall that D is the 
identity transform on @.) Thus, 


o” (D (AB)) =p (4B) =p (4)p (B) =p (4)p” (D (B)) 
= p" (A)p” (D (B) ) =p” (49 (B) ), 


with A in @ and B a bounded operator. (Note that the last equality follows 
from the considerations of the preceding paragraph applied to an extension 
of p” from Œ’—and hence of p from @—to all bounded operators.) Since 
D (AB) and AD (B) are in Q’ and p” is an arbitrary state extension to (’ 
of an arbitrary pure state of Q, D (AB) — AD (B), from the results of the 
first paragraph of this proof. 

Suppose, now, that D is weakly continuous on the unit ball (and, so, 
on each bounded ball), and that D’ is a proper diagonal process relative 
to @. In this case, D’(B) is a weak closure point of {Blz |2}, Hach 
such weak closure point, A’, is such that D(A’) is a weak closure point of 
{D (Bll 14)} = {D(B)}, whence D(A’) =9D (B). With A’ in €’, 
D(A’) =A’, since D is proper (cf. Remark 1). Thus 9’(B) =D (B) 
and D’ D. Moreover, each weak limiting point, A’, of the sequence 
(BiBi |E), lies in @’, since it commutes with each En, and is a weak 
closure point of {Bizi |Z}, so that A’ = D (B). Since {Bil IH} is 
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contained in the weakly compact ball of radius | B | about 0, (BlÆl-1E) 
has a weak limiting point which must be D(B). Thus ® (B) is the weak 
limit of (BlÆl1E), 

The next lemma notes the possibility of extending a positive linear 
mapping from a linear space of bounded operators containing J into an 
abelian von Neumann algebra to such mappings of all bounded operators 
into the abelian von Neumann algebra. The proof is a direct copy ož the 
proof of Krein’s extension theorem for states [4] making use of the boundedly 
complete lattice properties of abelian von Neumann algebras. 


Lemma 8. If Q is an abelian von Neumann algebra, Q, a self-adjoint 
linear space of bounded operators containing I, and à, an adjoint-preserving, 
positive, linear mapping of Q, into Q, then ġo has an adjoint-preserving, 
positive linear extension with range in Q to the algebra, B, of all bounded 
operators. 


Proof. Partially order the set of acjoint-preserving, positive, linear 


mappings with range in @, domain a self-adjoint linear subspace of B con- ` 


taining Qao and which extend gp), by “function extension”. Zorn’s lemma 
applies, and there exists a maximal element, ¢, with domain ©. If R8, 
there is a self-adjoint operator B not in &. Choose a positive integer n, 
such that nI = B=2—~nI. Then —np(1) is a lower bound for the subset 
{p(A): AER and AZB} of @ and np(l) is an upper bound for 
{b(C): CER and CSB}. These subsets have a greatest lower bound, À;, 
and least upper bound, Ao, respectively, in €, since @ is a boundedly com- 
plete lattice. Since ¢(A) = ¢4(C), when A= BZC, with A and C in & 
A, = A. Choose A in @ such that A, = A = A, and define ¢’ on the linear 
space generated by B and & as follows: ¢’(¢B-+C) =aA-+¢4(C), with C 
in &. Then ¢’ is an adjoint-preserving linear mapping with range in @ and 
is an extension of ¢. If aB-+ C= 0, making use of the choice of A in each 
of the cases, « = 0, a>0, a <0, we conclude that ¢’ is a positive mapping. 
Since B ¢ ©, the existence of ¢’ contradicts the maximality of d6. Thus & = 8B 
and $ is an adjoint-preserving, positive, linear extension from & to B of do. 


Remark 2. With the notation of the preceding lemma, #, has a unique 
positive extension from 2, to @ if and only if the greatest lower bound of 
{po(4) : À in % and A = B} is equal to the least upper bound of {d¢o(C): 
C in & and B= C}, for each self-adjoint operator, B, in B. In fact, if they 
are equal, the positivity condition forces each positive extension of œo to take 
this value at B; and if they are not equal for some self-adjoint B, we may 
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extend ġo to the space generated by B and & by assigning either of these 
values to B, and then extend the resulting mappings to two distinct positive 
mappings of @ into @, each of which extends œo. 


Remark 3. If we take @ as Q, and ġo as the identity mapping on Q, 
the extension lemma guarantees the existence of a diagonal process with range 
in @, and this diagonal process is improper if @ is not maximal abelian (for 
a proper process is the identity on (”, the commutant of Q). In case @ is 
maximal abelian, and we proceed as just noted, the extension lemma and 
the the preceding remark provide another criterion for uniqueness of the 
diagonal process. 


Lemma 4. If D is a diagonal process relative to the maximal avelian 
algebra CL, there is a *-representation, , of the algebra, B, of all bounded 
operators which is an isomorphism on À, and a projection E on the sepre- 
sentation space such that 


D (B) = $*[E($(B))E] 
for each B in B. 


Proof. Let {fa} be a maximal orthogonal family of countably decom- 
posable projections in @, so that SFa-=I. Note that Da, definad by 
a 


Da(B) = D(B)Fa, for B in the algebra, Ba, of bounded operators on F's (#) 
(H the underlying Hilbert space of 8), is a diagonal process relative to the 
maximal abelian algebra @Fa (on Fa(%)). If we can find a representation 
da Of Ba and a projection Ea with the properties described in the lemma 
(relative to Ga), then the direct sum, ¢, of the representations and #, the 
sum of He, establish the result for D. 


We may assume that @ is countably decomposable, so that there exists 
a (unit) separating vector, x, for @. We define a state, p, of B by: 
p(B) =o,(D.(B)). From Gelfand-Neumark [1] and Segal [6], p gives 
rise to a *-representation ¢ of B constructed as follows. The set of operators 
B in B such that p(B*B) —0 is a left ideal, &. The quotient vector space 
8/3 has a positive definite inner product on it defined by 


[B+ A, C+ 8] = p(0*B), 


so that the completion, o, of B/% relative to this inner product is a Hilbert 
space. The mapping, B+ 8 AB+ 8, on 8/8 to B/A extends to a 
bounded operator (A), for each A in B and ¢ is the *-representation in 
question. That œ is an isomorphism on @ (with range Wp, let us say) is a 
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consequence of the definition of p. In fact, if (4) —0, then 
O—[A+9,4+ 3] =p (4*4) 0 (0 (A*A)) = | Ao’, 


for À in G, whence A —0. (Recall that x was chosen as a separating vector 
for Q.) 

Let E be the projection on the closure of {4 -+ &:A€ Q}. Our final 
assertion is that [9 (B)] —H#¢(B) LH, both operators restricted to Æ (94). 
We have 


-[$[D(B)](A + 8), C+ 8] =p(C*D(B)A) 
= 0,[0*D(B)A] = 02[ D (C*D (B)4)] 
and 
‘[E¢(B)E(A + 8), 0 + A] = [é(B)(4 + 2), 04 8] 
== p(C*BA) = 0,[D(C*BA)] = wal O*D (B)A |, 


with C and A in @. Thus, as operators on E(%.), 6[D (B)] = HS(B)E. 


Remark 4. Relative to the scalar algebra, {AZ} the identity mapping 
on @ is the unique proper diagonal process, and each state, p, of @ yields an 
improper diagonal process by means of the mapping B-—> p(B)I. 


Remark 5. If D is a diagonal process relative to @,, then D(C) —0 
for each completely continuous operator, C. In fact, if p is a pure state 
of Qe, po D is a state extension of p from Qe, to B and so, the finite ccnvex 
combinations of pure state extensions, p’, of p to @ have po D as a w*-limit 
point. Now p’(C) —0 or else p’ is a vector state, øs. But then ws is pure 
on Qe so that æ is a simultaneous eigenvector for @,—a contradiction. 


Thus p’(C) —0, so that finite convex combinations of such p’ annihilate C ' 


and po D(C) =p[D(C)] =0. Hence D(C) ==0. 


8. Uniqueness and non-uniqueness of diagonal processes. We consider 
Qı first and show that there is a unique diagonal process relative to it. 
Let {x} be an orthonormal basis for 9, the Hilbert space upon which €: 
acts, relative to which each operator in x is diagonal. Let us define D (B) 
for a bounded operator, B, to be the operator whose matrix representation 
relative to {z,} is the diagonal matrix with diagonal that of the matrix 
representation for B relative to {a}. Clearly, then, is a diagonal process 
relative to Ga With T= À ok and | Bi) <1, 


|(D (B)a, x)| S X | ox |? | (D (Bar wy) | = E | ax |? | (Bax, ox) |, 
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and for suitably large N, = | ay |? | (Bay, &x)| <e/2. Thus, with 
KZN 


| (Bay, 2g) | <e/2 | £ |, k=1,:: N, 


we have | (D (B)s, s)| S | ar |? |(Bax, t,)| <e, so that D is a continuous 
mapping at 0 on the unit ball of the algebra, @, of all bounded operators in 
the weak operator topology into @ in this topology. Since @ is a topological 
linear space in the weak operator topoloygy and D is linear, Ÿ is continuous 
on the unit ball of @ in this topology. From Lemma 2, it follows that D is 
the unique proper diagonal process relative to @a. By other considerations, 
we show that D is the unique diagonal process relative to Ca. 


THEOREM 1. The unique diagonal process relative to Qa is D. 


Proof. If D’ is a diagonal process distinct from D, then D’(B) 4 D (B) 
for some B in B ; so that (D’(B) ay, tx) 4 (D (B) az, cy), for some k—whence 
oz, © D’ op, ° D. But wa, is a vector pure state of Ca and has a unique 
state extension to 4. Thus D is the unique diagonal process relative to Qa. 

Of course, this does not establish that the pure states of (4 which are 
not vector states (the points of the B-compactification of the integers other 
than integer points) have unique state extensions to @. 


THEOREM 2. There is more than one proper diagonal process relative 
to Qe; pure state extension is not unique relative to Qe. 


Proof. If we represent our Hilbert space, Y as La(0,1) under Lebesgue 
measure and @, as the multiplication algebra of this measure space, then the 
set of projections {#y.:m==1,2,---,#—=1,--+,m} corresponding to multi- 
plication by the characteristic function of the closed intervals [(k—1)/m, 


m in . 
k/m] generate Qe Now [== $ Fun, 80 that Blim] | Emm — S Bin BE ye, and 
&=1 k=1 


mn 
Bl Fam | | Emm | Ermn| e | Emana os S EimnBExmn. From Lemma 2, if there is a 
k=l 


unique diagonal process À of the form Dp, p in the B-compactification of the 
integers but not an integer, in particular, if there is a unique proper diagonal 


process, then À (B) is the weak limit (with respect to 7) of > EymB£Erm Where 
kL 
m= 2I, In fact, if this is not the case for some B, then D,(B) ~D,(B) 
for some points p and p’ in B(A)—AÀ. We shall exhibit such a B. 
The functions, fn, defined by f,(z) = 7", for n—0,+1,: +, form 


an orthonormal basis for W. As B, we shall take the projection, Œ, on the 
subspace spanned by certain of these elements {f,,: 7—=1,2,---} (to be 


8 
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specified later). We have 


k/ 


m 
eTinse dr k 
(k~1)/m 


(Frm Bin (1), 1) => (fa Bam (1)) 





2 me > | 
3=1 
ES > | (1/Rrin;) [eTinsk/m cory e2t ins (K-1)/m | |” 
ja 


© 
es > (1 /4ar?n,;7) | e2Tins/m oy ke 
j=1 


whence 
(( En GErm) (1), 1) = D (m/4a2ng?) | erin 1 |? 
kzi gal 


Lo] 
=> (m/x?n3?) sin? (rr;/m). 
=t 


We show that, for a suitable choice of "1,72," * ', 


(1) | (m/r°) > (1/nj;?) sin? (2n,;/m) 


does not tend to a limit as m (==27) tends to œ. For our set, {n;}, choose 
all integers in the closed intervals [277,271], k= 1,2, + - (so that n = 1, 
Ng == 2, ng = 4, Na == D, à Ja 


Note that (1) may be rewritten as 


(1/7) È (wny/m)-* [sin®(wn;/m)] (n/m) (= am) 


which is the integral over [0,00] of the step function, Sm, defined as 
(mnm) [sin (anj/m)]-(1/r) on the interval [a(n;—1)/m,an,/m], 
j=1,2,---, and 0 elsewhere, and that, with m =Q (4), 

(W/m) (any/m)- [sin (=m/m)] (x/m) 


m/4<nsSm 
w/2 
= f Sm (2) da (= bm). 
w/t 


Now, with m,—2", Sm, is a Riemann approximating step function to 
ma? sin? x, on the interval [r/4, 1/2]. Thus, if Gen tends to a limit as m 
tends to o, so does Gm, as kÆ tends to oo, and 


1/2 
my @om == lim, An = lim, bm, = wt gr? sin? edz >r”, 
k & 
w/4 


(For the last inequality, note that the derivative, 2a*sing (æcosæ—sinx), 
of z? sin? x is negative on [r/4, 2/2], so that x? sin? s > 4r? on [r/4,r/8).) 


À 
J 
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On the other hand, there are no terms n; in (27-1, 22-2), Thus, with 
Tp == RP 5, is 0 on [r21 (27-2), ak/(k-+1)], whose left end point 
tends to 0 as Æ tends to œ. Since each Sm is bounded (e.g. by 1) on [0, r], 


w 
we have limz.s Í Sn (£)ds==0. Thus, if lim, dom exists, then 
0 
a? < lim, Gm, == lim, ar, == lim; f Sr, (@) dx 
0 


lim, f"s,(2)deSlim,(1/n) (deme, 
T T 


a contradiction. (Note that s,(x) Sra, for v in [0,0).) Thus lim, aoe 
does not exist, and @ does not have a unique diagonal part relative to Q, 
(G is the projection on the space spanned by e?*#s2, where {n,} is as described). 
From our earlier discussion, there are pure states of @, which do not have 
unique state (and pure state) extensions to all bounded operators (in fact, 
which have distinct values on G). 


4. The pure states. We have noted that non-uniqueness of diagonal 
processes implies non-uniqueness of pure state extension and that uniqueness 
of the diagonal process does not lead to uniqueness of pure state extension. 
The problem of uniqueness of pure state extension (and even that of diagonal 
processes) may be raised in more refined form. Given a maximal abelian 
self-adjoint algebra @ ;- for which operators, B, is it the case that all exten- 
sions of the same pure state of @ coincide on B? 


Lemma 5. If G isa mazimal abelian algebra then there exists a sequence 
of projections {En} in Q such that B!4|-~!2n converges to an operator of Q 
in the uniform topology if and only if p1(B) = p(B) for each pair of states, 
P1, pa, Of all bounded operators such that p, | Œ =p! Q is a pure state of €. ` 


Proof. Suppose that a sequence such as {En} exists, for the operator B. 
Then, with p, and pz states of all bounded operators whose restrictions to @ 
are pure and equal, m(BlE) —p,(B) and p(B!) —p:(B) for each pro- 
jection, E, in Q. In fact, p,(#) is 0 or 1, since E is a projection in @ and 
pı is pure on Q, while p,(B!”) = p:(E)p:(B)p1(E) + pi — E)p:(B}p:(l — E} 
= p(B) (cf. Lemma 2, second paragraph of the proof). Thus, 


pi( Bl Fil |En) — p(B) and lim p, (Bi: |En) = p,(A) = p,(B), 


where BlÆl-1Æ% tends uniformly to the operator À in @ (recall that states 
of C*-algebras are continuous in the uniform topology). Similary, p2(B) 
= p2(4) (= p1(4) =pi(B)), so that p(B) =p2(B). | 
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Suppose now that all extensions of each given pure state of @ coincide 
on B. Clearly then each diagonal process relative to ( has the same value, 
A, at B. We shall find {En} such that B!“:l--|". tends uniformly to 4, or 
equivalently, that (B—A)!l-l4n— BiB] |En À tends uniformly to 0. 
Of course, extensions of a given pure state of ( coincide on B— A, and have 
value 0 (since B—-A has diagonal 0 under each diagonal process relative 
to @). We may assume, therefore, that each extension of a pure state of @ 
has value 0 on B, and that B is self adjoint. 

Now € is *-isomorphic with C(X), where X is extremely disconnected— 
each point, 2, of X corresponds to a pure state, pz, of @ (and conversely). 
Since each state extension of pz, has the value 0 on B, we have 


0 —inf{p (A) : A in Q, A = B} —sup{p,,(4): 4 in G, B= A}. 


Thus, we can choose operators 4, and 4% in ( such that A% = B= Am 
and 1/n > A(x) =: 0 = Az,(%o) > —1/n, where A is the function in C(X) 
corresponding to an operator, À, in @. It follows that there is a closed-open 
set, containing to whose characteristic function corresponds to a projection 
Enz in G, on which A* is less than 1/n and As, is greater than —1/n. Then 


(1/2) En = En oA” A , 
== na AE}, o = Ea. PE na, = En, To Å Bi = (—1 /n) En me 


so that | EnB En m | <1/n. Since X is compact, the closed-open sets corres- 
ponding to Ens» for each £o cover X and have a finite subcovering. Denote 
the corresponding projections by En,’ - -, Eu. We may replace this set of 
projections (using intersections and relative complements) by an orthogonal 
set of projections in @ each of which is contained in some Ep; and such that 
each Fa is the sum of projections in the new finite set. If # is one of the 
new projections, contained, say, in En, then 


| EBE | = | BE, BEF || S || E |? | £.B#, || S1/n. 
We may assume that En` - +, Enx, are orthogonal, so that their sum is J 
(their corresponding closed-open sets cover X). Thus 
ken 
| BlBal | Enen | == | D EnBEn || S 1/n. 
j=1 
The sequence Ei, Fiet + +, Eino En, * *, Hex,’ © * Will serve as the desired 
sequence, {En}. | 


Remark 6. If the state extensions to @ of a state of a maximal abelian 


` y 
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algebra, @, coincide on each operator of a certain set, d, (i.e. the restriction 
of these extensions to 3 defines a single-valued function on 3) then the same 
is true for the uniform closure of the self-adjoint linear space generated by 
ð and for the set of those operators, T, for which there is a family, {En} 
of projections in @ such that TIZ- |2. has a uniform limit in ø. 


THEOREM 3. A state extensions to B of a pure state of Qa ccincide 
on each permutation matrix (i.e. each linear operator which permutes the 
eigenvectors of Qa). 


Proof. Let {2n}n-1,2,-- be a basis of eigenvectors for a, and let 
Tan == Zain), Where « is a permutation of À. Then, the matrix of T relative 
to {za} has 1 at each entry a(n), n and zeros at the other entries (it is a 
permutation matrix). Let 3, be the fixed points of a We shall define three 
other sets of integers, X., Az, and &,. Assign to d, the first element of à 
not in &, and suppose that each element of À less than n has been assigned 
to one of &,,- © -, À, in such a way that j and a(j) are not in the same set 
if they are distinct. Assign n to the first one of à, ds, A, which contains 
neither a(n) nor a(n), unless a(n) —n, in which case, assign n to à. 
In this way, we construct four pairwise disjoint sets 34, à, As, A, with 
union À such that a(n) and n lie in no one of them, unless they are equal 
(in which case it lies in &,). Let Hj, 7 —1,: - -,4 be the projection (in Gz) 
on the subspace spanned by {a,: k in &;}. From the construction, F TE, 
= P, and ETE; = 0, j7==2,3,4, while #,,---,H, are mutually orthogonal 
and have sum J. Thus Tl 4:122i#s|s— E, which lies in Qa. An application 
of Lemma 5 completes the proof. 

Combining Theorem 3 with Remark 6, we see that pure state extension 
from (a is unique to the algebra of linear combinations of permutation 
matrices (and to its uniform closure). We note that the proof of Theorem 3 
applies to more general 0, 1 matrices (e. g. to those operators which annihilate 
some basis vectors and are one-one mappings of the others into the set of 
basis vectors). | 


5. Related questions. The results that we have obtained leave the 
question of uniqueness of extension of the singular pure states of (a open. 
We incline to the view that such extension is non-unique (although the 
diagonal process is unique—Theorem 1, and there is a large class of operators 
to which extension is unique—Theorem 8). Our considerations also raise 
the question of whether or not each pure state of @ is the extension of some 
pure state of some maximal abelian algebra. (This is true for the vector 
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states of 8.) With regard to this last question, one can partially order the 
states of 8 by comparing the sets of elements on which they give “ definite 
information.” (We say that the state, œ of @ is definite on a self-adjoint 
operator, À, when w is pure on the C*-algebra generated by A-equivalently, 
when w(4?) =w(A)?. The set of operators on which w is definite is “the 
definite set” of w.) | 


THEOREM 4. À state of B is pure if and only tf its definite set is 
maximal (with respect to inclusion). 


Proof. If K is the left kernel of œ, then the definite set of w is 
{As AD), where Ka is the set of self-adjoint operators in K and À is a 
real number. (Note that the set of self-adjoint operators in a uniformly 
closed left ideal determines that ideal—in fact, the positive operators in the 
ideal determine it [7|.) Indeed, if À is in K,, then 0==w(A) —o(A)? 
==w(A*®) (by definition of K), so that w is definite on Ky and hence on 
{A+ Al}. On the other hand, if w is definite on B, then it is definite 
on B—w(B)I, so that o( [B — o(B)I]?) = o( B— o( B)I}? == 0 and B—o(B)I 
isin Ke Bis in (K,-+Al}. If K is not a maximal left ideal and Ẹ is a 
left ideal in @ containing K properly, choose A in §, not in KX. If 
À == B + AL, with Bin Ka then A—B—)dI is in 9, so that à =0, A=B 
is in #—a contradiction. Thus {9,-+ M} contains {#,+AI} properly. 
It follows that the definite set of w is maximal only if its left kernel is a 
maximal left ideal—which implies that w is pure [2]. 

Suppose, now, that A is a maximal left ideal and that Ẹ is a left ideal 
such that {$ AT} contains {K + Al}, the definite set of some pure state. 
We show that {9-4 A}, the definite set of an arbitrary state, coincides 
with {K,-+-AZ}, in this case. Passing to a maximal left ideal containing }, 
we may assume that } itself is maximal; so that 9 is the left kernel of a 
pure state, p, of B. If $ annihilates a vector, y, then so must K ; for other- 
wise, À. contains all self-adjoint completely continuous operators, and in par- 
ticular, one which maps y onto a non-zero vector orthogonal to y-contradicting 
the fact that {}.--AZ} has y as an eigenvector and contains {K + Al}. 
Thus A, consists of all self-adjoint operators annihilating some vector, z, 
and has y as an eigenvector; so that z is a scalar multiple of y, K., anni- 
hilates y, K= 9, and {Ky+ Al} = { $a HAL. 

We may assume that 9 does not annihilate a vector and, so, contains 6, 
the ideal of completely continuous operators in @. Thus, ¢, the irreducible 
representation of @ associated with p has @ as kernel. If A is in Ką, but 
not in ĝa, then p(A*) =p(A)?0; so that p(#) 340 for some spectral 
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projection, Æ, of A corresponding to an interval whose closure does not 
contain 0. In fact, from the Spectral Theorem, A is a uniform limit of 
finite linear combinations of such spectral projections, and if p annikilates 
each of them, then since p is uniformly continuous, p(4) —0. Since Æ 
corresponds to an interval whose closure does not contain 0, I— E + AE has 
an inverse, B; so that BEA—=E[B(I—H-+AE)]=—E is in Ky and hence 
in {},-+AI}. Moreover, HCE is in Ka hence in {},,-+ Al}, for eack self- 
adjoint C in 8. Now $ maps { 9, +aAT} into the set of self-adjoint operators 
which have x as an eigenvector, where z is a vector such that w.¢=p; 
so that the projection, ¢(E), has x in its range (since p(#) +0). and 
DE )(C)h(E)xz— o(#)6(C)r=-ar. Since ¢ is an irreducible represen- 
tation of 8, (E) must be the one-dimensional projection whose range 
contains z. But p annihilates @, and p(#/) 340. Thus £ is infinite dimen- 
sional, and E = F 4-I— F, where F and [-—-¥F are infinite dimensional; 
so that (EE) = @(F) + ¢U—F), with (F) and ¢(£—F) non-zero or- 
thogonal projections. (Recall that the kernel of @ is @). Hence 4(E) 
cannot be one-dimensional, each A in K, lies in 9,, KH is contained in } 
and K — $, by maximality, and {K,-}+ AI} is a maximal definite set. 


Presumably, the definite set of each pure state contains the set of self- 
adjoint elements of some (perhaps many) maximal abelian algebras. A 
general question of obvious interest is that of the classification of the irre- 
ducible representations of 8. We know from [3] that the separable ones 
are all unitarily equivalent (to the algebra of bounded operators on separable 
Hilbert space) and are associated with vector states. The vector states of B 
are unitarily equivalent. Is this the case for the singular pure states of B? 
A clever counting argument of Kaplansky’s shows that this is not so. In 
fact, each pure state of @a has a pure state extension to @, so that there are 
at least 2° pure states of 8 (the pure state space of Qa is B(A) which has 
cardinality 2°), while there are only C operators (as can easily be seen from 
the matrix representation relative to a countable orthonormal basis.) Hach 
unitary equivalence class contains at most C states, so that there are 2° 
inequivalent singular pure states. 
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A GENERAL THEORY OF ALGEBRAIC GEOMETRY OVER 
DEDEKIND DOMAINS, IIL* 


Absolutely Irreducible Models, Simple Spots. 


By MasayosHi NAGATA. 


In the present part of this sequence of papers, we want to study absolutely 
irreducible models and simple spots. 

First, in Chapter 5, we study the extensions of ground rings and intro- 
duce the notion of absolutely irreducible models ($1). Then we introduce 
the notion of product models ($2) and fibre bundles ($3). And then we 
study the notion of absolutely normal spots (§ 4) and we introduce the notion 
of a point set attached to an absolutely irreducible models (§ 5). Further- 
more, we define the notions of order of inseparability, cycles, divisors of 
functions, ideals of a model and line bundles (§§ 6-10). 

Secondly, in Chapter 6, we first prove that the set of simple spots in a 
model forms a model (§1) and then we consider the Jacobian criterion of 
simplicity ($2) and we study the notion of absolutely simple spots (§3). 
In §4 we prove that the set of absolutely normal spots in a model forms a 
model and then in §5 we consider the notion of simple points. Finally, in 
§ 6, we derive conditions for the simplicity of a tensor product of simple spots. 


Results assumed to be known : Besides the results assumed to be known 


in previous parts of this sequence of papers and results in them, we assume 
that the results in [3] and [4] are known. 


Chapter 5. Absolutely Irreducible Models. 


1. Extension of ground rings. Let M be a model of a function field 
L over a ground ring I. Let I* be a ground ring (not necessarily a ground 
ring of L) which contains J and let p* be a prime ideal of L ®,J* such that 
p*NI=0. Let L* be the field of quotients of (L@I*)/p*, Then we can 
regard L and J* as subrings of L* in the natural way. (Then L* is the field 
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of quotients of I*[L]). Let.4,,---,An be affine models of L such that 
M == U; 4, and let 01,° © -,0, be affine rings of A,,- - +, Án respectively. Set 
0“;=—1*[o;]. Then o*; is an affine ring of L* over I*. Let A*; be the affine 
model defined by 0*, and set M*— U A” Then 


THEOREM 1. 1) M* ts a model of L” over I*, 2) every spot in M* 
dominates a spot in M and 3) M* is the set of spots which are rings of 
quotients of I*[Q], where Q runs over all spots in M, hence M* does not 
depend on the choice of the affine models Ai. 


This model M* is called an extension cf M over I* in the weak sense. 
When p* = 0, we call M* the extension of M over I* and M* is denoted by 
MO: 


Proof. Let Q* be an arbitrary spot in M* and let q* be the maximal 
ideal of Q*. @* is a ring of quotients of some o*;, hence Q* contains 04. 
Therefore Q* dominates Q = (0:) q*no,, Which proves 2) and we see that Q* 
is a ring of quotients of J*[Q]. Assume that Q**¢ M* corresponds to Q*. 
Let Q’ be a spot in M which is dominated by Q**. Since there exists a place 
which dominates both Q* and Q**, hence also Q and Q’, we see that Q 
corresponds to Q’. Since M is a model, Q == Q’. Therefore Q* and Q** are 
rings of quotients of the same ring 7*[Q]. By Lemma 2.1.1, we see that 
Q* == Q**, which proves 1), because M* is the union of a finite number of 
affine models. We saw already that any spot Q* in M* is a ring of quotients 
of I*[Q] with QE M. Conversely, if Q € M, then I*[Q] is a ring of quotients 
of some o*; and therefore any spot Q* which is a ring of quotients of I*[Q] 
is in M*, and 8) is proved. 


Remark 1. Let n be the transcendence degree of /* over J (n mar be 
infinite). If I is not a field and if I* is a field, then 


dim M > dim M* > dim M—n—1; _ 
if both J and J* are fields or if both J and J* are not fields, then 
dim M = dim M* => dim M —n. 


Remark 2. If př is a prime divisor of zero of L@I*, then dim M* is 
equal to dim M or dim M — 1, where the last case occurs when and only when 
I is not a field and J* is a field. (For the proof, see Lemma 3.1.5.) 

With the same L, L* and I*, let P be a spot of L (over I). Then a spot 
P* which is a ring of quotients of I*[P] and which dominates P is called 
an extension of P over I* in the weak sense. When b* is zero, P* is called 


Pad 
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an extension of P over I*. By this definition, the extension of M over [* is 
the set of extensions of spots in M over I*. 

In Chapter 2, we defined the oo of domination of models which can 
be defined for models having different ground rings. If a model M* dominates 
a model M, there exists a mapping f from Af* into M such that f(P*) =P 
(P* ¢ M*,P € M) if and only if P* dominates P. This mapping f is called 
the projection or the geometric projection from M* into M, which will be 
denoted by one of proj”"x, proja, proj. 

Theorem 1 shows that from any extension of M even in weak sense the 
projection. into M is well defined. 

Assume that the extension M@I* is defined. Then for a spot P in M, 
the set of spots P* in M @ I* such that i) proj P* == P and ii) rank P = rank 
P* is the set of rings of quotients of the local tensor product P X,1* with 
respect to its maximal ideals; such a P* is called a component of P X I*. 
It will be easy to see that 1) if Q* € M@I* and if proj Q* =P, then Q* is a 
specialization of some component of P X I* and.2) P X I* is not defined if 
and only if there exists no ground place of I* which dominates that ground 
place of J dominated by P. 

We say that a model M over a ground ring I is absolutely wreducidle if 
for any ground ring J* containing J, the extension M @ I* is well defined, or 
equivalently, if the function field of M is a regular extension of I (by 
Theorem 3.3). 


Remark. Let M be a normal model of a function field L over a ground 
ring Z. Then every spot PE M contains the integral closure J’ of I in ZL. 
Hence we may regard M as a model over I’. In this case, if L is separably 
generated over I, then L is a regular extension of I’ (see Chapter 3, §4) and 
M is an absolutely irreducible model over I’; if IF, then M is not an 
absolutely irreducible model over J. 


Lemma 1. Let o and o be rings containing a field k. If an element a 
of o is not a zero divisor in o then a is not a zero divisor in 0 Qy 0’. 


Proof. Let {vu} be a linearly independent k-base of o. Assume that 
ab==0 (bE 0@o’) and b= Saw; (a€ 0). Then ab—0 means > aam = 0, 
hence aq; == 0 for all i. Therefore a; = 0 and b =0. 


Lemma 2. Let o and o be Noetherian rings containing a field k. Then 
any prime divisor of zero of opo is a minimal prime divisor of the ideal 
generated by some p and p’ with p and p’ prime divisors of zero in o and of 
respectively. 
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Proof. By the existence cf a linearly independent k-base of 0’, we see 
easily that if a and b are ideals of o, then 


(aM 6) (0 Go") =al rN b(0 Bo’). 


Therefore we may assume that the zero ideal of o is primary. Similarly, we 
assume also that the zero ideal of o’ is primary. Now, by Lemma 1, we may 
assume that the total quotient rings of o and o’ coincide with o and g 
respectively. Thus, we assume that o and o’ are local rings of rank zero. 
If o and o” are fields, then the proof is easy (see the proof of Lemma 3.1.5). 
We shall use induction on length o+ length o. Assume, for instance, that 
length o> 1. Let b be an elment of o such that 0: bo =p with b the 
maximal ideal of 9. Let p’ be the maximal ideal of v and let p*,,- - -, p*, 
be all of the (minimal) prime divisors of the ideal generated by p and p’. 
We have only to prove that if an element a of o ®o’ is not in any of the p*,, 
then a is not a zero divisor. Assume that ac—0 with c€o@o’. By the 
induction assumption, @ is. not a zero divisor modulo b(o@v’), hence 
c€b(o@o’). Let c° be an element of o® o’ such that c—bc’. Then 
ac’€ 0: b(o@o’). By the existence of k-bases, we see easily that 0: b(0 Bo’) 
—=hb(o0@o’). Again by the induction assumption, a is not a zero divisor 
modulo p(oWo’). Therefore we have c'Ep(o8 o); hence c= bg ~0. 
Therefore a is not a zero divisor, which proves our assertion. 


LEMMA 3. Let p be a prime ideal of a spot P over a ground ring I and 
let I* be a ground ring containing I. If p* is a prime divisor of the ideal 
p(P @r1*), then there exists a (minimal) prime divisor m? of the ideal of 
P@I* generated by the maximal ideal m of P such that p* Cm*. 


Proof. Since P@I*/p(PDI*) = (P/p) @ (I1*/(pNI)IF), we may 
assume that p—0. By Lemma 8.1.5, p* is a minimal prime divisor of zero. 
Assume that we know that p*-+m(P@I*)54P@I*. Since P is a ring 


of quotients of an affine ring over I, say I[a,,- - -,x,], P@I* is a ring of 
quotients of J*[a1,-- -,2,] (—1[n,- > -,2,]@7*). pt N [t - +, 2) is 
a minimal prime divisor of zero of I*[2,,- + -,2,]. Therefore the transcen- 


dence degree of P®I*/p* over I* is that of P over I. Therefore, if q* is a 
prime ideal of P@I* containing p* then rank (q*/p*) ==rank q®. Now, let 
Yi," °°) Ym be a system of parameters of P and let m* be a minimal prime 
divisor of p*+ diy,(P @I*). Then we have, by the above observation, 
rank m* =m. Since m* contains m, and since every prime ideal of P & I=* 
containing m is of rank not less than m, we see that m* is a minimal prime 
divisor of m(P@I*). Therefore it is sufficient to show that p* + m(P @1*) 


DEDEKIND DOMAINS, III. 405 


~P®I*, assuming that m(P@I*)~P@I*. For the purpose, we may 
assume that 7* is a ring of quotients of an affine ring over J. By Lemma 1, 
we may assume that J and 1* are ground places and I is dominated by P 
and I*. If z*,,-- -,2*, are algebraically independent elements over J such 
that I(v*,,- + -,æ*,) is dominated by I*, then the zero ideal and the ideal 
m(P @I(a*,,- - -,2*,)) of P@I(a*,,- - -,2*,) are obviously prime. There- 
fore, considering (P@I(2*,,- - -,*,-))(m and I(2*,,---,2*-) instead of 
P and I respectively, we may assume that /* is a ring of quotients of an 
integral extension I’ of I. (Therefore, if I is a field, then the proof is easy.) 
We first consider the case where rank P =1. Then P@I* is a semi-local 
ring and every maximal ideal of P@I* is of rank 1, as is easily seen. 
Therefore we see the proof of this case. Then the general case is proved 
by induction on rank P. 


THEOREM 2. Let M be a model of a function field L over a ground ring 
I and let I* be a ground ring containing I. 


1) Zf M is an absolutely irreducible model, ‘then MOI” (is well defined 
and) s an absolutely irreducible model over I*. 


2) Assume that M@I* is well defined and let P be a spot in M. If 
an element f of LO I* is in every component of P X I*, then f is in P © I*, 
provided that P X I* is defined. 


Proof. 1) follows from Corollary 1 to Theorem 3.3. As for 2), we 
may assume that I is a ground place dominated by P. f is expressed in the 
form >i," cw, with C° --,¢,€I* which are linearly independent over J 
and with wE L. 


i) The case where J is a field: Let a be an element of P such that 
aw; € P for any i (a20). By Lemmas 2 and 3, we see that 


N (aPıNn (P@I*)) =a(P@I*), 


where P; runs over all components of P X I*. Since f€ Pi, af € aP. There- 
fore af€a(P@I*). Since a is not a zero divisor by Lemma 1, we have 
FEP SIS 


ii) The case where J is not a field: Let p be a prime element of J. 
By case 1) and by Lemma 3, the assertion is true for Pa if q is a prime ideal 
of P which does not contain p, i.e., fE MaPa@I* (q runs over all prime 
ideals of P which do not contain p). Therefore there exists a power p” of 
p such that pf € P@I*. Choose r the smallest possible one. If r—0O, then 
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f€PSI*. Assume the contrary. If r > 1, then considering p™*f, we may 
assume that r—1. Then, since P®I*/p(P @I*) = (P/pP) Qrar (I*/pI1*) 
and since I/pl is a field, we have f € P @I* as in the case i), which gives the 
proof for ii). 


THEOREM 3. If M is an absolutely irreducible model over a ground 
ring I, then for all but a finite number of prime ideals p of I, 1) there exists 
only one general spot P(p) over p in M, 2) P(p) is an unramified simple 
spot of rank 1 and 3) the induced model hp) (M) is an absolutely irre- 
ducible model over I/p. | 


Proof. When M is an affine model, the assertion is immediate from 
Theorem 3.6. As for the general case, let A be an affine model contained in 
M and let p be a prime ideal of Z. If one of the three conditions in our 
theorem is not true of p, then either there exists a general spot À») con- 
tained in M — À or one of the conditions is not true with respect to A. Since 
P(p) is of rank 1, the first case is true only for a finite number of p, while 
by the case of affine models, the same is true for the second case. ‘Therefore 
Theorem 3 is proved. 


2. Product models. Let M and W’ be models of function fields Z and 
L’ respectively over the same ground ring J. Assume that L&I” is an 
integral domain. (By Theorem 3.3, if one of M and M” is absolutely irre- 
ducible, then L @ L’ is an integral domain.) Let L* be the field of quotients 
of LOL and we regard L and I’ as subfields of Z* in the natural way 
(L* == L(17)). In this case, the join J(M,M’) of M and W is called the 
product model of M and iM’ and will be denoted by M W’. When I is a 
field, dim (M @ M”) — dim M + dim W’; when IJ is not a field, dim M © M’ 
= dim M + dim W —1. 


Proposirion 1. 1) If M and W are affine models, then M © M" is also 
an affine model. 2) If M and W are complete models, then M ® M’ is also a 
complete model. 3) If M and M’ are projective models, then M @ M” is also 
a projective model. 


The proof is immediate from the results in Chapter 2, § 4. 


Proposition 2. When L and L’ are imbedded in some other function 
field, then the join J(M,M’) in this case can be regarded as an induced 
model of M® M’. ` 


Proof. Set §== L[L’] in the new imbedding. Then 8 is a homomcrphic 


m 
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image of LQ I’. Let q* be the kernel of the homomorphism. On the other 
hand, let o and o’ be affine rings whose affine models are contained in M and 
M’ respectively. Set q=q* N (089). Then Q* = (0@o’)q is a spot in 
M®M’. Since LO L is a ring of quotients of 9 @ g’, we have Q* = (L @ L'}qe. 
Therefore we see easily that J (M, M’) is the induced model of M @ W defined 
by the spot Q”. 


Proposition 3. Let L, I’ and L* be the same as above (L* == L(L’)). 
Then a spot P of L corresponds to a spot P’ of I tf and only if P and P’ 
dominate the same ground place (of I). 


Proof. The only if part is obvious. Assume that P and P’ dominate 
the same ground place F. Let m and m’ be maximal ideals of P and P’ 
respectively and let I” be the residue class field of F. Furthermore, let a 
be the ideal of P[P’] (=PO P’) generated by m and n”. Then P[P’]/a 
== (P/m) @; (P’/m’), which shows that a does not contain the identity. 
Therefore P corresponds to P’ by Theorem 2.1. | 


COROLLARY. Let M and M’ be models over a ground ring I. Assume 
that MO M’ is defined and that any ground place of I is dominated by some 
spots in M’. Then the projection from M @ W in M is an onto mapping. 


THEOREM 4. Lei M and W be models over the same ground ring I. 
If one of M and W is absolutely irreducible, then M @ M’ is well defined. 
If both M and MW are absolutely irreducible, then M @ M’ is also absolutely 
irreducible. 


The proof is immediate from the results in Chapter 3, $4. 

3. Definition of fibre bundles. Let M and F be models of function 
fields K and L respectively over the same ground ring J. Assume that M@F 
is well defined and let L* be the function field of M@F. 


Let 01° ` *,0n be automorphisms of L* over K and assume that there 
are models À;,- : -,4, of K such that 


1) M = U; A, and 2) of to;( (4: A;) © F) = (A; A;) QF 
for any (4,7). Then 


THEOREM 5. M* == Uio; (A: F) is a model of L* over I. 


We call this model M* a fibre bundle with base model M and fibre F; 
the o;’s are called the transition mappings of M* (defined on Aÿs). 


Proof. Since A,@ F is a model of L*, o;(A,;®F) is also a model of L*. 
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Therefore M* is the union of a finite number of affine models. Assume that 
two spots P* and P** in M* correspond to each other. Take à and 7 such À 
that P*€a,(A;,@F), P**E0;(4,@F). Let P’ and P” be the spots in M ` 
which are dominated by o;*(P*) and oj*(P**) respectively. Since o; and 
o; are automorphisms over K, P* and P** dominate P’ and P” respectively, 
which shows that P’ corresponds to P” and therefore P’ =- P”. Therefore P’ 
is in A; A; Therefore er (P*) and oj? (P**) are in (4N 4;) F. Thus 
we have P* €a,((4;N A;) SF), P**€0;((A,N A;) OF). By our assump- 
tion, o1( (4: N Aj) © F) —0;((45N Aj) Q F). Therefore P* and P** are in 
the same model, hence P* — P**, Therefore M* is a model. . 

When M** is another fibre bundle with base model M and fibre F, we 
say that M** is equivalent to MY if there exists an automorphism o cf L* 
over K such that M** —oM*. 

We shall show here that the notion of fibre variety in the sense of Weil \ 
[7] corresponds to our notion of the fibre bundle. A fibre variety W, with base 
V, fibre F, structure group G, transition functions Si and the field k of 
definition, is defined in the following manner: 

V and F are abstract varieties and G is an automorphism group on F 
(for the definition, see Weil [?]), defined over k. {U} is a finite covering 
of V by open sets in the sense of the k-topology. For each pair (4,7), Sy is a 
rational mapping over k of V into G and defined at all points of Urn U; 
For any triple (h,4,7), Say = Smsy in Ur NU: NUS Forming the union 
U; (U:X F), we define in this union the equivalence relation, denoted by ~, 
namely; (2,2) ~ (x,2)((x 2) EUXF,(x,#)EU;XF) if and only if 
vena (€ UN U;) and 2 = sp(x)z. Then the set W of equivalence classes 
becomes an abstract variety, which is birationally equivalent to V X F. À 

We shall show that the set S(W) of specialization rings of points of W 
over k is a fibre bundle in our sense, with base model S(V) and fibre S (F), 
where S(V) and S(F) are the sets of specialization rings of points in V 
and F respectively, over k. We denote by S(U;) the set of specialization rings 
of points of U, over k. Let P and Q be independent generic points of V and 
Æ respectively, and let (x) = (£1, + -,æn), (2) = (41," * *>2n) be the co- 
ordinates of representatives of P and Q in some affine representatives V’ and 
E of V and F respectively. Then we may regard k(x), k(z) and k(2,2) as 
function fields of V, F and V X F respectively. Since s;(x) is rational over 
k(z) and is an automorphism of F, sy(æ)z is also in F and its coordinates 
(z) are rationally expressed in term of k(z,z) and therefore the mapping 
(z) — (4) defines an automorphism of k(æx,z) over k(x); that is, sy4(P) F 
induces an automorphism of k(x,#z) over k(x), which will be denoted by oy. 
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On the other hand, the equivalence relation ~ can be formulated as follows: 
We regard s,;(P) as a birational correspondence between U; X F and Li XF 
which maps PX Q to PX Q’, where Q’ is the point of F which has the 
representative sy(x)z in F”. Then a point R X S in U;X F is equivalent to 
R’ X & in U;X F if and only if they are corresponding points under s;;(P). 
Therefore, the automorphism oy, of k(x,z) identifies the specialization 
rings of equivalent points of U;« F and U;X F. This shows alsc that 
eya (S (U) N SU) @ SF)) = (8S (Ui) NS(U;))@ SF). Since Sri = Sn 
we have, fixing one h, say 1, oy == c; Therefore, if we denote ei; by cp 
then we see that S(W) is a fibre bundle in our sense with base S(V), fibre 
S(F) and the transition mappings oi. 


4, Absolutely normal spots, A spot P over a ground ring I is called 
absolutely normal if 1) P is a regular extension of J and 2) for any ground 
ring I* containing I (and such that P X J* is defined), every extension of 
P over I* is normal. Observe that 7* may be restricted only to fields or 
valuation rings which dominate the ground place of Z dominated by P and 
whose field of quotients is finitely generated over that of J. 

A model M is called absolutely normal if every spot of M is absolutely 
normal. | 

A spot P over a ground ring I is called weakly absolutely normal if 
1) P is a regular extension of f and 2) if I* is a ground ring which is also a 
valuation ring (or a field) unramified over the ground place J’ of J dominated 
by P (i.e., the maximal ideal of J’ generates that of I*), then every extension 
of P over I* is normal. 

If we consider only models over fields, then weak absolute normality 
coincides with absolute normality. Furthermore, 


Proposirion 8. Let P be a weakly absolutely normal spot over a ground 
ring. I. If P contains the field of quotients of I, then P is absolutely normal. 


Proof. We may assume that J is a field. If P is not absolutely normal, 
then there exists a ground ring /* containing I such that 1) some extension 
of P over. I* is not normal and 2) the field of quotients K of J* is finitely 
generated over I. Let k be a finite purely inseparable extension of Z such 
that &(K) is separably generated over k. By the assumption, P[k] =P Qk 
is a normal spot over k. Let I** be the integral closure of I* in E(K). 
Since both P[k] and J** are separably generated over the field k and since 
they are normal rings, P[k] @,J** is a normal ring by Theorem 8.8. This 


9 


410 MASAYOSHI NAGATA. 


contradicts the assumption that there is an extension of P over J* which is 
not normal; for, P[k] @, 7** = P Qi [** = (P Qi I") Or IF. 


_ THEOREM 6. Let P be a normal spot over a ground olace dominated 
by P. If P is a regular extension of I and if I and the residue class field k 
of I are perfect, then P is weakly absolutely normal. (In this case, I as either 
a field or a ring of characteristic zero.) 


Proof. IfI is a field, then the assertion follows by Theorem 3.8. Assume 
that I is not a field. Let I* be a ground place dominating J and unramified 
over I. Let z be a prime element of J. Set o” = P@I* and let pë be a 
prime divisor of zo*. Since 0*/x0* = (P/zP) @ryor 1*/al*, xo* has no im- 
bedded prime divisors, hence p* is a minimal prime divisor of zo*. Set 
p=p* N P. Then p is a minimal prime divisor of zP. Since I*/zl* is'a 
separably generated extension of 1/x1, P/p @I*/xIl* has no nilpotent elements. 
Therefore, if y is a prime element of Pp, then p*o*,. is generated by y, which 
proves that 0*,. is a normal ring. Therefore by Proposition 3.9, the assertion 
follows. 


COROLLARY 1. Let P be a spot over a field k such that P ts a regular 
extension of k. If there exists a field K containing k such that at least one 
extension of P over K 1s absolutely normal, then P is absolutely normal. 


Proof, Let k* be the smallest perfect field containing k. We may assume 
that K contains &*, Since there exists only one extension P* of P over k*, 
P* must be normal, hence P* is absolutely normal by Theorem 6, which shows 
that P is absolutely normal. 


COROLLARY 2. Let P be a spot over a field k such that P is a regular 
extension of k. Then P is absolutely normal if and only if P[k] is normal 
for any finite purely inseparable extensions k of k, or equivalently, for the 
smallest perfect field kK containing k. 


Lemma i. Let P be a normal spot over a ground ring I and let x be a 
prime element of the ground place I’ dominated by P. Assume that x 40. 
Then P is absolutely normal if and only if Py is absolutely normal for any 
prime ideal p which does not contain x and also for any (minimal) prime 
divisor b of xP. 


Proof. The only if part is obvious (more generally, if a spot is not 
absolutely normal, then its specialization is not absolutely normal, as is easily 
-seen). We assume that P, is absolutely normal for any prime p as stated 
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above. Let I* be a ground ring, which is a valuation ring and which 
dominates I’, By the assumption, for b which do not contain x, we see that 
(P@I*)[1/x] is a normal ring. On the other hand, since 


PQI*/a(P @I*) = (P/aP) Biya I*/a1*, 


z(P @I*) has no imbedded prime divisor by Lemma 5.1.2. Therefore, the 
absolute normality of Py for minimal prime divisors of xP shows that for 
any prime divisor p* of «(P@I*), (P@I*),. is a normal ring. Therefore 
we see that P@J™* is a normal ring. 


Lemma 2. Let b, o and I be discrete (rank 1) valuation rings having 
prime elements x, x and y respectively. Assume that I is dominated by Y 
and b and that yos<ab, yo’ xo. Then brv cannot be a normal ring. 


Preof. Let e and e’ be such that yb == 2b, yb’ = xb’. We may assume 
that ee’. If p&p is a normal ring, it is the intersection of valuation 
rings containing it. For any valuation v whose valuation ring contains b @ p’, 
ev(x) = v(y) —ev(x). Therefore v(x) 2 v(a’), hence s/z € b © b”, which 
is obviously impossible. 


As a corollary to this lemma, we have 


PROPOSITION 4. If a spot P over a ground ring I is absolutely normal 
and if p is a prime ideal of rank 1 in P such that pN I0, then 
pPy== (pI) Pp; ie. Py is an unramified simple spot. 


THEOREM 7. À spot P over a ground ring I is absolutely normal if 
(and only if) P@r,I* ts normal for any finite normal extension I* of I; 
uf I is of positive characteristic, then we may restrict I* to purely inseparable 
extensions. 


Proof. By virtue of Corollary 1 to Theorem 6, we may assume that J is 
a valuation ring (= a field) which is dominated by P. Let y be a prime 
element of J. Lemma 2 shows that y is a prime element of Py if p is a prime 
ideal of rank 1 such that pm is40. Let K be any discrete valuation ring 
dominating I whose field of quotients is finitely generated over that of I. 
Let J’ bə a finite purely inseparable normal extension of J such that F[I’| 
is separably generated over J’. In order to prove the normality of POK, 
considering P @ I’ instead of P, we may assume that K is separably generated 
over I. Let p be the characteristic of [/yZ. Let I* be as follows: 1) If I/yl 
- is perfect, then 7*—J. 2) When I/yl is not perfect, let {as} be a p-base of 
I/yf (i.e. a maximal set of p-independent elements of [/y/) and let be be 
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a representative of do for every o. Then J* is the ring generated by all p- 
power roots of b over I (for all o). Then J* is a valuation ring and yl* 
is the maximal ideal. Furthermore, 1*/yl* is the smallest perfect field con- 
taining I/yI. Since I* is algebraic over I, we see that P@ I* is a normal 
ring and by the same reason y(P @J*) is semi-prime. Let K* be an exten- 
sion of K in the field generated by K and 1*. Then K* is discrete, because 
of finite generation of K and by our construction of I*. Let p* be any 
prime divisor of y(P@® K*). By Lemma 5.1.2, we see that p* is minimal. 
Since y is in 2*K™, we see that 


PO K*/c*(P@K*) = (P@I*/y(P@I*)) Qr K*/a*K*. 


This shows that 2*(P@K*) is semi-prime, because J*/yZ* is a perfect field 
and because y(P @J*) is semi-prime. Therefore p*(P@ K*)pe is generated 
by z*, hence (P@K*),. is a valuation ring. Therefore we have PQK” is 
a“ normal ring by Proposition 3.9, and therefore P@K is a normal ring. 
Thus the assertion is proved. | 


THEOREM 8. If P and P are absolutely normal spots over the same 
ground ring I and if I* is a ground ring containing I, then POP @,I* isa 
normal ring. 


Proof. Since every spot which as P or P’ as a specialization is also 
absolutely normal, we may assume that Z and J* are valuation rings (or 
fields). 1) When Jf is a field, let k be the smallest perfect field containing 
I, then Pk, P’@k are absolutely normal, and we may assume that J is 
perfect. Then Theorem 3.8 shows the normality of P@P'@I*, 2) When J 
is not a field, let p be a prime element of J. Then by the case J a field, 
(P@P'@1*)[1/p] is a normal ring. For any prime divisor p’ of p(P’ 8 I*), 
(P’@I*),» is a ground ring. Therefore for any prime divisor p* of 
p(P@P'@I*), (POP SI*)y« is a normal ring. It follows now that 
P®P’@I* is a normal ring. | 


COROLLARY. If M and W’ are absolutely normal models over the same 
ground ring, then M © M is also absolutely normal. 


By the same proof as for Theorem 8, we have 


~ Proposition 5. Let P and P’ be normal spots over a ground ring I. 


If one of P and P is absolutely normal and if the other is separably generated = 


over I, then PO P’ is a normal ring. 
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5. Point set attached to an absolutely irreducible model—the notion 
of varieties. Let J be a ground ring.and let U be a set of infinitely many 
algebraically independent elements over J. Then the integral closure of [(U) 
in the algebraic closure of the field of quotients of 7(U) in the algebraic 
closure of the field of quotients of I(U’) is called the universal domain of I 
with respect to the set U. 

We shall fix the set U and the universal domain D with respect to U, 
unless the contrary is explicitly stated. 

A ground ring 1* which contains J is called a canonical extension of I 
if J* is a finite integral extension of [(U’) with a subset U’ of U. Observe 
that if U-—U’ is a infinite set, then D is the universal domain of /* with 
respect to U-—U’ 

Now let M be an absolutely irreducible model over 7. Let {050€ 3} 
be the set of all canonical extensions of J (in D). Then the extensions 
Mo— M @ Io are defined and the set of Mo forms an inverse system under 
projection. Let Jf’ be the limit of this inverse system. A member of YW’ 
is called a point of M and Jf’ is called the variety of M (with respect to U). 

If P is a point of M, then there exists a uniquely determined spot Po 
in Me which is a representative of P in Me (for each o€ 3). This Po is 
called the spot of P over Is. When dim Po ==n, we say that P is a point of 
dimension n over Io. If dim Po = dim Mo, we say that P is a generic point 
of the variety W over Ic. 


Remark. The above notion of points does not coincide with the usual 
notion of points of a variety; the points in our sense contains also generic 
points of subvarieties over the universal domain, namely, if J is a field then 
AY’ is nothing but the extension of M over the universal domain. 

Let P and Q be points of the variety W and let Po and Qo be spots of P 
and Q over Io. Then we say that Q is a specialization of P over Ic if Qo 
is a specialization of Ps. 

Let P be a spot in M. If the induced model @p(Jf) is absolutely irre- 
ducible over pp (T) and if ġp (I) =Z, then the set of points of the variecy M’, 
whose spots over J are in M(P) can be naturally identified with the variety 
of ¢p(M), which is called the subvariety of M’ attached to the spot P and 
we say that the subvariety is defined over I. Similarly for Mo, we defined 
the notion of subvarieties defined over Jo. 

Let p be a prime ideal of Z. If p’ is a prime ideal of the universal 
domain D such that p’ Ip, then we say that Dy is a universal place 
over p (or Ip). Now, if, for a PE M, pp(M) is absolutely irreducible over 
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ép(I) and if p(1) 1, then the following subset M” is naturally idertified 
with the variety of ġp (M): 


Let Zp be the ground place dominated by P and let D be a universal 
place over Ip. Let W” be the set of points Q of M’ such that i) the spot of 
Q over J isin M(P) and ii) the spot of Q over Jc dominates the ground ee 
of Ic dominated by D’ (for allo € 3). 

We call M” a representative of the subvariety of W attached to P and 
we say that M” is defined over ġp (1). The union of all M” (for all pessible 
choice of D’) is called the subvariety of M attached to P and we say that the 
subvariety is defined over J. 

The same can be observed for As. 

If F is a closed set of Mo, then the set of points whose spots over Ic 
are in F is called the closed set of M” attached to F. For a fixed Ie, all 
possible such sets are defined to be the closed sets of W in Io-topology of M; 
it will be easy to see that this really defines a topology in W. The closed set 
attached to an irreducible closed set of Mo is called a relatively irreducible 
subvariety of M” defined over Io. 

Let L be the function field of M. Then an element f of the field of 
quotients of L @ D is called a function on the variety W; if f is in the field 
of quotients of L@ TS, then we say that f is defined over Is. A function f 
which is defined over Io is said to be regular at a point P if f is in the spot 
of P over Io (observe that this is independent of Io whenever f is defined). 
P defined a uniquely determined homomorphism lim ¢p,, which is denoted 
by pr. Then ¢p(f) is defined if and only if f is regular at P; in this case 
pp (f) is called the value of f at P. 

When M is an affine model defined by the affine ring I[ z1," - -,a,], the 


system (%1,° ` `Z) is called a coordinate system of the variety MW’. If P is 
a point of M”, then the z; is regular at P. The system (px), © +, ¢p(2n)) 
is called the coordinates of P attached to the coordinate system (24,- © +, £a). 


When M is a projective model defined by homogeneous coordinates 
(2° © *,2n), we say that (%,°-+,%n) is a homogeneous coordinate system 
of M” and we say that Mf’ is a projective variety. If P is a point of M’, then 
there exists one 4 such that z;/z2; is regular at P for every j. Then, t being an 
arbitrary non-zero element of the set of values of regular functions at P, 
the system (tfp(4o/2:),° * °,t@p(2,/%)) is called homogeneous coordinates 
of P. 

Let P be a point of the variety W and let Pe be the spots of P over Ie. 
(1) P is called a simple point of M’ if every Po is a simple spot; otherwise, _ 
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P is called a singular point. (2) P is called a normal point if every Pe is 
a normal spot. 


THEOREM 9. With the same notations as above, the following three 
conditions are equivalent to each other: 


(1) Pas a normal point. 
(2) Every Po is absolutely normal. 


(3) There exists one Io such that Po is absolutely normal. 


Proof. Let I be Ip. i) Assuming (1), we shall prove (2). It will be 
sufficient to show that P, is absolutely normal. If P, is not absolutely normal, 
then there exists a finite normal extension Io of I such that one extension 
of Po over Jc is not normal. Since Ie is a normal extension of J, extensions 
of P, over Io are conjugate to each other, hence Po is not normal, which is 
a contradiction. Thus P, is absolutely normal, and every Po is absolutely 
normal. ii) It is obvious that (3) follows from (2). iil) Assuming (3), 
we shall prove (1). It is obvious that if Io contains Ie, then Po is also 
absolutely normal. Since for any given Io, there exists an Ie, which contains 
both Jo and lov, we see that Pe is a normal spot, which shows that P is a 
normal point. ‘Thus the theorem is proved. 

Similar assertion for simple points will be proved in the next chapter. 


6. The order of inseparability. Throughout this section, let L be a 
function field over a ground field k, let (x) == (2,,: > *,æ,) be an arbitrary 
transcendence base of L over k, let o be a local ring of rank zero which con- 
tains k, let n be the maximal ideal of o, let X be the residue class field o/n 
and let (u) = (u, © +) be a transcendence base of k’ over k. 

Obviously, L Xxo is the direct sum of a finite number of local rings of 
rank zero. When a local ring 8 is a direct summand of L Xz 0, then the length 
(8) of 8 is denoted by 1(L/k;#3(8)/0). I£ i(L/k;pa(8)/0) does not depend 
on the choice of direct summand, it is called the order of inseparability of L 
over o and is denoted by 1(Z/k;0). Observe that if o is the algebraic closure. 
of k, then 1(L/k;0) is the order of inseparability [L: k], of L (in the sense: 
of Weil [6]), as is easily seen by the following 


THEOREM 10. 8’ ==8/n8 is a direct summand of L X,k’, and 


(L/h 53 (8)/0) =1(0) -4(L/k; pa (8)/k'). 


Furthermore, 


i(L/k; be (8)/k’) = [L: k(x) ]i/[s(8) : W(x) |. 
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On the other hand, if P is a spot over a ground place I, m and w are 
maximal ideals of P and I respectively, I* is a ground ring containing I, P’ 
is a component of P X11*, P/m = L, I/w = k, o = I*/wI* and 8 == P/W P, 
then 

i(L/k; pa(83)/0) =e(mP)/e(m)}. 


. Proof. The first formula can be proved easily by induction on the 
length of o. We shall prove now the second formula. Since L Xak 
== L(u) Xram K(x) and since [L: k(z)],—[L(u): k(z,u)],, we may 
assume that L and k’ are algebraic over k. Let k” be the maximal separable 
extension of k contained in fk’ and let L” ba the direct summand of L x k” 
contained in 8’. Then L” is a field and is separable over L. Therefore, con- 
sidering L” and k” instead of L and k, we may assume that k’ is purely 
inseparable over k. By the same reason, we may assume furthermore that L 
is purely inseparable over k, and we have a proof of this case easily. Lastly 
we shall prove the third formula. By the same reason as above (observing 
residue class fields), we may assume that the residue class fields of P, I* are 
algebraic over that of J. On the other hand, we may assume that J* is also 
a ground place dominated by P’. Then extending P and P’ over the com- 
pletions of 7 and I* respectively, we may assume that J and J* are complete 
(observe that the invariance of the multiplicities under the extensions fo_lows 
from Proposition 2 in Appendix 2 in Part II of the present sequence of 
papers). Again by the same reason as for the second formula, we may assume 
that the residue class fields of P and J* are purely inseparable over that of J. 
Now, if the residue class field kW’ of I* is finite over k = I/n’', namely, if [* 
is finite over I (because J is complete), then by the extension formula for 
multiplicity, we see that e(mP’)/e(m) = [L: k]/[pe (P): K], hence by the 
second formula we have the required formula. Now the general case (where 
I* is not finite over J) can be reduced easily from the case where J* is finite 


- over I. 


COROLLARY. Under the same notations as above, (i) if o is a field and 
if one of L and o is separably generated over k then 1(L/k;0) —1 and 
(ii) L is separably generated over k if and only if [L: k], =1. 


By virtue of the first part of Theorem 10, we see that the case where o 
is a field is fundamental and we shall consider this case. 


Turorem 11. Let L’ be a function field over k containing L and let 
k” be a field containing k. Assume that they are contained in a field and 
that dim; L’ = dim, k” (L’). Then we have 
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(i) 4D /te 3 (ZL) /le") == i(L/k;W(L)/k) (6 (LE) /B 5 k” (L76), 
Gi) (Lyk; (LNK) =i(L/k;k(L)/k) EL 5 ke (L/L). 


Proof. We shall prove (i) first. Let (u”) be a transcendence base of k” 
over k. Then by the same reason as in the proof of Theorem 10, we may 
consider k{u,w”) and k’(w’) instead of k and k’ respectively and we may 
assume that k” is an algebraic extension of k. Similarly, we may assume that 
L is algebraic over k. Then just as in the proof of Theorem 10, we may 
assume that L, kW and k” are purely inseparable over k. Then, in this 
case, 1(L/k:k"(L)/k") =U Lk’), 1(L/k;k'(L)/k)—1(L@zLk') and 
(K (L)/ k” (L)/k = TIR (L) y k”). Therefore the formula follows 
from the fact that L&B, kh’ = (Lre) Bw k”. Now we consider (ii). Just 
as above, we may assume that k and I are purely inseparable over k. Then 
we prove the formula by the fact that I Qr K = I’ 8r (LOr kh’). 


COROLLARY. If furthermore L” is a field containing k'(L) and if 
dimz IY = dims: L'(L7) and k’(L’) CL’'(L”), then 
(L /k; k (1) /B°) /v(L/k 3 k (L) /k’) 
me i( L/L; LICL) (LY) [i(k (L) (D) ; L (L). 
In particular, | 
CL: hk] /[L: k] = [L's LI/[E(2) : E(L)], 
where k is the algebraic closure of k. 


Proof. Both sides of the first formula are equal to 1(L’/L;k’(L’) /k’(L)). 
The second formula follows from the first one as the special where Y =f 
and L” is the algebraic closure of L. 

_ As applications of our treatment, we shall show how Propositions 29-31 
in Weil [6, Chapter I] can be proved. 


PROPOSITION 6. Let L be a function field over a field k of characteristic 
p30. If m is the natural number such that [L:k],—p™ (341), then 
u(L/i; kr) >1 (hence = p) and L(k*™”) is separably generated over kr”, 
t.e, (L/k;k?™) =p” (Weil [6]). 


. Proof. Since L is not separably generated over k, L@ kt» is not an 
integral domain and therefore 1(L/k;k1/?) >1. Hence 


[L (bv?) : kr], = [L: k] /A(L/k; kr) = pr with n< m., 
Therefore we have [L (kr™): kr], = 1, i(L/k;kr™) = p”, 
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PROPOSITION 7%. Assume that L == k (£1, + *,@,,%,1) and that dim, L 
— 7. Assume furthermore that [L: k], =p”. Let k be the algebraic closure 
> of k and let F, G, H be the irreducible polynomials in indeterminates 
Xi * yp Arar for (2u © t, Gras) Over k, KP, k respectively. Then we have, 
except for constant factors, F = G and G = HH’ with a polynomial H” over 
& such that H’ (z1, + +, 8r) 40 (Weil [6]). 


Proof. Set A = k[ Xn: t, Zrna]. Then 4/FA is an affine ring of L. 
By Proposition 6, 1(L @k?") =v”, This shows that, denoting by A’ the 
ring A[k®""], we have FA’ = G?"A’ because kr™ is purely inseparable over k. 
As for the last assertion, we have, denoting by A the ring A[&], GA is semi- 
prime because [L(k?™"): kr] =. 

In order to apply our observation in this section to absolutely irreducible 
models, we shall introduce another notation as follows: 

Let P be a spot over a ground ring J and assume that P is a regular 
extension of J. Let I’ be a grouncG ring containing J. Assume that P” is a 
component of P Xr’. Let m be the maximal ideal of P. Then (P/I; P/I) 
denotes the length 1(P’/mP’), which is equal to e(mP’)/e(m) (by Theorem 
10) and also to 1((P/m)/(1/(mn1)); (é»(P7))/(l,/(mNn1)ly») where 
Ty is the ground place of J’ dominated by P’. 


7. The definition of cycles., Let M be an absolutely irreducible model 
over a ground ring J. An element Z of the free module generated by all 
spots of M over the field of rational numbers is called a generalized cycle 
on M. For a generalized cycle Z == $ cP; (P€ M), (i) each P; whose 
coefficient c; is different from zero is called a component of Z and (ii) the 
union of the loci of the components of Z is called the carrier of Z and is 
denoted by Supp Z. 

A generalized cycle Z is said to be effective, and is denoted by Z >0, if 
the coefficient of every component of Z is positive (Z may be zero). For two 
generalized cycles Z and Z’, if Z— Z is effective, then we write Z >Z. 
Then the relation > gives a partial order in the group of generalized zycles 
on a model. 

For a generalized cycle Z, there are effective generalized cycles Z, and Z. 
such that 1) 4—2Z,--Z_ and 2) Z, and Z_ have no common components. 
Such Z, and Z_ are uniquely determined. Z, and Z. are called the positive 
part and the negative part of Z respectively. 

An integral cycle is a generalized cycle whose coefficients are all integers. . 
A cycle is an integral cycle whose components are absolutely simple. A cycle ` 
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(or a generalized cycle or an integral cycle) is called an r-cycle (or a gen- 
eralized r-cycle or an integral r-cycle} if its components are all of dimension r; 
it is said to be unmixed if furthermore all components dominate the same 
ground place. Í 

A (dim M — 1)-cycle on M is called a dwisor; a generalized divisor and 
an integral divisor are defined similarly. 

A spot in M can be regarded as a generalized cycle (an integral cycle) 
on M; it is said to be prime; thus we define generalized prime cycles, prime 
cycles, prime divisors and so on. 

Let /* be a ground ring containing I. For a generalized cycle Z = X, c;P; 
on Af, let o(Z) be Sc; 4(P;/1:P*3/1*)P#;, where P*a runs over all com- 
ponents of P; X I* for each 7. This o defines a homomorphism from the 
group of generalized cycles on M into that of M@I*, which will be denoted 
by or. Observe that if I* is a canonical extension of J then oye,; is an 


isomorphism. By our definition, it follows easily from Theorems 10 and 
11 that 


THEOREM 12. If I, I* and I** are ground rings such that I C I* Z I**, 
then oyee = res sys * Omi 


Observe that o7+,; preserves the properties of being an integral cycle, of 
being a cycle, and so on. Therefore, when we consider canonical extensions 
of J, cycles, generalized cycles, integral cycles, and so on, on M can be identified 
with those on the extensions of M, and therefore we can define generalized 
cycles, cycles, r-cycles, integral cycles on the variety of M with respect to a 
universal domain, hence we can define also J-rational cycles, J-rational integral 
cycles, and so on, on the variety. | 

If M’ is a model contained in M, then the following mapping ¢ is 
a homomorphism from the group of generalized cycles on M onto that of 
W: 6(SGP:) = Spey Gi. This mapping ¢ is called the restriction on M’ 
and is denoted by [ Jæ, namely, 


[È GPs lar = È PyeM’ CPi. 


8. Divisor of a function. We shall define at first the notion of algebraic 
projection in a special case (the general definition will be given in Part IV 
of the present sequence of papers). 

Let W be a model of a function field L over a ground ring I and let J/ 
be a finite algebraic extension of Z. Assume that a model M’ of L’ dominates 
M and is dominated by the derived normal model N(M;L’) of M in I’ and 
that L’ is a regular extension of I (hence Z is also a regular extension of I). 
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The algebraic projection prx (or pr) from W’ into M is defined by 
the following conditions: (1) If  € W, then, denoting by P the projection 
of P on M, prP’=[dp(P’): pp(P)]P (this is an integral cycle on M) 
and (2) pr is a homomorphism from the group of generalized cycles on M 
into that on M. From this definition, it follows immediately that 


Proposition 8. If pr™@"y and pr are defined, then pr™”u is also 
defined and coincides with pr!’ w- pr! m. ae 


Now let M, L and I be as above. Let fs<0 be a function on M (1.e., 
f€ L) and let N(M) be the derived normal model of M. For any spot P’ 
of rank 1 in N(M), let vp be the normalized valuation defined by P’. Then 
(f) wan => ve (f)P’ (P runs over all spots P’ of rank 1 in N(M)) is an 
integral divisor on N(M). The algebraic projection of this integral divisor 
(f) war on M is called the generalized divisor of the function f on M and 
is denoted by (f)mu or merely by (f). If Z, and Ze are the positive and 
negative parts of (f)wcar) respectively, then prZ, anc prZ,, are called the 
generalized zero-dwisor and the generalized pole-divisor of f on M and they 
are denoted by (f)ow and (f)ow or merely by (f), and (f). respectively. 
Since (f) war) =4Zo— Za, we have (f)u = (f)ou — (flow. Though Z, and 
Zx have no common component, (f)ow and (f)oa may have some common 
components. | 


THEOREM 13. Let M, f and I be as above and let I* be a ground ring 
containing I. Then 


oret((f)u) = (f)ar@r, 
(1) orh (f)ar) = (f) ouor, 
orh (f) om) = (fF) oar 
If, for any spot P of rank 1 in M, either f or f is in P, then 


(f) oa = Ye(fP)P (where P runs over all spots of rank 1 in M 
which contains f), 


(f) oa =D elf P)P (where P runs over all spots of rank 1 in M 
which contains f+). i 


(2) 


Proof. (2) is an immediate consequence of the extension formula of 
multiplicity (see [3}). Applying (2) to N(M) @I*, we have 


(oran gr = > e (fF P*) P* (FE FE rank P* == 1, P*E N(M) GI) 
and 


(Penn @r = Le(frP*)P* (fre P*, rank P“ = 1, P* € N(M) @1*). 
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For an arbitrary spot P* of rank 1 in N(M) @I* which contains f, let 
P be the spot of rank 1 in N(M) which is dominated by P*. Then the 
coefficient ¢ of P* in orsyr((f) nq) is equal to up(f)-1(P/I;P*/I*) by the 
definition of oy+,;. Since P is a valuation ring, we have easily c—e(fP*) 
and we have oy+;r((f)owar)) = (f)owun@r. Similarly we have 


cie (fawn) = (f) ow (at) QI. 
Therefore (1) follows from the following 


PROPOSITION 9. pr% Ol ugr’ orj =r pru, where M, W, I and 
I* are as above. 


Proof. It is sufficient to prove pr: orj” = o7+/;: pr P’ for an arbitrary 
spot PE M. orp =$, (P/I; P*,/1*) P*;, where P*; runs over all com- 
ponents of P” X 1%. Let m’ be the maximal ideal of P’. Then (P/I; F*;/1*) 
==1(P*;/m’P*;), hence pr: oye)’ = Sy 1(P*,/m'P*;; proj P*;) (proj P*;). 
This shows that, if P,,- + +, P, are components of pror, then pr: orap 
= Jy i( (P & I*) (3 P;)P3, where S(7) is the intersection of complements 
of maximal ideals in P’ X I* which lie over that of P;. On the other hand, 
if we denote by P and m, pr P’ and its maximal ideal, then 


orr: pr PY = [dbp (P): bp(P)]-(Si(P/1;P;/1#)P;) 
== S)1(P;/mP;) : [ġe (P): bP(P)]-P; 


Now we see the equality of these two generalized cycles easily. 


9. Ideals on a model. An ideal Y of a model M is a set of ideals a(P) 
of spots PE M (a(P) may be equal to P) such that for any spot P € M, there 
exists an affine model A contained in M and containing P which satisties the 
following condition: There is an ideal a of the affine ring o of A such that 
a(Q) = aQ for any spot QEA. a(P) is called the P-component of X and 
the ideal a above is called the affine representative of W in A (or in o}. 

This definition shows that for an ideal Y of a model M, there exist a 
finite number of affine models 4,,- + +, Án such that 1) M is the union of 
the A; and 2) X has the affine representative in each of the A,. 

Sums, products and intersections of ideals of a model are defined by 
component-wise operations. 


If X is an ideal of a model M, the set of spots PE M, such that the 
P-component of Y is different from P, forms obviously a closed set of M, 
which is called the closed set defined by the ideal N. 
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We say that an ideal in a model M is prime or primary if 1) the closed 
set defined by the ideal is irreducible and 2) every component is prime or 
primary respectively. Then we see the decomposition theorems to inter- 
sections of primary ideals as in the case of Noetherian rings. 


Remark. If a is an ideal of an affine ring o, then a defines an ideal Y 
of the affine model A of o such that the P-component of Y is aP for any P € A. 
If 6 is a homogeneous ideal of a homogeneous coordinate ring of a projective 
model M, then b defines an ideal B of M as follows: Let h—I[2,- * +, Za] 
be the homogeneous coordinate ring (2, are homogeneous elements of degree 1). 
If a spot P is in the affine model of I[2/z,- * *,2,/2] (z being a homo- 
geneous element of degree 1), then let b(z) be the set of elements of the 
form 0/z’ with homogeneous element b of degree r (r being arbitrary). 
Then b(z) is an ideal of I[z/z,- - - ,2,/2] and 6(z)P is uniquely determined 
(independently on the choice of zì. Now, B is defined so that the P-com- 
ponent is b(z)P. 

Ideals A and Y obtained as above are called ordinary ideals. 

Let X be an ideal of an absolutely irreducible model M and let F be the 
closed set defined by W. Let Pat’ +, Pa be the generating spots of the 
irreducible components of F and let a; be the P;-component of Y for each 1. 
Then a; is a primary ideal belonging to the maximal ideal of P; Then Y 
defines two integral cycles X (P/P) P, and Se(m)P;; they are denoted 
by Zı (X) and Z,() respectively. max(rank Pı, >+, rank Pa) and min (rank 
Pı: > o rank Pn) are called maximal rank and minimal rank of À respectively, 
and denoted by max-rank YW and min-rank Y. If max-rank Y — min-rank M, 
then this number is called the rank of X and is denoted by rank A. 

If rank Y is defined and if every component of Y is generated by rank Y 
elements, then % is said to be a principal ideal of rank (rank). Observe 
that if N is a principal ideal of rankr and if each P; defined above has a 
distinct system of parameters, then Z,(%) =2Z,(M). In particular, if Y is 
a principal ideal of rank 1, then Z,(%) = Z,(%), which is called the effective 
principal divisor defined by Y. In general, if Z, (X) = Z(M) for an ideal 
N, the integral cycle Z (N) is called the integral cycle defined by MW and is 
denoted by Z(X). 

If D) is an effective principal divisor (defined some principal ideal of 
rank 1) on a model M, then for every spot P of M there exists an affine model 
A contained in M and containing P such that [D]a = (f4)4 for an element 
fa of the affine ring of A. Such an fa is called a local equation of D at P, 
or on À. 
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Proposrrion 10. If M, and M, are principal ideals of rank 1 on M, 
tien AU is also principal and Z(MU:) =Z (A) HZ). Furthermore, 
if D is an integral divisor contained in the group generated by all effectwe 
principal divisors, then for any spot PE M, there exists an affine model A 
contained in M and containing P such that [D]a = (fa)a with a function fa 
on M. 


Proof. Easy. 


fs as above is called the local equation of D at P, or on A. The group 
generated by all effective principal divisors is called the principal divisor 
group, and elements of the group are called principal divisors. 


On the other hand, let Z* be a ground ring containing I. Then for an 
ideal N of M, the ideal N* of M @J* defined as follows is called the extension 
of À over J*, or in M © I*, and is denoted by X @1*: For an arbitrary spot 
P* € M@I*, let P be the spot in M which is dominated by P* (i.e. P* is an 
extension of P), and let a(P) be the P-component of W. Then the P*- 
component of 2[* is defined to be a(P)P*. More generally, if M’ is a modal 
dominating M, then we define the extension of À in M’ by the same way. 
By our definition, we see easily the following 


THEOREM 14. oral) = ZX @I*) for i— 1,2, 


Proof. As for t== 1, the proof is easy. Since oy /(Z,(U")) = 7, (Ur @ I*) 
for any n—1,2,8,: - -, we see the equality in the case where t= 2. 


10. Linear equivalence classes of divisors and line bundles. We say 
that two generalized divisors D and D” on a model M are linearly equivalent 
to each other if there exists a function f on M such that D— D’ = (f); in 
this case, we write D — D. 


PROPOSITION 11. If I ts a Dedekind domain and if u is a transcendental 
element over I, then T(u) is a unique factorization ring. 


Proof. Let p* be any prime ideal of rank 1 in Z(u) and set p =I N p*. 
Then we have p*==pJ(u). Since J is a Dedekind domain, p is generated by 
two elements, say, a and b. Set == au +b. Then we see that p* is the unique 
prime ideal of Z(u) containing « and that aI (u)p. = pl (u) ya == p*I (u)pe, 
which shows that sl (u) ==p*I (u). Therefore Z(u) is a unique factorization 
ring. 
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THEOREM 15. Let D be a principal divisor on a model M of a function 
field L over a ground ring I and let I* be a canonical extension of I (with 
respect to a universal domain). 


(1) If there exists a function f on MSOI* such that (f)ue@rm > or (D), 
then f can be expressed in the form Di ciw; with c€ I* and w€ L such that 
(wi)u > D for each 1. 


(2) if there exists a function f on M D I* such that (fu gr = or (D) 
and if M is complete, then there exists a function g on M such that (i) g/f € I* 
and (ii) (g)ar—D is an effective principal divisor with local equations in I. 


(3) Besides the conditions in (2), of I is a unique factorization ring, 
then we can choose g so that (g)u = D, namely, D is lwnearly equivalent to 
zero on M. | 


Proof. We shall prove (1) first. We may assume that /* is finitely 
generated over J, namely, there are a finite number of algebraically indepen- 
dent elements ur’ * *,u, over J such that J* is a finite integral extension 
of Lu, + *, Un). We shall use induction on n. Assume that n = 1. Then 
set l =I (u1), Dry (D). Then by induction on n: f = È cw’; with c € I* 
and wE L(u,) such that (w’s)a@r >D’. Therefore if we know that the 
assertion is true for the cases where n = 0 and J* == J(u) with a transcendental 
element u, then we see that the assertion is true in every case. Thus we shall 
consider only these cases. We shall show at first that fe L@OI*. This is 
obvious if /* is integral over J and therefore we assume that /*—TI(u). 
Since L[w] is a unique factorization ring, we see that L'@I* is a unique 
factorization ring. Therefore we see easily that if f is not in L@I*, then 
there exists a simple spot P* of rank1 in M@I* such that (1) L@I* C P* 
and (ii) f* is a non-unit in P*. Then the negative component of (f) has 
P*¥ as a component and we have a contradiction to the assumption that 
(f) >oreyr(D). Thus fEL@I*. Let A,,---,Am be affine models con- 
tained in M such that M is the union of the A; and that D has a local 
equation f; on À; for each i. If P is an arbitrary spot of ranki in A;, then 
f/f: is in every component of P X I* and therefore f/f;€ P @ I* by Theoram 2. 
Therefore there are a finite number of elements c,,: © -,c, of I* such that 
f/f:€ PO (SX Ic;) for any i and P. Since J is a Dedekind domain, there is a 
module Yt such that M + X Ic; (direct sum) is a free module over I. Let 
+ Ma es + ms (aE XIc m,€ Mt) be a linearly independent base of 
. the direct sum. Then f is expressed uniquely in the form Xas w;(e; + mi) 
with w,€ L and that f/f,€ PO ((SJIe;) + Mt) shows that w;/f,€ P. There- 
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fore for every w; which is not zero, we have (w;)a > D. Thus (1) is proved. 
Now we shall prove (2). By virtue of (1), there exists an element'g of L 
such that (g)a > D. It follows that (g/f)sr@m >0. Since M is complete, 
M @ I* is also complete, hence g/f € I*. Since (g/f}u@rs — oreyr((g)u —D), 
the remaining part of (2) follows easily from (8), considering local models 
attached to ground places. Therefore we shall prove (3) lastly. Since 
I (ui, - +,Un) is also a unique factorization ring (for algebraically indepen- 
dent elements u;), we can reduce to the case where Z* is either a finite integral 
extension of J or of the form I(u), using induction as in the proof of (1). 
On the other hand, by the proof of (2) above, we may assume that FE I*. 
Let g be a generator of fI* NI. It is sufficient: to prove that fI* = gI*. 
This is easy if 1*—J(u) and therefore we assume that 1* is an integral 
extension of I. Now, in the proof of (1), since {* is a free module over J, 
if we take a linearly independent base c,,- - -,c, of I* over I, we see that 
f= x cw; with wE L such that (w,) > D for any w:-<0. Since the w; are 
unique and since f € [*, we have w,€ J and therefore fI* == $, w,1* and there- 
fore q is a generator of > wi and fl* == gI*. Thus the proof of Theorem 15 
is completed. 

We say that a fibre bundle W with base M and fibre F is a line bundle 
if (1) F is the affine model of I[æ] (Z is the ground ring of M, x is a 
transcendental element over J), which is called a model of the affine 1-space 
over Z (see Chapter 6, §1) and (2) for the s above, every transition mapping 
o has the property that o(r)/z is in the function field of M. 

Now let G, be the principal divisor group of a model M of a function 
field È over a ground ring I. The set of general divisors which are linearly 
equivalent to zero form a subgroup of G,, which will be denoted by G: in 
this section. 

Let D be an element of G,. Then there are affine models 4:,:.: -,An 
such that 1) the union of the A; is M and 2) D has a local equation f; on 
each A; Then fi/f; is a unit in A; A; Let x be a variable over L and 
let c; be the automorphism of L(x) such that o;(x) = fit. Then defining s; 
to be the transition mapping on A, we have a line bundle, which is called a 
line bundle defined by D and is denoted by W(D). It is easy to see that 
W(D) is unique to within equivalence of line bundles. 


THEOREM 16. Let D and D’ be elements of G, above. Then W(D) 
and W(D’) are equivalent to each other if and only if D and D’ are linearly 
‘equivalent to each other. Furthermore, any line bundle is equivalent to 
= some W(D) (DEG) and therefore there is a one to one correspondence 
between G,/G, and the set of equivalence classes of line bundles. 


10 


426 MASAYOSHI NAGATA. 


Proof. If D and D’ are linearly equivalent to each other, then there 
exists an element f of L such that D— D’ = (f). Therefore when g;s are 
local equations for D’, fgÿs are local equations for D and we see the equiv- 
alence between W(D) and W(D’). Conversely, assume that W(D) and 
W(D’) are equivalent to each other. Let 4,,---,A, be affine models such 
that M = U, 4; and D and D’ have local equations g; and g'i on each A; 
We may assume that W(D) and W(D’) are defined by these local equations. 
Since W(D) and W(D’) are equivalent to each other, there exists an auto- 
morphism o of L(x) over L such that oW (D) = W(D’). Let F be the affine 
model of {[æ]. Since o is an automorphism over L, it follows that oo;(A @ F) 
=0';(A;®F), where o; and o’; are transition mappings of W(D) and W(D’) 
respectively (o;(x) == giz, 0';(2) == 97). Let o; be the affine ring of Aj. 
Then we have o;[o0;(7) ] ==0,[o's()], i.e if a and b are elements of L 
such that o(v)=-ar-+b, then o,[agit + bgi] —0:[g'ix]. Then we have 
gib € o; and ag:/g’; is a unit in o; Therefore ag; is also a local equation of D’ 
on À; and D'— D = (a). Thus D is linearly equivalent to D’. Now, let W 
be an arbitrary line bundle with base M and fibre F defined by I[x]. Let 
A, < *, An and transition mappings o,’ ‘*,o, be as in the definition of 
line bundles. Since o;(x) =g with gE L and since g;/g; is a unit in 
every spot in A;N Á; there is a member of G, which has the g; as local 
equations on the À;, say D. Then W — W(D). Thus the proof is completed. 


Chapter 6. Simple Spots. 


1. The set of simple spots in a model. A model M is called a non- 
singular model if every spot in M is a simple spot; it is called an unrarufied 
non-singular model if every spot in M is an unramified simple spot. 


Remark 1. Though the notion of non-singular model does not depend 
on the choice of ground ring, the notion of unramified non-singular model 
depends on the choice of ground ring. Jf the ground ring is a field, then 
these two notions coincide to each other. 


An affine model A is called a model of the affine n-space over a ground 
ring I if the affine ring of A is isomorphic to the polynomial ring in n 
algebraically independent elements over J (and if it is regarded as a model 
over I). A projective model M over I is called a model of the projective 
n-space if it is defined by a homogeneous coordinate system (29,° © *,2n) With 
n + 1 algebraically independent elements z; The dimension of these models 
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is either n or n + 1 according to whether J is a field or not. A model of 
the projective n-space is the union of n +- 1 models of affine n-space. 


Remark 2. Any affine (or projective) model can be regarded as an 
induced model of a model of affine (or projective) n-space for some n. 


Proposition 1. If M is a model of affine or projective n-space, then 
M is an unramified non-singular absolutely irreducible model. 


Proof. This follows immediately from Corollary 5 to Proposition 1.1 
and its proof. 


Lemma 1. If a function field L over a ground ring I ts separably 
generated over I, then any model M of L contains an unramified non-singular 


model (over I). | 


Proof. We have only to show that there exists an unramifiec non- 
singular model of L; for if it is done, then the intersection of the model 
with M is a model by Theorem 2.10 and is an unramified non-singular 
model. Now, let x,,- - -,x, be a separating transcendence base of L over I 
and let bE L be such that o—TJ[m,,---,2,,b] is an affine ring of L and 
such that b is integral over 1[2,,: - *, n]. Let d be the discriminant of 
the irreducible monic polynomial over I[2%,,- - *, Zn] which has b as a root. 
Set o’=o[1/d]. We shall show that the affine model A defined by o’ is an 
unramified non-singular model. Let P be any spot in A. Then P dominates 
a spot P* in the affine model A* defined by I[2,,---,2,]. P* is an 
unramified simple spot by Proposition 1. By our construction, P is a ring 
of quotients of P*[b| with respect to a maximal ideal. Since d is a unit in 0’, 
d is a unit in P* and therefore P is an unramified simple spot by Proposi- 
tion 3.2. Thus A is an unramified non-singular model, which proves 
Lemma 1. 


Remark 3. There are models over some ground ring, say J, which dees 
not contain any unramified non-singular model over J. 


Example. Let k be a field of characteristic p40 which contains 
infinitely many elements and let x be a transcendental element over k. Set 
I == ka] and o—%Îx]. Then o is an affine ring over I. J contains 
infinitely many prime ideals of the form (z?—a®)I (ac k) and these prime 
ideals ramify in o. Therefore the affine model A defined by o contains 
infinitely many ramified simple spots over I. Since dim A = 1, this shows 
that A cannot contain any unramified non-singular model over I. 


Lemma 2. Any model contains a non-singular model. 
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Proof. By the same reason as in the proof of Lemma 1, we have only 
to prove that any function field L over a ground ring J has a non-singular 
model. Let p be the characteristic of J. Ii p—0, L is separably generated 
over I, and the assertion is true by Lemma 1. Therefore we assume that 
p0. Let a, ::,a, be elements of some integral extension of I such that 
1) mpE Ifan’ -,a&l for every i—1, - :,n and 2) La, --,a,) is 
separably generated over Z{a.,,- : -,a,]. We shall prove the assertion by 
induction on n. If n—0, then L is separably generated and the case was 
settled by Lemma 1. Assume that n= 1 and let I* be the derived normal 
ring of I[a,]. Then by our induction assumption, there exists a non-singular 
model M* of L(a,) over I*. Since J* is a finite J-module, we may regard 
M* as a model over I. Let o be an affine ring of L and set o’ == o[a,]. Let 
M and M” be the affine models defined by o and o’ respectively. Then, since 
a, is purely inseparable, the projection from M’ into M is a one-one and onto 
mapping; if proj P’ = P, then P’==P[a,]. Since M* is a non-singular model 
of L(a), M* N M’ is a non-singular model of L(a,). Therefore there exists 
an element f of o’ such that the model A’ defined by o’[1/f] is a non-singular 
model. By Corollary 1 to Proposition 4.1, every spot in proj A’ is a simple 
spot. Since proj A’ is obviously the affine model defined by o[1/f?], the 
assertion is proved. 


PROPOSITION 2. Let P be a simple spot in a model M and let £, - -, a, 
be a regular system of parameters of P. Then the induced model op(M) 
contains a model M such that if a spot de(Q) (QE M(P)) is in MW, then 
Q is a simple spot and has a regular system of parameters which contains 
Zy’ °°, Tr aS a Subset. 


Proof. We may assume without loss of generality that M is an affine 
model. Let o be the affine ring of M and let p be the prime ideal of o such 
that P==oy. Furthermore, let a be the ideal generated by Tı : -,@, in o. 
Since aP == pP, p is a minimal prime divisor of a and the primary com- 
ponent of a belonging to p is just p. Let f be an element of o such that f is 
not in p and is in every prime divisor of a except for p. Then we may 
consider the affine model defined by o[1/j] instead of M. Thus we may 
assume that a==p. Let W be a non-singular model contained in pP(M); 
existence follows from Lemma 2. Let Q be any spot in M(P) such that 
pPp(Q)E M”. Then since a=, pe(Q) —9/aQ. Therefore, that dre(Q) 13 
simple shows that Q is also simple and that x, - -,2, are contained in a 
regular system of parameters of Q (Lemma 0.12). Thus the prcof is ` 
completed. 
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Remark 4. In the above proposition, (i) if P is an unramified simple 
spot and if P dominates a ground place which is not a field, then any Q 
obtained by the proof above is also an unramified simple spot, for a prime 
element of the ground place dominated by P can be a member of a regular 
system of parameters of P; (ii) if P contains a field of quotients of J and 
if M’ is an unramified non-singular model over I, then @ is an unramified 
simple spot. ; 

By virtue of Theorem 2.9, Proposition 2.6 can be stated as follows: 


PROPOSITION 3. Let M be a model. Then a subset M’ of M is a model 
if and only if the following conditions are satisfied: 


1) M’ ts not empty. 2) If a spot PEM is not in W, then any 
specialization of P in M is not in W. 3) If a spot PEM is n W, then © 
pp(M(P)N M’) contains a model. 


THEOREM 1. The set M’ of simple spots in a model M is also a model. 


Proof. We shall make use of Proposition 3. The condition 1) is obvious. 
Thetorem 4.1 shows the validity of the condition 2). Proposition 2 shows 
the validity of 8). Thus W’ is a model. 


Proposition 4. Let M be a model of a function field L over a ground 
ring I. Then the set M’ of unramified simple spots in M is a model (cver I) 
if at least one of the following conditions are satisfied: 1) I is a semi-local 
ring (or a field). 2) I is of characteristic zero. 


Proof. M” is obviously non-empty. Theorem 4.2 shows that if PE M is 
not in Jf’, then any specialization of P is not in W’. Assume that P € M. 
If P dominates a ground place J’ which is not a field, then Proposition 2 
and Remark 4 shows the validity of Condition 3) in Proposition 3. Assume 
that P contains the field of quotients k of J. i) In the case 1), the 
set of spots in ġp(M) which contains k contains a model and therefore 
br(M(P)NM') contains a model by Remark 4. ii) In the case 2), since 
dp(P) is separably generated over I, dp({M(P)M M’) contains a model by 
Lemma 1 and Remark 4. Therefore, by Proposition 3, we prove Proposition 4. 


2. Criteria for unramified simple spots. Let X,,---,X, be alge- 
braically independent elements over an integral domain J and let fi: © +, fr 
be elements of I[X,,---,X,]. Then the Jacobian matrix (0f;/0X;) will be 
denoted by J(f1,- - -,f-). Let I* be a subring of I. Then the set Dr of 
integral derivations of I over J* is an Z-module. Let {Do} be a set of 
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generators of Drs. Then the matrix (0f,/0X;;f;?7) is called a mired 
Jacobian matrix of f:,'"",f. with respect to Z* and is denoted by 
J*(f1,: © +, fr37*). Observe that J*(f1,- © *,f,31#) is substantially unique, 
i.e., change of the generators of Dry. corresponds to a linear transformetion 
of columns. Observe also that J (fu © sfo =d*(fi,° + +, fr5 1). 


THEOREM 2. Assume that I —k is a field and set A—k[X,,- $ °, Xa]. 
Let pC a be prime ideals of À and set R== Aq. Furthermore, let a = du’ hA 
be an ideal having p as a prime divisor. Then: 


(1) If A/q ts separably generated over k, R/aR is a simple spot if and 
only if rank (J (fu - :,f.) modulo q) = rank p. 


(2) If k is of characteristic p0, then R/ak is a simple spot if and 
. only if there exists a subfield k* of k such that [k: k*] is finite and such that 
rank (JE, --,f3k*) modulo q) == rank p; or equivalently, rank(J*(f,,- > 
fr; kr) modulo q) = rank p. 


? 


For the proof, see Nagata [4] or Zariski [8]. 

It should be remarked here that when p is a prime ideal of 1[X:,--:,X,], 
p= DIX * Xn], that rank(J(fi,---,f-))=rankp means that 
1) bN1—0 and 2) I{X,,: - -,Xa]/p is separably generated over J. 


As for the case of spots over a ground ring, we have the following applica- 
tion of Theorem 2: 


Assume that J is a ground ring, 0==1[%,, < -,X,], pC q are prime 
ideals of 0, a— $n" fio is an ideal having p as a prime divisor and that 
poil=0. Set R= o} Then 


THEOREM 8. If rank (J (fi: ` fr) modulo q) rank p, then K/aR 
is an unramified simple spot. Conversely, if R/ak is a tamely unramified 
simple spot, then rank (J (f1,° - +,fr) modulo q) —rank p. 


Proof. If the field of quotients of J is contained in R/ak (ie, qNI 
— 0), then the assertion is contained in Theorem 2. Therefore we assume 
that J is not a field and is a ground place dominated by R. Let p be a prime 
element of J (n€q). If rank (J(f1,: + *,f,) modulo q) == rank p, then we 
have R/(pR-+-ak) is a simple spot over I/pl. Therefore (pR + ah) /ak 
D pR/aR, and pR—aR and therefore R/aR is an unramified simple spot 
over I. Conversely, if #/ak is a tamely unramified simple spot, then 
R/(pkR-+ ak) is a tamely unramified simple spot over I/pI, hence rank 
(J (fu: © *,fr) modulo q) = rank p. 
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COROLLARY. If a model M over a ground ring I carries a iamely 
unramified simple spot, then the function field of M is separably generated 
over I. 


Remark. The second criterion in Theorem 2 can be applied for unrami- 
fied simple spots. But it depends on the ground place dominated by the spot 
(apply the criterion in the case where & is the residue class field of the ground 
place). 

We shall give here a remark on projective models. 

Let M be a projective model of a function field L over a ground ring I 
and let = I[zo' * <, Zn] be a homogeneous coordinate ring which defines 
M. Then § is an affine ring of L(z;) with some z540 and such % is a trans- 
cendental element over L. 

Now let P be a spot in M. Then there exists a uniquely determined © 
prime ideal b of § such that if z;é p then a homogeneous form fE § is in p 
if and only if f/z% (d—degf) is in the maximal ideal of P and §/p is a 
homogeneous coordinate ring of the induced model bp(M). Then obviously 
Sy dominates P. Since §/p is a homogeneous coordinate ring of ¢p(M), 
we see that Hp== P(%) with some % ¢ p. 

By virtue of this fact, it is sometimes convenient to consider the affine 
model M* defined by §, which is called the model of a representative cone 
of M. For example, P is a simple spot (or a normal spot) if and only if 
the corresponding spot $, is simple (or normal, respectively). Thus, we can 
apply the Jacobian criterion for simple spots in M, using the homogeneous 
coordinate ring $, namely: 

Let o be the polynomial ring in indeterminates Zo - -,Z, over J and 
let $$ be the kernel of the homomorphism œ from o onto § such that 
(Zi) =z Let fi,:--,f, be a set of generators of R. Then we get a 
criterion for simplicity of spots in M, quite similar to the assertion in 
Theorem 3, using J(f1,° - -,f,). 


3. Absolutely simple spots. A spot P is called absolutely simple if 
1) P is a regular extension of the ground ring J and 2) for any ground ring 
I* containing I, any extension of P over I* is a simple spot. 

A model M over a ground ring I is said to be absolutely non-singular 
if every spot in M is absolutely simple. For example, a model of the affine 
(or projective) n-space is absolutely non-singular. | 


THEOREM 4. An absolutely simple spot is an unramified simple spot. 


Proof. Let P be an absolutely simple spot over a ground ring J. Assume 
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that P is ramified. We may assume that J is a valuation ring with a prime 
element x. Then x is in the square of the maximal ideal m of P. Let 
Yi)" °°, Yr be a regular system of parameters of P. Set I’ —=I[a] with œ =z. 
Then J’ is a valuation ring. The extension P* of P over J’ is P[a]. Sines, 
by assumption, P[a] is a simple spot, and since the maximal ideal m* of 
P* is generated by a, 41," © °, Yr, there is a non-trivial relation ac, + Din” yiti 
== Sa" Yidi + Sivit With ci, di, ey € P and c;==0 if c;€ m. Since 1, 4 are 
linearly independent over P, we have co = S yidi, D Y: € m’, hence all c; must 
be zero, which is a contradiction. Thus we prove Theorem 4. 


THEOREM 5. With the same notations as in Theorem 3, k/ak ts an 
absolutely simple spot if and only if 1) it is a regular extension of I and 
2) rank (J (fu: ` <fr) modulo q) rank p. 


Proof. The conditions are independent of ground ring extensions. 
Therefore Theorem 5 follows easily from Theorems 3 and 4. 


COROLLARY 1. Let M be an absolutely irreducible model over a ground 
ring I. Then the set M’ of absolutely simple spots forms a model (over I). 


Proof. Let A be an arbitrary affine model contained in M and let 8 be 
the affine ring of A. Then there exists a polynomial ring 9 =JI[X1,: © -, Xa] 
such that 8=-o/p with a prime ideal p of o. Let f,,---,f- be a set of 
generators of p and let d,,- - -,d, be the set of subdeterminants of degree 
== rank p, of the Jacobian matrix J(f,,:--,fr). Let D be the ideal of 8 
generated by the residue classes of the d; modulo p. Then Theorem 5 shows 
that A N(M— WM’) is a closed set of A defined by the ideal 6. Therefore 
A N(M—M') is a closed set for any affine model A contained in M, which 
shows that M — M” is a closed set by Theorem 2.8, hence W” is a open set of 
M. Since W’ is not empty (for example, the function field L of M is in WY, 
we see that MW’ is a model over I by Theorem 2.9. 


COROLLARY 2. A tamely unramified simple spot over a ground ring I 
is an absolutely simple spot if it is a regular extension of I. 


Remark. Zariski [8] defined absolutely simplicity without the assamp- 
tion of regularity of the extension: In his sense, a spot P over a ground field & 
is absolutely simple if for any extension field &* of k and for any prime 
ideal n of PO k* containing the maximal ideal of P, (P@k*), is a simple 
spot over k* (the condition is equivalent even if we restrict &* to algebraic 
extensions of k). Under this definition, absolute simplicity is characterized 
by the condition 2) in Theorem 5. But, if the same definition is applied to 
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spots over ground rings, then, as is easily seen, Theorem 4 becomes false (for 
instance, let I’ be a valuation ring which is finite separable and ramified 
extension of a ground place J and let P be an absolutely simple spot in our 
sense which dominates I’. If we regard P as a spot over I, then P becomes 
an absolutely simple spot in the sense of Zariski and is ramified over J). 
Therefore the condition 2) in Theorem 5 is not a necessary condition for 
absolute simplicity in this weak sense. 


4, The set of absolutely normal spots. 


THEOREM 6. Let M be an absolutely irreducible model over a ground 
ring I. Then the set M’ of absolutely normal spots in M forms a model 
over I. 


Proof. 1) When I is a field, let Z* be the smallest perfect field con- 
taining J. Then Theorem 5.9 shows that the set of spots in M@1I* which 
are absolutely normal is the set M’ & I* of spots in M &I* which are exten- 
sions of spots in M’. Since I* is perfect, M’®I* is nothing but the set of 
normal spots in M@I* by Corollary 2 to Theorem 5.6, hence it is a model. 
Now, observing the natural one-one correspondence between spots in M and 
M © I*, we see easily that W’ is an open set of M, hence M” is a model because 
if is non-empty. 


2) Now we consider the case where J is not a field. Let Æ be the field 
of quotients of 7. Lemma 5.4.1 shows that PE M is absolutely normal if 
and only if i) any spot which is a ring of quotients of P[k] is absolutely 
normal and ii) if P(p) is a general spot over a prime ideal p of I and if P 
is a specialization of P(p) then P(p) is absolutely normal. The absolute 
normality of P(p) is equivalent to the absolute simplicity of P(p). Since 
the set of absolutely simple spots in M forms a model by Corollary 1 to 
Theorem 5, there exists only a finite number of general spots over some prime 
ideals of J which are not absolutely simple: Let them be P;,---,P,. Then 
M is contained in H{—(U;M(P;)). Therefore, considering M—(U,M(P;,)), 
we may assume that all the P(p) are absolutely simple. Let M* be the 
restricted model of M over k. Then by 1), the complement of M* N M’ in 
M* is a closed set of M*, hence there are a finite number of spots Q1,°-°-,Qm 
in Af* such that the closed set if the union of the M*(Q;). Now, Lemma 5. 4.1, 
quoted above, shows that M’ == M— (U;M(Q:)), which proves Theorem 6. 


5. Simple points. We shall use the same notations as in § 5, Chapter 5. 
Then 
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THEOREM 7. The following three conditions are equivalent to each other: 
(1) The point P in the variety M is a simple point. 

(2) Every Po is absolutely simple. 

(3) There exists one Io such that Po ts absolutely simple. 


Proof. Assume that (1) is true. Then considering Jc such that dp{ Pc) 
is separably generated over p(o), we see that (8) is true by Theorems 3 
and 5. Since the Jacobian matrix is independent of Ic, we see that (2) 
follows from (3). It is obvious that (1) follows from (2). Therefore 
Theorem 7 is proved. 

We remark that Corollary 1 to Theorem 5 and Theorem 6 show respec- 
tively that the set of simple points and the set of normal points form open 
sets of the variety M’ in I-topology. 


6. Tensor products of simple spots. 


THEOREM 8. Let P and P’ be simple spots which dominates the same 
ground place I. 


(1) If dp(P) 8; ner (P) has no nilpotent element (other than zero) 
and if P is unramified, then for any prime ideal p of PX1P’, (PX P’)y ts 
a simple spot over I. 


(2) If P and P’ are unramified, then for any prime ideal p of P&P’, 
(PO P'), is an unramified simple spot over I. 


Proof. (1) Let m and m’ be the maximal ideals of P and P’ respec- 
tively. By our assumption, the ideal a generated by m and m’ in P X 2” is 
semi-prime. [fn is a maximal ideal of P X P’, then n(P X P’)y is generated 
by a. i) When Z is a field, rank (P X Pin = rank P + rank P’ and we see 
that (P X P’), is a simple spot. ii) If I is a valuation ring having a prime 
element x, considering a regular system of parameters of P which has x as a 
member, we see that (P:X P’), is a simple spot. Now we see that (P X P’)y 
is a simple spot by Theorem 4. 1. 


(2) If J is a field, we see the validity of (2) by the criterion of sim- 
plicity by mixed Jacobian matrix as follows: Let I[X,,--:,Xm] and 
I| FY,- © +, Fp] be polynomial rings in indeterminates Y; and F; such that 
PIX, ee, Zalo (fo of), P= TP: + +, Yalae/ (gus +> ge) with 
prime ideals Yt and M’ and elements f; and g;. Let $ be the prime ideal of 
IX: * -, Lu Pas Ya] such that 


DEDEKIND DOMAINS, III. 435 


(P@P’)y =I [Xz tsm Pas + +, Yalg/ (fot > tfr go tage). 
Since rank (J* (fu: + +, fa; IP) modulo Wt) — rank (f:,: © +, fr) and 
rank (J* (g1 - *, 9s; IP) modulo WY) = rank (g1: : +, 9s); 
we have 
rank (J* (fa: = ‘frs a, * +> 933 1?) modulo $) 
= rank (Fis? fng ELOFF 
which proves the simplicity of (P ® P')p (since F is a field, it is unramiñed). 
If I is a valuation ring, let z be a prime element of I. Then by the case 


where J is a field, (P@P’),/(x) is a simple spot over I/zI, hence a @P’)y 
is an unramified simple spot. 


COROLLARY. If M and M’ are absolutely non-singular models over the 
same ground ring I, then M@ M is also absolutely non-singular and con- 
versely. If M and W are unramified non-singular models over I and if 
MOM is well defined, then MOW is also unramified non-singular and 
conversely. 


Proof. The last half follows from Theorem 8 and its proof, while the 
first half can be proved by the same way using Jacobian matrices. 
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ON THE TRANSFORMATION THEORY OF ELLIPTIC 
FUNCTIONS.* * 


By Jun-tcu1 Iausa. 


It has been customary to call the theory of isogeny of ellinitic curves 
with “variable moduli” as transformation theory of elliptic functions. The 
results of Lagrange and Gauss on arithmetic-zeometric means and trans- 
formations discovered by Landen and Legendre were the germs of this theory. 
However, a real initiation was made independently by Abel and Jacobi. This 
theory was later deepened and completed in an essential way by Kronecker 
in his well-known series of papers on elliptic functions. Now, in a 1950 
congress address, André Weil gave a geometric formulation of the trans- 
formation theory and suggested a reconsideration of this “splendid work” 
from a modern point of view. However, as far as we know, no one has yet 
worked out his suggestion. This we shall propose to do in this paper. As we 
know, although the final results are of geometric nature, Kronecker made 
use of Jacobi elliptic functions and, what is worse, the transformation formulas 
of Jacobi theta functions in establishing his theory. Now, it seems that any 
worth-while reconsideration should be along the strict Kroneckerian programme 
and, in particular, it should be of a geometric nature. It is relatively easy 
to discuss contributions of Abel and Jacobi in a geometric form. However, 
we encountered with one difficulty in geometrizing Kronecker’s theory. In 
fact, we are thus led to establish a new geometric theory of modular functions, 
which we shall publish separately. With the aid of this theory, we shall 
discuss the transformation theory in a definitive form which is more precise 
than Weil’s formulation in various respects. We hope that this paper con- 
tributes to the clarification of the matter and thus to a future generalization 
of the theory. 


1. Preliminaries. Throughout this paper, we shall assume that the 
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characteristics of fields we consider are different from 2. Moreover, by an 
elliptic curve we always understand an Abelian variety of dimension 1. We 
shall denote its neutral element by 0. In this section we shall summarize 
basic results on elliptic curves, which hold actually for any characteristic. 
Most of them are proved by Hasse in [3]. However, to readers with geo- 
metric background, we shall recommend Weil’s general treatment [9]. We 
shall make use of some more results, which we shall mention at suitable places. 

Consider the group of divisors of an elliptic curve A. Then the natural 
epimorphism of this group to the group variety A will be denoted by S. 
Let a be a divisor of A of degree zero. Then a belongs to the kernel of 8 
if and only if a is a principal divisor, i.e. if and only if there exists a function 
f on A satisfying (f) —a. In this way S gives rise to an isomorphism of 
the divisor class-group of degree zero of A, i.e. the group of divisors of A 
of degree zero modulo the group of principal divisors of A, to A. We can 
simply say that A is its own Albanese and Picard variety. On the other 
hand, if œ is a homomorphism of A to another elliptic curve B, then S- a 
is a homomorphism @ of B to A up to a translation in A. The correspordence 
g—> g is an isomorphism of Hom(A,B) to Hom(B,A). Moreover aa’ is 
deg(a) in the sense aa’ (v) ==deg(a)v for every point v of B. Here deg(«) 
means the mapping degree of œ. In a similar sense, we have a’a—deg(a). 
If 8 is a homomorphism of B to another elliptic curve C, we have (Bay = ap’ 
and {a@’)’==a%. There is another way to associate a contravariant mar to a. 
In fact, if we consider the vector spaces of invariant differentials of A end B, 
then « induces a contravariant linear map of these vector spaces. Therefore, 
if we fix their bases 64 and 8», we get a finite quantity u by 8g — pba. The 
quantity » is called the multiplicator of œ. The multiplicator of œ is zero 
if and only if æ is an inseparable homomorphism. Moreover, in case A = B, 
we can take 0a == 608. Then the multiplicator of ¢ is uniquely determined by a 
and the correspondence a->p is a representation of the ring Hom(A, A). 
We note that an invariant differential and an everywhere finite differential 
are the same. | 

If n is a natural number, the endomorphism n of A is of degree n°. 
This endomorphism is separable if and only if n is not a multiple of the 
characteristic. In this case, therefore, the kernel is a finite Abelian group 
of type (n,n). On the other hand, if a is a divisor of A of degree zero such 
that t= S(a) is a point of order n, we have S(n*(a)) =-0. Hence, there 
exists a function f on A satisfying (f) (a). If s is a point of A of 
order n and u a general point of A, we have f(u-+s) —e,(s,t)f(u)i with 
some n-th root of unity e,(s,#). This n-th root of unity depends only on n, 
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s and t. Moreover, the correspondence (s, t) — en(s,t) is a skew-symmetric 
pairing of the group of points of A of order n to itself. This fact will play 
a role immediately in the next section. 

There is one more theorem, which is proved by Chow [1]. Let æ be, 
as above, an element of Hom(A,B). Then g is always defined over a separable 
extension of a common field of definition of A and B. Actually, as most of 
the other results, it is proved for general Abelian varieties. 


2. Jacobi quartics. Let A be an elliptic curve. Then A carries sixteen 
points of order four. Pick one, say r, out of twelve primitive fourth division 
points, i.e. points of exact order four. Then, there exists a function z on A 
determined up to a constant by (r)—21(0) —2-1{(2r). Since (zx) is 
invariant under the automorphism u—>——u of A, we have t(—-u) == ce (u) 
with some constant ¢ different from 0. Since the automorphism is of order 2, 
we get c*?==-1. However, since u=0 is a simple zero of v, as we can see by 
a specialization argument, if can not be an even function. Therefore x must 
be an odd function, i.e. we have z(— u) =—-s(u). On the other hand, 
(x) will be transformed into — (x) under the translation u->u-r of A. 
Hence, we have z(u + r) = cx(u)* with some constant c different from 0. 
We shall normalize the constant factor of x so that we get c—1. Then z is 
uniquely determined up to its sign and we have z(u<+r)—xœ(u)". In 
particular, v is invariant under the translation u — 4 + 2r of A. Naturally, 
this property does not depend on the normalization. Furthermore, x under- 
goes sign changes by two other translations of A of order 2. 


Now, let s be another primitive fourth division point of A such that 2s 
is different from 2r. We have eight possible s and the mean value p of 2? 
over these eight points 


p= ($) Zæ(s) 


is uniquely determined by A and +r. Here we remark this. If o is one of 
the x(s), the eight values of æ(s) are simply + o, ot each with multi- 
plicity 2. Therefore p is of the form 4(o? + 0°) and we have the follcwing 
relation 


TI (e(s) —X) = (1—2pX? + X). 


We also make the following remark. If v is a point of A at which z is finite, 
then, including multiplicity, the zeros of s—-a(v) are given modulo 2r by 
v and —v-2s. As an application of this fact, we can determine the divisor 
of the function 1 — 2pa* + zt on A and we get 2a with a = Y(s)—2-2-1(2r). 


pr “ 
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Since we have S(a) —0, we can write 1—2pr? + zt in the form y* with 
some function y on A. Since (y) is invariant under the automorphism 
üu—>--u of A, we see that y is even or odd. However, sinve we have y’ (0) —1, 
it must be an even function, i.e. we have y(—u) —y(u). We shall normalize 
y uniquely by y(0) —1. The two functions v and y are invariant under 
the translation u—u+?r of A and “uniformize” the plane quartic 
Y° == 1— 2X? + X*, which we call the Jacobi quartic of modulus p? We 
rote that the modulus p is different from +1 and œ. It is clear thet p is 
finite. If pis +1, we get y= 1:5 2°. However, this is not possible, because 
y must undergo sign changes by the two translations of A of the form 
w > U + 2S. 

Conversely, if p is different from +1 and œ, the Jacobi quartic of 
modulus p is absolutely irreducible and the four roots +o, --o™ of 
1 —2p X? -+ X*= 0 are distinct. Moreover, the point at infinity (G,1,0) 
is the only singularity. Therefore, the quartic is of genus 1 and, if Q is 
the prime field, we can introduce a normal law of composition over the field 
Q(p) with (0,1,1) as neutral element. As long as we avoid the double point 
(0,1,0), i.e., as long as we restrict to finite points, we:can treat the Jacobi 
quartic as an elliptic curve. In fact, the normalization over Q(p) transforms 
the quartic into an elliptic curve and the correspondence is everywhere biregular 
except at the point at infinity. The absolute invariant of this elliptic curve 
can be calculated, for instance, by transforming it isomorphically into a plane 
cubic Y?==X(1—-X)(A—2X) with (0,1,0) as neutral element. The 
modulus À is a cross-ratio of the four roots +o, +o, hence ÀA— 4(1 +) 
is one of them. This shows that p is also a modular function of level 2 [4]. 
Moreover, in terms of p the absolute invariant can be expressed as follows 

j= 2°(3 + pe) (1 — pe), 

Therefore, if Z is the prime integral domain, then 8p is always integral over 
Z{j] and 8 is the smallest natural number having this property. Moreover, 
the p-space is a Galois covering of, the j-space with the symmetric group of 
permutations of three letters as the Galois group. The covering is =amified 
at the degenerate case j==00, the harmonic case j 12° and the eguian- 
harmonic case j—0. The corresponding values of p are given, respectively, 
ky {+ 1,0}, {0, +3} and {+ (—~3)4}. 

On the other hand, if a Jacobi quartic with a non-degenerate modulus p, 

? In the classical case, this quartic was uniformized by Jacobi elliptic functions as 


z = e sinam (t,o?) and y = cosam(t,o*)Aam(t,¢2). See Jacobi [6,7] and Kronecker 


[8]. 
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i.e. a modulus p different from + 1 and o, is given, we can always uniformize 
it by an elliptic curve A as indicated before. In fact, if we map the 
normalization of the quartic to an elliptic curve A by a homomorphism « of 
degree 2, essentially a’ gives such a uniformization. We leave to the reader 
to make it precise. In this way, we can consider either the elliptic curve or 
the Jacobi quartic as initially given. At any rate, we shall always consider 
them as a pair. We also make the following rather scattered remarks. 

If a, and & are points of A of odd orders, then s(a} —æ(a:) implies 
Qı =ü. If u is a variable point of A, then z(u -+ s) is an even function of u. 
Also, the differential da/y is everywhere finite on A, hence it is an invariant 
differential of A. Proofs are immediate. In the following sections, notetions 
will be always the same. For instance, s means a primitive fourth division 
point of A such that 2s is different from 2r. 


3. Transformation of Jacobi quartics. Let A be an elliptic curve and 
let a be a homomorphism of an odd degree m of A to another elliptic curve A’. 
Then « induces an isomorphism of the 2-primary parts of the groups of points 
of finite orders of A and A’. In particular, if r is, as before, a primitive 
fourth division point of A, then 7’ ==ar is a primitive fourth division point 
of A’. Let p and p’ be the moduli of Jacobi quartics associated with A and A’ 
with reference to +r and +r. Also, let v, y and x’, y’ be the functions 
which uniformize these quartics. Then a commutes with the translations 
u— u + er and w —>w + 27 of A and A’, hence « induces a homomorphism 
of Jacobi quartics of the same degree m as « Therefore, we can write a’ (au) 
uniquely in the form ko(z) + R;(x)y with æ—x(u) and y—y(u). Here 
B,(4) and #,(X) are rational functions of XY. If we apply the automorphism 
u—>— u of A, we see that R, and R, are both odd. If we apply the trans- 
lation u—>u + 2s of A, we see that A, is even. Hence A, must be zero and, 
thus, we simply get z’ (au) —R(x) with an odd rational function E(X) 
of X. In the same way, we get y (a«u) — S(x)y with some even rational 
functions S (X) of X. Since we know that the homomorphism (z, y) — (2, y’) 
is of degree m, the rational function R(X) must be of degree m. In other 
words, R(X) is a quotient of co-prime polynomials at least one of which is 
of degree m. Now, if we apply the translation u->u+r of A, we get 
R(X+*) = R(X). Since we also have #(0) —0, we can write R(X) in 
the form cX"F(X 1) F(X) with c?==1 and with 

F(X)=1+ BF arim, 
OS2i<om-1 


Here, by changing the sign of x” if necessary, we can make c—1. Remember 
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skat 2’ is determined by 7 only up to sign. If we substitute & — R(x) and 
= S{x)y in (y)?—=1—2p (x )7+ (2’)4, we see that 


F(X)49(X)2(1 —2pX*? +Z’) 


is a polynomial of X. Therefore G(X) = F(X)?8(X) must be a polynomial 
of X and, in fact, a polynomial of X*. Moreover, G(X) is of degree 2m — 2 
as a polynomial of X and satisfies G(0) —1. With the aid of the polynomials 
F(X) and G(X), which we call transformation polynomials, the homomor- 
phism (z, y) — (x,y) can be expressed as follows 


a = g”F (at) B(x) y == (2) F (£)~*y. 


In Kronecker’s terminology, transformation equations meant always F(X) =0, 
‘or rather X”F(X*)=0 and mostly in the case of prime transformation 
degrees. We shall show that the transformation polynomials can be decom- 
posed into linear factors explicitly. 

Take a field of definition K of a containing all coefficients of F(X). 
Let u be a generic point of A over K and put æ—#(œu). Then 2 is 
transcendental over K, hence X”F (X=) —a/F (X ) is an irreducible polv- 
nomial over K (x). Itis easy to determine all distinct roots of this polynomial. 
At any rate, if a belongs to the kernel of a, certainly r(u-+-a@) is a root. 
Conversely, if æ is an arbitrary root, we can write it in the form æ(v) with 
some point v of A and we get 2’(av) —=%. In Section 2, we remarked how 
to analyse an equation of this type. Thus we get 2(v) —v(u+a) with 
some @ in the kernel of œ. Also, if a, and a, are distinct elements cf the 
kernel of a, then z(a) and z(a), hence also t(u + a.) and æ(u + ae), are 
distinct. Therefore, if e is the common multiplicity of the roots and if we 
denote a typical element of the kernel of « by a, we get 


AE (X+1) — a F(X) = (X —c(u + a)}e. 
In particular, if we specialize wu to 0 over K, we get 
F(X) =IL(1—2(a)X)°. 


The exponent ¢ is a certain power of the characteristic, and it is called the 
inseparability degree of «. The number of elements in the kernel of « 
multinhed by the inseparability degree e of œ is the total degree m of a. 
Now, in order to obtain a similar decomposition of G(X) into linear 
factors, we shall explain the notion of a “half system.” A half system 
~ of a finite Abelian group of an odd order is its subset S which together with 


LT 
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zero and — § sum, without overlapping, to the whole group. We see that a 
point v of A satisfies y’(av) ==0 if and only if v is of the form s+ a, i.e. 
if and only if we have æ(v) —æ(s—a) with some s and a. Here, if we 
restrict s to representatives modulo 2r and a either to o or to elements of a 
half system of the kernel of a, the corresponding x(s-++a) are distinct. 
Since t(s-+-u) is an even function of u, we do not loose anything by this 
restriction. Moreover, certainly æ(s—<-a) are different from the roots of 
F(X)—0. Therefore, by using the previous remark, we get 
G(X) = (1— X24 XK TT  (X—a(s+a)}e 


emod 2r 
ahalf system 


On the other hand, with respect to the invariant differentials dz/y and da’/y’ 
we can calculate the multiplicator p of a. In fact, if we observe y(0) =y (0) 
— 1, we get 
p= Co = [I zf (a). 
G0 


In the above discussion, we started from a homomorphism « of an odd 
degree of elliptic curves A and A’ and we studied the induced homomorphism 
of Jacobi quartics associated with A and A’ with reference to +r and + ar. 
Conversely, suppose that a non-degenerate Jacobi quartic of modulus 9 and 
a homomorphism (x,y)— (#”,y”) of an odd degree m of this quartic to 
another Jacobi quartic of modulus p” are given. Then, at any rate, wa can 
uniformize the Jacobi quartic of modulus p by an elliptics curve A with 
reference to, say + r, and we can consider the kernel of the homomorphism 
(x,y) — (x”,y") as an isomorphic image of a subgroup of A under this 
uniformization. On the other hand, let e be the inseparability degree cf the 
homomorphism, (x,y) — (x”,y”). Then the e-th power of the factor group 
of A by that subgroup, which is obtained by raising the co-ordinates of points 
to their e-th powers [1], is an elliptic curve. We denote this elliptic curve 
by A’ and the corresponding homomorphism by æ. We are thus in the same 
situation as before; hence we get a homomorphism (x, y) — (s, y) of degree 
m of the Jacobi quartic of modulus p to the Jacobi quartic of modulus, 
say p’, associated with A’ with reference to z= ar. However, since the two 
homomorphisms (2, y) — (2’,y’) and (x,y) — (x”,y”) have the same kernel 
and the same inseparability degree, the image quartics must be isomorphic. 
We note that the homomorphism (2, y) — (x,y) is uniquely determined by 
the gwen homomorphism (x,y) — (x”,y”). In the following, we shall use 
the word “transformation” for this well-selected homomorphism of Jacobi 
quartics with variable moduli, i.e. with transcendental moduli over Q. Also, 
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we indicate the transformation by (p,2,y) — (p’,2’,y’). I£ we polerize A 
duu A’ by er and +7’, the transformation is characterized up to the sign 
of 2’ by the commutativity of the following diagram | 


& 
A — A?’ 


| 


(p, £, Y) ——> (p’, 2’, y’). 


This observation facilitates to verify that a product of transformations is a 
transformation and that the multiplicator of the product is the product of 
muliiplicators. Moreover, if a transformation (p, x,y) — (p’, 2, y’) is induced 
by a, then a’ induces a transformation of the form (»’,2’,y’)— (p,+2,y). 
The sign in front of x will be determined to be (—4/m) == (—1)#™”» in 
the next section. At any rate, we call it the complementary transformation of 
the given transformation, a terminclogy due to Jacobi. If p is the multi- 
plieator of the original transformation and y’ the one for the complementary 
transformation, we therefore get py’ = (--4/m)m. Now we shall prove the 
following theorem. 


THEOREM 1. Let F(X) and G(X) be the transformation polynomials | 
associated with a transformation (p,t,y) — (Pry). Then the coeficients 
of F(X) and G(X) are contained in Q(p, p’). 


We first note.that the assertion for G(X) follows from the assertion for 
F(X). In fact, if the coefficients of F(X) are contained in Q(p,p’), the 
coefficients of G(X)?, hence those of G(X), must also be contained in the 
same field. We know by Chow’s theorem that the coefficients of F(X) are 
separable over Q(p,p’). Therefore, we have only to show that the kernel of 
the transformation is normally algebraic over Q{p,p’). If the kernel is not 
normally algebraic over Q (p,p), as we can see, such a bad situation happens 
already by a transformation with cyclic kernel of the transformation degree 
not divisible by the characteristic. Therefore, we can assume that we have 
such a case from the beginning. However, this is not possible, because 
“actor groups by distinct cyclic subgroups of the same order have even dis- 
tinct absolute invariants [4]. This completes the proof. 

Actually, in proving Theorem 1 we could have used the Galois theory of 


division points [4]. The proof would, then, become less formal. However, 
the above proof is of an elementary nature. 
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4. Multiplication of Jacobi quartics, If n is an odd natural number, 
the endomorphism n of A is of degree m == n? and maps r to 1 == (—4/n)r. 
Therefore +’ differs from z at most by sign and we have p’==p. In this case, 
the transformation is called a multiplication and we shall denote the corre- 
sponding polynomials by F,(4) and G,(X). We already encountered with a 
multiplication implicitly in the proof of Theorem 1. At any rate, Fa( £) 
and G,(X) are polynomials of X with coefficients in Q (p). Moreover, these 
polynomials are universal in the sense they are compatible with specializations. 
Here, as we agreed in Section 1, the reduction modulo 2 should be excluded. 
The following theorem is fairly deep and the crucial point of the proof is 
` along Kronecker’s idea. 


THEOREM 2. The coefficients of multiplication polynomials F,(X) and 
G,(X) are contained in Z[8p]. 


We can assume, because of the universality and of the nature of the 
theorem, that the characteristic of Q is zero. We shall first show that the 
assertion for G,(X) follows from the assertion for #,(X). In fact, the 
relation dz(nu)/y(nu) —ndx/y shows that the coefficients of nG,(X) are 
contained in Z[8o]. On the other hand, G,(X)* is a polynomial of X with 
coefficients in Z[2p], hence in Z[p]. Since G,(X) satisfies G,(0) —1, by 
the so-called Gauss lemma, the coefficients of G,(X) itself must be contained 
in Z[p|. Therefore, the coefficients of G,(X) are contained in Z[8p]|. In crder 
to prove the assertion for Fa (X), we must obtain the addition theorem for g. 
Incidentally, the subsequent discussion holds without the restriction on the 
characteristic. Let v and w be independent generic points of A over a 
common field of definition K of « and y. Put v-+w-==wu and take the field 
K(x(w),y(u)) as our domain of rationality. Then z, ==qz(v) and 7: == 2(w) 
are related by an irreducible symmetric equation which is quadratic in x. and 
in x, individually over this domain of rationality. If we make the trans- | 
lations v— v -+-2s and w—>w—+ès of A simultaneously, then zx and zz 
change their signs, hence the equation contains neither #%:%:(%: + T2) nor 
Tı + 2. Furthermore, since we can make the translations v—> v-r and 
w—>w- tyr of A over the domain of rationality, the coefficient of x,?x,? is 
equal to the constant term. Thus the equation takes the following form 


Yo (20e + 1) + Ryitite + ya ( 1? + 2) = 0. 


Here, if we specialize v to u and w to 0 over the domain. of rationality, we get 
yo + y2t?(u) == 0. Moreover, in order to solve the above equation in s., we 
must extract a quadratic radical from yt? — (yo + yo?) (y0t17 + ye). 
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Since v, must be contained in K (zı, Yı), therefore, this polynomial of z, 
._ must be a multiple of 1—2pa,’ +-2,*. In this way, we see that the expression 
for za takes the following form | 


2(u—v) = (2(u)y(v) —2(v)y(u)) (1—2 (u)a (0))*. 


Once we have this formula, by specializing v to —u over K we get z(?u) 
== 2¢y(1—a*)* with c=-2(u) and y—y(u). Now, assume that the 
theorem is true up to n and specialize u to nu and v to —2u over K. Then, 
if we observe dr(2u)/y(2u) =2da/y and y(nu) = G,(x)F,(z) °y, we see 
that z((n + 2)u) is of the form N(x)D(z)+ with 


D(X) = (1 — X+) Fa ( X)? —4X? (1 — pX? + X4) XK, (X-). 


The numerator V(X) is, at any rate, a polynomial of X with coefficients in 
Z[p|. We observe that the coefficients of D(X) are contained in Z[8p] and 
D(X) satisfies D(0)—1. Since F,,2(X) also satisfies F,,:(0) —1 and 
divides D(X) in the polynomial ring Q(p)[X], by the Gauss lemma the 
division must take place within the coefficient domain Z[8p|. This completes 
the proof. 


COROLLARY 1. The coeficients of transformation polynomials F(X) and 
G(X). are integral over Z[8p]. Moreover, the roots of G(X) =Q are units 
over Z[ 8p]. 


The main assertion follows fram the fact that s(a) and a(s+ <a) are 
integral over Z[8p] by Theorem 2. The additional statement is a consequence 
of the fact that the highest coefficient of G(X) as well as the constant term 
are 1. In connection with this, we shall show that the highest coefficient co 
of the multiplication polynomial F,fX) is (—4/n)n. At any rate cy is the 
product of #?(a) extended over a half system. We are assuming, because of 
the universality, that the characteristic is zero. If we specialize p to 1, by a 
specialization argument, we see that n°—-n of the x?(a) specialize te 1 and 
Co Will become a product of 2’?(a’), say, extended over a half system. Since 
the specialized addition theorem is cf the form 


a (u! +0") = (a (W) +a! (0")) (1+. (wy a! (v’))>, 


we see that the product in question is (—-4/n)n, as asserted. We also add 
the following corollary. 


COROLLARY 2. Let G T, Y) —> (pP, x,y) be a transformation and put 
o=2(s) and d =x (as). Then o’o is a unit over Z[8p], hence 2p’ is 
integral over Z[2p]. 
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In general, as we see from the addition theorem for x, the product 
z(u—+v)æ(u—v) can be written in the form | 


(a? (u) — a? (v) ) (1— a (u)22 (v) ). 
Therefore, we can write o’ as follows 
of = (II (#(s) —2(a)) (1—2(a)2(s))+)° 
—a(s)( TE (w*(s) —#2(a)) (1 —2*(a)a*(s)))¢ 


a half system 


=o ff zæ(s+a). 


ahalf system 
On the other hand, ø is a unit over Z[2p] as a root of 1—2pX*+ X*—0 
and, of course, we have e = 1 in the case of characteristic zero. The corollary 
follows immediately from these facts and from the above expression for ø’. 


5. À digression. In reviewing known results in Section 1, we did not 
mention properties of Hasse invariant. Actually, Kronecker seemed to know 
the full meaning of this invariant, which we shall discuss by a slightly different 
purely algebraic method. In general we can expand (1— 2pe?-+ zt) in a 
formal power-series of z as follows 


(1 — 2px? + xt) = 


M8 


om 


È Pi(p) 2%. 


+ 


The coefficients P,(p) = 1, P:(p),: : : are the so-called Legendre polynomials. 
If the characteristic is zero, we can integrate the differential. equation 
dt = dx/y by a formal power-series {= +: : -. This power-series can be 
inverted and we get —t+:::, Call it f(t). Then we can expand f(nt) 
in a formal power-series of s. Also, we can expand z(nu) in a formal power- 
series of z = x(u). The addition theorem of invariant differentials guarantees 
that these two expansions are the same. If n is a prime number p, from this 
we can derive congruence properties of the coefficients of the multiplication 
polynomial F(X}. For instance, it is quite easy to get the following con- 
gruence relations 


G= (—4/n) (p/(Ri+1))P:(p) mod p? 


for 2—0,1,- - -,4(p—1). In particular, if we take the last congruence 
relation modulo p, we get 
I] æ (a) = (—4/n)P() 
pu=0 
è az£0 
with P(p) = Pp) (p). Therefore, we have P(o) — 0 if and only if A has 
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no point of order p except o. On the other hand, since P(p) is the 
4(p—1)-th Legendre polynomial, it satisfies the Legendre differential equa- 
tion, which in the case of characteristic p, takes the following form 


(1 — p*) dP P/d — 2pdP/dp — (4)P =0. 


Here P(+ 1) is different from zero; hence from the differential equation it 
follows that the 4(p—1) roots of P{p) —0 are simple. The Galois group 
of the p-space over the j-space operates on this set of 4(p—-1) roots and 
we can count the number of orbits quite easily using results in Section 2. 
This number is precisely the number of non-isomorphic elliptic curves in 
characteristic p having no point of order p except neutral element. We have 
already discussed this topic, including the meaning of the coefficient 4, In a 
separate paper [5]. At any rate, this was how we got the well-known Gauss 
differential equation for an explicit form of Hasse invariant calculated by 
Deuring [2] using Hasse’s theory. 

If we also take into account the fact that P(p) — 0 implies F,(X) — 1, 
we see that the non-vanishing coefficients of F,(X) in characteristic p are 
divisible by P(p). In other words, we can write F(X) in the form 


F(X) =1 anas (p)yi(p) XOD? 4- (—4/p)P (p) XO 


with certain polynomials y:(p},y2(p}," © : of p with coefficients in Z. There 
is a formal analogy between this relation and the Kronecker conguence 
relation which we shall discuss in the last section. 


6. Absolute irreducibility of certain equations. We come to the section 
where oùr geometric theory of modular functions plays a role. As before, 
let n be an odd natural number and assume that the modulus p is transcen- 
dental over Q. We assume, in addition, that n is not divisible by the 
characteristic. If a is a point of A of order n, then x(a) is integral over 
Z[8p]. Moreover, if we put 

(X) = II (Æ—x(a)), 


a primitive 
then @,(X) is a polynomial of X? with coefficients in Q (p). The coefficients 
are, therefore, contained in Z[8p], hence we can write ®,(X) in the form 
®,(X?, 8p) with a polynomial ®,(X,Y) of X and Y with coefficients in Z. 
We call &,(4, Y) = 0 the n-th division equation. In the simplest case n = 3, 
the division equation reads as X*— 6X? 4+ XY -—3=0. In general, if we 
denote the Euler function by ¢(n) and the number of cyclic subgroups of 
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order n in the group of points of A of order n by y(n), we can easily calculate 
the degree and the constant term of ®,(4) and we get 


deg $n (X) = $(n)y(n) =n? it (1—p”) 


_S(—4/n)p n=9p° 
Pn(0) = (—4/n) otherwise. 
Here p means a prime number. We can use, for instance, the so-called 
Möbius inversion formula to make the caleulation. At any rate, in case n 
contains two distinct prime factors, the roots of ®,(X) —0 are units over 
Z[8p]. Now, we shall prove the following theorem. 


THEOREM 3. The division equation ®,(X,Y)=0 ts absolutely irre- 
ducible. 


Let A” be transcendental over Q and consider the plane cubic Y? 
= X(1—-X) (A’— X) with (0,1,0) as neutral element. We take this elliptic 
curve as A. Let Q be the group of points of A of order n. Also, let Æ be 
the algebraic closure of Q and adjoin the points of A of order four to b(A"). 
Then we get an extension K of k(A’). The Galois group of K(Q) over K 
operates on © and, with respect to a base of Q, we get a representation by 
two-by-two integer matrices of determinant 1 modulo n. The point is that 
we get all such matrices in this way [4, Theorem 1]. On the other hand, 
x? is defined over K and p is contained in XK. Moreover p is certainly trans- 
cendental over Q. Since the only conjugates of a over K(2?(a)) are a and 
— a, we see that the Galois group of K (x° (a) )naeo over K is what we denoted 
by LF(2,n) in [4], which is the whole group of two-by-two integer matrices 
of determinant 1 modulo n divided by plus and minus of the unit matrix. 
As a consequence, the Galois group operates transitively on the rocts of 
®,(X,8p) ==0. Therefore ,(X,8p) is irreducible over K. This is already 
much stronger than Theorem 3. 

There are two significant equations which are “derived” successively 
from the division equation. Consider a transformation (p,z,y)—> (p’,2’,y’) 
of degree n with cyclic kernel. Since we have y(n) possibilities for the kernel, 
we have the same number of distinct moduli p’. Since 2p’ is integral over 
Z[|2p], we get a polynomial (X,Y) of X and Y with coefficients in Z of 
degree y(n) in X satisfying 


Yn (X, 2p) =I (X — 2p’). 


We call 4, (X,Y) —0 the n-th modular equation. The existence of the 
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complementary transformation and the irreducibility of ¥,(X,Y) which we 
shall prove presently show that ¥,(X,Y) is symmetric in XY and Y. For 
example, the third modular equation reads as follows 


(X°—Y)(X—F¥*) —3[5X*¥? + 2.31X7Y? + 5.11XY 
| —25XY (X? + Y?) —28(X2 + Y?) + 210] — 0. 


This suggests that modular equations have less complicated numerical coeffi- 
cients than “invariant transformation equations.” 

On the other hand, if u is the multiplicator of the transformation 
(pt, 4) —> (p’, 2’, y’), since p is integral over Z[8p], we get a polynomial 
M,(X,¥Y) of X and F with coefficients in Z of degree y(n) in X satisfying 


Mn (4, 8p) =U (X — x). 


We do not know apricri that the win) roots of M,(X,8p) —0 are distinct. 
At any rate, we call M,(X,Y)—0 the n-th multiplicator equation. The 
third multiplicator equation reads as Y¥*—6X?— XY — 3 ==0. In general, 
the constant term W,(0, 8), which will turn out to be the norm of p taken 
from Q(p,) to Q(p), can be calculated without difficulty and we get 


M,(0, F) = IT (—4/p)ate pë? 
with a 
Ey = ((p°—1)/(p—1))y(n/p°). 


Here p° is the contribution of p to n. In particular, for n= p the constant 
term is simply (—4/p)p. We note that ®,(Y,Y), w,(X, Y) and M, (X,Y) 
are universal like F, (X) and G,(X). We shall now prove the following 
theorem. | 


THEOREM 4 The modular equetion Y,(X, Y) = 0 and the multiplicator 
equation M,(X,Y) —0 are both absolutely irreducible. 


| We know that we have y(n) distinct transformed moduli p’. Moreover, 
if we use the same notation as in the proof of Theorem 3, we see that the. 
Galois group of K(2?(@))naxo over K operates transitively on these moduli. 
This proves the absolute irreducibility of the modular equation. The same 
proof can be applied to the multiplicator equation once we are sure that the 
p(n) multiplicators are distinct. Suppose that two distinct transformations 
(pæ, y) (p’, a’, y’) and (p, 2,4) — (p, x,y”) have the same multiplicator. 
Then the complementary transformazion of the first multiplied by the seccnd 
is a transformation of the form (p, 2’, y) —> (p, + 2”, yy”) with +n as multi- 
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plicator. If the kernel of this transformation is not cyclic, a multiplication 
can be factored. In this way, by changing the notation, we are led to the 
situation where the y(n) transformations (p, g, y) —> (p, 2, y) have the same 
rational multiplicator m, i.e. 


m= JI w(ta)=—(—4/n) I (ia) 
tai nt =l, 8, <0 ,n-2 


for some element m of Z. However, there certainly exists an extension of 
the specialization p—>œ over Q in which z(e); hence z(1a) for t= 1,8, -, 
n—2, are specialized to co. This is a contradiction. Therefore, the multi- 
plicators are distinct and the multiplicator equation is absolutely irreducible. 


COROLLARY. If p is the multiplicator of the transformation (p,2,y¥) 
=> (2, ds y), we have Q (p, p’) = Q (p, jr). 


7. Kronecker’s congruence relation. Assume now that the degree of 
the transformation (9,x,y) — (p, z, y) is an odd prime number p different 
from the characteristic of Q. Then we can prove the following theorem. 


THEOREM 5. The transformation polynomial F(X) for the transforma- 
tion of degree p can be written in the form 


F(X)=1+4+ DB ppi + pr, 
024 p-1 


Here yı, ya © : are integers of Q(p, un) with reference to Z| 8p]. Moreover, the 
norm of p taken from Q(p, n) to Q(p) is (—4/p)p. — 


We proved the additional part in a more general form in the previous 
section. As for the main assertion, it is trivial in the case of positive 
characteristic, because y is then a unit of Q(p,u) with reference to Z[8p]. 
Therefore, we shall assume that the characteristic is zero. Then, the norm 
of p taken from Q(p,u) to Q(p) generates a prime ideal in Z[8p]. There- 
fore, from the ideal theory of integrally closed Noetherian domains [10], we 
can conclude that » generates a prime ideal in the principal order of Q (p, p) 
with reference to Z[8p]. Moreover, we know that the coefficients ¢,,¢:,° - 
of F(X) are elements of the same principal order. Since there exists a 
reduction modulo p in which æ(ia) for i==1,- > -,p—1, and p are mapped. 


to zero, while p remains to be a variable modulus, we see that c1,¢o,-  * are 
multiples of p. In other words, if we write C1, Ca * + + in the form wyr pys’ -, 
then y:,y2,' `- must belong to the principal order of which we are ta king. 


This completes the proof. 
In a slightly ambiguous way, the main part of Theorem 5 can be expressed 
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simply by the following congruence relation 
we (au) =z (u) mod p. 


This is the Kronecker congruence relation. As he himself confirmed, this 
congruence relation has a fundamental meaning for the entire transformation 
theory of elliptic functions as well as its arithmetic applications. 


We add a remark about the connection between Theorem 5 and a formula 
wa obtained in Section 5. Let w be the multiplicator of the compelementary 
sransformation (p’,a’, y) — (p, (—4/p)a,y) of (pry) > (p', 2,4’). Then, 
as we know more generally, we have py’ = (—4/p)p. In particular, p and y 
are both elements of Q(p,p’). Now, we know that the relation between p 
and p’ is symmetric. Since 2p’ is integral over Z[2p], and conversely, we see 
ikat the principal order of Q(p,p') with reference to Z[2p] is also the 
principal order of Q(p,p’) with reference to Z[2p’]. Apparently, this prin- 
sipal order contains the principal orders of Q (p,p) with reference to Z[8p] 
and Z[8p’|. Therefore, by the same reason as in the proof of Theorem 5, 
we see that » and y generate prime ideals in that principal order. These 
prime ideals are distinct, because they even have different norms taken from 
O(p,p’) to O(p), say. Now, if F(X) is the multiplication polynomial and 
if we reduce F (X) modulo p’, we get 


F,(X)æ=1+ © pyp Xozir} ppo- mod p”. 
o<2i<p-i 


If we compare this relation with the formula in Section 5, we get, for 
-nstance, the following relation 


= (—4/p)P(p) mod p. 


Finally, we add some remarks concerning the first non-trivial case 05 
for Theorem 5. We know that Kronecker already mentioned this case in [8]. 
However, our precise theory contradicts some of his calculations. Thus, in 
order to avoid misunderstandings, we must point out his mistakes. First, the 
fifth division equation should read as follows 
AM — 50X" + 8385Y X° — (10Y° + 125) X° + (Y! + 92Y)X' 
— (15¥?-+ 300) X° + 90V X5 — 105X4— 20Y X°? 
+ (Y° -+ 62) X*— 5YX + 5 —0. 


Thus, by reduction modulo 5 we get X?(X?° + (F? + 2)¥X5 4- (Y? + 2)) — 0. 
In Kronecker [8, p. 454], the coefficient of X* reads, in our notation, as 
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F3 + 868, which seems to be a misprint. Second, the equation for y= yı 
should read as follows 


y + 8p: y + 20y* — 807? — 16: 8p: y — (8p)? — 0. 


Thus y is, indeed, integral over Z[8p]. In Kronecker [8, p. 452], inter- 
mediate terms seem to be miscalculated. 
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FIBRE SYSTEMS OF JACOBIAN VARIETIES.* 1 
(III. Fibre Systems of Elliptic Curves.) 


By Jun-IcH1 Ieusa. 


To Zariski on his 60th birthday 


1, Introduction. This is the third paper on fibre systems of Jacobian 
varieties. We shall apply some of our previous results [7,9] to the simplest 
zese of fibre systems of elliptic curves. In this way we get a geometric theory 
of elliptic modular functions with arbitrary level in the sense of Klein [11] 
fcr any characteristic which does not divide the level. Here we would like 
ic state that no algebraic theory of mcdular functions has been available even 
in the case of characteristic zero. In fact, the known theory depends heavily 
either on Riemann’s existence theorem or on the use of Eisenstein series. 

The theory of modular functions in positive characteristic is useful in 
discussing arithmetic properties of modular functions in characteristic zero. 
For instance, we can solve the so-called “ generalized Ramanujan conjecture” 
in a definite form for dimension —2. We are following here the general 
method, orginated by Galois, for constructing a theory in positive charac- 
teristic and applying this theory to problems in characteristic zero. In 
addition to the above mentioned application, which we shall discuss in a 
separate paper, our theory also contributes to the “three points ramification 
problem.” In fact, we can now construct canonically a Galois covering of a 
straight line which is ramified at either three or in some cases two points and 
having LF(?,n) as Galois group, provided n is not a multiple of the charac- 
teristic. The reader will find more precise statements in Theorem 4 and 
Theorem 6. We note that, at least in the case of characteristic zero, these 
theorems characterize the field of modular functions uniquely. We also note 
chat Gierster’s theorem which shows that LF (2, p) contains the tetrahedral 
group for any odd prime number p is automatically contained in Theorem 6. 


* Received September 2, 1958. 

* This work was partially supported by a research grant of the N ational Science 
Foundation. The content of this paper was discussed on March 18, 1958 in a seminar 
at Harvard University conducted by Professor Zariski. 
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2. Absolute invariant. Let A be an elliptic curve, i.e. an Abelian 
variety of dimension 1. We are going to associate a finite quantity f(A) to 
A, which is contained in the universal domain of A, so that f satisfies the 
following conditions: 


(1) We have f(A) =f(B) if and only if A and B are isomorphic ; 


(2) If A’ is a specialization of A, then f(A’) is the unique specializa- 
tion of f(A) over this specialization. 


Here we are assuming, of course, that B and A’ are elliptic curves. Moreover, 
unequal-characteristic specialization [cf. 14] is also included in the second 
condition. In the following we shall construct f by examining normal forms 
of elliptic curves due to Legendre and Hesse. As the reader will see, the 
construction is not quite arbitrary and it turns out that f is unique up to the 
transformation f— + f + integer? Observe beforehand that f(4) must be 
contained in every field of definition of the “underlying” curve of A. 

To begin with, we shall recall a theorem of Hasse: Let n be a natural 
number and let u be a typical point of an elliptic curve A. Then the mapping 
u—>n:u, which is an endomorphism of A, is of degree n?. The mapping in 
question is separable if and only if » is not a multiple of the characteristic. 
In this case, therefore, the kernel is a finite Abelian group of type (n,n). 
However, in case n is a multiple of the characteristic, the kernel has a different 
structure depending on the behavior of the Kronecker-Hasse invariant of A 
[5,13]. At any rate, let o be the neutral element of A. Then the complete 
linear system on A determined by 3:0 gives rise to an isomorphism of À to a 
plane cubic such that the image of 0 is a flection point. Therefore we can 
assume from the beginning that A is a plane cubic with a flection point as 
its neutral element. ‘Then three points u, v, w of A satisfy utv+w=0 
if and only if they are collinear. Therefore, as we can see, if B is isomorphic 
to A, the isomorphism is induced by a linear collineation. 

In case the characteristic is different from 2 and only in such case A 
contains three points of order 2 besides 0 by the above mentioned theorem of 
Hasse. Moreover these three points are collinear. Therefore we can take the 
straight line passing through these points as X-axis. Also we take the flection 
tangent at 0 as Z-axis, i.e. the line at infinity, and a line joining 0 to one of 
the three points of order 2 as Y-axis. This is possible, because these three 
straight lines can not go through one same point. Furthermore we can assume 


? The possibility of unique characterization was suggested by Professor Weil when 
the author met him at Princeton in January, 1958. 
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that one of the two remaining points of order 2 has co-ordinates (1,0,1). 
Here we agree once for all to write co-ordinates in the order X, Y, Z. H 
the third point has co-ordinates (A, 0,1), the equation of the cubic reads as 
a: YZ = X(X—Z)(X—AZ) with «540. If we replace «3-Y by Y, we 
can write the equation as follows 


Fa 7) 7), 


Here the modulus À is different from 0, 1, œ and conversely, if that is so, 
the above equation defines a non-singular cubic. This geometric consideration 
shows that we have twelve choices for the normalized co-ordinate systems and, 
accordingly, we get the following six values for the moduli 


À ei (A—1)A7 
At (1—aA) alai. 


More precisely, the corresponding six cubies, with (0,1,0) as 0, are isomorphic 
and the twelve isomorphisms can be given inhomogeneously by the corres- 
ponding generic points as follows 


(z, + y) (1—q, + (—1)3-y) 

(tr71, + AE) ((1— 2) (1—A)-4, + (A— 1)? - y) 
((à— g), + (—A)3-y) 
((A—@) (à —1)5, + (A) y). 


We can consider those six values of moduli as defining a transformation group 
operating on a projective straight line. The orbits consist of six points in 
general except for the degenerate case {0,1, 0}, the harmonic case {—1, 4, 2} 
and the equianharmonic case {—p,—p’} with respective multiplicities 2, 2 
and 3. Here p and p’ are primitive third roots of unity. We note that our 
group is operating on {0,1,00} as symmetric group. According to Liiroth’s 
theorem, we can identify these orbits to single points of a projective straight 
Ine. Since we have three freedoms at our disposal, we can do this in such 
a way that the first and the third exceptional orbits are mapped respectively 
to co and 0. Then up to a constant factor the identification mapping has 
the following form 


j= REA —A+1)8: (A—1)?. 
This j is called the absolute invariant of A. We note that the second excep- 


tiona! orbit is mapped to 12%. In case the characteristic is 3 the situation is 
slightly different. We have only two exceptional orbits {0,1, œ} and {— 1} 
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with respective multiplicities 2 and 6. However, apparently the same j as 
above works also in this case. We also note that the Liiroth theorem was 
. used only to motivate the reasoning. 

In the case of characteristic 2 or, more generally, if the characteristic 
is different from 3 and only in such case A contains nine flection points, i.e. 
points of order 3 by Hasse’s theorem. As before, let p and p’ be the primitive 
third roots of unity. Then, as we can see, it is possible to choose a co-ordinate 
system so that the nine flection points have the co-ordinates (0,—-1,1), 
(0,—p,1), (0, —p",1); (1,0, —1), (p0, —p), (p 0, — p) > (—1,1,0), 
(—-1,p’,0), (—1,p,0). Consequently the equation of the cubic reads as 


XSL Y° 4 Z? — 3X YZ. 


Here the modulus p is different from 1, p, p’, oo and conversely, if that is so, 
the above equation defines a non-singular cubic. If we agree to take (— 1,1, 0) 
as 0, we have four choices for Z-axis. Then the other axes are determined up 
to a permutation, which reflects the automorphism w—-——w of A. Since Z 
can be multiplied by an arbitrary third root of unity, we have twenty-four 
choices for the normalized co-ordinate systems and, accordingly, we get the 
following twelve values for the moduli | 


te E(w 20) (p—L) 4. 


The twenty-four isomorphisms themselves can be given inhomogeneously, up 
to permutations of co-ordinates, by the corresponding generic points as follows 


(Ex, fy) 
(Cor + py HE) (ety HE) Er + py +e) (ety +8). 


Here ¢ and ¢ are the third roots of unity. We can consider those twelve 
values of moduli as defining a transformation group operating on a projective 
straight line. The orbits consist of twelve points in general except for the 
degenerate case {1, p, p’, ©}, the harmonie case {1 + 34, (1 + 8) p, (1 + 34) 9} 
and the equianharmonic case {0,-—2,—2p,—2p’} with respective multipli- 
cities 8, 2 and 3. We note that our group is operating on {1,p,p’,«} as 
alternating group. Again we can identify these orbits to single points of a 
projective straight line so that the first and the third exceptional orbits are 
mapped respectively to œ and 0. Then up to a constant factor the identi- 
fication mapping has the following form 


j= 833 (a + 28)3: Qu —1)?. 


This 7 is called the absolute invariant of A. We note that the second excep- 
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tional orbit is mapped to 12%. In case the characteristic is 2 the situation 
is slightly different. We have only two exceptional orbits {1, p,p’, œ} and {0} 
with respective multiplicities 3 and 12. However, apparently the same 7 as 
above works also in this case. We note that in case the characteristic is 
different from 2 and 3 both normalizations are possible. In this way we 
get an algebraic correspondence between A-space and u-space. If À and p 
correspond to each other, they give rise to one and the same 7. The corres- 
pondence A-—>7(A), therefore, satisfies the condition (1) stated in the 
beginning. Moreover, it is a simple exercise to show that 7 also satisfies the 
condition (2). As for the general expression of a correspondence f in the 
form f= + j + integer, it is obvious from the construction of j. 

There is another normal form, due to Deuring [3], which is valid 
provided À contains at least one flection point besides o. This is certainly 
the case if the characteristic is different from 3, and we shall assume this to 
be satisfied. Take the line joining these two flection points as Y-axis ard 
tae flection tangents as two other axes so that 0 is represented by (0,1,0). 
If we normalize the co-ordinate systera so that the third flection point on the 
Y-axis has co-ordinates (0,1,1), the equation of the cubic reads as Y?27 — Y 2? 
=f: X°4-3vXYZ with 80. Tf we replace 63: X by X, we can write the 
equation as follows | 

Y?Z — Y Z° = X? + 8v XYZ. 


Here the modulus v is different from 1, p, p’, œ and conversely, if that is so, 
the above equation defines a non-singular cubic. Furthermore, for instance, 
if we make the co-ordinate transformation 


A: FY: Z> put: X LOF + ppl: —p(X + V4 nZ), 


then Y°Z — YZ? = X? -+ 3yX YZ is transformed into X! + Y° -+ 75 = SuX TZ. 
Here » and v are related by (u°—1)(#%—1)—1. Therefore the absolute 
Invariant can be expressed in terms of v as follows 


J == 85y (3808 — 25) 3: p> — 1. 
We note that this relation considered as an equation for » is not normal. 
This is one great disadvantage of the normal form Y?Z — YZ? == X3 + 8vX YZ. 


However this normal form degenerates in a much nicer way than the normal 
form X? + F°? -+ Z* = 3yXYZ in the sense we shall explain later. 


3. Fields of modular functions of low levels. Suppose that A is an 
elliptic curve whose absolute invariant /(A) is a variable over a prime field F. 


12 
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Consider a homomorphism of A onto another elliptic curve B. Since every 
homomorphism can be factored into homomorphisms of prime degrees, we can 
assume that the degree of the homomorphism is a prime number p. Also 
we can assume that p is different from the characteristic of F, for otherwise 
the situation will become trivial. Then the transformation theory of elliptic 
functions will answer to the following problems: (1) How is 7(8) related 
to 7(A)? (2) What is the arithmetic nature of the homomorphism? First 
part is the transformation of the parameter space while the second part is 
the transformation of the entire fibre system of elliptic curves. At any rate 
the homomorphism is determined up to an isomorphism by its kernel, which 
is a cyclic subgroup of A of order p. We know that the points of A of order p 
form a finite Abelian group of type (p, p). Therefore we have p + 1 distinct 
homomorphisms from A to another elliptic curves of which B is a member. 
This already suggests the importance of points of finite orders. In fact the 
Galois theory of these points is a necessary preliminary for the transformation 
theory. In this section we shall define the field of modular functions with 
level along this line and we shall investigate the special cases of level 2 and 
of level 8. We shall start by summarizing some of the well-known elementary 
properties of groups of two-by-two integer matrices modulo integers. 

Let n be a non-negative integer different from 1. The case n—0 is 
exceptional. We shall denote the general linear group of two-by-two matrices 
over integers modulo n by GL(2,n). Similarly the special linear group 
SL(2,n) is defined. We shall use the following notation for the simplicity 


of the printing 
a b 
(C i)— be d). 


The group SL(2,n) contains the group Z consisting of + (1 0,0 1) in the 
center. The linear fractional group LF(2,n) is defined as the corresponding 
_ factor group. We note that Z can reduce io the identity in case n—% and 
only in this case. If n splits into a product of relatively prime natural 
numbers # and n”, then GL(2,n) and S£L(2,n) decomposes into direct 
products GL(2,n’) X GL(2,n”) and SL(2,n’) X SL(2,n”). Therefore, if 
(n) is the Euler function and if y(n) denotes the number of cyclic subgroups 
of order n in the Abelian group of type (n,n), i.e., if we put 


y(n) =v A +p); 


the orders of GL(2, n), SL(2,n) and LF(2,n) can be expressed as np(n)y(n), 
np(n)y(n) and 4-nd(n)y(n). Here the case n = 2 is exceptional for LF (2, n) 
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end its order is equal to np(n}y(n) —6. Moreover, if we exclude this case, 
the number of elements of order 2 in SL(2,n) is smaller than the number 
of elements of order 2 in LF(2,n) XZ. Hence SL(2,n) does not split 
into this direct product. We also note that (1 1,0 1) and (1 0,1 1) generate 
SL(2,0), hence SL(2,n) in general. In this connection we note that the 
normal subgroup of SL(2,0) of index 6 defined by (a b,c d) = (1 C,0 1) 
mod 2 is the direct product of Z and the subgroup of SZ(2,0) generated by 
(1 2,0 1) and (1 0,2 1), which is a free group. A similar situation pre- 
vails even if we take module 2¢ with e = 2. Also, if a subgroup of SL/2, 3¢) 
reduces to the whole 8£(2,3) modulo 8 and contains both (1 3,0 1) and 
(1 0,3 1), this group must be SL(2, 8°) for el. A proof can be obtained 
by induction on e. 

Let A be an elliptic curve defined over a field K. Let n be a natural 
number not divisible by the characteristic of K and let Q be the group of 
points of A of order n. Then Q is a finite Abelian group of type (n,n) and 
X (Q) is a finite Galois extension of K. Moreover the Galois group of K(Q) 
_ over K operates faithfully on Q. ‘Therefore the Galois group is mapped 
isomorphically into GL(?,n) with reference to a base of Q. As we know, if 
we denote by ko the field of n-th roots of unity defined over the prime field F, 
then K(Q) always contains ko. Moreover, if an automorphism of K(Q) over 
K transforms n-th roots of unity to m-th powers, the determinant of its image 
in GL(2,n) is congruent to m modulo n. In particular, if K contains ko, 
the image of the Galois group in GL(2,n) is contained in SL(2,n). We note 
that these properties come from the existence of a skew-symmetric pairing of 
Q to itself [16,9]. We also note that the classical proof depends on the so- 
called Abel’s relation [12,15]. | 

Now, suppose that the absolute invariant j(A) of À is different from 0 
, end 12%. Then A has only two automorphisms defined by u—> + u. This is 
clear from the consideration made in the previous section. Suppose next that 
A’ is another elliptic curve, also defined over K, with 7(A’) = 7{A). Then, 
by the above remark, we have only two isomorphisms between A and J’, 
which we can denote by g and — «. In general g is not defined over K. How- 
ever g is always defined over a separable extension of K. This is a conse- 
quence of a general theorem of Chow for Abelian varieties [2], and in the 
present case it can be proved elemertarily using the results in the previous 
_ section. These being remarked, if we identify points u and — on A, we get 
a projective straight line D defined over K. We shall denote the identification 
mapping, also defined over K, by Ku. Suppose that D’ is associated with A’ 
as D is associated with A. Then we get a correspondence between D and D’ 
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as follows: Let u be a generic point of A over K. Then Ku(u) and Ku(+ au) 
are the corresponding generic points of D and D’ over K. We note that 
Ku(+ au) has no other conjugate over K(Ku(u)) than itself. Moreover 
Ku(= au) is separable over K(Ku(u)), hence Ku( au) is rational over 
K (Ku(u)). Since the situation is symmetric in A and A’, we see that the 
correspondence between D and D’ is an everywhere biregular mapping defined 
over K. As a consequence, if v and v’ are the corresponding points of A 
and A’ under one of the two isomorphisms between A and A’, we always get 
K(Ku(v)) =K(Ku(v’)). This fact will be of constant use later. 

Now, let j be a variable over the prime field F. Then we can find an 
elliptic curve A; defined over F(j) with 7(4;) —7. The most elementary 
proof can be obtained by just writing down equations for elliptic curves having 
j as absolute invariant. In case the characteristic is different from 2 and 3 
we take | | 

YZ == 4X8 — 339 (4 — 129) (X +7)7 


as A; In case the characteristic is 2 or 3 we take 
V2 — X YZ == jX + 578, Y?Z == X’? — X?°Z +. 178 


accordingly as A; [8]. These cubic curves are indeed non-singular, hence we 
can introduce group structures with reference to (0,1,0). We note that 
these elliptic curves remain to be elliptic curves with 7 as absolute invariant 
provided 7 is different from 0, 12%, œ. We shall see later that elliptic curves 
like A; must degenerate at 7 —0, 12% and œ irrespective of its construction. 


As before, let n be a natural number not divisible by the characteristic 
of F and let Q be the group of points of A; of order n. Then F(j,Q) is a 
finite Galois extension of F(j) and so is F (j, Ku(Q)). This Galois extension 
of F'(4) is intrinsically defined by n, i.e. it does not depend on the choice 
of A;. We extend F to its algebraic closure k and we call &(j,Ku(Q)) the ` 
field of modular functions of level n. We note that k(j,Q) is at most a 
quadratic extension of k(j,Ku(Q)). Also, if m is a natural number, the 
endomorphism u—> m- -u of A; gives rise to a natural projection of the field 
of modular functions of level mn to the field of modular functions of level n. 
We shall show that &(A) and k(u) are the fields of modular functions of 
level 2 and of level 8. Here À and p correspond to 7 by the equations dis- 
cussed in the previous section. 

Let © be the group of points of A; of order 2. We assume, of course, that 
the characteristic is different from 2. Then we have F (j, Ku(Q) ) = F'(7,Q) 
and we can transform A; to @-¥°Z—=—X(X —Z)(X—>dZ) over F(j,Q). 
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Therefore F(A) is contained in F(j,2). However, since [F(7,Q) : F(y)] 18 
at most equal to 6, we have F(j,&) =F (A), hence &(j, Ku(Q)) =&(A). 
Let Q be, next, the group of points of A; of order 3. We are automatically 
assuming that the characteristic is diferent from 3. Then we can transform 
A; to X + Y2+ Z? = 3yXVZ over F(j,Q), hence F(p,p) is contained in 
F(j,2). Here p is, as before, a primitive third root of unity. On the other 
kand, because of a property of Ku, we get F(p, p) =F (p, Ku(Q)), hence 
F(j,Ku(Q)) is contained in F(p,p). Therefore we get the inclusion rela- 
tion F(j, Ku(Q)) C F(p, p)C F(7,Q), hence by putting k= F(p) we get 
ko(j, Ku(Q)) C kolu) C ky (7,Q). However [k(7,Q) : K(7, Ku(Q))] is at 
most equal to 2 and the Galois group of ko(u) over k&,(j), which is the 
alternating group of permutations of four letters, does not contain any normal 
subgroup of order 2. Therefore we have ko(j,Ku(Q)) = kom), hence 
k(j, Eu(Q)) =k (a). 

Now we shall examine the extensions &(À) and (u) of &(7) more closely 
for our later purpose. Consider &(A) first assuming that the characteristic 
is different from 2. We know that &(A) is ramified over &(7) at 7 == 0, 125, œ 
and nowhere else. Moreover in case the characteristic is different from 3 the 
ramification is tame and the corresponding inertia groups are cyclic of order 
3, 2, 2%. If the characteristic is 3, then k (à) is ramified only at 7==0 and oo. 
It is still tamely ramified at f? ==œ and the corresponding inertia groups are 
cyclic of order 2. However at 7==0 the ramification is wild. There is only 
one point A==—-1 above 7—0, hence the inertia group is the whole Galois 
group. Moreover, as we can see, the cyclic subgroup of order 3, necessarily 
consisting of transformations A->A, (1—A)-, (A—1)A", is the first rami- 
fication group while the second ramification group reduces to the identity. 
The different of the covering is, therefore, given by (0) + (1) + (co) + 7.— 1). 
This agrees with the expression dj == (1 + A)'A(1— A) SZ Next consider 
k(p) assuming that the characteristic is different from 3. We know that 
k(u) is ramified over &(j) at 7 ==0,123,00 and nowhere else. Moreover in 
case the characteristic is different from 2 the ramification is tame and the 
corresponding inertia groups are cyclic of order 8, 2, 3. If the characteristic 
is 2, then k(p) is ramified only at 70 and oo. It is still tamely ramified 
at {= œ and the corresponding inertia groups are cyclic of order 3. How- 
ever at 4 = 0 the ramification is wild There is only one point p— 0 above 
j==0, hence the inertia group is the whole Galois group. Moreover, as we 
can see, the Klein four group, necessarily consisting of transformations p—> p, 
fu(~—l)* for E= 1, p, p’, is the first ramification group while the second 
ramification group reduces to the identity. The different of the covering is, 
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therefore, given by 2.((1) + (e) + (P) + (æ )) +14.(0). This agrees again 
with the expression dj == p™* (p3 — 1)-*du. 

Finally we note that every tamely ramified extension of k (j) ramified only 
at two points is cyclic. This follows at once from the relative genus forrvula, 
which is as follows: Let 3 be a finite covering of a curve K. Let g and go 
be the genera of X and K; let 5 be the different of the covering. Then we 
have 2g —2 = deg (b) + [3: K](2g,—2). On the other hand, as it was 
observed by Abhyankar [1], the field &(7) can be covered by fields of “large 
Galois groups” ramified only at one point. 


4, Degeneration and ramification. There is a close connection between 
degenerations of elliptic curves and ramifications of certain extensions of 
parameter fields. The examination of this connection will provide key lemmas 
for the Galois theory of points of finite orders. We shall start by examining 
degenerate members of the linear pencils of elliptic curves introduced in 
Section 2. Let F be, as before, a prime field of an arbitrary characteristic. 
In case the characteristic is different from 2 we consider the linear pencil 
defined over F by Y*Z==X(X—Z)(X—AZ). This linear pencil contains 
three singular members which correspond to A=0,1,0. The singular 
member which corresponds to Ao is a reducible cubic. However two 
other singular members are irreducible and the singular points (0,0,1) for 
à==0 and (1,0,1) for A=-1 are what we call ordinary double points. In 
case the characteristic is different from 3 we consider the linear pencils 
defined over F by X° -+ Y° -+ ZP = 3X YZ and Y°Z— YZ? = X8L BvA YZ. 
Both linear pencils contain four singular members which correspond to 
v= l, p,p, ©. The singular members which correspond to p==1,p, p’,0 
and v= oo are all reducible cubics. However singular members which corres- 
pond to v = 1, p, p’ are irreducible and the respective singular points (1,1, — 1), 
(o, 1, —1), (p,1,—-1) are again ordinary double points. In this connection 
we remark also that Y°Z — 4X3 — 397 (47 — 128) (X + Z)Z? reduces at 7 == co 
to an irreducible cubic with an ordinary double point (— 3,0,1). Similarly 
Y?Z == X? — X*Z +-7°7°Z* reduces at j= œ to an irreducible cubic with an 
ordinary double point at (0,0,1). However Y°Z — XYZ = j-1Y8 + 57€ will 
become reducible at j == 00. 

Consider in general an elliptic curve defined over a field K which is 
complete under a real discrete valuation. Let k be the residue field and let 
A’ be the unique specialization of A over the natural homomorphism of the 
valuation ring of K onto k. We assume that A’ is either non-singular or has 
one ordinary double point different from the image of the neutral element 


FIBRE SYSTEMS OF JACOBIAN VARIETIES. 463 


cf A. We also assume that k is algebraically closed. Let n be a natural 
number not divisible by the characteristic of & and let Q be the group of 
points of A of order n. Then, in case A’ is non-singular we have K(Q) =K. 
In case A’ has an ordinary double point Q contains a base 1, w on which 
the Galois group of K(Q) over K operates as follows 


(6 7)(%) 


The cyclic group or order n generated by wa, which we called the group of 
vanishing points of order n, is uniquely determined by A. Here m is an 
integer modulo n. This we proved separately in a more general case of 
Jacobian varieties [7,9]. 

Now, as before, take k to be the algebraic closure of F. Let 7 be a 
variable over & and consider 4; Then, no matter how we construct A;, this 
must degenerate at least at j—0, 123 and œ. In fact, suppose that the 
characteristic is different from 2 and let Q be the group of points of A; of 
order 2. If (a) is a rational point of a projective straight line over k, we 
take the power-series field &((7—a@)) as K and A; as A. In this way, if 
A, is non-singular, we see that &(j, Ku(Q)) —&(A) is unramified over (7) 
at j==a. However we know that kid) is ramified over &(j) at 7—0, 12° 
and œ. Therefore A; can not remain to be non-singular at these points. 
If the characteristic is 2, we consider the group Q of points of A; of order 3 
end apply the fact that k(j, Ku(Q)) =k(p) is ramified over &(j) at 7==0 
and œ. On the other hand, let Qy, Q, and Q, be the groups of points of order 
n on the elliptic curves Y?Z = X (X —Z)(X—AZ), XSL F? 4 Z? = SuXTZ 
and Y°Z — YZ = X'+.3vXYZ. Then by a similar consideration we see that 
k(A,Q,) is ramified over &(A) only at A— 0,1, and the ramification is 
tame at À—0,1. We see also that &(p,Q,) and &(v,Q,) are ramified over 
k(u) and k(y) respectively only at n,v=—1,p,p", and k(v,Q,) is tamely 
ramified at v==1,p,p". Moreover in case the ramification is tame the corres- 
ponding inertia groups are cyclic of an order which divides n. These local 
informations will play a definitive role in determining the Galois groups 
explicitly. There are some more things to be cleared up before we start 
discussing those Galois groups. 

One thing to be remarked is that Y°Z = X(X—Z)(X—AZ) has only 
four rational points over k(A), and these are exactly points of order 2. 
In fact, let v be a rational point of Y°Z = X(X—Z)(X—)Z) over k(A) 
different from the base points (0,1,0), (0,0,1), (1,0,1) and consicer its 
locus Č over & Then Y?Z==X(X-—Z)(X—AZ) intersects with C at v 
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with unit multiplicity and extra intersections are among the three base points, 
which together with v == (A,0,1) form the group of points of order 2. In 
fact the restriction of the linear pencil to C gives rise to a linear pencil on €. 
The “variable part” of a linear pencil is, in general, a prime rational divisor 
over the parameter field [cf. 17]. However, since v is a member of this 
variable part and since v is rational over &(A), we see that v itself is the 
variable part. It is clear that the “fixed part” consists of the above men- 
tioned base points of the original linear pencil. Therefore, if we denote the 
X-axis by Co, then Y?Z = X(X — Z)(X — AZ) intersects with C — deg(C) -Co 
at (v) — deg(C) : (v) modulo base points. However, since C —deg(C) -Co 
is a divisor of a function on the projective plane, by applying the so-called 
Abel theorem we see that v is a point of order 2. The only possibility is 
then v= v, This proves the assertion. In the same way we see that 
X? -+ Y° + Z? = 3pXYZ has nine rational points over k(p), and these are 
exactly points of order 3. Moreover Y°Z —— YZ? — X?4+ 38yXYZ has only 
three rational points over k(v), and these are (0,1,0), (0,1,1), (0,0,1). 

Another thing to be remarked is the following: We know that every 
elliptic curve, in particular A,;, can be transformed into the normal forms 
discussed in Section 2. We shall investigate smallest fields over which these 
transformations are possible. Assume first that the characteristic is different 
from 2. Then we can transform A; to a: Y?Z==X(X —Z)(X—AZ) over 
F(A). This æ is not uniquely determined by A;. At any rate, in order to get 
Y¥?Z = X (X —Z)(X—AZ), we must introduce ai, i.e. we must possibly go 
through a quadratic extension of F(A). On the other hand the discussion 
in Section 2 shows that the six conjugates of Y#Z == X (X — 2) (X -— AZ) over 
F(j) can not be transformed into each other over F(A). However, if we 
introduce x and x’ by k? =À and («’)*==1—A, then the twelve isomorphisms 
are all defined over ko(x,x’). Here k, is the field of fourth roots of unity. 
The field k,(x,«’) has another meaning. If æ and y are the inhomogeneous 
co-ordinate functions of Y°Z = X (X —Z)(X-—AZ), the addition theorem 

of x can be obtained by an elementary analytic geometry and we get 


o(u+v) =2(u)a(v) (A—2(u)a(v))?(a(u)y(v) -be(v)y(u))~. 


Therefore, if Q is the group of points of Y#Z == X¥(X —Z)(X —AZ) of order 
4, we have F(A, Oy) = ko(x,«’). At any rate, if we fix A; although a is 
not unique, it determines a unique extension of hy(x,x’). We know that g is 
an element of F(A). If X corresponds to 7’ at which A; remains to be non- 
singular, certainly «(X’) is different from 0 and œ. Now, if the characteristic 
is also different from 3 and if we take Y°Z == 4X* — 33i (j — 128) (X + Z)Z? 
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as À;, then A, degenerates only at 7 == 0, 12% and œ. Therefore 
((1—A+A*) (1 +A) (1—2A) (2 — À) 8 


is one of the possible radicals to be introduced over ko(x, x’) and we can show 
that this is exactly the radical we need. If the characteristic is 3 and if 
we take Y?Z == X'— X?Z + 5178 as À, then A; degenerates only at 7 —0 
and œ. Therefore (1-+-A)3 is one of the possible radicals to be introduced 
over ko(x, x’) and we can show again that this is the radical we need. Next, 
assume that the characteristic is different from 8. Let Q be the group of 
points of A; of order 3. Then we can transform A; to X°’ + Y°? + Z°? == 38uXVZ 
over #(7,Q). In this case the twelve conjugates of X° + Y° + Z° == 3pX TZ 
= over F(j) can be transformed into each other over k(u). Here ko is now 
“the field of third roots of unity. We know that k)(j,Q) —F(j,Q) is at most 
a quadratic extension of f(y). If the characteristic is also different from 2 
and if we take Y°Z = 4X? — 394 (j — 12°) (X + Z)Z?* as À; we can see that 
(2n(8 + pë) (8 + 20? — p*) )§ is the radical to be introduced over ko(,). 
In other words ko(j, Q) is indeed a quadratic extension of £ç(u) obtained 
by adjoining the above radical to it. If the characteristic is 2 and if we take 
¥?Z—XYVZ == 7° X* + JZ? as A; we see that £,(7,Q) is the quadratic exten- 
sion of ko(y) obtained by adjoining a root 6 of 8—0 =p to it. We note 
that ky(j,Q) is, in this case, ramified over ko(p) only at p»==0. Moreover 
zhe inhomogeneous equation y*—y==2* defines an elliptic curve in charac- 
teristic 2 with 7 = 0 as its absolute invariant. 
In connection with what we discussed above we remark also the following. 
Suppose that u and v correspond to the same j which we assume to be a 
variable over the field ko of the third roots of unity. Then the transformations 
setween X? + PSE Z? = 3pXVYZ and Y°Z—VZ? = X°*4+-3vXYZ are defined 
over ko(p, v). In fact, since the twelve conjugates of X? -+ Y° + Z? = 3ypX YZ 
over #(7) are transformed into each other over k,(x), hence over ko(m y), 
we have only to show that a transformation is possible over ko(u,v) for some 
choice of » and yv. However this we have shown explicitly in Section 2. 
The field ko{w,v) has another meaning. If Q, is the group of points of 
F2 — YZ? = X’ 4- 3vX YZ of order 3, we have F(v,Q,) —ko(p,v). At any 
rate F(v,Q,) = ko(v, Qp) is contained in ky(p,v) by what we have remarked 
above. On the other hand we know that only three members of 2, are 
rational over k,(v) and ko(u,v) is of degree 3 over ko(v). Hence F(r,Q,) 
—k,(u,v) is the only possibility we have. 


5. Galois theory of division points. We are now completely prepared 
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to attack our main problem.? Suppose that F is, as before, a prime field of 
an arbitrary characteristic and k its algebraic closure. . The moduli A, u, v are 
assumed to correspond to the same 7 which is a variable over k. Let n be a 
natural number not divisible by the characteristic of F. Then the groups of 
points of order n on Aj, Y°Z = X(X —Z)(K—AZ), X’ + Y° 4 Z° = 3pXYZ 
and Y?Z— YZ? = X*+ 3,XYZ will be dencted by Q, Qu, Q, and Q,. Also 
points of exact order n will be called primitive n-th division points. 


We shall first discuss the case where the characteristic is different from 2. 
Then we have k(A, Ku(Q,)) =k(A, Ku(Q)) and both &(A) and k(j, Ku(Q)) 
are normal over &(7), hence &(A, Ku(Q,)) is normal over &(j). On the 
other hand we know that &(A,Q)) is ramified over k(A) only at à ==0, 1 and 
co. Since these points are conjugate over k(7), we conclude that the inertia , 
groups of &(A,Ku(Q,)) over &(A) are conjugate in the Galois group of 
k (A, Ku(Q,)) over k(j). We also know that the orders of inertia groups 
of &(A,Q),) over k(A) at À—0 and À— 1 divide n. Therefore the order of 
the inertia groups of &(A,Q)) over k(à) at À == œ is, at any rate, a divisor 
of 2n. Hence &(A,Q)) is tamely ramified over b(A). As a consequence, if n 
splits into relatively prime factors n” and n”, the field k(n”: Qy) of n-th 
division points and the field &(A,n’-Q,) of n”-th division points are linearly 
disjoint over &(A). Otherwise their intersection X will be a proper Galois 
extension of k(A) which is tamely ramified over (à). Moreover 5 can be 
ramified over (A) only at A==-oo. This is a contradiction. 


Let therefore n be a power of a prime number p. Assume first that p 
is odd. Let w be a primitive n-th division point in Q,. Then we can find 
an inertia group of &(A,Q,) over &(A) at A==0 or at A==1 under which w 
is transformed into n distinct conjugates. Otherwise n/p-o will be kept 
invariant by all inertia groups of &(A,Q,) over k(A) at A==0 and À — 1, i.e. 
the subextension &(A,n/p-w) of &(A,Q,) will be unramified over &(A) at 
A=0 andA=1. This implies that n/p-o is rational over &(A). However 
this is not possible, because p is odd. Therefore we can find an inertia group 
of b(A, Qa) over &(A) and the corresponding base œ, œ of Q, such that the 
inertia group operates on this base as (wi, w2) —> (w1 + Mwg ws) for m—1,---. 
In the same way we can find another inertia group of k (à, Q) over k(A) which 
operates as (we, os + Co) — (we + Mu; + Cwz),w1 + Co.) for m=1, +. 
Here, by replacing w, by w: —Cuw:, we can assume that we have c—0 from 
the beginning. Then the Galois group of #(A,Q),) over (à) contains two 


° If the reader is interested only in the field of modular functions with level, he can. 
skip over some preparations and also some argument in this section. 
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substitutions of the form (1 1,0 1) and (1 0,1 1) both modulo n. How- 
ever these substitutions generate the whole SL(2,n). Therefore, by the pre- 
vious remark, if n is just an odd natural number, the Galois group of k (à, Q;) 
over (A) is SL(2,n).* Consequently the Galois group of &(A, Ku(Q;)) over 
k(A) is LF(2,n). Since, in general the Galois group of k(j,Ku(Q)) over 
k(j) is at most LF(2,n), this group is also LF(2,n). In particular k(A) 
and k(j, Ku(Q)) are linearly disjoint over #(j). Moreover the Galois group of 
k(j,Q) over &(j) must be SL(2,n). Otherwise we have k(j,Q) = k (j, Ku(Q)), 
hence k(A,Q,) is a quadratic extension of k(A, Ku(Q))) =&(A, Ku(Q)) 
=(,Q). Therefore the quadratic extension of k(A) over which A; can be 
transformed into Y°Z == ¥ (X —Z)(X—AZ) is contained in &(A,Q)), hence 
k(A, Q) will be the compositum of &(A, Ku(Q,)) and this quadratic extension 
over k(A). This is a contradiction, because SL(2,n) does not split into the 
direct product of LF (2,n) and Z. 

Next, consider the case p==2. As before, we can find a base wi, wz of Oy 
such that one inertia group of &(A,Q)) over &(A) operates on this base as 
(os, 2) —> (o, + Moz wz) for m—1,- - - and another inertia group operates 
as (waw) > (wz + 2mo,,0,) for m==1,---. Then the Galois group of 
(A, Q) over &(A) contains two substitutions of the form (1 2,0 1) and 
(1 0,2 1) both modulo n. Hence the Galois group of #(A, Ku(Q,)) over 
-k(A) contains the normal subgroup of LF(2,n) of index 6 whose elements 
are represented by (a,b,c, d)== (1 0,0 1) mod2. Therefore, because of the 
relation &(7,Ku(Q)) =k(A,Ku(Q)), the Galois group of (A, Ku(O,)) 
— (A, Ku(Q)) over &(A) is exactly that group and the Galois group of 
k(j,Ku(Q)) over k(3) is the whole LF(2,n). On the other hand, in this 
case, we have &(A,Q,) = k (à, Ku(O,)). Otherwise n is at least equal to 4 
and the Galois group of k (A, Q) over k (A) will contain the substitution which 
transforms every element of Q) to its inverse. The same situation must pre- 
vail for n/4:Q),. However we know that the field &(A,n/4:Q)) of fourth 
division points is an extension of &(A) of degree 4, hence we get k{À,n/4-0Q;) 
= K(1,Ku(n/4-Q)). This is a contradiction, hence the assertion is proved. 
However, if we exclude the case n = 2, then &(4,Q) is a quadratic extension of 
k(j, Ku(Q)). In fact, let X be the quadratic extension of the field of fourth divi- 
sion points over which A; can be transformed into Y?Z == X(X — Z)(X —Z). 
Then 3(Q)) == %(Q) is a quadratic extension of &(A,Q), as it is clear from 
the consideration in the previous section, and its non-identical automorphism 
transforms every element of Q to its inverse. This proves the assertion. 


‘The original argument of the author was a little bit more complicated. A sim- 
plification was made through a diseussion with Professor Tamagawa in the Fall of 1957. 
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Since we know that the Galois group of AE 4, Ku(Q)) over k(7) is LE(2, n), 
the Galois group of &(7,Q) over k(j) is SL(2,n). We can summarize some 
of our results as follows: © 


THEOREM 1. Let À be transcendenta? over a prime field F of charac- 
teristic different from 2. Let n be a natural number not divisible by the 
characteristic and let Qy be the group of poinis of Y?Z == X (X — Z) (X —dZ) 
of order n. Then F(A, Q)) contains the field ky of n-th roots of unity and ko 
is algebraically closed in ko(à, Q). Moreover the Galois group of ka(à, Qy) 
over ko{A) ts the subgroup of SL(2,n) dejined by 


(2 a)=(o 1) Go a} G a) (s 1) mm 


It might not be necessary, but, to make sure, we shall explain why the 
theorem for k, follows from the above consideration for k. We know that 
F(A,Q,) contains ko Also we can see quite easily that the Galois group of 
Ko (à, Qn) over ko(A) is, at any rate, a subgroup of the group in the theorem, 
which is the Galois group of k{A,Q)) over k{A). Therefore these two Galois . 
groups must be the same. In other words k,(A,Q,) and (A) are linearly 
disjoint over & (A), hence ko(A,Q)) is a regular extension of ko. 

Next we shall consider the case of characteristic 2 or, more generally, 
the case where the characteristic is different from 3. We can assume that 
the moduli pz and v are related by (vw? —1) (v?—1) ==1. Then k(n) and k(v) 
are linearly disjoint cyclic extensions of degree 3 over k(p?) ==k(v°). We 
shall show that k(u, Q4) and &(y,Q,) are tamely ramified over k(x) and over 
k(v). We know that &(y,Q,). is tamely ramified over k(v) at v—1,p,p’. 
Therefore k(p, v, Qu) = k (p, v, Qy) is tamely ramified over k(p,v) at poo. 
Since the characteristic is different from 3, it is also tamely ramified over 
k(p) at p==co. Since the twelve conjugates of X3 + F° + Z? == 8u XYZ over . 
k(j) are transformable into each other over k (u), we conclude that k (u, 2) 
is normal over &(7). Since the Galois group of &(p,Q,) over k(7) operates 
transitively on p==1,p,p’,00, the inertia groups of k(p, Qp) over k(n) are 
conjugate in this Galois group. In particular k (m, Qp) is tamely ramified over 
k(u). Hence going backwards we see that &(v,Q,) is also tamely ramified 
over k(y) as asserted. Since the orders of the inertia groups of k(v,Q,) cver 
k(v) at v1, PP p’ divide n, if n splits into relatively prime factors n’ and n”, 
the field k(v,n”-Q,) of n’-th division points and the field &(v,n’-Q,) of n”-th 


E€ The special case of this theorem in the case of characteristic zero and for odd n 
was proved by Kronecker using general transformation formulas of Gauss-Jacobi theta 
functions [12,13]. For a systematic treatment, see [15]. 
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division points are linearly disjoint over k(v). Moreover, if we compare 
k(p,Q,) with k(v,Q,) over k(y®) == k(v*?) at p=, we can see that the order 
of the inertia groups of k(n, Qu) over k(n) at m—co, hence also at p—1, p,p, 
divide n. Therefore, as above, the splitting of n into relatively prime factors 
results in the splitting of &(y,0,) into linearly disjoint subextensions over 
k(n). 

Let therefore be a power of a prime number p. Assume first that p 
is different from 3. Then, as before, we can conclude that the Galois groups 
of k(u,Q,) and k(v,Q,) over k(n) and k(v) are isomorphic to SL(2,n). 
The same situation prevails provided n is not divisible by 3. This implies 
that the Galois group of &(7, Ku(Q)) over &(7) is LF (2,n) and, as before, 
that the Galois group of k (j, Q) over &(j) is SL(2,n). Next, consider the 
case p—3. Then, since it is so for n = 8, we have k(p,Q,) = k (u, Ku (Q4) ) 
in general. Moreover, by a similar consideration as before, we see that the 
Galois group of k(x, v, Qa) = k (p, v, Qy) over k{p,v) contains two substitutions 
of the form (1 3,0 1) and (1 0,3 1) both modulo n. Therefore the Galois 
group of k(u,Q) == %(7,Q) over k(j) also contains these substitutions, hence 
it must be the whole SL(2,n). Consequently the Galois group of k(j, Ku(Q) ) 
over &(7) is LF(R,n). This implies immediately that the Galois group of 
k(p,Q,) over k(x) is the normal subgroup of SL(2,n) of index 24 defined 
by (a b,c d)= (1 0,0 1) mod 3. We can summarize some of our results 
as follows: 


THEOREM 2. Let u be transcendental over a prime field F of charac- ` 
teristic different from 3. Let n be a natural number not divisible by the 
characteristic and let Q, be the group of points of X° J- Y° -+ Z? = 3uX YZ 
of order n. Then F(u, Qu) contains the field k, of n-th roots of unity and 
ko ts algebraically closed in ko(p, Qu). Moreover the Galois group of kolp, Qu) 
over ky(p) is the subgroup of SL(2,n) defined by 


a b 1 0 
p J =(; 1) mod 8. 


Moreover, if we understand by A; the plane cubics introduced in Section 
3, we can state the following theorem: 


THEOREM 3. Let j be transcendental over a prime field F of an arbitrary 
characteristic. Let n be a natural number not divisible by the characteristic 
and let Q be the group of points of A; of order n. Then F(j,Q) contains 
the field ko of n-th roots of unity and k, is algebraically closed in ky (4, Q). 
Moreover the Galois group of k,(j,Q) over k(j) is SL(2,n) and the Galois 
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group of F(j,Q) over F(j) consists of elements of GL(2,n) whose deter- 
minants give rise to the well-known automorphisms of ka over F. 


The last statement requires some explanation. Any automorphism of 
F (4,9) over F(j) can be represented, with reference to a base of Q, by an 
element (a b,c d) of GL(2,n). The theorem asserts that this automorphism 
transforms each n-th root of unity into its (ad—bc)-th power. If the 
characteristic is zero, there is no condition. However, if the characteristic 
is positive, this means that ad— be is congruent to a power of the charac- 
teristic modulo n. At any rate, if an element of GL(2,n) satisfies this con- 
dition, it appears as an automorphism of #(4,Q) over F(j). We note that 
exactly the same statement can also be added to Theorem 1 and Theorem 2. 

On the other hand, if we fix a prime number p different from the charac- 
teristic of F and if we denote by © the p-primary part of the group of points 
of A; of finite orders, the algebraic closure k of F in #(4,Q) is the field of 
all p*-th roots of unity for e = 1,- : +. Moreover the Galois group of #,(7,Q) 
over ko(J) with Krull’s topology is the special linear group of two-by-two 
matrices over the ring of Hensel’s p-adic integers. 


6. Fields of modular functions. The field of modular functions of 
level n was introduced in Section 3 as follows: Let k be the algebraic closure 
of the prime field F of characteristic not dividing n. Let 7 be transcendental 
over k and let © be the group of points of A; of order n. Then k(7, Ku(Q)) 
is the field in question. In the previous section we determined the Galois 
group of k(j,Ku(Q)) over (7), i.e. we proved the following theorem: 


THEOREM 4. The Galois group of the feld of modular functions of level 
n over k(j) is LF (2, n). 


For n= 3 the Galois group is called the tetrahedral group. As we know, 
the tetrahedral group is just the alternating group of permutations of four 
letters. Similarly for n == 5 the Galois group is called the icosahedral group. 
This is the first simple group in this sequence of groups and it is the elter- 
nating group of permutations of five letters. As we shall see presently, the 
genus of the field k (7, Ku(Q)) is zero up to n==5 and hence, in the case of 
characteristic zero, the Galois group is represented as a group of rotations 
of a sphere, which gives rise to a polyhedral decomposition of the sphere. 
This is why the Galois groups bave such geometric names. 


THEOREM 5. The genus g of the field of modular functions of level n 
is given by 


AN 
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2g — 2 = 1/12: (n —6)p(n)y (n). 
Here the case n==2 is exceptional and, in that case, we just get g 0. 


First we note that the ramification index of k(7, Ku(Q)) over &(7) at 
j=% is m. In case the characteristic is different from 2, by the remark in 
Section 4, we know thät the ramification index is a divisor of n. Suppose — 
that n is even. Then &(j,Ku(Q)) contains &(A) and the ramification index 
of k(A, Ku(Q)) over k(à) at A==0, say, is 2/2 while the ramification index 
of (A) over k(j) at 7== œ is À, whence the assertion. Suppose next that n 
is odd. Then the ramification index of k(7, Ku(Q)) over k(7) at 7 == œ is at 
least equal to n, whence it must be equal to n. In the case of characteristic 
2 we can conclude as follows. We know that the ramification index of 
k(v, Ku(Q)) over k(v) at v= 1, say, is n while y—1 covers j = only once. 
Therefore the ramification index of k(j, Ku (Q)) over k(7) at j=—=00 must 
be n. This completes the proof. As a consequence the ramification is always 
tame at 7==00. Next we shall determine other ramifications. Suppose that 
the characteristic is different from 2. Then &(A, Ku(Q)) is ramified over 
k(7) only at 7 = 0, 12% and oo, hence k(j, Ku(Q)) can be ramified over k(7), 
besides 7== co, only at 7==0 and 7 = 12". Moreover, if the characteristic is 
also different from 3, the ramification indices of &(A, Ku(Q)) over k(j) at 


-j—0 and j= 12? are 3 and 2. ‘Therefore the ramification indices of 


k(j, Ku(Q)) over k(j) at 7 —0 and j-— 12% divide 3 and 2. In particular 
k(j, Ku(Q)) is tamely ramified over (7). Therefore, if we remark that the 
Galois group is non-commutative, the ramification must take place at least 
at three points. Hence k(7,Ku(Q)) is ramified over k(j) at 7—0 and 
4 = 12? with respective ramification indices 3 and 2. Then by computing 
the degree of the divisor (dj) in k(7, Ku({Q)) we get the genus formula in 
this case. If the characteristic is 3, the ramification takes place only at 7 == 0 
and j= 0, hence the ramification is wild at 7—0. We shall show that the 
ramification index at 7==0 is 6. We know that the inertia group of 
k(A, Ku(Q)) over k(j) at 70 is the same as the inertia group of k(A) 
over k(j) at 7—0. Since this group contains only one non-trivial normal 
subgroup, which is of index 2, if the ramification index is not 6, it must be 2. 
Then the ramification is tame at 7—0, but this is a contradiction. Once 
we know that the inertia group of &(7, Ku(Q)) over k(j) at 7==0 is the 
same as the inertia group of &{A) over k(7) at 7 —0, we get the same genus 
formula as before. Finally, the case of characteristic 2 can be treated 
similarly through the field kK(p,Ku(Q)). We see that k(7, Ku(Q)) is 
ramified over k(7) only at 70 and j—o, the ramification being wild at 
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7==0. We know that the inertia group of k(p,Ku(Q)) over k(j) at 7 —0 
is the same as the inertia group of k(p) over (7) at 7 —0. Since this group 
contains only one non-trivial normal subgroup, which is of index 8, if the 
‘ramification index is not 12, it must be 3. Then the ramification is tame at 
j= 0, and we get a contradiction. Therefore the inertia group of k(j, Ku(Q)) 
over (7) at 5 —0 must be the same as the inertia group of k(p) over k(7) 
at 7==0. Hence again we get exactly the same genus formula. 

In the course of the proof of Theorem 5 we also proved the following 
theorem : 


THEOREM 6. The field of modular functions of level n is ramified over 
k(j) only at 7==0, 125 and œ. The ramification is always tame at j = œ 
with n as its index. If the characteristic is different from 2 and 3, it is 
tamely ramified at 7 —0 and j = 12° with respective indices 3 and 2. If the 
characteristic is 3, it is wildly ramified at j—0 with the symmetric group 
of permutations of three letters as tis inertia group and with the alternating 
group as the first ramification group; the second ramification group reduces 
to the identity. If the characteristic is 2, it is wildly ramified at 3 —0 with 
the tetrahedral group as its inertia group and with the Klein four group as 
the first ramification group; the second ramification group reduces to the 
identity. | 


The Theorem 4 and the Theorem 6 are fundamental in the theory of 
modular functions with level. We can, for instance, calculate genera of all 
fields in between k(j,Ku(Q)) and k&(3) with the aid of Hilberts Galois 
theory [6]. We shall illustrate this calculation by a special but impcrtant 
case of the field of invariant transformation equation of degree n. This field, 
say 3, is defined to be the field which corresponds to the subgroup, say M, 
of LF(R,n) whose elements are represented by (a b,c d) with c =0 mod n. 
We note that this field is of degree y(n) over &(7) and it is determined up to 
a conjugacy in k(7, Ku(Q)). 


THEOREM 7. The genus g of the field of invariant transformation equa- 
tion of degree n is given by® 


2g —Z=1/6 -4 (n) —1/2: m(n) —2/8-m(n)— 3 o((m,m’)). 


MM =N 


e In the case of characteristic zero and for a prime level p we find this fcrmula 
already in Klein [10]. We note that g + 1 is then the number of non-isomorphic 
elliptic curves in characteristic p having no point of order p except the neutral element 


[4,8]. Furthermore g + l is also the number of “new” finite singularities which the 


invariant transformation equation of degree p acquires by reduction modulo p. 
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Here m (n) and m(n) are the numbers of incongruent solutions of x? +-1==0 
and t? + x+ 1=0 both modulo n. Therefore m(n) is zero if n is a multiple 
of 4; otherwise we have 


m(n) =H (1 + (—4/p)). 
pin 
Similarly m(n) is zero if n is a multiple of 9; otherwise we have 


Ts (1) = + (—3/p)). 


Since the theorem is true for n—%?, we shall assume that n is greater 
than 2. If we decompose LF(2,n) into left cosets by H, the coset space can 
be identified with “projective line” over integers modulo n. This space is 
a homogeneous space with LF (2, n) as structure group and with H as isotropy 
group. Suppose that T is an inertia group of k(j, Ku(Q)) over k(j) at j— a. 
Then T operates on this homogeneous space, hence the space splits into several 
orbits such that, of course, each orbit is a homogeneous space with T as struc- 
ture group. We call an orbit to be exceptional if the order of the corresponding 
isotropy group, which we call the multiplicity of the orbit, is greater than 1. 
According to Hilbert’s Galois theory, there is a one-to-one correspondence 
between orbits and prime divisors of 3 lying above j =a. Moreover a prime 
divisor of & will be ramified in k(j, Ku(Q)) with index e if and only if the 
corresponding orbit has multiplicity e. Now in case a = œ the cyclic group 
of order n generated by + (1 1,0 1) can be taken as T. Then, if we 
decompose n in the form mm’, a point of our “projective line” having m as 
its second co-ordinate belongs to an orbit of multiplicity m(m,m’). More- 
over the number of orbits of this type is b((m,m’)). Therefore, if 5 is the 
different of k(y,Ku(Q)) over X, the contribution to deg(d) of the prime 
divisors of k(7, Ku(Q)) lying above 7 = œ is given by 


I $((m,m))(1—1/m(m,m’)) 1/2 -n$(n) 
=( E $((m,m’)) —y(n)/n) -1/2-ng(n). 


In order to determine contributions of other prime divisors, we observe the 
following. Consider an inertia group T of k(7, Ku(Q)) over k(j) at 7 = 128. 
Then elements of order 2 in T are conjugate to + (0 —1,1 0) in LF(2,n). 
Similarly elements of order 3 in an inertia group of k(j, Ku(Q)) over k(j) 
at j= 0 are conjugate to either + (— 1 — 1,1 0) or + (0 1,—1 — 1) in 
LF(?,n). Since the proofs are similar, we shall prove the first statement. 
As we can see, it is sufficient to prove the statement for the direct limit of 
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all &(7,Ku(Q)). This case is, then, reduced to its p-primary part whose 
Galois group is the inverse limit of LF (2, p°) for e—1,: - +, i.e. the group 
of linear fractional transformations æ— (ax + b)(cx-+d). Here a, b, c, d 
are p-adic integers satisfying ad—bc==1. An element of order 2 of this 
group is then of the form æ— (ar-+b)(cea—a)7 with a+ bc+1—0. 
However an elementary number theory shows that this element is conjugate 
to «—»>-——1/z in this group. As a consequence, in the case of characteristic 
3, the whole inertia group of k(j,Ku(Q)) over k(j) at j—0 can not be 
contained in H. Also, in the case of characteristic 2, the Klein four group 
in the inertia group of k(j, Ku(Q)) over k{j) at 7 —0 can not be contained 
in H. Therefore, in every case, the multiplicities of exceptional orbits above 
j = 12? and j ==0 are 2 and 3. If the characteristic is different from 2 and 8, 
we have m(n) exceptional orbits of multiplicity 2 and ma (n) exceptional orbits 
of multiplicity 3. If the characteristic is 8, we still have a(n) exceptional 
orbits of multiplicity 2 but 1/2-73,() exceptional orbits of multiplicity 3. 
Similarly, if the characteristic is 2, we have 1/2: d.(n) exceptional orbits of 
multiplicity 2 and m(n) exceptional orbits of multiplicity 3. However, just 
because of the wildness of ramification in the second and the third cases, 
the contributions to deg(d) are the same in these three cases, and wə get 
(1/2 mon) +2/8-msfn)) 1/2 np(n). If we sum up the contributions 
to deg(d) in the relative genus formula 


1/18: (n—6)p(n)y(n) = deg(d) + 1/2: ne (n) (2g —2), 


we get the genus formula stated in the theorem. 

In the course of the above proof we considered the direct limit of fields 
of modular functions of levels p, p?,- - - and its Galois group over &(7) with 
Krull’s topology, which is the group of linear fractional transformations 


> (ax + b)(cz+ d) 


with p-adic integer coefficients a, b, c, d satisfying ad—bc—1. This we call 
the p-primary part of the abstract modular group. 

Finally we shall explain the meaning of the field 3. Suppose that o is 
a primitive n-th division point of A; Here n is not a multiple of the 
characteristic. Then w generates a cyclic subgroup g (w), say, of A; of orcer n. 
This cyclic group contains g(n) primitive n-th division points by which we 
can construct a cycle c(w). We note that g(w) and c(w) determine each 
other uniquely. The set of all primitive n-th division points of À; is divided 
into y(n) cycles like c(w) with disjoint supports. If Q is, as before, the 
group of points of A; cf order n, then &(j,c()) is a subfield of k (j, Ku(Q)). 
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Moreover the subgroup of :LF(2,n) which corresponds to this subfield is 
contained in M. Since c(w) has at most y(n) conjugates over F(;), hence 
over k(7), we see that it has exactly y(n) conjugates over &(7) and that the 
Galois group of k(4, Ku(Q)) over k(j, c(w)) is H. In other words we have 
%==k(j,¢(w)). On the other hand the factor group Aj/g(w) is an elliptic 
curve defined over F(j,c(w)). Therefore the corresponding absolute invariant 
qo is contained in F(j,c(w)). However, since c(w) is separable over F'(4, 7.) 
and has no other conjugate than itself over F (j, fu), we see that it is rational 
over this field. In other words we have F(j,j4) =F (j,¢(o)). Moreover, 
since we have 


[F (j, jo)? P(G)] = [kG ju) : RGD) I = y(n), 


we see that F(7, jo) is a regular extension of F. Therefore, if (Ju, 1) = 0 

~is an irreducible equation over F, then ©,(X,Y) is absolutely irreducible. 
The equation 6,(X,Y)—0 is what we call the invariant transformation 
equation of degree n. If we adjoin one root of ®,(X,7) —0 to k(j}, we get 
the field 3. If we adjoin all roots to &(j), we get a subfield of &(j, Ku(Q)). 
The above consideration shows that the subgroup of LF (2,n) which corres- 
ponds to this subfield is the group of scalar matrices in SL(2,n) modulo Z. 
Therefore, over this splitting field of ,(X,7) ==0 the field of modular func- 
tions of level n is composed of quadratic extensions the number of which is 
the half of the number of incongruent solutions of æ?= 1 mod n. 
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A THEOREM OF COMPLETENESS OF CHARACTERISTIC 
SYSTEMS OF COMPLETE CONTINUOUS SYSTEMS.* 


By K. Koparka and D. C. SPENCER.’ 


Dedicated to Professor Oscar Zariski on the occasion of his 
sixtieth birthday. 


1. Introduction. The theorem of completeness of characteristic systems 

of complete continuous systems of curves on algebraic surfaces, conceived by 

Italian geometers around 1900 (see [8], no. 4, pp. 39-42), was first proved 

in 1921 by Severi [6] under the assumption that the curves are arithmetically 

effective. His proof is based on a theorem of fundamental importance due to 

Poincaré [9], [10] (see also Zariski [12]). Later, Severi [7] removed the 

assumption of arithmetical effectiveness and proved the theorem of complete- 

ness for semi-regular curves. We remark that a curve C on a surface is 

called semi-regular by Severi if the canonical linear system of the surface 

cuts out on C a complete linear system. In Section 2, we formulate this 

concept of semi-regularity in terms of sheaves in a form which is applicable 

to submanifolds of co-dimension 1 of higher dimensional complex manifolds. 

A theorem of completeness of characteristic systems of complete con- 

À tinuous systems of submanifolds of co-dimension 1 on higher dimensional 

~ algebraic manifolds was proved by Kodaira [2], [3], under the assumption 

that the systems are “ample” in.a certain sense. However, his proof, based 

essentially on the theory of harmonic differential forms, is indirect and does 

not reveal the real nature of the theorem. - Moreover, his theorem does not 

cover Severi’s result mentioned above since his “ampleness” is stronger than 
Severi’s semi-regularity. 

The purpose of this note is to prove, by an elementary direct method, 

the theorem of completeness of characteristic systems of complete continuous 
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systems for semi-regular submanifolds of co-dimension 1 of higher dimen- 
sional manifolds. Our result covers as special cases both the theorem of 
Severi and that of Kodaira, and it holds also for an arbitrary non-algebraic 
complex manifold which need not even be compact. Moreover, our direct 
method of proof based on the theory of sheaves is quite elementary and involves 
only local considerations confined to a neighborhood of a given submanifold. 
The argument shows clearly that semi-regularity is just the right condition 
for the theorem of completeness. We remark finally that it seems impossible 
to find any useful necessary and sufficient condition for the theorem of 
completeness. 


2. Formulation of the theorem. By a complex analytic fibre space 
we mean a triple (V,w, M) of connected complex manifolds V, M and a 
holomorphic map w of Y onto M. A fibre V,— w(t), t€ M, of the com- 
plex analytic fibre space will be called singular if there exists a point p€ V; 
such that the rank of the Jacobian of the map w at p is less than the 
(complex) dimension of M. A comolex analytic family of compact, complex 
manifolds is, by definition, a complex analytic fibre space without singular 
bres whose fibres are compact and connected (see Kodaira and Spencer [4], 
31). Now let W be a paracompact (but not necessarily compact) complex 
manifold. By a complex analytic family of compact submanifolds of W we 
mean a complex analytic family Y —=— M of compact complex manifolds 
such that each fibre Vi= w(t) is a complex submanifold of W together 
with a holomorphic map & of Y into W whose restriction to each fibre Vi és 
the inclusion map V;— W (see Kodaira and Spencer [4], $12).2 Denote 
a point on Y by p. Clearly p> (@(p),m(p)) is a biregular map of Y 
into W X M. We identify p with (®(p),w(p))€ WX M and consider Y 
as a submanifold of W X M. Let r: WV X M — M be the canonical projection of 
WX M onto M. Then w coincides with the restriction of r to V: w =x | Ÿ. 
Conversely, we may define a complez analytic family of compact submanifolds 
of W as a submanifold UY of W X M such that (V, r | V, M) forms a complex 
analytic family of compact complex manifolds (see Weil [11], p. 881). In 
fact, the canonical projection W X W— W induces a holomorphic map ® of 
Q into W, whose restriction to each fibre V; == Y N m(t) is an inclusion 
map V;—> W. In this note, we are exclusively concerned with ccmplex 
analytic families of submanifolds oz W of co-dimension 1. 


Let Y—Z— M be a complex analytic family of compact submanifolds 


2It is assumed in [4] that W is compact, but compactness of W is not required 
in the argument used here. 
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of a paracompact complex manifold W of co-dimension 1. We dencte the 
(complex) dimension of the fibres V; — w(t) of V by n; the dimension 
of W is therefore n +1. We may suppose that YCWX M and that 
w =r | Y, as was mentioned above. Clearly, Y is a submanifold of W X M 
of co-dimension 1, i.e, a divisor on WX M. The divisor Y determines a 
complex line bundle F == [WY] over WX M (see for example Kodaira [3], 
p. 718). The restriction F,—# |W Xt of F to w(t) —W XÉ may be 
considered as a complex line bundle over W by an obvious identification of 
W xt with W. We have Fr= [V:], since V, X ¢ is the divisor on W Xt 
eut out by V. We denote by Q(F;) the sheaf over W of holomorphic sections 
of F, and by Y, the restriction of Q(F) to V4. 

We denote by w a point on W and by (w',w*,: --,w") the local 
holomorphic coordinates (not specified) of w. Consider a small “spherical” 
neighborhood N of a point on M and let {U;} be a locally finite covering of 
W by sufficiently small coordinate neighborhoods U; The submanifold Y of 
W X M is defined in each neighborhood UX N by a holomorphic equation 


(1) S,(w, t) E 0, 
where S;(w,t) is a holomorphic function on UX N such that 


n+l 
2 | 08, (w, t)/8w* |? 40 


at each point (w,t) of UNU:XKN (if UNULXN is empty, we set 
Si(w,t) 1). Letting | 
(2) S;(, t) = fix (W, t) Sr (W, t), WE Ui F Ox, 
we obtain a system {fi(w, ¢)} of non-vanishing holomorphic functions f:4(2, t) 
defined, respectively, on UX NOU, XN satisfying 

(3) fix (a, t) = fiz (w, t) fix (w, t), for w€ U, N U; N Ux. 


Clearly, {fix (w, t) } defines the complex line bundle F | W X N (the restriction 
of F to WX N). Moreover, for each point t€ N, the submanifold V; of W 
is defined in U; by the holomorphic equation S;(w,t) —0 and the complex 
line bundle F; == [V+] is defined by {fu (w, t) }. 

Denote by (41° © stm >, tm) a system of holomorphic coordinates on 
N. For any tangent vector 


ral 
of M at tE N, we set 


480 K. KODAIRA AND D. C. SPENCER. 


(4) p(w, v) = — v8; (w, t), for wE V, N U, 
where | 


v8,(w, t) =} v,08;(w, t) /0t.. 
Since S;(w,t) —0 for wE V, it follows from (2) that 
(5) Yi (w, v) = fix (w, t) dx, (w, v) for wE ViN UN Ty. 
This shows that 
pv): w— (w,yi(w,0)) 


is a holomorphic section of F, over Ve. Thus, for each tangent vector v of 
M at t, we obtain an element y (v) of H°(V,,%;). We call w(v) € H°(V:,%,) 
the infinitesimal displacement of V along v and denote it by pas(v) (see 
Kodaira and Spencer [4], $12). Denote by T, the tangent space of M at t. 
It is clear that 


(6) pat: V—> par(v) =¥(v) 


is a linear map of T, into H° (Va Y). 

For any element y of H°(V:,%,) we denote by (y) the divisor of y. 
The set of all divisors (y), y € H°(V:,%,), forms a complete linear system D; 
on V; (see Kodaira [3], p. 718). The characteristic system of the family 
YU M on V; is, by definition, the linear subsystem of L; consisting — 
of the divisors (pa:(v)) of infinitesimal displacements pyr(v), vE T, (see 
Kodaira [3], p. 738), and is said to be complete if and only if it coincides 
with the complete linear system L; In view oz the one-to-one correspondonce 
between linear subsystems of L, and linear subspaces of H°(V:,%;). the 
characteristic system of Y—@—> M on V: is complete if and only if the 
map pat: Tr H (Va Y) is surjective. 

Let 5, M be a complex analytic family of compact submanifolds 
of W and let t, be a point on M. We say that V-—Z— M is marimal at ta - 
if, for any complex analytic family Y -2> W of compact submanifolds of 
W such that w™ (ta) == w (Yo), to € W, there exists a holomorphic map k of a 
neighborhood N’ of #, on M’ into M which maps #, into &, such that 
w(t) =wt(h(’)) for VEN, where we indicate by w(t) w(t) 
that w’1(?’) and w(t) are the same submanifold of W. We note that, if 
w(t) == w> (h(t)) for #E N”, there exists a holomorphic map h, of 
V| N= w'*(N’) into Y which maps each fibre w(t) biregularly onto 
w-t(h(t’)) and therefore Y | N’ is the family induced from Y by the map h. 


In fact, if we denote by À the holomorphic map: (w, t) — (w,h(t’)) of | | 


SJ i 
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WX N’ into WX M and if we suppose that WIN CWXN,VCWXM, 
the restriction of À to V| N’ gives hẹ Thus, if Y—2—> M is maximal. 
at to, U —Z— M is complete relative to W at à (see Kodaira and Spencer 
[4], 819). | 

Now we formulate our main theorem. In what follows we denote by M. 
a spherical domain: | 


M = {t | t= (ta bay? + *y tm), lalt +--+] Enl <3}, 


where 5>0. Let V, be a compact submanifold of W of co-dimension 1 and 
let Fo = [Vo] be the complex line bundle over W determined by Vo. More- 
over, let Q(F,) be the sheaf over W of holomorphic sections of Fy and let Yo 
be the restriction of Q(f')) to Vo. We denote by ro the restriction map: 
Q(Fo) —> Yo. r, induces a homomorphism ro*: H1(W,Q(F,)) — H*(Vo, Yo) 
in a canonical manner. 

Derinition. We say that V, ws semi-regular if the image 


ro H* (W, Q(F)) 
1s Zero. 


In case W is an algebraic surface, ‘our definition of semi-regularity is 
equivalent to Severi’s definition mentioned in Section 1. To show this, let 
K be the canonical bundle on W and let K= K | V, be the restriction of 
K to Vo. We remark that the canonical system | K | cuts out on V, a complete . 
linear system if and only if the restriction map 

to: H°(W,Q(K)) > H(V:,Q(K:)) 


is surjective. Consider the exact sequence 


To 
0—0—0(7) —> & > 0, 


where Q denotes the sheaf over W of germs of holomorphic functions. By the 
duality theorem, the corresponding exact cohomology sequence 


* 


To 
- -=> H*(W,Q(Fo)) —— H (Vo, Yo) > EP (W, Q) —> : 
is dual to | | ' | 
r 
HW, O (KQ F’) ) € R° (Va Q(Ro)) —— H(W, O(K)) e -> 
It follows that the image r,*H!(W,Q(F.)) is zero if and only if ro: 
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Marx THEOREM. If a compact submamfold Va of W of codimension 1 
is semi-regular, then there exists a complex analytic family V—2 M of 
compact submanifolds of W containing Vy as the fibre w (0) over 0€ M 
such that, for each point tE M, par maps the tangent space T; of M at t 
isomorphically onto H°(V;,%;), where Vi w(t). Moreover, the famiy 
Y—2— M is maximal at each point t of M. 


Now we apply our main theorem to the case in which W is an algebraic 
manifold imbedded in a projective space. Let V, be a submanifold cf W 
of codimension 1. It is well known that the set 3 of all effective divisors 
X = V, on W, where ~ denotes homology with integer coefficients, forms an 
algebraic system, 1. e., there exist a (possibly reducible and singular) algebraic 
variety = and a one-to-one algebraic correspondence o> X == Xo between 3 
and æ (see Weil [11], p. 887). 3 is called the parameter variety of 3. 
The parameter variety X may be determined in the following manner (see 
Weil [11], p. 887; cf. also Kodaira [3], pp. 784-7385). Take a hypersurface 
section Æ of W of sufficiently high order and consider the algebraic system £ 
of all effective divisors D œ Vo -+E on W. The parameter variety A of @ is 
a non-singular algebraic variety imbedded in a projective space. Let À— D; 
be the one-to-one algebraic corerspendence between A and @. Moreover, 
denote by Dy > E that Dy — E is effective. Then X is the subvariety of A 
consisting of all points A such that D, > E and, for each point c€ SCA, 
the corresponding divisor Yo€ 3 is given by Xo=—Do—#. We call the 
parameter variety % thus determined the canonical parameter variety of 3. 


Suppose that V, is semi-regular and let Ÿ—® > M be the complex 
analytic family given in our main theorem. It follows from the bijectivity 
of pa, that Viz V, for ts4s, provided that t and s are contained in a small 
neighborhood of a point on M. Hence, replacing M by a smaller spherical 
subdomain, if necessary, we may assume that V,>4 V, for ts4s, tE M, s€ M. 
Since V;~ Vo, there exists for each tE M a point A(G) EX C À such that 
Vi= Xi. By a result of Weil [11], the map t—A(t) thus defined is 
analytic in the sense that the graph of the map t—> A(t) is an analytic sub- 
variety of M X A, while ¢— A(t) is obviously one-to-one and continuous. 
It follows that A(t) is regular analytic. Moreover, we infer from the 
bijectivity of paz that t—> A(t) ts biregular. In fact, let N be a small neigh- 
borhood of a point % on M and let {U;} be a finite covering of W. Moreover, 
let S;(w,t) be the holomorphic functions which defines Y on UX N (see 
(1)). Let B be a neighborhood of A(é) on A’ For A€ B the divisor D, 
is defined in each U; by 


-A 
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k(w, À) = 0, 


where R;(w,A) is a holomorphic function of w and À. It follows from 
Dy (2) = V,+ E that 


fi (w, t) = Ri (w, A (t) )/8:(w, t) 
is a holomorphic function in w and t'and that f;(w,t) does not vanish if 
& N U; is empty. Applying 0/0t,, we obtain from 

fi (w, t) Si (w, É) E Ri(w, A(t) ) 
the equality 


(7) fi (av, t) ya (av, 0/0t,) me (OA, (t) /Otr) ` (OB, (w, A(t) ) /0A,) 
for wE ViN U, 


where (Ai,: ° *,A,,° °°) denotes the local coordinates of A. The bijectivity 
Of par implies that y(8/3t-) —pa:(8/0t;), r—1,8, : “,m, are linearly 
independent. Therefore, considering U; such that E N U; is empty, we inier 
from (7) that the rank of the Jacobian 


Ô (A; Az, * "on": *)/8 (ta, toy’ ` "s tm) 


of the map t— A(t) is equal to m. This proves that t— A(t) is biregular. 

Now, since Y—2—> M is maximal at each point t€ M, we infer that 
the image A(M) C X is an open subset of 3. Thus the point A(0) has the 
neighborhood A(M) on > which is analytically homeomorphic to the spherical 
domain M and hence A(0) is a simple point of 3. Moreover the restriction 
ð | A(M) = {Xo | o€ A(M)} of the algebraic system 3 to A(M) is a complex 
analytic family which is complex analytically eqivalent to Ÿ— M. Hence 
the characteristic system of 3 on X) 0) = Vo can be defined and coincides with 
the characteristic system of V on Vo. It is therefore complete. 

A continuous system is, by definition, an algebraic system whose para- 
meter variety is irreducible. A continuous system is called complete if it is 
maximal in the sense that it is not contained in a larger continuous system. 
The parameter variety 3 C A is composed of a finite number of irreducible 
components : 

SS UN Us eUSA Uee 


Corresponding to this, is composed of a finite number of complete con- 
tinuous systems 3’, 8”, -, 8,- +, where 8O = g | 30 = {Xo | o € SO}. 
It is clear that the simple point A(0) of 3 belongs to one and only one irre- 
ducible component, say 3%’. Hence Vo= Xo) belongs to one and only one 
complete continuous system 3’. Thus we obtain 
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THEOREM (Completeness of characteristic systems). Let W be an alge- 
braic manifold imbedded in a projective space and let V, be a submanifold 
of W of codimension 1. If Vo is semi-regular, then V, belongs to only one 
complete continuous system 3’ of effective divisors on W and V, corresponds 
to a simple point of the canonical parameter variety X of à’. Moreover, the 
characteristic system of 3’ on V, is complete. 


This theorem covers as special cases both the theorem of Severi [7] and 
that of Kodaira [8]. 


8. Construction of a complex analytic family. Let W be a para- 
compact complex manifold of complex dimension n-+ 1 = 2 and let V, be a 
compact submanifold of W of dimension n. In what follows we denote by p 
a point on W and by (w'(p),w?(p),---:,w™"(p)) the coordinate of p 
with respect to a system of local holomorphic coordinates (w1, w,- © =, wt) 
on W. We choose a locally finite covering U == {U,} of W such that i) each 
neighborhood U;, is a polycylinder: 


U,=={p| | wi(p)| <1, | w(p)| <1,:-:,[wrt(p)| <1}, 


where (wh, w°, > +, w+) 1s a system of local holomorphic coordinates which 
covers the closure of UV; (thus the closure of U; is compact), ii) Vo NU: 
coincides with the coordinate plane w*7,—0 if VN U: is not empty, and 
such that iii) FaN U:N Uy, is not empty if Vo N Ui, Vo Urp and ViN Uk 
are not empty. Moreover, if Va N U; is not empty, we write for convenience 


Wi == Wh, 2y = wt ew. 
Let 
Sio(p) = | mle), if Von UiA empty, 
i E 3 if Va N Ui == empty, - 
and let 
(8) fixjo (p) = Sijo(p)/Sxjo(p), for pE ViN Uy, 


Clearly, fixjo(p) are non-vanishing holomorphic functions defined on U: N Uz, 
respectively, and the system {fix)0(p)} defines the complex line bundle 
F,—([Vo]. More precisely, we have the product representation 


(9) | F,|Ui=U:xX€ 
of each piece Fy | U, where (p, 4) € Ui X C is identical with (p, €) € Ur X C 


if and only if G==fixlo(p). Let Y, be the restriction of Q(F.) to Vo 
and let {8,,: © °, Br - -, Bm} be a base of the linear space H° (Vo, Yo). Each 
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Br is a holomorphic section of F, over Vo and therefore 8, is written in the 
form 


«Bet p> (Pp, Brs(p)) 


with respect to the product representation (9), where B,:(2) are holomorphic . 
functions on Vo N U; satisfying 


(10) Brip) = fixrjo (p) Bra(P), for pE Vo N ViN Ur- 
First we prove the following 


THEOREM 1. If V, is semi-regular, then there exists a complex analytic 
family Y—2— M of compact submanifolds of W containing V, as the fibre 
w (0) over OE M such that pao maps the tangent space To of M at 0 iso- 
morphically onto H? (Vo, Vo). 


Let N be a spherical neighborhood of 0 on the space of m complex 
variables t, t2, - *,tm, where m= dim H°(V,,W,). In order to prove the 
above Theorem 1, is suffices to construct a system {9;({p,t)} of holomorphic 
functions 8;(p,¢) defined respectively on VX N and a system {fx(p,t)} 
of non-vanishing holomorphic functions fæ(p,t) defined respectively on 
UN Ur X N such that 


(11) Si(p,t) = fa(p, t)8x(9, €), for p€ ULN Ur, 
(12) 8i(p,0) = Sio (p),  fx(p,0) = fixjo (p), 

(12a) Si(p, t) £0, if Vo N Us empty, 
(13) ISl p, t) /Ot, | xo = Bri(p)- 


In fact, letting M C N be a sufficiently small spherical subdomain with the 
center 0, V — M is given as the submanifold Y € W X M defined by the holo- 
morphic equations S;(p,t) =0. 

| We write S(p, t), fix(p,t) in the fon 


S(p t) = Suo(p) + È San( 4), 


fa (p, t) = faol p) + = fau (p £), 


where Sii,(p, t), fix1u(p,t) are homogeneous polynomials in ¢ == (t, ta` - <, tm) 
of degree x whose coefficients are holomorphic functions on Up Uin Um 
respectively. Let 


(14) o Balp, t) = Bao) + È Sip, t), 


486 K, KODAIRA AND D. C. SPENCER. 


(15) fra (p, t) — fasta (P) + È fan (p, t). 


Moreover, for arbitrary power series P(t), Q(t), in #, we indicate by 
P(t) =Q (1) that P(t)— Q(t) contains no terms of degree Sp in t. 
Clearly, the equality (11) is equivalent to the system of congruences 

(16), l SA (p, t) == ffa (p, t)8*.(p, t), p=1,8,3,": . 


In order to construct Sux(p;t), fizja(p t) by induction on y, we assume 
the following special forms for Sij,(p,#), = 1: 


oa Wallp) t), if Vo nN U; x4 empty, 
| oo Buu(p, t) = l 0 : if Von U; = empty, 


where 2(p) = (2i(p),-- -,2%(p)) and guu(a,t) is a homogeneous poly- 

nomial of degree x in € whose coefficients are holomorphic functions of 

Zi = (24° > -,2%) defined on the polycylinder: |24|<1,---,|2%| <1. 
First, we define Wij1(%i,t) by 


(18) jaa (z (p), t) = È tBri(D), for pE Von Ty 


and determine Si (pt), Sti(p,t) by (17), (14). The congruence (16), 
is equivalent to 


Sits (p, t) = fixjo (P) Suir (Ps €) + feria (D; t} Seol p) 
Hence, letting 
fins CP, E) == {Si (p, t) — fixjo (P) Seis (Ps E) f/Sxjo(p), 


we obtain f'ix(p,t) == fixjo(p) + fixi:(p,4) satisfying (16); provided that 
faxl1(p, t) is holomorphic in p. Now it follows from (10) and (18) that 


Dita (Ps t) — fizio (p) Seta (p, t) = 6 for pEV N ViN Ur 
‘We infer therefore that fixjı(p,¢) is holomorphic in p. 


Now suppose that S% (p,t), fen(p,t) satisfying (16), are already 
determined. Clearly, (16), implies that 


(19), fix (p, t) == fui (B; t) fix (Ds t), P E ULN U; N Ug 


We define homogeneous polynomials Wigju1(p,t) in t of degree u + 1 whose’ 
coefficients are holomorphic functions on Va N UN Ug by 


Pirja (Pt) = fx (P, ¢)S#.(p,t) — Srfp,t) for pe VoN UN Uk 
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Then we have 


(20)  Yixjum(pt) = élus (Ps t) + fajo(P) Wixiurs(p, +), 
for DE PAN din O50 Uy. 


In fact, letting Piripi == Pirja (P> t), fiin = f" (D, t), Sr; = 8e (p, bt), t3 
we have l 
Pisua F fag oW ite} ura = fus — SE + fay) of Sr — fitos"; 
= (fis — fijo) Se; + fig of in S "2 — S% 
== (fig — foto) Phe + fig oft, — 54 
an fH sf iS" — Shi 
while 


i . 
S*,(p, t) = È yen (2x (D), t) = 0 for P E Vo f Vu. 


Hence by (19),, we obtain, for pE Va NUN UkN U; 
Wiss per + Fis Wiel ae = PPS", — g= Wik just 


This proves (20). (20) shows that the system {yixjn.1(p, t) } is a homogeneous 
polynomial in ¢ of order p + 1, whose coefficients are 1-cocycles on the nerve 
of the covering U | Vo= {Vo N Ui} of Vo with coefficients in the sheaf Wp. 
Since the polycylinders V N U; are Stein manifolds, we have the canonical 
isomorphism | 

EM | Vo, Vo) = E (Vo Vo) 


(see Cartan [1], Leray [5]). The 1-cocycle {yinin (p, €) } represents a homo- 
geneous polynomial #,..(4) in t of degree » + 1 with coefficients in H*(Vo, Yo). 
We may call yua (t) the p-th obstruction. 


If the obstruction Ju (€) vanishes identically, we can construct S#*(p, t), 
Fah p, t) satisfying (16). In fact, in view of the canonical isomorphism 
mentioned above, the vanishing of w,.1(¢) implies the existence of homo- 
geneous polynomials ¢ijyi:(p,¢) in t of degree u + 1 whose coefficients are 
holomorphic functions on V, N U; such that 


(21) Vian (Ps t) = brin (P, €) — fexjo(P) Pur (Pt), 


for pE Vo N UN Ux. 
We define Yu, t) by 


Yilana (up), t) = pijen (Pt), for pE U N U, 
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and determine Syjy.(p,t) by (17), S4;(p,¢) by (14). Then letting 


EU) (p, t) = Sh (p, t) — fé (p, t) Strl p, t) + Soir: (D t) 
| — fixjo(P) Sri: (D, t), 
we define fikja (p, t) by 


finiu (P, ¢) = BM a. (p, t)/Sx10(p) 


pitt 
and determine f##1,,(p,t) by (15). We infer from (21) that 
EM, (D, t) aT for pE Vo NUN Ur 
Hence fikja (p, t) are holomorphic in p. It is easy to verify that S#,(p, ty 
-and f#y,(p,¢) thus defined satisfy (16) ys. 


Now we prove that the obstruction Wuis(t) vanishes identically if V, 
is semi-regular. For this purpose it suffices to construct a polynomial 
{nix(p,t)} in ¢ of degree p+ 1 whose coefficients form a 1-cocycle on the 
nerve of the covering U == {U;} of W with coefficients in Q(/,)) such that 


(22) Virtua (P, t) = nae (p, t) for pE Vo N UiN Ur 


In fact, {mix(0,t)} represents a polynomial y(¢) in ¿ with coefficients in 
H+(W,Q(Fo)) and (22) implies that Wat) = ron (t). Hence we obtain 
Wan (t) =0 if Vo is semi-regular. 


Lemma 1. For each positive integer AS p, there exist polynomials 
g\in(p,t) in t of degree À whose coefficients are holomorphic functions in p 
defined on UN Uy, such that 


(23), ga (p, t) = Pulp, t) + orn (p, t) for pE UN UIN Ur 
(24), finjo (p) exp g^n (p, t) = Pus (ps t). 


Proof. By induction on À S u. Assume the existence of gtm = gtalp, D 


satisfying (28)1 and (24),.. In view of (24)\-ı we can determine homo- 
geneous polynomials gja = gija (p, t) in t of degree À whose coefficients are 
holomorphic functions on U: N U;, such that | 

finto' (1 + gie) exp gr == Px 
The congruence (19), implies that f w= Puf for À Zn Hence we obtain 

1 ++ gan = (1 + gun) (1 + gen) 
or | 

Jira = Jyp + Gate pr 


Eo i 
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Now let : 
| Gin (Pst) = aps t) + gaja (p, À) 
Clearly, għs(p,t) satisfy (23), and (24)a, qe.d 
We define polynomials fur, — fit, (p,t) in t of degree u +1 by 
fa (p, t) = fislo (D) exp g'u (p, t). 
It follows from (23), and (24), that 


(25) Pampa air 

(26) fea (p, t) = fra (p, t). 
Combining (26) with (16),, we obtain 

(27) ~ Si (p, t) = feta, (D, t) St (p, t). 


In view of (27) we can determine homogeneous polynomials mx(p,t) in t 
of degree u + 1 whose coefficients are holomorphic functions on U; N Ux by 


nin (Dp, t) ms fut (p, t) Sx (p, t) —S%(p, t). 
We have 
nin (Pp, À) = ny (P, t) + fujo (D) (p, À). 


In fact, using (27) and (25), we obtain 


nig + fiston == fe u8 — SA fifi Se — fiz 084; 


ri 
= (fy — fulo) 5) + tof Se — 9 
T (FP — fijo) fE Sa F fij of nOr — 54 
= fete Se — SE, = fut Su, — S% = Nike 
Thus {me(p,t)} is a polynomial in ¢ whose coefficients-are 1-cocycles on the 


nerve of U — {U,} with coefficients in Q (Fo). Moreover, since S4,(p, t) =0 
for p€ Va N Uy, we have 


qu ( p, É) == fin (D, t) S.r ( p, t) — Sp, t) == Waxy as (D, À) 


pti ped 

for p€ Vo N UN Ux. This proves (22). : 

Thus, in case V, is semi-regular, we can construct S4 (p, t) and f4(p,t) 

satistying (16), by induction on x, and therefore we obtain Si{p,¢} and 

fx(p,t) satisfying (11), (12), (12a) and (13) which are formal power 
. Series in t. 


14 
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4, Proof of convergence. -Consider a formal power series 


f(t) =f (p, t) = Bi fits (P) (hi) "(te)": a (tm) 4m 


whose coefficients frare rm (p) are holomorphic functions in p defined on a 
domain and a power series 


a(t) = À hiha hm (b1) be) a (Em), Ghiho hm = 0. 


We indicate by f(p,#) <<a{t) that 


| ipa Pee T (p) | < Qihes* Am 5 


moreover, we write f(t) <<a(t) if f(p,t) <<a(t) for each point p in the 
domain. 
Let 


A(t) = (6/640) Z 0” (tst teH: ` tm) A/a, 
u= 
where b and c are positive constants. By a simple computation we obtain 


(28) PO E OAA 


In what follows we denote by cı, ca, ‘ + positive constants. Our purpose is 
to show that the above construction of the formal power series S;(p,{t\ and 
fix(p,t) can be carried out in such a way that 


Si(t) —Sijo << AZ), 
fin CE) — finjo << GA (t), 


provided that we choose the constants b, €, c, properly. 
We may assume that 


(29) | fixto(p) | < cz for pE UN Ux. 
It follows from (10) that the £,:(p) are bounded and therefore 

(30) S(t) — Sijo << Ale), 

provided that b is sufficiently large. Now, supposing that 

(31) Hn (t) — fixjo << A (4), 

(82) Sr (t) — Sijo << A(t), 


we first prove 


(33) fair (t) — fixo << GA (t) 


ny 
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and then we show that dilu1(p,t) in (21) can be chosen in such a way that 
(34) | SH; — Dijo CL A (t). 
It follows from (16), that | 
(35) fizia (Pp, t) p (87 (p, t) — f uap t) Sr (p, t) }/Se10(p)- 
We have 
SB; — fE Ng = Kha — Sijo — (PE x — firjo) (S#x— So) 
— fizo (OFr — Site) — Sunjo (fH tin — firjo) 


while St; — f# 14,84, = 0, and therefore the term Szjo(f# x —finjo) contri- 
butes nothing to S4;—f#-1,;,S4,. Hence, using (31), (82), (29) and (28), 
we obtain | 


(26) SHC) — fe i(t) O Ct) << A(t) + A(t)? + A (8) << cA (1), 
where p | 


treet + (bc1/c) + c2. 


Consider the case in which Ug N Vs is not empty. Let {U*;} be a covering 
of W such that the closure of each U*; is contained in U; It is clear that, 


= {q | (9) —2e(p), | we(q)| E) 


is contained in U,;N Ux, provided that the constant «> 0 is sufficiently small 
(we recall that {U;} is a locally finite covering and that (Zr, wx) == (Zw: °°; 
Bhg, Lx) is a system of holomorphic coordinates which covers Uy and Ux is the 
_polycylinder: |z| <1, © -,[2m | <1, | w| <1). We infer that 


(37) fintu (p, t) << (ca/e) A (t), for pe UN Ux. 


In fact, in case | w;,(p)| Ze (87) follows immediately from (85) and (36), 
since Sz). (p) =we(p). In case | we(p)| < e, we observe that each coefficient 
of fixja (t). is holomorphic on the disk A C U, N Ux and that the estimate (37) 
is valid for each point on the periphery of A. Hence, by the maximum 
principle, (37) is valid for p€ A. (87) is valid also in case Un V, is empty, 
provided that «< 1, since, in this case, Syio(p) = 1. : 

It follows from f'a = fof" that 


(38) finia Fite of sa Fas of jeu = FO ag T i — fe 


We have 
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POR — ff m = — (fy — fino) (fi — Fiejo) 
+ fP a — fijf — fif rie + fio 
while f#,, — ff a=. Hence we infer from (31) that 
f(t) — fy CE) f (E) << A (t)? << (0017/0) A (t) 
and therefore, by (38), 


(39) fix|n(t) — fixjofesja(t) — fasjofseja(t) << (be1°/c) A(t). 
This implies that 


(40) fnjofuia (t) + fasjofata(t) << (bex7/e) A(t), 
since fx;,(¢) —0. Combining (87) and (40) and using (29), we get 


(41) fan (p,#) << ((C2?es/e) + (be2¢17/c) ) A (2), for pe UN U*r 
Now let p be any point of Ui N Ux. pis contained in one of the neighbor- 
hoods, say U*; If j==1 or j == k, the estimate of fix),(p,t) is given already 
by (87) or (41). If 51, 74k, the estimates of fijj,(p,t) and firja(p t) 
are given by (41) and (87), respectively, and therefore, using (39), we cbtain 
finta (ps €) << ((¢2 + 62%) (¢s/e) + (1 + 62?) (bc? /c) )A (t). 
We set z 
C = À (ce + 2) (c + C2) /e 
Clearly c +2 > cs if c >be, Consequently, if 
c > 2be, (1 + c°), 
we get 
(C2 + Cs?) (ca/e) + (1+ C2?) (be17/e) < Ci 
and therefore | 
fixa (t) << GA(t). 
Combined with (31), this proves (33). 
Next, yira (t) = ixus (p, t) is defined by 


Pinua (t) == fra (t) Ox (4) — S4 (t). 


We have | 
fey — S% = (fix — fix jo) (Sfr — Orjo) 
| + fi oS x + Bx} of “exe — 8% — Silo 
while f#8",—S%==0. Hence it follows from (32) and (33) that 


~ 


~ 
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fiae (t) SP(t) — S(t) << 6rd (t)? << (bc:/6) A(t). 
- We obtain therefore | 


(42) Juju (E) << (ber/e) A (6). 
Lemma 2. We can choose iusi (t) = hijan (pt) satisfying 


Pilur (p, t) — fan\o(P) Px] usr (P, t) == Yik ar (p, t) 
such that i 


(43) Pilura (É) << (cxbe,/c) A (t), 
where the constant c, 1s independent of p. 


An elementary proof of this lemma will be given in Section 6 below. 
on (43) implies that 


Sapir (É) << iaca 
Consequently, letting 
c = 2be,(1 + C2?) + beita 
we obtain (84). 
Now, since the constants b, c, ¢, are independent of u, we infer by 
induction on p that 


, (falf) — finie << ex (8), 
rs) ee si AD), 


Let NV = {ż | » |é |2 < c¢/m}. It follows from (44) that the power series 
r=1 


Si(p,t) and fix(p,t) converge absolutely and uniformly for 4€ N. Thus 
S;(p,t) and fi,(p,t) are holomorphic functions on U: X N and ViN Uk XN, 
respectively, and satisfy (11), (12), (12a), (13). This completes our proof 
of Theorem 1. 


THEOREM 2. Let Yy—2— M be a canes analytic family of compact 
submanifolds of W, where M ts a spherical domain on the space of m complex 
variables tı, ta + +,tm with the center O. If pao: To—> H°(Vo,¥o) ts bi- 
jective, then pat: Ti H° (Va Yi) is bijective for each point t in a sufficiently, 
small neighborhood N of 0 on M. 


Proof. Let ,(t) = pa+(0/0t-), r==1,2,' + -,m. By hypothesis, {41 (0), 
ÿ2(0),° + *;W%m(0)} forms a base of H° (Vo, ¥o). It follows that y(t), yalt), 
*,Ÿm(t) are linearly independent for ¿€ N, while we have 


(45) dim H° (V, ¥;) £ dim B° (V, Yo), for tE N. 
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Consequently, {y1(#),#2(6),: © -,dm(t)} forms a base of H°(V Y) for 
tE N. This proves our Theorem 2. We remark that the above inequality 
(45), a special case of the theorem of upper semi-continuity, can easily be 
derived from the classical theorem to the effect that any family of uniformly 
bounded holomorphic functions is a normal family. 


5. Maximal families; proof of main theorem. First we prove the 
following 


THEOREM 3. Let Y—-2—> M be a complex analytic family of compact 
submanifolds of W (of codimension 1). If par: Tr—> H? (Vi, ¥:) is bijective 


for a point t of M, then the family Y—2— M is maximal at the point t. 


Proof. Suppose that M — {t | 5! t, |? <1} and that pag: T> HV, Yo) 
r= 


is bijective. Moreover, let 4) _®°; M’ be an arbitrary complex analytic 
family of compact submanifolds of W such that w’"(0) == Ve, where 


M’ = {s| B ||? <1), 


Ł 
and let N’ = {s| >| s,|? <8} be a sufficiently small spherical subdomain 
ral + 


of M’. Our purpose is to construct a holomorphic map h: s— t= h(s) of N° 
into M with h(0) —0 such that w’*(s) == w-*(h(s)). ` 

Let U;,w;(p),: ++ have the same meaning as in Section 3 and let 
{S:(p,t)}, {fix(p,t)} be the systems of holomorphic functions &;(p, t), 
fix(p,t), defined respectively on U: X M, U:N Ur X M, which determine the 
complex analytic family Y C W X M in the manner described in Section 2. 
Moreover, let {k;(p,s)}, {ex(p,s)} be the corresponding systems which 
determine VY C WX M’. We have therefore 


Kilp, t) = fix (p, t) Sx (p, t), 
=) ‘mina sea (pa) Rila 8). 


In this Section we are exclusively concerned with neighborhoods U, which 
meet Vy. Obviously, we may assume that 


Si(p, 0) = Rip, 0) == wi(p), 
fix (D, 0) == esx (D, 0) = finjo (p). 


By means of S(p, t) and R,(p,s), the condition w’-(s) = w-1(h(s)) can be 
formulated as follows: There exist non-vanishing holomorphic functions 
fi(p,s) defined respectively on U; X N’ such that 
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(47) fi(p, 8) Bi(p, 8) = Si(p, h(s)), for pe Ui,s€ N’. 
We write h(s) in the form | 
h(s) == (hi(8),° | hrs), ` `, hm(S)) 


and expand each component h,(s) into power series 


h,(s) = > has); 
aad 

where f,y;,(s) is a homogeneous polynomial of degree x in s. Moreover, let 

h#, (8) = hop: (8) + Ariels) + + has), 

he(s) = (h(s); ° h(S), n `, hëm(S)). 
Similarly, let 

filp,s) =1 + È fua (ps), 

where fijz(p,5) is a homogeneous polynomial of degree » in s, and let 


f¥s(p,8)—=14+- fi (ps) +: + fija (ps 8). 
For any holomorphic functions P(s), G(s) in s == (81, S° * -,8), we indicate 
by P(s) = @ (s) that the power series expansion of P(s)—Q(s) in 81, Se, 
` *,8, contains no terms of degree <p, Clearly, (47) is equivalent to the 
system of congruences 


(48) x fi (p 8) fi (p, $) == Si(p, h*(s)), (w= 0, Liege et) 


In what follows we denote by f#*;(p,s), Bi(p, s), 8:(p, t),- > + the restric- 
tions of the functions f#-1,(p,s), Ri(p,s),5:(p,8),° © > to Vo. We expand 
~ S(p, t) into the power series 


Si(p, t) = wip) + Saja (p, t) + Sielp t) + > - 
and let 


m 
(49) Sija (p, t) = 2 Bir (p) tr 
The restrictions S(p) == Bir(p) satisfy 


Bir(p) = Fixo (P) Bur (p) for pE Va N UN Ux; 


thus {@i-(p)} represents an element 8, of H°(Va, Ya). In fact, B, is 
the infinitesimal displacement — pa o(0/3t,). Since, by hypothesis, pao: 
To H°(Vo, Wo) is bijective, {8u * - *,Brs* * +, Bm} forms a base of H°(V,, o). 

Now we construct h“(s) and f#,(p,s) satisfying (48), by induction on p. 
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For p==0 the congruence (48), is obvious. Assume therefore that h#*(s) 
and f#1,(p,s) satisfying (48),. are already determined. Then we can 
determine homogeneous polynomials Tij,(p,s) of degree » in s by 


: (50) Dija (p, 8) = fu (p, s) ip, s) —Si(p, h" (s) ). 


The coefficients of Ti;,(p,s) are holomorphic functions in p defined or U+ 
The restrictions Tijz(p,s) of Typ(p,8) satisfy 


(51) Da (p$) = fixjo (p) Tria (p, 8), for pE VoN VLN Ur. 
To prove this we remark that 
(52) feu (s) ei(s) = fie (M s) ) FR CS), 


where we omit the variable p for simplicity. In fact, combinging (48),4 
with, (46), we obtain 


fua (s) ei(s) Bis) = f(s) Bi(s) = SCT s) ) 
= fin (h> (8s) ) Sa (he (s) ) = fu (A (s) ) Fr (s) Br (s). 
This proves (52). Since (s) =0, we get from (52) the congruence 
fea (s) Bi (s) = fs) ëu (8) Ba (8) = fis (h (s) ) ft (8) Ri (s). 

Hence we have 

Fe(s) Bi(s) — Si (he (s) ) == fx (ht (s) ) (Pas) Be (8) — Sa (he> (s) ) }. 
Combining this with (50), we obtain 

Lija (p, 8) == fu (p, h (8) ) Paie (p, 8) = fixo (p) Pria (p, 8). 


This proves (51). 
Since A#,(s) =h”, (s) + Arja(s), the congruence (48), is rewritten in 
in the form 


wifia (s) + PS RS) CRE (8) ) + d Bir(p)hrya(s). 
We infer therefore that (48), is equivalent to 
(53) D Bir (p) Prins) = wil P) fiin (Ps 8) + Te (p, 8). 


The restriction of (58) to V, gives the equality 


(54) > Bir(p)hrjals) = Liu (p, 8). 
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Now (51) shows that {T:,(p,s)} represents a homogeneous polynomial 
degree u in s with coefficients in H? (Vo, Y). It follows that there exist 
mogeneous polynomisls k,1,(s) of degree x in s with constant coefficients 
tisfying (54). We define homogeneous polynomials f:,,(p,s) by 


15) fuuw(Ps8) = { E Bue(p) Frias) — Tua ps8) }/aelp). 


e infer readily from (54) that the coefficients of fi;,(p,s) are holomorphic 
netions in p defined on U: while it is clear that the fij,(p,s) satisfy (53). 
his completes our inductive construction of h#(s) and f4(p,s) satisfying 
L8),. We note that h4(s) and f4#,(p,s) are uniquely determined. For our 
irpose it suffices to show that the power series h,(s), fi(p,s) thus deter- 
ined converge absolutely and uniformly for s € NV’, provided that the spherical 
main V” ts sufficiently small. 
We prove by induction on u the estimates 


6) hr, (s) << A(s), 
UT) f*:(p,8) —1 << A(s), 
nere 


A (s) = (b/64c) = OF (S, -Hs + sy) 4/u" 
ovided that the constants b and c are chosen properly. We have 
A(s)?” << (b/c) A (s) 
f. (28)) and therefore 
18) A(s)” << (b/c)*”"*A (s), for y= 2,8,4, °°. 


e choose a constant a œ> 0 such that 


9) Sup) — (p) Èa (h + bat + tn)’, 
0) Bu(p,s) —w(p) << Sa? (s+ > = +51) */64r. 


Now (56), and (57), are obvious provided that b is sufficiently large. 
ssume therefore that (56),. and (57),: are already proved. We first 
timate 

Dija (p: 8) = fu (p, 8) Bi(p, s) — S: (p, ht (s) ). 


nee Tyjz{p,8) is a homogeneous polynomial of degree » in s, the terms 
(p, s)w:(p) and wi(p) + Siji (p, he (s)) contribute nothing to Liu (D, s). 
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Hence we get 
Falp, 8) << (A(s) +1) $ws/641 + Sa” (mA (s))” 


where s’== (5 Ls,+:::+L3s)" Suppose that 
c= 2mab, b> 1. 
Then we have 


À 0s" /64y' << (a/64c) $ eP /y* = (a/b) A(s) 


and therefore, by (58), 


(A(s) +1) È a’s”/64y? << ((a/e) + (a/b))A(s). 


Moreover, using (58), we get 


S a (mA (8))? <A (s) Sarmrbe/cr << (2m*atb/c) A (8). 


Thus we obtain 
(61) Dija (p, 8) << eA (8), 
where 
cs = (a/c) + (a/b) + (2m'ab/c). 

In view of (54), there exists a constant x which is independent of x such 
that (61) implies 

hrin(s) << xcs (8). 
Finally, since the coefficients of fija (p, s) are holomorphic on the polycylinder 


U: defined by | wi(p)| <1, | au(p)| <1,- - -,] 2i(p)| <1, we infer from 
(55) that 


fila (Ps 8) << (max -+ 1)csA (s) 
(note that (59) implies |B;(p)| <a). Consequently, by choosing the 
constants b and c properly, we obtain 
hija (s) << 4 (8), 
fija (p, 8) << A (8). 


This completes our inductive proof of (56), and (57),, and the convergence 
of h+(s), fi(p,s) for s€ N’ follows. 


Now it is clear that our main theorem follows from Theorems 1, 2 and 3. 
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6. Proof of Lemma 2. For simplicity, we write U; for Vo N U: and 
denote by U the covering {Ui} of Vo. For any 0-cochain $ = {¢;(p)}, 1-co- 
chain y = {yix(p)},: °° on U with coefficients in the sheaf Ya, we define 
the norms of ¢,W,:-- by 


| $ | = max sup | i (p) |, 
i peu, 


| y |= max sup |[yx(p)|, 
ik peUin Uk 


The coboundary 6¢ of ¢ is defined by 
(Sp) (D) = fixjo(p) ba (p) — hip); p € UN Ur 


Our purpose is to show the existence of a constant c, having the following 
properties: If y is the coboundary of a 0-cochain, then we can find a 0-cochain 
p with Sp = y such that | 


(62) lof Sey. 


For any y which is the coboundary of a 0-cochain, we define 
u(y) = int | pl. 
5p=Y 
It suffices to prove the existence of a constant c such that 


(63) (y) Selly. 


Assume that such a constant c does not exist. Then we find a sequence 
Wy” pO = such that 


oy) =1, | y® || < 1/p. 
The equality (y) =—=1 implies that there exists 64 with 664 =y% 
satisfying | 
|e | <2. 


We take a covering {U*;} of Vo by compact subsets U*; C U;. Moreover, we 
write each ¢™ explicitly in the form {¢;,(p)}. Since | o.“)(p)| <2 for 


pE Ur, there exists & subsequence QU), QU), + - + Un) of d’,db”,- > such 
that pr) (p) converges absolutely and uniformly on U™, for each k. On the 
other hand, it follows from | 86™ || = || y || < 1/p that 

(64) | finjo (P) ox (D) — oi (p)| < 1/p, for pe UiN Ux. 


Since any point p€ U; is covered by at least one U*,, we infer from (64) 
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that ¢;“»){p) converges absolutely and uniformly on the whole neighborhood 
Us. Let di(p) = lim ¢;»)(p) and let = {di(p)}. Then we have 


| p — p] —>0 G—), 


while it follows from (64) that 8¢==0 and therefore din == yy) 
This contradicts with .(y“»)) — 1. 
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AN EXAMPLE TO A PROBLEM OF ABHYANKAR.* 


By Masayosni NAGATA. 


In the paper of Abhyankar, “On the field of definition of a non-singular 
birational transform of an algebraic surface,” Annals of Mathematics, vol. 65, 
No. 2 (1957), the following question was asked: 


Let K be a function field of dimension 2 over an imperfect ground field 
k of characteristic p (5£0) and let k’ be a purely inseparable extensicn of k 
of degree p. Let K’ ba the field generated by K over k’. Let R be a normal 
spot of K over k and let R’ be the derived normal ring of R in K’. Assume 
that R’ is a regular local ring. Is then R regular? 


In the present note, we shall show an example where À is not regular. 
In fact, we shall give an example of such pair (R, R’) with the following 
additional conditions: _-~-... | 


de E 
LEP] 


Pas 


ft and w being the maximal ideals of R and À” respectively, (i) pie 
and (ii) [R’/m’: R/m] =p (> [K’: K}]). 


Let k be a field of characteristic p40 which has elements u and v such 
that [k(u/r vr): k] =p. Let x and y be variables over k and let z be 
a root of the polynomial Z?4-yZ-+ ut orc, Set w = vrg + zy. We shall 
show that the pair of R=k[2,y,w] (oy wy) and R = k (vP) [z 4,2] (oy) 
(observe that 27 Lu is irreducible over k(v'/?) and therefore x and y 
generate a maximal ideal of k(v'/?)[z,y,z]) is the required example. 


Let K and K’ be the field of quotients of R and K’ respectively. Then 
we see that K’ == K (vr). K is obviously a regular local ring. Since 
z modulo (x, y) == u?/?, the residue class field of R’ is k(u*/?, v2). Therefore 
we see that the condition (ii) above is satisfied by Æ and Æ’; (i) is obviously 
satisfied. Therefore we have only to prove the normality of B: 


Since w = v/ex + zy, we have z = (a —vt/?)/y. Since 2?-+-yz As vipe 
— 0, ie, 2+u+tw=0, we have w? + yPap -+ (uy? —ve?) == 0, which is 
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the irreducible monic equation for w over k[x,y]. Therefore, by the mixed 
Jacobian criterion for simplicity due to Zariski, we see that Æ is the only one 
singular spot of the affine model defined by &[x,y,w], which shows the 
normality of R. Thus the proof is completed. 


Remark. If we want to construct similar examples without requiring 
that K is a regular extension of k, then the following construction gives a 
much simpler example than above: 


With the same k, u, v, and y as above, set z—u/?x-+-y/ry, Then 


R= klz, Y, Zl (4,2) and RB’ =—k(u/?, vV*®)[2,y] ey) give a required pair. 


HARVARD UNIVERSITY AND 
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ON THE UNIQUENESS OF THE CAUCHY PROBLEM 
FOR PARABOLIC EQUATIONS.* * 


By AVNER FRIEDMAN. 


Introduction. Consider the second order parabolic equation 
(0.1) Qu/0t = Lu 
in the strip 
(0.2) 0O<t<d, om (Ti * +5 On), — 0 << a <0. 


Tychonoff [18] constructed a solution of (0.1) which vanishes on t= 0 but is 
not identically zero; thus there is no uniqueness of the Cauchy problem. 
However, if a solution u(x,t) of (0.1) satisfies the growth condition 


(0.3) u (at) = O(exp{K | 2 |*}) (K Z0) 


and if it vanishes on ¢—=0, then it vanishes identically in the strip (0.2). 
The proof of this theorem for the heat equation was given by Tychonoff [13]. 
It was extended to general second order parabolic equations by Krayzanski [5] 
(see also [6]). It was then extended to parabolic systems of order 2m pro- 
vided (0.8) is replaced by 


(0.4) u(x,t) = 0 (exp{E | a |2m/@m-1)} ) | (KZ0). 


In the case where the coefficients depend only on ¢ it was proved by Lacyzhen- 
skaya [7] (for K —0 it was proved by Petrowski [9]). In the general case 
it was proved by Eidelman [4; p. 73] (see also [3]). Slobodetski [12] 
announced that if the coefficients of the parabolic system depend only on £, 
then uniqueness holds under the assumption 


(0.5) ffexp{—K[o[#/6m} | u(x, t)| drdt < © (K > 0) 
which is weaker than the assumption (0.4). (The integration in (0.5) is 


taken over the strip (0.2).) 


* Received July 17, 1958; Revised November 21, 1958. - 
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Another type of assumption sufficient to ensure uniqueness was obtained 
by Widder [14]. He proved in case of the heat equation that a solution 
satisfying 
(0. 6) u(z,t) =0 


and vanishing for t== 0 must vanish identically. Assumption (0.6) seems 
to be more natural than assumption (0.3) since temperatures are always 
nonnegative. Serrin [11] announced an extension of Widder’s result to 
solutions of the equation | 


(0.7) Ut = Q(T) Use + b(x)us + c(z)u 
with Holder continuous and uniformly bounded coefficients and with a(s) 
= const. > 0. 

In this paper we extend all the above-mentioned results. We first con- 
sider general second order parabolic equations and prove uniqueness (i) under 
the assumption (0.5) with m—1, and (ii) under the assumption (0.6). 
Then we consider general parabolic systems and furnish the tools for the 
proof of the uniqueness of the Cauchy problem under the assumption (0.5). 


1. Statement of uniqueness theorems for second order equations. 
Consider the equation 


(1.1) 6u/ot— Lu == S ay (x, t)0?u/dedz, + > bile, t) ludr + c(x, t)u, 
RE iz 


57 
where @== (%,: * *,%,) varies in the whole n-dimensional Euclidean space 
E, and 0<t<d. Denote by D the topological product of E, with the 
interval 0 <£< d. We shall make on Z the following assumptions: 


(A) L is uniformly elliptic in D (the closure of D), that is, there 
exists a positive constant K such that for all (#,#) € D and for every real 
vector €== (&,° © `, én) 


(1.2) 2 au(x, t) ees = K 2 &?. 
yf=l =1 
(B) The functions 


(1.3) Qis, (0/820,) dig, (0/02 0%) diy (9/04) aij, bi, (0/02) bi, € 


are locally Hélder continuous and uniformly bounded in D; denote by K’ 
a bound on these functions. 
By a solution of (1.1) in D is meant a function w(x,t) which is con- 
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tinuous in À and which has continuous partial derivatives du/da;, 0°/üx:0x;, 
éu/dt in D satisfying (1.1). 


THEOREM 1. Let L satisfy the assumptions (A), (B). If u(x,t) sa 
solution of (1.1) in the strip D which satisfies the growth condition 


d + 
(1.4) f f exp{—- Hy | x |2} | u (z, t) | dxdt < œ (Hy > 0) 
0 En . 
and if u(x, 0) ==0 for s€ En then u(x,t) ==0 in D. 
THEOREM 2. Let L satisfy the assumptions (A), (B). If u(x,t) isa 


nonnegative solution of (1.1) in the strip D and if u(x,0)=0 for sE En 
then u(x,t) =0 in D. 


2. Proof of Theorem 1. We shall make use of the fundamental solu- 
tion T'(2,t;&7) (¢> 7) of (1.1) defined in the whole strip D, which was 
constructed by Dressel [2] under the assumptions (A), (B). As a function 
of (x,t) it satisfies the equation ĝôr/ĝt == LT and as a function of (é r) it 
satisfies the adjoint equation 60/07 = -— L*T, where 


L*v -$ (8° /8xiôx;) (av) —> (8/0a;) (bw) + cv. 
T can be written in the form 
(2.1) T(z, té, r) = Z(2,t5é 7) [1+ 0((¢—7r)4)] 
(making use of the explicit form of Tr and of [2; Lemma 2]), where 
(2. 2) Z(a,t3é T) 


= j [F (é, r)(¢—1)*"] *exp{— o(a, t;e —8)/4(t—7)} if t>7 
Oif i<r. 


Here, a(x, t;s — é) = X 4y (z, t) (ti—- &) (a; — §), (4y) is the matrix in- 


verse to (ay), and F (£, 7) is a certain positive function depending on o (see 
[1; p. 191]). 

Later or: we shall need the fact that P(z,#;& 7) >Oift>-7. For t—r 
sufficiently small this follows from (2.1). Noting now that I'(a,t;é7)—-0 
as | &|— oo, uniformly with respect to ¢, and recalling that T (z, t-46, 7) > 0 
if e is positive and sufficiently small, we apply the maximum principle [8] 
and thus conclude that ['(#,t;é 7) is a positive function for t>7. We 
finally mention that for any t==1,: - -,n, 


(2.3) | A(x, t; 7) /0m; | = | IZ (a, t5; Ë,r}/0m | [1+ O((—r})]; 
15 


E 
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the constants in O((t—-r)4) both in (2.1) and in (2.3) depend only on 
K, K. 

It is enough (in both Theorems 1 and 2) to prove that u(x,t) ==0 for 
TE En, 0St<7y for some positive y, since then we can carry out the same 
argument step by step. Later on whe shall make use of the fact that n may 
be taken to be sufficiently small. 

Let (%,f) be an arbitrary fixed point in the strip O0<t<y. If we 
prove that u(&,f) — 0 then, by the previous remark, the proof of Theorem 1 
is completed. Denote by Br the sphere in Enp with center # and radius # 
and denote by B'r the domain Bri,—Br. Let h(é) be a twice continuously 
differentiable function in #, satisfving the following properties: 

11H 0<|é£SR 
yon MO = À i mn 


(2.5) OSMOS1 and X |IME) | + D | PAE] E A 
| for R<|£|<R+1, 


where À is an appropriate universal constant. 
Integrating Green’s identity 


v (Lw — 6w/dr) — w (L*v + v/6r) 
(2.6) =$ (8/36) [ > (vanho/0Ë — wad OE, — vwar HE) + bwo] 
— (0/07 (wv) 


with w = u(r), v = A(E)T(4, È; é, r) over the whole strip 0 < r < i—e(e > 0) 
and taking «—> 0 we get, on using the properties of h, T and the assumption 
u(é 0) =0, 


(2.7) u (a, #) = f | f  u[L* (AT) + ô (hr) /ôr]dédr. 


Since L* (hr) + 0(hT') /0r7 involves only linear combinations of T and ér/0& 
with coefficients which (by (2.5) and assumption (B)) are bounded by a 
constant independent of R, we can easily estimate the right side of (2.7), 
making use of (2.1), (2.2), (2.3). We get 


(2.8) |u(4,#)|SAexp(—HR/n} f f (u(r) dé, 


where A, H are positive constants depending only on K, K’. 
We now note that (1.4) implies 


(2.9) f S cxp(— 2m | e219 | w(é,7r)| dédr <œ. 
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Hence, | 
(2.10) [JS exp{— 2H, |£—2|*} |u(é1r)| dédr->0 as R>. 
© B'r 


Taking n to satisfy H/n > 2H, then letting R— co in (2.8) and using (2.10), 
we conclude that u (Z, E} —0 and the proof is thereby completed. 


3. Proof of Theorem 2. Without loss of generality we may assume 
that e(z, t) = 0. 
Consider the function 


(3.1) Un(z,t) = Shim tsule da, 


where T is the fundamental solution of (1.1) in D, introduced in §2. By 
[2] we conclude that 
u(a,r) if |x| SR 


‘ 5 << 
lim sap Un(2, t) S| 0 if {a|>SR. 


t>7+0 geg? 


Hence, the function 


(3.2) v(x, t) —u(2,t) —Un(a,t) 
satisfies . 
(3.3) lim inf v (x, t) 20 


as ¢->7-+0, c—->2°. Furthermore, from the form of I we conclude that 
Ur(z,t) 0 as |e|->0, uniformly with respect to t OStSd. Hence, 
(8.3) holds also when | x | 0, uniformly with respect to t, 0S tS d. Using 
the maximum principle [8], we easily conclude that v(x,t) =0 in D; more 
explicitly, 


(3.4) f T(z, t3£,7)u(é,7)dé Sule, t) for r€ By t>r. 
JKR 


Noting that the left side of (3.4) is monotone increasing in R and taking 
Ro, we get . | 


(3.5) J Ttgl) ulat) for sE Emt >r 


(the existence of the integral is implied). 


Integrating both sides of (3.5) with respect to r, 0<+r<y and taking 
æ== 0, we obtain 


(3.6) f í f ror sé r)u(é,r) dédr = nu (0, t). 
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any real vector o==(01,: * ‘,on,), the characteristic roots X\==A(o) of the 
matrix P(x, t,o) satisfy the inequality Re{A} < — ô. 


(B’) The coefficients of the k-th derivatives which appear on the right 
side of (4.1) have derivatives of the first k— 1 orders with respect to x, 
all being uniformly continuous with respect to (z,t) in D. 


The assumptions (A’), (B’) are sufficient to ensure the existence of a 
fundamental solution to the system adjoint to (4.1) (see Hidelman [4; p. 71]). 
Denote it by Z(z,t;67) (¢>7). As a function of (67) it satisfies the 
system adjoint to (4.2). It also satisfies the inequalities 


(4. 3) | (0/0§*) Z (x, be) | < const./ (t —r) (n+i)/2m 
exp{— const. | 2—£ |/"-9/(t—r) Vend} (ime 0,1, : -,2m), 


where the constants are positive. Finally, for any continuous function ¢(z, t) 
defined in D and for any bounded domain G in Ep, 


(4.4) lim J 2(0, 38 7)0(6,7) d= $ (2t). 


Using these results, one can easily modify the proof of Theorem 1 and 
derive the following uniqueness theorem. 


THEOREM 3. Let the system (4.1) satisfy the assumpitons (A’), (B’). 
If (u(x,t), + -,ux(x,t)) is a solution of the system (4.1) in the strip D 
which satisfies the assumption 


d 
(4.5) f; f exp(—Ho| 2 amend) | u(x, 2) | dedt < 
0 n 
(i—=1,: í “NH > 0) 


and if u;(v,0)==0 (i=1,---,N) for s€ En then u;(2,t)==0 for zeE,, 
0<ÉS< d. 


UNIVERSITY OF CALIFORNIA 
AND 
INDIANA UNIVERSITY. 


PARABOLIC EQUATIONS. öli 


REFERENCES. 





[1] F. G. Dressel, “ Fundamental solution of the parabolice equation,” Duke Mathe- 
matical Journal, vol. T (1940), pp. 186-203. 


, “Fundamental solution of the parabolic equation, Ii,” ibid., vol. 13 
(1946), pp. 61-70. 


[3] S. D. Eidelman, “ Estimates of solutions of parabolic systems and some of their 
applications,” Aatematiéeskii Sbornik (N.S.), vol. 33 (75) (1953), pp. 
359-382. 


[4] , “On fundamental solutions of parabolic systems,” ibid., vol. 38 (80) 
(1956), pp. 51-92. 


[5] M. Krzyañski, “ Sur les solutions des équations du type parabolique déterminées 
dans une région illimitée,” Bulletin of the American Mathematical Society, 
vol. 47 (1941), pp. 911-915. 


, “Sur les solutions de l'équation linéaire du type parabolique déterminées 
par les conditions initiales,” Annales de la Société Polonaise de Mathé- 
matique, vol. 18 (1945), pp. 145-156. 


[71 O. A. Ladyzhenskaya, “ On the uniqueness of solutions of the Cauchy problem for 


linear parabolic equations,” Matematiéeskii Sbornik (N.S), vol. 27 (69) 
(1950), pp. 175-184. 
[8] L. Nirenberg, “A strong maximum principle for parabolic equations,” Communca- 
tions on Pure and Applied Mathematics, vol. 6 (1953), pp. 167-177. 
[9] I. G. Petrowski, “On the Cauchy problem for linear systems of partial differen- 
tial equations in a domain of non-analytic functions,” Bull. d’État Moscow, 
Ser. Inter., sect. A, vol. 1 (1938), pp. 1-72. 
[19] D. Resch, “ Temperature bounds on the infinite rod,” Proceedings of the American 
| Mathematical Society, vol. 3 (1952), pp. 632-634. 
[11] J. B. Serrin, “A uniqueness theorem for the parabolic equation u; —a(æ)u.. 
+ b(mju, + olaju, Bulletin of the American Mathematical Society, vol. 
60 (1954), p. 344. 
[12] L. E. Slobodetski, “On the Cauchy problem for nonhomogeneous parabolic sys- 
tems,” Doklady Akademii Nauk SSSR (N.S), vol. 101 (1955), pp. 805- 
808. 
[13] A. N. Tychonoff, “ Theoremes d’unicite pour l’equation de la chaleur,” Mate- 
matiteskit Sbornik (N.S.), vol. 32 (1935), pp. 199-216. 
[14] D. V. Widder, “ Positive temperatures on the infinite rod,” Transactions of the: 
American Mathematical Society, vol. 55 (1944), pp. 85-95. 





[2] 





[6] 





_ 


A RELATION BETWEEN CW-COMPLEXES AND 
FREE c.s.s. GROUPS.* 


By DantEL M. Kan. 


1. Introduction. The homotopy theory of c.s.s. complexes which satisfy 
the extension condition, the homotopy theory of CW-ccmplexes, and the loop 
homotopy theory of free c.s.s. groups are equivalent ({9],[5]). While c.s.s. 
complexes are completely combinatorial, a considerable advantage of CW- com- 
plexes is the fact that a given homotopy type can often be represented by a 
very small model. For instance an n-sphere may be represented by a CW- 
complex with two cells (one in dimension 0 and one in dimension n), while 
any ¢.s.s. complex satisfying the extension condition of the same homotopy 
type contains infinitely many non-degenerate simplices in all dimensions = n. 
Of course the n-sphere may be represented by a c.s.s. complex which does 
not satisfy the extension condition containing only two non-degenerate sim- 
plices (in the dimension 0 and 7), but it can readily be seen that for a two 
cell CW-n-sphere with an (n -+ 1)-cell attached by a map of degree g this 
(i.e. representing it by a c.s.s. complex with three non-degenerate simplices 
in dimensions 0, n and n+ 1) cannot be done for q sufficiently large. 

Free ¢.s.s. groups are a fortiori c.s.s. complexes (which even satisfy 
the extension condition). However, as was remarked in [8], Remark 5.6, 
they also very much behave like CW-complexes. Like a CW-complex which is 
determined by its cells and their attaching maps, a free c.s.s. group is deter- 
mined (see $2) by a suitable subset (the elements of which are called 
generators) together with an attaching element for every generator. 

It is the purpose of this note to show that this similarity is not accidental, 
but that for every CW-complex K (with only one O-cell) one may construct 
a free c.s.s. group B which has the loop homotopy type of the loop space on 
K and which has as many generators in dimension n— 1 as K has cells in 
dimension n, and conversely. This implies that for any homotopy type equally 
small models exists among free c.s.s. groups as among CW-complexes. For 
instance if K is the above two cell CW-n-sphere with an (n + 1)-cell attached 


* Received July 15, 1958, 
512 


A RELATION BETWEEN CW-COMPLEXES AND FREE C.8.S. GROUPS. 513 


by a map of degree g, then the free c.s.s. group which has a generator « in 
dimension n — 1 and a generator 8 in dimension n with attaching element gt 
has the loop homotopy of the loop space on K. 


There are two chapters and an appendix. Chapter I contains several 
propositions which illustrate the similarity of CW-complexes and free c.s.s. 
groups, while Chapter IT deals with the exact relationship between them. In 
the Appendix, which is more or less independent of the rest of the paper, 
we consider the operations union, cone and suspension and their analogues 
for ¢.s.3. groups. 


Free use will be made of the notation and the results of [4] and [5]. 


Chapter I. Similarity of CW -complexes and free c.s.s. groups. 


2. CW-bases. The CW-behaviour of free c.s.s. groups can easiest be 
described using a special kind of bases, therefore called CW-bases. We recall 
the definition and the main properties. 


Definition 2.1. Let F be a free c.s.s. group ([5], Definition 5.1). A 
subset # C F will be called a CW-basis of F if 


(a) Fn—F NF, freely generates F, for all n = 0, 


(b) + is closed under degeneracies, i.e. o€ Fna implies ont € Fan for 
all O17, 


(c) if oF, ts non-degenerate, then oct = £r (ena = unit of Fr) 
for al (<< n. 


The non-degenerate elements of F are called generators; for a generator 
o € Fa the elements ce” € Pa will be called the attaching element of c. 


The following proposition was proved in [8], § 5. 
PROPOSITION 2.2. Every free c.s.s. group has a CW-basts. 


Tt is easily seen that a free c.s.s. group has more than one CW-basis. 
In going from one CW-basis to another, Propositions 2.5 and 2.6 belew will 
be useful. In order to formulate them we need: 


Notational convention 2.3. Let F be a c.s.s. group and let # C F be 
a set which is closed under degeneracies (Definition 2.1(b)). For every 
non-degenerate element o€ + NF, we will then denote by {4 —o} the set 
obtained from F by omitting o and all its degeneracies; and if 7€ Fap Œ F 
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is non-degenerate, then {# ++} will denote the set obtained from & by 
adding r and all its degeneracies. . 


Definition 2.4. For every integer n = 0, the n-skeleton Fr of a c.s.s. 
group F is the c.s.s. subgroup F” C F generated by Fn, 1. e. the smallest c. s. s. 
subgroup containing Fa. By the (—1)-skeleton F> we mean the c.s.s. sub- 
group generated by the element &. | 


Proposition 2.5. Let F be a CW-basis of the free c.s.s. group F. If 
cE Fn is a generator and rE F, is in subgroup generated by Fr —0o and is 
such that té = gn: for OSi<n, then {F — 0 + 7} is a CW-basis of F. 

The proof of this proposition is straightforward. 


An immediate consequence is: 


PROPOSITION 2.6. If o€ Fn is a generator and r€(F"), is such that 
Te = lna for OSi<in, then {] — 0 + or} is a CW-basis of F. 


3. Some similarities. It is clear from the definition of a CW-basis 
that a free c.s.s. group is completely determined by the generators of a CW- 
basis together with their attaching elements, just as CW-complexes ([13]} 
are determined by their cells and attaching maps. This analogy may be 
carried further. If to a CW-complex a cell is attached by two different 
attaching maps, which are homotopic, then the resulting complexes have the 
same homotopy type. A slightly stronger result holds for free c.s.s. groups: 
attaching a generator by two different attaching elements which are homotopic 
in the sense of [4], §2, yields free c.s.s. groups which are not only of the 
same homotopy type, but are even isomorphic. For the exact formulation 
we need: 


Definition 3.1. Let K be a CW-complex, L C K a subcomplex, c a cell 
of K— L and à its attaching map. Then K is said to be obtained from L 
by attaching c by the attaching map à, if K= LU c (Notation K =L Ue 
or K=LU c). 


Definition 3.2. Let F be a free c.s.s. group, À C F a c.s.s. subgroup 
and o€ F,— A, a non-degenerate n-simplex. Then F is said to be obtained 
from A by attaching o by attaching element à — ge” if there exists a CW-basis 
Q of A such that {2+} is a CW-basis of F (Notation F = A *ao or 
F=Axo). It is an immediate consequence of Proposition 2.5 that if one 
CW-basis @ of A is such that {Q +e} is a CW-basis of F, then every CW- 
basis of A has this property. 


At mami 2 
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Proposition 3.3. Let K = LU) c and M == N U, d, where dim c = dim d, 
and let f: L—N be a homeomorphism such that fok~v. Then f may be 
extended to a homotopy equivalence F: K— M. 


This well known proposition follows immediately from the definition of 
a CW-complex ([13]. We now state its analogue. 


PROPOSITION 3.4. Let F =— Á *ac and G= B *gr, where dim g = dim r 
=n, let h: A— B be an isomorphism and let p€ B, be such that p: ha~B 
([4], Definition 2. n Then h may be extended to an isomorphism h: F —> G 
such that Wo =r: pepe g>. 


Proof. The definition of the relation ~ ([4], §2) implies that 
(pu? pet) = Cpa, 0St<a, 
( pt : pey") en — ea -h a 


and hence in view of Definition 3.2 and the freeness of F there exists exactly 
one c.s.s. homomorphism h’: F—> G such that W | A =h and 


Lonel 


h'o == 7" pt: pe™ hy 


Let @ be a CW-basis of A, then F = {Q +o} is a CW-basis of F. Further- 
more {AQA +7} à a CW-basis of Œ and in view of Proposition 2.5 so is 
== {AQ + r' pt pet}. That k’ is an isomorphism now follows from 
A fact that h’ induces a one to one correspondence between the elements of 
F and those of 4. 
Another “well known” proposition on CW-complexes and its analogue 
for free c.s.s. groups are: 


Proposition 3.5. Let K == LU; c and M = N U, d, where dim c = dim d, 
and let f: L—N be a homotopy equivalence such that foA—v. Then the 
map F: KM given by F| L=—f and foos—oœa (where oe and oa denote 
the characteristic maps of c and d) ts a homotopy equivalence. 


Proposition 3.6. Let F=Ar*ac and G=B*gr, where dime = dim7, 
and let h: A->B be a loop homotopy equivalence ([5], §8 3,4) such that 
hx=ß. Then the c.s.s. homomorphism h’: F—> G given by h’| A =h and 
h’o =r is a loop homotopy equivalence. 


Proof of Proposition 3.5. Let C denote the mapping cylinder of f ({[8], 
p. 108), let 7: L—C and n: N->C be the eee and p: C—>N the 
projection and denote by 
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V: KCU, p': OUr OM 


nw: M—>CUpnor t, p':CU,.,d—M 


the continuous maps such that 


Y| L =l V o og = 0e 
w |N =n n’ O Tg =g 
P\C—=p p'O ce = oa 
p’|\C—=p p” ° oy = oa 


where ce denotes the characteristic map of c, etc. Because {(L) and n(N) 
are strong deformation retracts of C ({8]), it follows readily that V and w 
are homotopy equivalences. Clearly p” is a homotopy inverse of n’ and bence 
p” is also a homotopy equivalence. By Proposition 3.3 the identity map 
t: C—C may be extended to a homotopy equivalence 7’: CU f ->CUd and 
it is readily seen that * may be chosen in such a manner that p’~ po. 
Hence p’ is a homotopy equivalence and the proposition now follows from the 
fact that f =p oF. 


Proof of Proposition 3.6. The proof cf Proposition 3.6 is completely 
analogous to that of Proposition 3.5, using loop homotopy ([5], §§ 3,4) 
instead of homotopy and Proposition 3.4 instead of Proposition 3.3; the 
analogue of the mapping cylinder is the free c.s.s. group obtained from 
([®A)*B by identifying for every simplex ao € A 


(e + * Jim o)-1 Va) with ho. 


The details are left to the reader. 


Chapter II. Relation between CW-complexes and free c.s.s. groups. 


4, Twisting functions. In relating a CW-complex and a free c.s.s. 
group we need the following two intermediate notions. 


(a) The first Eilenberg subcomplex of the total singular complex of a 
topological space with base point ([1]). | 


(b) J. C. Moore’s notion of a twisting function, relating a c.s.s. com- 
plex and a c.s.s. group ([11]). 


We briefly recall the definition of the latter and give some of its 
properties. 
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Definition 4.1. Let 8 be a reduced c.s.s. complex (i.e. S has only one 
0-simplex) and let B be a c.s.s group. A twisting function t: S—>B then is 
a function which lowers dimension by one and is such that for every integer 
n > 0 and every simplex o € Sy 


(to) = t (cet) 0OSi1<n—l, 
(to) == t (oet) - (é(oet)"1) 
(to) nt = t (ont) 0<i<n—1, 
En = ton"). 


The notion of a twisting function is closely related with the construction 
G of [4], which assigns to a reduced c.s.s. complex 9 a free c.s.s. group GS 
which has the homotopy type of the loops on 8. We recall its definition: 
For every integer n= 0, GaS is a group which has 
(i) one generator & for every (n + 1)-simplex o € Sai, 
(ii) one relation ry”? = €en for every n-simplex r € 84. 
The face and degeneracy homomorphism are given by 
get — ve OSN 
Ge" — ge” (cet) -1 


ont = oy! 0<i<n. 


The following propositions express the close relationship between the 
construction G and twisting functions. Their proofs are straightforward. 


PROPOSITION 4.2. Let S be a reduced c.s.s. complex, let B be a c.s.s. 
group and let t: S— B be a twisting function. Then there exists one c.s.s. 
homomorphism gt: GS— B such that for every simpler o € 8 


(gt)o = to 


PROPOSITION 4.3. The function g of Proposition 4.2 sets up a one to 
one correspondence between 


(a) the twisting functions S— B, 
(b) the c.s.s. homomorphisms GS — B. 


With a twisting function ¢: §—> B one may associate ([11],[4]) a 
principal fibre bundle with S as base and B as fibre. If the total complex of 
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this bundle is contractible then following J. W. Milnor ([10],[4]) we call 
B a loop complex of S (under t). This notion of being a loop complex may 
also be defined using the construction G instead of twisting functions. For 
the case that B is free this is done in the following proposition. 


Proposition 4.4. Let S be a reduced c.s.s. complex, let B be a free 
c.s.s. group and let t: t: SB be a twisting function. Then B is a lcop 
complex complex of S under t ([4], Definition 6.3) if and only if the map 
gt: GS—> B is a loop homotopy equivalence. 


The proof of this proposition is similar to that of [5], Theorem 11.2. 


5. The main relation. In this section we shall define a relation between 
CW-complexes with one O-cell and free c.s.s. groups and state its mein 
properties. In order to simplify the argument only CW-complexes of which 
the characteristic maps of a special kind (called reduced CW-complexes) will 
be considered. 

Let A, denote an Euclidean n-simplex with vertices Ao’ - -, 4, and let 
Anu. C An be the union of all its faces except the one opposite 4,1 Then 
we define 


Definition 5.1. A CW-complex K will be called reduced if 
(a) K contains only-one 0-cell p, 


(b) for every integer n > 0 and every n-cell cE K, the characterissic 
map is a map oc: A, > such that se( An) = p. 


Definition 5.2. Let K be a reduced CW-complex, p its only 0-cell, and 
denote by S(K) the first Hilenberg subcomplex of its total singular complex 
([1]), ie. an n-simplex of S(K) is any continuous map so: Ap—> K such 
that o(A;) =p for all & Let B be a free c.s.s. group and let t: S(K) —>B 
be a twisting function (Definition 4.1). Then we will say that ¢ is regular if 


(a) the elements to, (where c runs through the cells of K— p) are 
distinct and form the generators of a CW-basis of B, 


(b) for every subcomplex L C K, 
t(S(L)) C B(L), 


where B(L)C B denotes the c.s.s. subgroup generated ([4],§5) by tae 
elements to, for which c€ L. 


An immediate consequence of this definition is: 


ee genet dos 
| à 


ni * 
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Propostrion 5.8. If t: S(K)—B is regular, then so is t|S(L): 
S(L)—>B(L) for every subcomplez LCK and in particular t| 8(K*): 
SX?) — B for all n= 0. 


The following example is a rather trivial one; in several proofs it will, 
however, be used as a starting point for induction. 


Example 5.4. Let K consist of one point, let B have only one element 
in avery dimension and let t: S(K) — B be the only such twisting function. 
Then clearly ¢ is regular. Moreover the unique map gi: GS(K)—8B ($4) 
is an isomorphism. 


The main properties of regular twisting functions may be summed up 
in the following theorems. 


THEOREM 5.5. If t: S(K)—8B is regular, then B is a loop complex 
of S(K) under t (§4 and [4],§6). I.e. there exists a principal bundle 
with basis S(K), fibre B, twisting function t and a contractible total complex. 


COROLLARY 5.6. If t: S(K) —B is regular, then for every subcamplex 
LCK, B(L) is a loop complex of S(L) under t| S(L) ; in particular Be 
ws @ loop complex of S(K") under t| S(K*) for all n= 0. 


COROLLARY 5.7. Let o be the only O-simplez of S(K). Then the 
boundary homomorphisms 


a": mi (S(K") 5b) > ria (B"" ; 60) 
of the fibre sequence associated with the principal bundle 
((S(K") 5), B=, t| S(K?)) 
([4], $$ 3,6), are isomorphisms for all i and n. 


Proof of Theorem 5.5. It suffices (Proposition 4.4) to show that the 
map gt: GS(K)-»>B is a loop homotopy equivalence. This is dane by 
induction on the cells of K. 

Order the cells of K in such a manner that dim c < dim d implies c < d 
and denote by Le C K the subcomplex consisting of all cells d with d < c. 
Let Ke== LeU c and suppose it has already been shown that g(t|S(Ka)) 
is a loop homotopy equivalence for d < c; then clearly g(¢| S(L,)) is so. 
Let Q C S(K.) be the subcomplex consisting of S(L,) and the simplex o, 
and its degeneracies and let j: Q— S(K;) be the inclusion map. Then 
(Proposition 3.6) the composition g(t | S(K.)) ° Gj: GQ— B(K,) is a loop 
homotopy equivalence. The natural map p(Le): | 8(Le)|— Le of the geo- 
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metric realization of S(L,) onto Le is a homotopy equivalence ([9]) and so is 
(Proposition 8.5) the composition p(K.)¢|j|:|Q|—K. As p(K,) is 
also a homotopy equivalence, it follows that 7 is a weak homotopy equivalence. 
[5], §11 now yields that Gj is a loop homotopy equivalence and hence so is 
g(t|S(K.)). This proves the induction step. 

In order to be able to start the induction we must show that g(t | S(K°)): 
GS(K°) — B is a loop homotopy equivalence. This is example 5.4. 

That gt is a loop homotopy equivalence now follows by induction. 


THEOREM 5.8. Lett: S(K)—>B8 be regular and let B denote the CW- 
basis of B consisting of the elements to, and their degeneracies. Then 


(a) t induces a one to one correspondence between the cells of K and 
the geneartors of B one dimension lower, 


(b) for every integer n> 0 and every n-cell cE K we have 
g-a, == Be 


where a € mn1(S(K n-1) 3) denotes the element containing the attaching 
map of the cell c and Be €mn-2(B*? 5 6) is the element containing the attaching ` 
element (to,)e** of the corresponding generator to, of @B. 


Proof. Part (a) is a restatement of definition 5.2(a), while part (b) 
follows immediately from the facts that the attaching map of c is homotopic 
with oe"? and that t(o,e"") == (toce) and from the definition of the 
boundary homomorphism 8-1 ([4],§38). | 


Remark 5.9. The definition of a regular twisting function could be 
slightly weakened by replacing condition 5.2(b) by 


(b’) t(S(K")) C B for all n=0. 


In this case the second half of Proposition 5.3, Theorem 5.5, the second 
half of Corollary 5.7 and Theorem 5.8 remain true. 


6. Existence theorems. It will be shown that every reduced CW-com- 
plex is related to a free c.s.s. group by a regular twisting function and 
conversely. In order to prove this we need the following theorem which shows 
how, starting from a CW-complex and free c.s.s. group which are related, 
one may obtain another such pair. 


THEOREM 6.1. Let K=—LU,c be a reduced CW-complex and let 
B==C#ag be a free c.s.s. group, where dimc—1<+dimo-=n"n. Let 
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s: S(L)—C be a regular twisting function and suppose that PHA} = {a}, 
1. e. there exists an element p€ Ch such that p: s(acc”*) ~a ([4], Definition 
2.2). Then there exists a twisting function t: S(K)—-B such that 


(ai is regular, 
(bi ¢/S(L) =s, 
( ci to, =m ge pr" . pe? g., 


Proof. Let Q C S(K) be the subcomplex consisting of S(L) and se 
and its degeneracies. Then (see the proof of Theorem 5.5) the inclusion 
map j: Q@—S(K) induces a loop homotopy equivalence Gj: GQ— GS (E). 
Similarly for every subcomplex M C K the intersection GjMGS(M): 
GQ N GS (M) — G8(M) is a loop homotopy equivalence and iterated applica- 
tion of the loop homotopy extension theorem ([7],§6) yields the existence 
of a loop homotopy inverse A: GS(K)— GQ of Gj such that 


(i) h| GQ is the identity, 
(ii) A(GS(M))C GS(M) for every subcomplex M C K. 


As p: S(oe1) ~a it follows by application of Propositions 8.4 and 8.6 
that the map gs: GS(L)—C may be extended to a loop homotopy equiva- 
lence k: GQ->B such that kr, =o: p: py". Let t: GS(K)—8B be 
the unique twisting function (Proposition 4.3) such that gf—kohk. A 
straightforward computation then yields that ¢ has all the desired properties. 


THEOREM 6.2. For every reduced CW-comolez K there exist a free 
c.s.s. group B and a regular twisting function t: S(K) — B. 


The proof of Theorem 6.2 is similar to that of Theorem 6.3; induction 
is used on the cells of K as in the proof of Theorem 5.5. The details are 
left to the reader. 


THEOREM 6.3. For every free c.s.s. group B there exist.a reduced CW- 
complex K and a regular twisting function t: S(K)—->B. 


Proof. Let 8 be a CW-basis of B. The proof then goes by induction 
on the generators of B. Order the generators of B in such a manner that 
dim s < dimr implies o <r, let Co C B be the C. S. S. subgroup generated 
by the generators 7 for which 7 < o and let Bo = Co*o. Suppose for all - < s 
a reduced CW-complex K, and a regular twisting function tr: S (K7) —> Br 
have already been defined such that for r< p 0, K, is a subcomplex of 
Kp and tr —tp|S(K;). Let He UR and fom a: then clearly sc: 

FT TE 
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S(Lc) > Co is regular. If Be==Cov*ac, dimo==n—1, define Ko by 
Ko = Lo U.C, i.e. by attacking a cell c to Lo, where dimc=n and its 
_ attaching map A is such that @""{A}— {a}. This is possible in view of 
Corollary 5.7. Theorem 6.1 now yields an extension ts: S( Kc) — Bo of So 
which is regular. This proves the induction step. The theorem now follows 
by induction starting from Example 5.4. 


7. Homotopy uniqueness theorems. The question in how far a related 
CW-complex and free c.s.s. group determine each other will be answered in 
Theorems. 7.1 and 7.2 below. Two CW-complexes related to the same free 
c. s.s. group are clearly of the same homotopy type, but the other way around 
a slightly stronger statement may be made: two free c.s.s. groups related to 
the same CW-complex are not only of the same loop homotopy type, but 
are even isomorphic. 

We now give the exact formulation. 


THEOREM 7.1. Lett: E(K) —B and s: S(L) —C be regular twisting | 
functions. Then for every continuous map f: K— L there exist c.s.s. homa- 
morphisms a: B->C such that diagram 7.la is commutatwe up to a loop 
homotopy; any two such maps are loop homotopic. And for every c.s.s. map 
a: B—C there exist continuous maps f: E L such that diagram 1%. 1a ts 
commutative up to a loop homotopy; any two such maps are homotopic. 


GS(f) 
GS (K) —————> GS (L) 
14 gi gs 
a 


TEEOREM 7.2. Lett: S(K) — B and s: (K) >C be regular twisting 
functions. Then there exist isomorphisms f: B— C such that diagram 7%. 2a 
ws commutative up to a loop homotopy. Any two such isomorphisms are loop 
homotopic. 


GS (I) 


7 N 
(7. 2a) V4 + 
Z f 
| B——_——— 0 


. Remark 7.3. If the definition of a regular twisting function is weakened 
as in Remark 5.9, then Theorems 6.1, 6.2, 6.8, 7.1 and 7.2 remain true. 
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Proof of Theorem 7.1. The second half of the theorem follows imme- 
diately from the fact that gs and gt are loop homotopy equivalences (Proposi- 
tion 4.4 and Theorem 5.5), while the first half is a consequence cf [5], 
$89 and 11. | 


. For the proof of Theorem 7.2 we need: 


Proposition 7.4. Let t: S(K)—B and s: S(K) —C be regular, let 
K=LUe and let f(L): B(L)—C(L) be an isomorphism such that the 
following diagram is commutatwe up to a loop homotopy 


GSE) 
(7. 4a) g( | S(L)) g(s | S(L)) 
F(Z) ` 
BL) ———--——> C(L) 


Then f(L) may be extended to an isomorphism f: B->C such that diagram 
%. Ra ws commutative up to a loop homotopy. 


Proof of Theorem 7.2. The second half of the theorem follows imme- 
diately from the fact that gs and gt are loop homotopy equivalences (Proposi- 
tion 4.4 and Theorem 5.5). The proof of the first half goes by induction 
on the cells of K as in the proof of Theorem 5.5, starting from Example 5. 4. 

For every cell c€ K let Ke Lo C K be as in the proof of Theorem 5.5 
and suppose that for every cell e < ¢ an isomorphism f(K,): B(K.) > C(K.) 
has already been defined such that diagram 7%.4a, with Ke instead of L, is 
commutative up to a loop homotopy and such that for e<d<c, f(K.) 
== f(Kı)| B(K,). Let f(L) = Ut (Ke) then clearly f(Z.): B(L,.) >C(Z,) 


is an isomorphism such that diagram 7.4a, with L, instead of L, is commu- 
tative up to a loop homotopy. Proposition 7.4 yields an extension f(K,) of 
f(Z,) which is an isomorphism and is such that diagram 7.4a, with Ke 
instead of L, is commutative up to a loop homology, which proves the 
induction. step. 


Proof of Proposition 7.4. Let Q C SCK) be as in the proof of Theorem 
6.1. Then the injection Gj: GQ— GS(K) is a loop homotopy equivalence 
and hence it suffices to show that f(L) may be extended to an isomorphism 
f: B—C such that the following diagram is commutative up to a loop 
homotopy. 
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GQ 
14 \ ei 
f 


Be» () 
Let h(L) : I GS(L) —C(L) be a loop homotopy 


h(L): g(s| S(L)) ~ (F(Z) og(t| 8(2))), 
then by the loop homotopy extension theorem ([7], §6) A(L) may be extended 
to a loop homotopy h: g(s|Q)~k. A straightforward computation, using 
Proposition 2.5, shows that h amy be chosen such that C-—C(L) * ke, 
As B == B(L) * to, and 


FL) ((toc)e™*) =f (L) (E (00) ) = (F(L) ogt) ace = k (ace) 
it follows (Proposition 3.4) that j(L) admits an extension to an isomor- 
phism f: B—>C such that f(to.) — ka. The proposition now follows from 
the fact that k—=fog(t|@) and k~g(s| Q). 


Appendix. 


8. Union and free product. It will be shown (Theorems 8.1 and 8.3) 
that the free product of two c.s.s. groups is the analogue of the notion of 
union, with the base points identified, for CW-complxes or c.s.s. complexes. 

For two reduced CW-complexes K and K’ let KVK’ denote their union 
_ with identification of the 0-cels and let B +B’ denote the free product of the 
e.s.s. groups B and B’. Then we have 


THEOREM 8.1. For any two regular twisting functions t: S(K) — B 
and YV: S(K’) —> B’, there exists a regular twisting function 
s: (KNE) B+P. 
Proof. This follows immediately from Theorem 6.1 using induction on 
the cells of K or on those of K. 


. For two reduced c.s.s. complexes S and & let 9 V8’ denote their union 
- with identification of the 0-simplices and their degeneracies. Then ([4], 
Corollary 20.2) 
THEOREM 8.2. If S and X are reduced c.s.s. complexes, then 


G(S VS’) = GS» GS’ 
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The analogue of Theorem 8.1 for c.s.s. complexes then is: 


THEOREM 8.3. Let the free c.s.s. groups B and B’ be loop complexes 
({4],§6) of the reduced c.s.s. complexes S and S’ under the twisting 
functions t and Y respectively. Then BB’ is a loop complex of S VS 
under the twisting function t”: SVS’ —> BB’ given by 


lo = ta, € 8, Wa = Vo, o € 8’, 


Proof. By Proposition 4.4 gt and gt’ are loop homotopy equivalences, 
and so is ([6], Theorem 5.3) the map gi*gi’: GS*GH’—>B«B’, The 
theorem now follows from Theorem 8.2, Proposition 4.4 and the fact that 
gt” = gt gt’. 


9, The cone. A construction C will be described which assigns to a 
free c.s.s. group B a free c.s.s. group CB and it will be shown that this 
construction is the analogue of the reduced cone constructions for CW-com- 
plexes and c.s.s. complexes. This construction resembles the construction 
W of Hilenberg-MacLane ([12]); it uses free products instead of dircet 
products. 


Definition 9.1. The cone CB of ac.s.s. group B is the c.s.s. group 
defined as follows. For every integer n = 0 
C,B = By * Bas: © k Bo. 
For every integer k= 0 and every element o€ B, let (k,e) € CnB denote 
the image of o under the injection B,— CnB. The face and degeneracy 


homomorphisms ef: C,B->C,1B and nt: Cr — CB then are given ky the 
formulas 


(k, o) == (k, o), (k, o)y = (k, ont*), t= k 
(k, o) == (k— 1,0), (k, o)’ = (k +1,0), tk. 


Similarly for a c.s.s. homomorphism f: B—> B’ we define a c.s.s. homo- 
morphism Cf: CB— CB’ by 


Cf (k, a) sae: (k, fe) 


PROPOSITION 9.2. If B is a free c.s.s. group, then so is CB. 


(9. 1a) 


Proof. Let B be a basis of B ([8], Definition 2.1) and let Q Z CB 
consist of the elements (0,0) and (1,09) and their degeneracies, where o 
runs through the generators of @. It then follows easily from Definition 9.1 
that @ is a basis of CB. 
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For a reduced CW-complex K denote by CK the reduced cone of K, i.e. 
the complex obtained from I X K by shrinking to a point of the subcomplex 
(1x K)U (IXE). CK may of course be supposed to be reduced. Then 
we have 


THEOREM 9.3. For every regular twisting function t: § (K } — B there 
exists a regular twisting function Y: S(CK) — CB. 


This is proved by induction on the cells of CK, using snegren 6.1. 
The details are left to the reader. 
We recall a definition of reduced cone for c.s.s. complexes 


Definition 9.4. Let S be a reduced c.s.s. complex and ¢ its only 
0-simplex. The reduced cone of S is the c.s.s. complex CS defined as follows. 
For every integer n = 0 the'n-simplices of CS are the pairs (k,o), where 
k= 0 is an integer and o€ 8,4 is a simplex, identifying (k, dy: - pk) 
with (7,¢). The face and degeneracy operators are determined by the 
formulas 9. la. 


A simple computation yields 
THEOREM 9.5. Let S be a reduced c.s.s. complex. Then the c.s.s. 
homomorphism h: GCS—CGS given by 
h(k, o) = (ko) o € 8, 
ws an womorphism. 
And of course we have 


THEOREM 9.6. For every c.s.s. group B, CB ts contractible. 


` Proof. The formulas 9.1a imply that the function d: CB->CB given 
by d(k,o) ==(k+ 1,0) is a contracting homotopy, i.e. (dr)et == d (ret) for 
a> 0 and (dr) =r. From this it readily follows that CB is contractible. 


10. The suspension. By “collapsing” the cone construction C of 9.1 
new construction C may be obtained which is the analogue of the reduced 
suspension. ‘This construction resembles the W-construction of Hilenberg- 
MacLane ([12]). 


Definition 10.1. The suspension CB of a c.s.s. group B is the c.s.s. 
group obtained from CB by adding for every integer n = 0 and every simplex 
o€ B, a relation (0,0) = en. This clearly implies 


C,B = Bra * Byo t> 7 By 
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For a c.s.s. homomorphism f: B— B’, Cf: CB-> CB’ will denote the c.s.s. 
homomorphism induced by Cf: CB -> CB’. 


Frovosrrion 10.2. If Bis a free c.s.s. group, then so is CB. 


The proof is similar to that of Proposition 9.2. 

For a reduced CW-complex K denote by OK the reduced suspension of 
K, i.e. the complex obtained from I X K by shrinking to a point the sub- 
complex (0X K)U (1X K)U (I dus CK may of course be supposed 
to be reduced. Then 


THEOREM 10.3. For every regular twisting function t: S(K) —> B there 
exists a regular twisting function Y: S(CK) — CB. 


This is proved by induction on the cells of CK, using Theorem 6.1. 
The details are left to the reader. 

We recall a definition of reduced suspension for c.s.s. complexes. The 
definition differs from the one given in [4], § 22; the first face and degeneracy 
operators play a special role instead of the last (see remark at the end of 


[4],§1). 


Definition 10.4. Let S be a reduced c.s.s, complex and ¢ its only 0- 
simplex. The reduced suspension of S is the c.s.s. complex OS obtained from 
the reduced cone CS (Definition 9.4) by identifying for every integer n > 0 
aud every simplex o€ S, 


(0,0) with (n,¢) 
‘An immediate consequence of Theorem 9.5 then is 


THEOREM 10.5. Let S be a reduced c.s.s. complex. Then the c.s.s. 
homomorphism h: GOS—>OGS given by 


h(k, o) a (k, T) 





ws an isomorphism. 
Finally we have 


THEOREM 10.6. Let the free c.s.s. group B be a loop complex of the 
reduced c.s.s. complex S under a twisting function t. Then OB is a loop 
complex of CS. 


Proof. It follows from Proposition 4.4 that gi: GS—B is a loop 
homotopy equivalence and from Theorem 9.6 that C(gt): CGS— CB is so. 
Consequently ([7], Theorem 5.3) their abelianizations gt/[gt,gi] and 
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C{gt}/[C (gt), C (gt)] are homotopy equivalences. Let 7: B— CB be the 
c.s.s. monomorphism given by 7s = (0,0) ror all o€ B. Then 


(CB/[CB, CB])/(j(B)/lj(B), 9(B)]) = CB/[CB, CB]. 


A similar relation holds for GS and it follows by application of the five 
lemmas ([2,], p. 16) that C(gt)/[C(gt), C(gt)] is also a homotopy equiva- 
lence. CGS and CB are connected and hence ([6], Theorem 6.1) the map 
C(gt): CGS— CB is a loop homotopy equivalence and the theorem now 
follows by application of Theorem 10.5 and Proposition 4. 4. 
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HARMONIC INTEGRALS ON FOLIATED MANIFOLDS.* 


By Bruce L. REINHART. 


In the paper [5], we considered harmonic integrals on local product 
manifclds, that is, manifolds having two families of submanifolds in com- 
plementary dimensions, such that locally they look like the product of two 
euclidean spaces. The metric was assumed to be such that this local product 
could be taken in the sense of Riemannian manifolds. The results obtained 
were such as to suggest that analogous theorems could be proved if we 
assumed only one family of submanifolds, with a suitable choice of metric. 
This is indeed the case. We shall show in $ 4 that on compact manifolds, the 
cohomology of base-like differential forms (defined in $ 2) is isomorphic to the 
harmonic space of a certain semi-definite Laplacian (defined in $3). The 
metric is assumed to be bundle-like in the sense of [6]; that paper may be 
referred to for examples of foliated manifolds possessing such a metric. In 
§5, we discuss the meaning of our harmonic integral theorem for these 
examples. 


i. Definitions. By a manifold M, we mean a C” differentiable mani- 
fold; topologically, it is a connected, orientable, separable, locally euclidean © 
Hausdorff space. We shall assume given on M (of dimension n) a C* com- 
pletely integrable q form @, that is, a locally decomposable, non-zero g form 
such tkat locally d® is a multiple of © [6]. A manifold with such a form 
will be called a foliated manifold. We shall also assume given a locally 
decomposable p (—n—-g) form © such that QA © is never zero. (The 
existence of such an Q follows from the existence of © [6]. Since Q does 
not occur in the final theorem, the fact that it is not unique does not matter). . 
Given such a ©, we can find about each point a coordinate neighborhood with 
coordinates (zt, > +, 2P, y1," --,y%) such that 


ON RSR al, 
(ii) The integral manifolds of © are given locally by y= cœ, : - 


yi == c% for constants c% satisfying | œe | <1. 


* Received July 16, 1958. 
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(Here and hereafter, Latin indices run from 1 to p, and Greek indices from 
1 to g.) Such a coordinate neighborhood will be called flat, while each of 
the slices given by a set of equations y*==c% will be called a plaque. If 7 
is a flat neighborhood, the quotient space of U by its plaques will be called 
the local base and be denoted by U,. The natural projection w: U —> U; 
will be called the local projection. 

Since Q is locally decomposable, we may assume [6] that there exist 
in U differential forms «t and vectors va such that: 


(i) Q=atA---Ao? in U, 


(ii) {ot,: + +, oP, dyt, > +, dyt} and {0/da7,- + >, 0/022, V1," - +, Ug} are 
dual bases for the cotangent and tangent spaces respectively at each point of 
U. Hence, wt == dz? + $, aatdy® and va == 8/04" + X batt /ddz*. 


Throughout this paper, all local expressions for differential forms and vectors 
will be taken with respect to these bases. 


2. Base-like cohomology. Our aim in this paragraph is to compute 
the special properties of the exterior derivative which hold for a foliated 
manifold, and to show how they may be applied to define a notion of base- 
like cohomology groups. These properties arise from the decomposition 
of differential forms into components in the following way: Any m form may 
be expressed locally as | 

È Piz hoya, (2, y)o% As + -Awtr Ady# A: - + Ady™, 


Soe Er THEM 
Oy he 


We then define I. to be the sum of all those terms having a fixed r and s. 
Since under change of flat coordinate system, {{dy%}} goes into {{dy**}} 
and {{wt}} goes into {{w**}}, this concept is independent of the choice of . 
coordinate system. Here by {{af}} we mean the vector space generated by the 
elements a’, IL. is called the component cf type (r,s) of & (This notion 
is defined intrinsically in [4]). The type decomposition of differential 
forms induces a type decomposition of the exterior derivative d by the rule 
(Wud) D = Srst sw rab. Let Mod =d and Wod = d4”. In general, 
there will be a component IL,.d; since we are interested only in forms of 
type (0,s), we shall not introduce a notation for this component. - 


Prorosrrion 1. If is of type (0,8), then dọ = d'h- d"d. More- 
over, d'h =O if and only tf à depends only upon y, in the sense that locally 
$ == È pa- a, (Y) dy A> > “Ady. 
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Proof. Any ¢ of type (0,8) has the local expression 
$ = È haya, (2, Y) dy A: “Ady. 


Hence 


dé = D (pa, 04/008) vt A dy% A > - A dy® 
+ E (fpa, a,/0Y" — dat Ipa,- a,/02t) dy® A dy A- > + Ad 


where wi and aa? have the same meaning as in §1, o= dz'-+-agidy*. The 
desired type decomposition is immediately obvious. Furthermore, d'= 0 
if and only if for every set of indices {a,- ` +, Os i}, Oba,--a,/02*== 0. Since 
we assume that all forms considered are of class C”, this proves the proposition. 


Definition. A form of type (0,s) which is annihilated by d’ will be 
called a base-like form. 


Let A” be the vector space of global differential forms which satisfy the 
conditions of Proposition 1; A” = X A”*, where A’’* consists of forms of type 
(0,s). Restricted to A”, d” == d?=<0, so we may consider the cohomology 
of A” under d”. Call the groups H”: so defined the base-like cohomology 
groups of M. We shall show that in the situation of a bundle-like metric on 
a compact manifold, these groups are finite dimensional and satisfy the usual 
duality relations. 


Given any orientable differentiable manifold, we can always choose coordi- 
nate systems so that the Jacobians of the coordinate changes in overlapping 
neighborhoods are identically equal to 1. A generalization of this tact is 
essential in what follows. 


PROPOSITION 2. Given any foliated manifold covered by flat neighbor- 
hoods U, with coordinates (z, > <, £P, Yr," - - ,y,1), we can rechoose co- 
ordinates so that the partial Jacobians Jy, = (0x,°/0x,) are identically 1, 
provided that they are all positive. 


Proof. Consider the sheaf of germs of positive real valued functions, 
defined by exponentiating the sheaf of germs of real valued functions. This 
is a fine sheaf since the exponential map is an isomorphism. {Ja} is a 
1-cocycle with coefficients in this sheaf; hence, we can choose functions J, 
in U, such that J,,—J,/J». Introduce new coordinates by the formulas: 


Ty 
Zi f J y(t, zy, i “EP, Yy’ ` *, 4,2) dt, 


X r == Ty, t—=2,° . ‘oD; 
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& ——_ *. + L1 
y= Yy =Í, » q- 


Then (0X,/0X JT, Jr 1/Jy= 1. 


3. The Laplacian for base-like forms. We wish to define a Laplacian 
operator which will map the set of base-like forms into itself; this may be 
thought of as a Laplacian in the variables y. For this to be possible, we need 
to assume the existence of a bundle-like metric. 


Definition. A Riemannian metric is bundle-like if and only if it is 
representable in each flat neighborhood by an expression of the form 


ds? = F, gy (2, y aol + È gape (y) dy*dy?. 


In this definition, the essential restriction is that on the coefficients gag; if 
these were allowed to depend on all variables, a metric could always be found 
satisfying the definition [5]. 
The tensor À gag(y)dy*dy® defines a duality operation on the base-like 
forms by the formula 
CPD ) cay cee = eB Bray tae 
Pak <Bs 
(det (gap) )aghs- < ges, 


Then, in analogy with the ordinary case, we define 
e= (— 1) grg 
where ¢ is a base-like form of degree s, and 
A” == 478" tO”, 


We wish to introduce a measure on M in such a way that A” is self-adjoint 
in the Hilbert space of square integrable base-like forms. For this, Proposi- 
tion 2 is the chief tool. Let dV” = (det(gag) )3dy* A- - -Adyt be the base- 
like volume element. In the coordinate neighborhood U,, we may consider 
the form dt, A: :-Adz?. Under coordinate changes, if we choose the 
neighborhoods as in Proposition 2, this goes into dz ^N: - < Adz, + terms 
involving the dy,*. Taking the exterior product with dV”, the latter terms 
drop out and we find that dV — dV” A dat A- - -A dx? is a well-defined differ- 
ential form giving a volume element on M. This in turn defines an inner 
product on base-like forms by the formula 


($, y) = IRAN - + A dae. 
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We next need to derive the formulas covering adjointness on a compact 
manifold. For this purpose, we recall that d” restricted to base-like forms is 
the same as d restricted to base-like forms. Hence, for ¢ a base-like form 
and y a base-like s form, both of C”, we have 


= f d($ AY Adat: > eda?) =f a’ (p A4) Ada N + Ada 


=Í d'o A *”’y Nde Ac: Nave f p hey AN dx Ne: ‘A da, 
M M 


which means (dp, y) == (¢,8’y) for all base-like forms of arbitrary degree. 
It is clear that then (A”¢, 4) = (p, Ay) for all base-like forms. If we 
complete in the given norm to get a Hilbert space, then the technique of 
Gaffney [2] enables us to show that if we take the closures of d” and 8’ 
and denote them by the same symbols, then A” = d”’5” + 8d” is a positive 
self-adjoint operator. 


4. Green’s operator. In this paragraph, we shall assume that M is 
compact and show how the techniques of [5] can be modified to show the 
existence on the Hilbert space of base-like differential forms of a bounded 
self-adjoint operator G” such the A” G” = pb — Hp and G’H”¢ = 0, where 
H” is the projection of $ onto the kernel of the closed operator A”. The 
concept of coherent sheaf introduced there is not needed here; we merely 
restric; our attention to base-like forms. All symbols ” of that paper become ” 
here, and the role of the variables z and y is interchanged. In the paper [5], 
much use is made of the fact that a torsionless almost product metric induces 
a product measure on local product neighborhoods; moreover, these neighbor- 
hoods may be chosen with orthonormal coordinates. In this paper, we use 
instead a finite covering of M by neighborhoods such that the Jacobian in x 
is idertically 1. At any point, we can choose a subneighborhood of one of 
the giren neighborhoods which is orthonormal in y and has all y =Q at the 
given point; this can be done without changing the variables z Then the 
form dV” induces a product measure on each such neighborhood, and the 
subneizhborhoods may be used in the proof of the (purely local) differen- 
tiability lemma, the only place where the orthonormal coordinate system is 
used [5, Theorem 6.2]. We thus derive the main theorem of this paper. 
Because of the restriction in Proposition 2, we need the concept of orisntable 
foliation. 


Definition. A foliation will be said to be orientable if a covering by flat 
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coordinate neighborhoods can be chosen so that (6x,'/@z,/) > 0 in each inter- 
section of two of them. 


THEOREM. Let M be a compact manifold with orientable foliation and 
bundle-like metric. Then there is defined on the Hilbert space of base-like 
forms on M a bounded symmetric overator G” such that 


aag = GA" =p —H"d, 

G" H's = HG" =0, 

d'a’ p= Gb, Bh hp = GE'S. 
Moreover, the kernel of A” is finite dimensional. 


Proof. The theorem is proved by the techniques used in proving Theorem 
6.3 and Lemma 6.4 of [5], including therefore all the preceding parts of § 6. 
The modifications mentioned above are understood to be made throughout. 

Let b#(y) be the dimension of the cohomology group of base-like forms 
of degree s on M. 


COROLLARY. bs#(y) is finite, and be (y) =b! (y). 


Proof. This follows by standard techniques. Indeed, d” = 0 implies 
that ġ = d'8 Gp + Hd, so is cohomologous to its harmonic part. If 
H” = d'y, then (Hd, H” p) = (H”¢, dy) = (8 H” p, y) =0; hence each 
cohomology class contains just one harmonic form. Thus, the cohomology 
groups are additively isomorphic to the kernel of A”. The finiteness of b! (y) 
follows immediately, while the equation *” H” == H”*” b implies the desired 
duality property. 


5. Examples. We shall conclude the paper by showing how the theory 
just developed applies to some examples of foliated manifolds with bundle- 
like metrics. For notation, and proof that these examples satisfy the defi- 
nition, see [6]. | 

The first case to be considered is that of a fibre space (M,r,B). Here 
M is foliated by the subsets 7 1(b) for b € B; assume these fibres are connected. 


PROPOSITION 3. is base-like on M if and only tf 6—=-x* (do) for some 
do on B, where xë is the map on differential forms induced by the projection r. 


Proof. Suppose first that ¢==2*(¢o), where o is an s form. By the 
local triviality, we see that ¢ must be of type (0,s). Moreover, its value is 
independent of the point along a given fibre; hence, locally the coefficients 
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depenc only upon y. Conversely, let f: U —> M be a local cross-section, where 
U is a contractible euclidean neighborhood in B. Then ġo = f*(ẹ |f(U)) is 
a form on U independent of f. Moreover, it clearly has the property that 
m” (doi ==. ġo is clearly independent of the choice of flat coordinate system 
in M and corresponding coordinate system in B. This proves the proposition. 

Interpreting the theorem for the case of fibre spaces, we see that it is 
essentially nothing but the usual Hodges’ theorem for B; the only difference 
lies in that all computations may be carried out in M without referring to 
B explicitly. 

The next example of interest is that of the foliation of M by orbits of a 
group of isometries H, under the assumption that all of these orbits are of 
the same dimension. If X is an element of the Lie algebra of H, it induces 
a vector field X on M which is everywhere tangent to the orbits of H; in 
fact, the set of all X, generates the tangent space to the orbit thropgh each 
point. Let 2(X;,.) denote the operation of contraction by X. Then Koszul 
[3] has defined the notion of forme basique; it is a differential form on M 
which satisfies the two conditions: 


(i) 7(X,.)(¢) —0 for all X in the Lie algebra of H. 
(ii) ha(p) —¢@ for all he H. 


PROPOSITION 4. Let the connected Lie-group H act on M as a group 
f isometries with all orbits of the same dimension. Then > is base-like if 
$ only if (i) and (ii) hold. 

Froof. Suppose (i) and (ii) hold, and look at & in a flat coordinate 
system. Since {X,,} generates the same space as {6/z*}, (i) implies that ¢ 
is expressible in terms of dy alone. By (ii), its value is independent of the 
point on the orbit, that is, of v. Thus, ¢ is base-like. Conversely, if œ is 
base-like, it clearly satisfies (i). Moreover, for h near the identity, (ii) may 
be proved by looking at a local coordinate system. To prove it for distant h, 
join them by a path, which may be covered by a finite number of translates 
of a suitable neighborhood of the identity. Since H is connected, the theorem 
is proved. 

As our example, consider the unit tangent bundle M to a V-manifold B 
with isolated singularities; this is a sort of singular fibre space, in which the 
fibres are spheres except over the singular points, where they are spherical 
space forms. Let (Ua, Ge, ya) be a local uniformizing structure in B; then 
a differential form y on Ua=na(Ua) is defined as a form on U which is 
invariant by Ge. It is clear that r“*(y), defined on r*(Ua), is base-like 
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(by the same argument as in Proposition 3) and invariant by Ga- The proof. .. 
of Proposition 8 may then be generalized to prove the following 


Proposition 5. Let M be the unit tangent bundle of the VY manifold B 
with isolated singularities. Then the base-like forms of M are need those 
induced from B by the projection mapping: 


It follows, just as in the fibre space case, that Hodge’s horem holds 
for B. This is a special case of the theorem of Baily [1] for arb&rary compact 
V-manifolds. 
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ON THE INDEPENDENCE OF THE AXIOM OF 
| CONSTRUCTIBILITY.#: 


By J. R. SHOENFIELD. 


T 


Ix [2], Gödel has shown that the Axiom of Choice and the Generalized 
Continuum Hypothesis are consegences of a more general axiom. This axiom, 
which we call the Axiom of Constructibility, states that every set is con- 
structible (in the notation of [2], V = L). 

It is natural to ask if the Axiom of Constructibility follows frem the 
Axiom of Choice and the Generalized Continuum Hypothesis. A difficulty 
in answering this question is that the independence of the Axiom of Con- 
structibility from the axioms of set theory (i.e., the axioms A—D of [2]) 
-has not been settled. This suggests we try to prove the following relative 
independence statement: if the Axiom of Constructibility is not provable from 
axioms A—D, then it is not provable from axioms A— D, the Axiom of 
Choice, and the Generalized Continuum Hypothesis. 


The object of this paper is to prove two results which are slightly weaker 
than the statement just mentioned.? We first introduce weakened forms of 
the Generalized Continuum Hypothesis and the Axiom of Constructibility. 


GOH’: There is an ordinal œ, such that 25a = Na, for a = a. 
ACon’: Every set of integers is constructible. 


THEOREM 1. If the Axiom of Constructibility is not provable from 
axioms A—D, then it is not Le from axioms A — D, the Axiom of 
Choice, and GCH”. 


THEOREM 2. If ACon’ ts not provable from axioms A —C, then it is 


* Received March 17, 1958. 

1 Presented to the Summer Institute of Symbolic Logic in 1957 at Cornell University. 
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2 The possibility of proving Theorem 2 by the methods of this article was noted some 
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not provable from axioms A—D, the Axiom of Choice, and the Generalized 
Continuum Hypothesis (and hence the Axiom of Constructibility is not 
provable from these axioms). 


We now give the proof of Theorem 1. Assume the hypothesis of the 
theorem. Then axioms 4 — D and the axiom V £L form a consistent set. 
From axiom D and V=4 L, it follows that there is a set s€ F — L such that 
ce N(V— L) —0, i.e, such that x CL. Hence it is consistent with axioms 
À — D to introduce a new individual constant ‘a’ and the axioms: 


(1) MN (a) 
@) | afL 
(3) | _aCL. | 


We now introduce the set operations $1—%s of 9.1 (all decimal refer- 
ences are to [2]), and a ninth operation: 


% (XY) =and. 


We then introduce all the definitions of Chapter V of [2], with $,— as 
replaced by $:—S%+. (In particular, we replace ‘9’ by ‘10’ in 9.2 and 
9.21.) We designate the so defined concepts by the ane used in [2] 
followed by an asterisk; e.g., L*, constructible”. 


Now we introduce a model A*‘as follows: class is interpreted “as” con- 
structible* class; set is interpreted as constructible” set; membership is inter- 
preted as membership; and a is interpreted as a. ; 


The results of Chapters 5-7 of [2] hold also for the model A*. For the 
only place in which the operations %:-—%, are considered individually is in 
the proof of 9.5; and this is easily extended to include o, since %o({xy) C z. 
Hence we obtain: A* is a model for axioms A — D, and L is absolute*. 

If we relativize the theorem £ C Y to the model A*, we obtain L C L*. 
Hence by (3), e C L*. By the analogue of 9.68, it follows that a C x for 
some æE L*. Since a= F(z, x), we have a€ L*, which is the relativization . 
of (1) to A*. Since (2) and (3) are absolute*, A* is a model for (1)-(3). 
Noting that % is absolute”, we prove as in Chapter 7 of [2] that L* is 
absolute*, and hence that the relativization of V = L* to AY is L* = D*. 
Hence A* is a model for V == L*. This proves: 


Lemma. If V=L is not provable from axioms A—D, the axioms 
A— D, (1)-(8), and V =L* are consistent. 
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Theorem 1 will follow from the lemma if we show A — D, (1)-(3), and 
V = L* imply the Axiom of Choice and GCH’. For the Axiom of Choice, 
this is immediate (see [2], page 53). To prove GOH’, choose a so that the — 
order* of every element of a is < Na, We then proceed as in Chapter VIII 
of [2]. The proofs of 12.4, 12.5, and 12. 51 are unchanged. We modify 
12.6 by adding the hypothesis that m and m’ include Na, In the proof of 
12.6, 16 is necessary to add a further case to the cases on page 60. ‘The 
result nseded is: : 


FY g CaN F* BeF g Can F* <p’. 
In view of the induction hypothesis I, this will follow from: 
F* ‘gE ase F* g Ea. 


' By symmetry, it is sufficient to show that F*‘a€ a implies F*‘o’€a. Let 
y be the order* of F*‘a, Then y < Na, Since m and m’ include Ne, and 
G is an order isomorphism, y —y. Hence, using induction hypothesis II 
and nozing y=a<m we have P* ‘a= F* Sy == F* Yy = F* ‘a’; whence 
P* Ea. 

We then prove as in [2] that 12.6 implies 12.3, provided that in 12.3 
we require m and o to include No, This form of 12.3 implies 12.2 whenever 
@=a. For in the proof of 12.2 from 12.3, m is chosen so that wa, C wa Cm; 
and o is an ordinal such that 0==we, so that wa, C wa Co. Finally, 12.2 
for «a = % implies GCH’ as in [2]. This completes the proof of Theorem 1. 

Theorem 2 is proved similarly. We first observe that axiom D is not 
required in the consistency proof of [2]. (The uses of axiom D in proving 
M1 on page 10 are easily eliminated. The development of ordinals without 
use of axiom D is explained, e.g., in [8]). 

_ We now proceed as in the proof of Theorem 1. From the consistency 
of the negation of ACon’ with À — D, we obtain the consistency of (1), (2), 
and: | 
(3) | a Co. 


Clearly (3’) implies (8). In the proof of the lemma, we need only make 
the additional observation that (3’) is absolute*. (This is proved bv the 
methods of Chapter VII of [2].) In the last part of the proof, we need 
only observe that we may take & —0; for, as is easily proved, the order” 
of every integer is finite. | 


It remains to prove V = L* implies axiom D. Let A be a non-empty 
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constructible“ class, and let x be the element of A having the smallest order”. 
_ Then Et(x, A) by 9.5. i 

We note that axiom D apparently cannot be omitted from the iypaiai 
of Theorem 1. For since axiom D is known to be independent of axioms 
A—C ([1]), and since V =L ee axiom D (as ay V=L is 
independent of axioms 4 —C. 
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IMAGES OF PLANE CONTINUA.* 


By M. K. Fort, Jr! 


1. Introduction. À continuum is a compact, connected, metric space. 
We define Æ to be the continuum which consists of all points in the plane 
having polar coordinates (r, 4) for which r = 1, r == 2, or r == (2 + ef)/(1 + e°). 
The following two theorems are the main results obtained in this paper. 


THEOREM 1. À plane continuum which does not separate the plane 
cannot be mapped continuously onto K. 


TEEOREM 2. A plane continuum cannot be mapped continuously onto 
the dyadic solenoid. 


The second of these theorems generalizes the known theorem which states 
that the dyadic solenoid cannot be imbedded in a plane. 

Our two theorems give information pertinent to the following questions, 
whose answers are not known, and which seem to be of interest to topolozists.? 


Question 1. Is there a continuum which can be mapped continuously 
onto every other continuum? 


Question 2. Is there a plane continuum which can be mapped contin- 
uously onto every other plane continuum ? 


Question 3. What characterizes all continuous images of a pseudo-are? 


Question 4. What characterizes all plane continuous images if a pseudo- 
are? 


It follows from these theorems that: 


(i) if the continuum sought in Question 1 exists, it cannot be a plane 
continuum ; 


* Received June 27, 1958. 
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? Questions 1 and 2 were raised by R. H. Bing during a recent conversation with 
the author. Question 3 is stated in [1], p. 72. 
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(ii) if the continuum sought in Question 2 exists, it must separate the 
plane; and . 


(iii) not every plane continuum is the continuous image of the pseudo- 
arc. 


2. Proof of Theorem 1. The following lemma concerning locally trivial 
fiber spaces (see [1], p. 111, and [2]) is used both in the proof of Theorem 1 
and in the proof of Theorem 2. 


Lemma. Let (H,B,p) be a locally trivial fiber space such that for each 
bE B, the fibre p1(b) is totally disconnected. If f is a mapping of a con“ 
nected space A into E such that pf is homotopic to a constant, then f[A] 
is contained in a single arc component of E. 


Proof. Leth: A X 1— B be a homotopy such that h(a, 0) = pf(x) and 
_h(z,1) =b for some b € B and each x € A. Because of the covering homotopy 
property, there is a homotopy g: AXI—# such that g(a, 0) = f(r) and 
pg==h. Now g|A X {1} is a mapping of a connected space into the totally 
disconnected set p*(b). It follows that there exists q€ p*(b) such that 
g{t,1)==qforallz€ A. Now let (x,t) be any point of A X I. The mapping 
g takes the segment {(z,s)|{=s<1)} into a locally connected continuum 
containing g, and hence g(x, t) belongs to the same arc component of E as q. 
It follows that f[A] is contained in the same arc component of E as q. 


Proof of Theorem 1. We let 5, be the unit circle in the plane, and define 
«pt K —> 8 by p(r,0) = (1,8). It is easy to verify that (K, 584, p) is a locally 
trivial fiber space with totally disconnected fibers. 

Now, if A is a plane continüum which does not separate the plane, and 
f is a mapping of A into K, then pf is a mapping of a continuum which does 
not separate the plane into Sı. It is known (see [3], p. 93) that gf is 
homotopic to a constant. It follows from our lemma that f[A] is contained 
in a single arc component of K. Our theorem now follows at once from the 
fact that K has three arc components. 


8. Continuous roots of mappings. The proof which we give for Theorem 
2 makes use of some results concerning continuous roots of mappings. We 
prove the facts which are needed in this section. | 

The unit circle S, is considered as the multiplicative group of complex 
numbers of unit modulus. If f: A> 8, is a mapping. (i.e. continuous func- 
tion), then a mapping g: A —> S, is a continuous k-th root of f, k a positive 


IMAGES OF PLANE CONTINUA. 543 


integer, if g(x)*==f(z) for all ze A. We say that f has property D if f has 
continuous 2"-th roots for every positive integer n. 


Resutr 1. If f is homotopic to a constant, then f has property D. 


Proof. It is known (see [3], p. 68) that if f is homotopic to a constant, 
then there exists a continuous real valued function h on the domain A of f 
such that f(x) =e") for all se A. It follows that g,(#) —e+)/* defines 
a continucus k-th root g, of f for each positive integer k. Thus £ has 
property D. 


ResuLtt 2. If A is a locally connected continuum and f: A> 8, has 
property D, then f is homotopic to a constant. 


Proof. Since f is uniformly continuous, there exists «> 0 such that 
any subset of A of diameter less than e maps under f into a subset of 9, 
which is contained in an arc of length less than 1. Since A is a locally 
connected continuum, A has property S and we may express A as the union 
of subcontinua A,,---,A, each having diameter less than e. Let f; be a 
continuous 2/-th root of f for each positive integer 7. It is easy to see that 
each f;[A»] is an arc of S, having length less than 2-/. It follows that for 
2) > k, f;[A] is a proper subset of S, (in fact, an arc of length less than &2-/). 
Thus, we see that for large values of 7, f; is homotopic to a constant. Since 
f is a power of f; for each j, f; is also homotopic to a constant. 


RESULT 3. If U ts an open subset of the plane, A is a compact subset 
of U, F is a mapping on U into 8,, and f is a continuous square root of F|A,. 
then there exists an open set V such that A CV CU and an extension of f 
lo a continuous square root of F|V. 


Proof. Choose an open set W containing A such that the closure of W 
is compact and is contained in U. There exists §, >> 0 such that if + and y 
are in W and |a—y| < ô, then | F(x) —#F(y)| < 1/2. There exists & > 0 
such that if a and b are in A and |a—b| < ê, then | f(a) —f(b)| <1/2. 
Let è > 0 be chosen so that 6 < 8,, 8 < ĝa and the (8/2)-neighborhood V of 
A is contained in W. 


Now suppose x€ V. We choose a€ A such that | s—a]< 8/2. F(z) 
has a unique square root s which is nearest to f(a). We define g(x) —s. 
It is easy to verify that g(s) is independent of the particular a€ A chosen, 
that the function g is a continuous square root of F|V, and that g is an 
extension of f. 
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ResuLut 4. If F: A— B, G: B—$, and g is a continuous square root 
of G, then gF is a continuous square root of GF. 


Proof. Obvious. 


Resurt 5. If f and g are mappings of a space X into 8, and f ts 
homotopic to g, then f has a continuous square root if and only if g does. 


Proof. Let p(z) —2° for z€ 8, and apply the homotopy lifting theorem 
for the locally trivial fiber space (Sı, 81, p). | 


ResuLT 6. Let f be a mapping of a space X into Si, and let A be a 
deformation retract of X. If f| A has a continuous square root, then so does f. 


Proof. There exists R: X X 1—> X such that: 
R(x,0) =x for all ce X, 
R(x,1) EA for all xE X, and 
R(x,1) =x for all z€ A. 


We define G—fR, and let go(£) = G(z,0), g(t) =G(a,1). It follows . 
from Result 4 and the hypothesis that f | A has a continuous square root that 
gı has a continuous square root. Therefore, by Result 5, go has a continuous 
square root. Since f == go, we obtain the desired result. 


RESULT 7%. If A is a topological annulus, f: A — K, and f has a con- 
tinuous square root on one of the boundary curves of A, then f has a con- 
tinuous square root on A. 


Proof. This result is an immediate corollary of Result 6. 


Resuzr 8. If C is a plane continuum and f: C— 8, has property D, 
then f is homomotopic to a constant. 


Proof. Itis known that f is homotopic to a constant if f can be extended 
over the entire plane P. Any mapping of C into S, can be extended to a 
mapping of P—A into 8;, where À is a finite set and is contained in the 
union of the bounded components of P—C. It follows that it is sufficient 
to prove that f can be extended to a mapping of CU U into 8, for each 
bounded component U òf P—C. | 

Let U be a bounded component of P—C, and let # be an open disk 
whose closure is contained in-U. It is known that f can be extended to a 
mapping g whose domain is open and contains C U (U — E). 

Since f, and hence also g, has a continuous square root on C, by Result 3 


# 
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we see that g has a continuous square root y on some open set V, D C. There 
exists a closed topological disk F such that: F C U, the closure of Æ is con- 
tained in the interior of F, FU V, D U, and the boundary of F is contained 
in V, Then F— E is a topological annulus, g is defined over # — E, and 
g has the continuous square root 4 on the outer boundary B of F— E. It 
follows from Result 7 that y | B can be extended to a continuous square root ¢ 
of g|(#—#H). We can piece together ¢ and a part of y to obtain a continuous 
square root g, of g on Vi: U (U — E). 

We repeat the above process and obtain a continuous square root ge of g, 
on FU (U -—E), where V, is open and C C V, C V,. Continuing, we see 
that g has property D on the boundary B’ of E. Thus, by Result 2, g |B’ is 
homotopic to a constant. Hence, g| B can be extended continuously over 
B'U E. We are now able to construct a continuous extension of f over O U U. 


Resuzr 9. If C is the dyadic solenoid ant F is a mapping of C into 8, 
then F has a continuous square root. 


Proof. We represent C as an inverse limit space, C = lim {X,, fa}, where 
rE 
for each positive integer n, Xn = Sa, and fn: Xn -> Xn is defined by fa(s) = 2’. 
we let +, be the projection of C onto X, for each positive integer n. The 
space Č is metrizable, and we assume that © is metrized by the admissible 
metric d defined by 


d(x, y) = 2 Tn(T) — r(Y) |/2". 
It is easily seen that if u € Xn, then 
diameter mp“ (u) = 27”, 


Now, for some integer k, we are going to obtain a mapping gr: Æx— 8: 
such that gery is homotopic to F. In order to accomplish this, we choose 
6 > 0 such that if B C C and diameter B < 8, then diameter F[B] <1. We 
choose & to be a positive integer for which 2* <8. Since mgt is an upper 
semi-continuous set-valued function and diameter #,-?(w) <2 for each 
u€ X;, there exists » > 0 such that if A C XY, and diameter A <n then 
diameïer my [A] <8. Next, we choose points po, 91,° * *, Pms Po in cyclic 
order on X, such that | pi— pis | < for each i We define gr: X,—> Sı 
such that: 

9x( pi) € FÜrx (pi) | for each i, 
and | 
g is “linear” on each arc pip. 
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For such a gx, it follows that | gerz(x) =. (x)| <1 for all r€ C, and hence 
gemy 18 homotopic to F. 
Now, since my — frre, we see that 


Gute = 9x Fite) = (gxf k) Tkr 
Both gx and f, are mappings of 8, into S,, and fy is of degree 2. Since 


degree (gfx) == (degree g») (degree fx), 


it follows that gfx is of even degree and hence has a continuous square root. 
We now use Result 4 to see that (grfr)rmr has a continuous square root. 
Since (gefr) +1 == gery and gery is homotopic to F, it follows from Result 5 
that # has a continuous square root. 


4, Proof of Theorem 2. We now use the results obtained in the pre- 
ceding paragraph to prove Theorem 2. ` 


Proof of Theorem 2. Let K be a plane continuum, and let G be a 
mapping of K into the dyadic solencid C. We will show that G[K] is con- 
tained in a single arc component ot C, and hence, since O is not arcwise 
connected, G does not map K onto C. 

We represent C — lim {%,,f.}, as in the proof of Result 9, and we again 

<— 


let m, be the projection of C onto 8;—-X;. It is easily seen that (C, 81,7) 
is a locally trivial fiber space with totally disconnected fibers. 

It follows from Result 9 that 7, has property D. Thus, by Result 4, 
#.G has property D. Since +,G is a mapping of a plane continuum into §:, 
we apply Result 8 and see that mG is homotopic to a constant. It now follows 
from our Lemma that G[K] is contained in a single are component of C. 
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REPRESENTATION OF ELLIPTIC OPERATORS IN AN 
ENVELOPING ALGEBRA.* 


By Epwarp NELSON ! and W. FORREST STINESPRING.* 


Introduction. In the study of finite-dimensional representations of a 
Lie group G, the corresponding infinitesimal representation of the Lie algebra 
and its extension to the enveloping algebra have played an important role. 
It is reasonable, therefore, to seek aid in the study of infinite-dimensional 
unitary representations of G from the infinitesimal representation. Bargmann, 
for example, in his paper [1] finding all irreducible unitary representations 
of the 2 X 2 real unimodular group depends heavily on the infinitesimal 
operators. Unfortunately, the formulation of the infinitesimal representation 
corresponding to an infinite-dimensional representation is plagued by the fact 
that in general the image operators are unbounded. Garding constructed a 
dense linear manifold of the representation space on which the images of the 
whole enveloping alegbra are naturally defined, which is invariant undar these 
operators, and on which these operators form a homomorphic image of the 
enveloping algebra. The theory of Hilbert space, however, leads one to want 
more. It is desirable for symmetric elements of the enveloping algebra to be 
represented by self-adjoint operators. The same problem arises in the context 
of quantum mechanics. In a unitary representation corresponding to some 
physical particle the images of the elements of the Lie algebra of the under- 
lying symmetry group are momenta of some sort, and certain polynomials in : 
them have physical interpretations. It is appropriate to ask when these 
operators are observables; that is, when they are essentially self-adjoint, for 
it is self-adjoint operators that have reasonable spectral resolutions. 


Unfortunately, the images of symmetric elements do not always have 
reasonable interpretations as self-adjoint operators. In fact, Section 5 con- 
tains a simple example of such an operator on the Garding subspace which 
has no self-adjoint extension at all. I. E. Segal has shown that an operator 
on the Garding subspace has a self-adjoint closure provided that it is 4 times 
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the image of an element of the Lie algebra itself [17], or it is the image of 
a symmetric element in the center of the enveloping algebra [18]. In this 
paper we establish the same result for elliptic elements of the enveloping 
algebra and for elements commuting with them. (See Section 2 for precise 
results. ) 

Section 3 establishes a connection between second order elliptic elements 
of the’ enveloping algebra and the D, group algebra. This is applied in 
Section 4 to construct a class of Lie groups, including the inhomogeneous 
Lorentz group, which are not CCR groups in the sense of Kaplansky [11]. 
This section also contains a new proof that semi-simple matrix groups are 
CCR groups. 


1, Notations and terminology. In this paper we shall be concerned 
with a Lie group G, and elements of the universal enveloping algebra € of its 
right-invariant Lie algebra; for brevity, we shall refer to € as the right- 
invariant enveloping algebra of G. We denote by L — L* the conjugate linear 
anti-automorphism of € such that X* = — X for X in the Lie algebra. We say 
that an element of € is elliptic if it is elliptic as a partial differential operator 
on G. Let T be a bounded strongly continuous representation of G on a 
~ Banach space Y. If f is in L(G) (an unnamed measure on G will always be 


left-invariant Haar measure), we write T(f) for the operator f f(o)T(o)da, 
JG 


where this integral converges in the strong operator topology. By the Garding 
subspace of V, we mean the linear manifold spanned by all vectors T'(¢#)a, 
where z is in Y and ¢ is in the class Co” (G) of all infinitely differentiable 
functions on G with compact support. If L is in €, by dT'(L) we mean 
the linear operator with the Garding subspace for its domain such that 
aT (L)(T(¢)x) =T(Ld)x. This is the notation of Ségal. in [17]. 


Sometimes it is reasonable to take as the domain of the operator repre- 
senting L a manifold other than the Gärding subspace. For example: 


(1) the well-behaved vectors (see [17]) are a good choice for domain 
when they are dense; | 

(2) if T is the regular representation of Œ on a homogeneous space 
G/H, then Co” (G/B) is a natural domain; 

(3) if T is the restriction to G of a representation of a larger group, 
then the Garding subspace of the larger representation may occur as domain. 
To handle such cases, we point out the following fact, which we shall use 
without comment. 
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THEOREM 1.1. Let T be a bounded strongly continuous representation 
of a Lie group G on a Banach space. Let L be an element of the right- 
invariant enveloping algebra of G. Let A be an operator on the representation 
space with a single-valued closure such that: 


(1) A has a dense domain which is invariant under all T(¢) with ẹ 
in Gar (G) > 
(2) A(T (¢)2) == T(L}x if x is in the domain of A. 
Then the closure of A contains dT (L). 
Proof. Let x be any vector in the representation space. Let &,—>x with 
a in the domain of A. Then for any ¢ in Co” (@), 
A(T ($)2n) =T (L$), T (Ld) a. 


2. Elliptic elements of the enveloping algebra and elements com- 
muting with them. 


LEMMA 2.1. Let f be an infinitely differentiable positive definite func- 
tion on a Lie group G, and let K be an element of the right-invariant 
enveloping algebra of G. Then (KKF) (e) = 0. 


Proof. We approximate K by a right-invariant difference operator. 
That is to. say, for each À > 0, we choose numbers ca(h) for each a in G, so 
that “or fixed h, ca(h) 40 for only finitely many a, and so that for each 
infiniiely differentiable function g, 


(Kg) (o) = lim X ca (h)g (ac) 
for all & in G. This can be done so that 


(K'g) (0) = Him E (h)g (A) 
and : 
(K*Kf) (e) — lia E ĉa (h) ca (h) (a8). 


By definition of positive definite function, these last sums are non-negative 
for exery h. 


THEOREM 2.2. Let G bea Lie group, and let U be a strongly continuous 
unitary representation of G. If L is an elliptic element of the right-invariant 
enveloping algebra of G, then the closure of dU (L+) is the adjoint of dU (L). 
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Proof. Case I: L=K+K for some K in the enveloping algebra. We 
combine two observations to get that A—dU(L) is DE self-adjoint, 
i.e. has a self-adjoint closure. 


(1) Ifv is in the Garding subspace, (Ag, <) = 0. For A — dU(K*K) 
= dU (K+)dU (K), so that (Az, g) = (dU (K)z, dU(K)x) = 0 when zx is in 
the Gärding subspace. 


(2) A-1 has a dense range. For suppose x is orthogonal to the 
range of A+1. Then ((A+1)U(¢)2,2)=—0 for all $ in Ce” (G). 
Rewriting yields f((L+1)p)(o)(U(o)z,&)do—0; in other words, the 
function (U(-)a,z) is a weak solution of the partial differential equation 
(L+1)f—0. Since L-+-1 is elliptic, (U(-)a,x) is, in fact, analytic (see, 
for example, [10]), and (£-+1)(U(-)x,x) —0 in the ordinary pointwise 
sense. But this contradicts Lemma 1, which shows that [L(U(-)2, x) ](e)=0. 

These two observations imply that A is essentially self-adjoint, because 
they show that (A + 1) is bounded and densely defined. 


Case II: L is a general elliptic element. From Case I we deduce that 
dU (L*L) == dU (L*)dU(L) is essentially self-adjoint. But this fact implies 
that the closure of dU (£*) is the adjoint of dU (L) according to the following 
lemma. 


Lexma 2.38. Let D be a dense linear manifold in a Hilbert space Y. 
Let T and T be linear transformations whose domains are D and whose 
ranges are contained in D such that T’ is contained in the adjoint of T. 
If T’T is essentially self-adjoint, then the closure of T’ is the adjoint of T. 


Proof. We must show that the graph of T* contains no non-zero element 
orthogonal to the graph of T”. Suppose {a,b} is an element of the graph 
of T* that is orthogonal to the graph of T”. In other words, b == T*a, but 
(y,a) + (T’y,b) —0 for all y in D. If x is in D, then Tz is in D, and 
hence (7'z, a) + (T Tz, b) == 0; that is, (2,6) + (7’Tz,b) =0. But 1+4 TT. 
has a dense range. Consequently b—0. So (y,a) —0 for ali y in D; and, 
_ therefore, a = 0. | 


COROLLARY 2.4. Let G be a Lie group, and let U be a strongly con- 
tinuous unitary representation of G. Let L be an elliptic element of the 
righi-invariant enveloping algebra € of G such that Lt==L. If M is any 
element of € such that dU(M*M) commutes with dU(L), then the closure 
of dU(M*) is the adjoint of dU (MM). 
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Proof. Let r be an integer greater than the order of M, A == dU(L*), 
B= dU(M*M) and C—A+B. Then A and C represent elliptic operators, 
and so are essentially self-adjoint by Theorem 2.2. The operators A and C 
commute on the Garding subspace, but we need the stronger fact that their 
closures A and Ô commute, i.e. have commuting spectral resolutions. ‘To see 
this, nctice that the bounded operators (14+-A)7(1-+-C)7 and (1+-0)?*(1+4)* 
agree on their common domain, the range of (1+-A4)(1+C) = (1+C)(1-+-4). 
But (1+A)(1+C) represents an elliptic operator, and so is essentially 
self-adjoint by Theorem 2.2, and thus has a dense range (by the positivity 
of A+C+ AC). Consequently À and Č commute. 

Let Bı =A-—~C. This is essentially self-adjoint, by the spectral theorem. 
If we show that B, is contained in B, then the corollary will follow, by 
Lemme 2.3. Let x be in the domain of B, Then x is in the domain of ©, 
so there is a sequence {x,} in the Garding subspace such that 2, — x and 
Oz, — Jz. Now for all y in the Garding subspace, | Ay | = || Cy |, since 


(Cy, Cy) = (Ay, Ay) + (By, By) + 2(BaU (Lr')y, dU (L*)y) 


by the commutativity of dU(L) and dU(M*M), and all three terms are 
positive. In particular this is true for y = Tp—— £m, so that for the same 
sequence {zn} we also have Av,—>Az, and so Ba,—> Bz. That is, B, is 
contained in the closure of B, concluding the proof. 

As examples to Corollary 2.4, notice that if G is Abelian or compact 
then tke enveloping algebra € contains a central symmetric elliptic element, 
so that for every M in € the closure of dU(M*) is the adjoint of dU (Jf), 
as is well-known. Also if G is aribtrary but M is central, then M commutes 
with a symmetric elliptic element, and the same conclusion follows, yielding 
a resul- of Segal [18]. If G is semi-simple with maximal essential compact 
subgroup K, then the Casimir operator on G is of the form — A, +- As, where 
A, is a central elliptic element of the enveloping algebra of K and A, + A, 
is elliptic on G. Any M in the enveloping algebra of G which commutes with 
A, also commutes with A; -+ A, since — A, +- A, is central, and therefore 
the closure of dU (M*) is the adjoint of dU(M). 

By Theorem 1.1, all of the above examples persist on the Gärding sub- 
space of a representation of a larger group containing G. In particular, if 
& is in the Lie algebra of a Lie group and p is any real polynomial, then 
dU (p(s:X)) is essentialy self-adjoint since p(X) is in the enveloping algebra 
of the one-parameter (Abelian) subgroup generated by X. For iX itself 
this was established by Segal [17]. 
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3. Second order elliptic operators. In this section some additional 
information is derived in the second order case using the maximum principle. 
This will be applied in the following section. 


THEOREM 3.1. Let G be a Lie group, let Xi,’ + -,X, be a basis for 
the right-invariant Ine algebra of G, and let D == X£} +: + EX + 4X, 
where X is in the Lie algebra. Let T be a bounded strongly continuous repre- 
sentation of G on a Banach space V. Then the closure A of dI'(D) is precisely 
the infinitesimal generator (in the sense of Hille [9] and Yosida [23]) of 
a bounded strongly continuous one-parameter semigroup of operators on WV. 
The resolvent Ry = (1— 4)" for X>0 ts T(ky), where ky is in L(G). 


Proof. First, we shall show that dT (D) — À has a dense range. To do: 
so, we show that any continuous linear functional £ which annihilates the 
range must be 0. For if x is in Y, the equation 


0=£(T((D—d)¢)2) = f(D— M) #(o)É(T(o)t)de, 


which must hold for all ¢ in Cp” (@), says that the function f(o) =é(T (e)z) 
is a weak solution of the elliptic equation (D*-—-rA)f—0. By [10], f is 
analytic, and (D+*— 1)f—0 in the ordinary pointwise sense. But we shall 
prove that 0 is the only bounded solution of this equation, and in this. proof 
we need consider only real functions. Let U be the open unit ball in a C° 
coordinate neighborhood of e. Then the following Dirichlet problem has a solu- 
tion (see [3]): for each continuous function 8 on the boundary T of U, there 
is a unique continuous function g on U such that g agrees with @ on T and 
satisfies (Dt—A)g=0 in U. If 6220, then 0x g(e) =maxd, for g can 
have neither a strictly positive maximum nor a strictly negative minimum 
inside U, since D*g (o) S0 at a maximum and D*g(c) 20 at a minimum. 
By the Riesz-Markoff theorem, there is a positive measure » on T such that 


g(e) -f 6 dv. Now v(T) <1, since g(e) <1 when @6=—1 on all of T, 

again because g cannot have a strictly positive maximum in U. But since 

the function f considered above satisfies (D+*-—A1)f—0 on all of G, then 

f(r) =f f(ar)dv(o) for all r in G. Since f is bounded, | f |, =: r(T) I] f la 
p 5 


and f=0. So f(e) —é£(xz) —0 for all x in Y. Therefore £— 0, and we 
have proved that dT (D) — 1 has a dense range. l 
Next, we shall conclude the proof of Theorem 3.1 in the special case 
that Y is C (G), the space of all continuous functions k on G vanishing at œ, 
with the supremum norm, and (T(o)h)(r) =h(o 7). Again by the mazi- 
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mum principle, |(A—A)¢ ZA + lla for all in Co? (G). Since A—A 
has a dense range, R1=— (1—4)* is an everywhere-defined operator with 
| Ry, || <Z1/À By Yosida’s theorem [23], this means that À is the infini- 
tesimal generator of a strongly continuous semigroup of contraction operators 
on O(G). The operator À; is a bounded. operator on O(G) which commutes 
with right translations. An application of the Riesz-Markoff theorem shows 
that R, is left convolution by a finite regular measure up. A simple com- 
putation shows that on G— {e}, ux is a weak solution of the elliptic equation 
(A—D)f=0. By [10], there is an analytic function ky on G— {e}, such 
that or G— {e}, ux is given by du (o) = k1(o)do. Therefore, on the whole 
of G, i 
T dum (o) = a,d8(o) + ky (o) do, 

where œ is a number, and 6 is the unit mass at e. It is well-known that ap = 0. 
One way to see this is to consider the operator R of left convolution by py . 
acting on the Hilbert space La(G@&). If s is an integer > n/4 (n ==dim G), 
by [14], À has only continuous functions in its range; and then by Theorem 
4 of [13], Es is a Carleman operator. In other words, R° is left convclution 
by a function in L(G); but it is also left convolution by a measure of the 
form dv(o) == a8d8(0) +ha(o)do with hy in L(G). So a,=-0. For use 
in the next paragraph we note that | k |, = 1/X since | Ky | S1/a. 

We return to a general representation T. We shall define Ry as T'(kà), 
where # is the function we have just constructed, and we shall prove that 
Ry = (aA—A). But for & in Y and ¢ in 0," (G), | 


Ry(A—A)T(o)@—=T(ky*(A—D)o)a=T(¢$)e. 


Hence Ry = (A—A)-4, since À— À is closed and has a dense range. Setting 
M = sup | T (o) |], we have | RX || S || * [A SS My for all integers 7 > 0. 
ceG 


This shows (see [15]) that A is the infinitesimal generator of a bounded 
strongly continuous semigroup of operators on ‘VY. 

In the course of the proof of Theorem 3.1 we have established the fol- 
lowing corollary which we state briefly for use in Section 4. 


COROLLARY 3.2. In the notation of Theorem 3.1, tf s is an integer 
> n/4, then Ry =T (h), where h is in both L:(G) and L(G). 


4 CCR groups. Kaplansky [11] calls a locally compact group G a 
CRE group if for each function f in L:(G) and each strongly continuous 


irreducible unitary representation U of G, the operator U(f) is completely 
d 


2 
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continuous. The letters CCR, referring to the group algebra £.(G@), stand 
for completely continuous represertation. We have the following criterion 
for a Lie group to be CCR. 


THEOREM 4.1. Let U be a strongly continuous unitary representation 
of a Lie group G. Let L be any element of the right-invariant enveloping 
algebra of G. If dU(L) has an inverse which is contained in a completely 
continuous operator, then U(f) is completely continuous for all f in L(G). 
- Conversely, suppose that U(f) is completely continuous for all f in L (G). 
Then the closure of dU(A—1) has a completely continuous inverse, where 
A= X +: LT, and Xat - -,X, ts a basis for the right-invariant Ine 
algebra of G. 


Proof. Let B be the completely continuous operator containing the inverse 
of dU(L). If ¢ is in Co” (G), then U(¢) is completely continuous because 
U(¢) = BU (Ld). But Co” (G) is dense in L,(G@), and the completely con- 
tinuous operators are closed in the uniform operator topology. The converse 
direction follows immediately from. Theorem 3.1. 


THEOREM 4.2. Let G be a Lis group, and let K be a compact subgroup 
of G. Suppose that U is a strongly continuous unitary representation -of G 
whose restriction to K contains each irreducible representation of K only 
finitely many times. Then U(f) is completely continuous for all f in L,(G). 
Suppose, further, that the restriction of U to K s contained in the regular 
representation of K. Let f be a function on G with compact support. If f 
has 2s continuous derivatives, where s is an integer > 1/4 times the dimension 
of K, then U(f) is of Hilbert-Schmidt type. If f has 4s continuous derivatives, 
then U(f) has an absolutely convergent trace. 


Proof. Let X,,:--,X, be a basis fer the right-invariant Lie algebra 
of K, and let A= ¥,?+--:-+2X,. By Theorem 3.1, there is a function k 
in L(K} such that V(x) contains the inverse of d/(A—1), where V is 
the restriction of U to K. But V(k£) must be completely continuous because 
E(k) is, where L denotes the left regular representation of K, and because 
each irreducible representation of K is contained in the left regular repre- 
sentation. Consequently, U(f) is completely continuous for all f in Z.(G) 
by Lemma 4.1. 

Now suppose further that V is. contained in L. According to Corollary 
3.2, if s is an integer > 71/4, then there is a function h in L,(K) such that 
L{h) is the closure of the inverse of dL((A—1)s). Since K is compact, 
L(h) is of Hilbert-Schmidt type; and, a fortiori, V (A) is also. Let f be a 
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function on G with compact support. If f has 2s continuous derivatives, 
then U(f) =V(h)U((A—1)*f), and so U(f) is of Hilbert-Schmidt type. 
If f has 4s continuous derivatives, then U (f) == [V(h) ]?U((A—1)**f), and 
so U(f) has an absolutely convergent trace. 

We remark that in some sense f needs its derivatives only in the direction 
of K, but we do not make the remark precise. 

I? G is a connected semi-simple matrix group, then, according to a 
result of Harish-Chandra [7], the hypotheses of Theorem 4.2 hold for all 
strongly continuous irreducible unitary representations of G, where K is a 
maximal compact subgroup. An idea of Godement yields a much shorter 
proof of this fact [6]; a further simplification of Godement’s proof is given 
in [20]. The conclusion in this case overlaps other results of Harish-Chandra 
[8]. As another example, Godement [6] has shown that a Lie group of the 
form X-A, where K is compact and A is Abelian, satisfies the hypotheses of 
Theorem 4.2 for all strongly continuous irreducible representations. The 
Euclidean group of real n-space, and the inhomogeneous unitary group of 
complex #-space are examples of such groups. _ 

We may also use Theorem 4.1 to show that certain Lie groups ere not 
CCR groups. 


THEOREM 4.3. Let H be a closed subgroup of the general linear group 
of a finite-dimensional real vector space V. Let G be the corresponding 
inhomogeneous group; i.e. the group of all affine transformations x — Ax + b, 
where À is in H and b is in V. Let Y* be the dual space of V, and let M 
be a conical (i.e. invariant under E—> dE for X>0) submanifold of Y* 
invariant under H™, the contragredient group of H. Let p be a regular 
measure on M whose null sets are invariant under H* and also under the 
maps ¢—> At forrA>0. For oin G, say ov == As + b, let U (o) be the unitary 
operator on L:(M,u) mapping 


h (8) —> h (AE) [exp (i6(0)) [dp (AE) /du (8) J, 


where A* is the adjoint transformation to A. Then representation U has 
the property that there exists a function f in L(G) such that U(f) is not 
completely continuous. 


Proof. Let Ag be the sum of the squares of the elements of a basis for 
the Lie algebra of H. Choose a positive definite inner product in %, and 
let A be the element of the enveloping algebra of the translation part of G 
corresponding to the Laplacian operator on UY. Let N be the closure of 
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dU (An-—1), and M, the closure of dU(A). Then M is multiplication by 
the function —r? on Y*, where r(£) ==|é|. Any one-to-one measurable 
transformation S of m onto itself which preserves null sets of » gives rise 
to a unitary operator $ on La(M, u) as follows: 


(Sh) (£) = h (SE) Ldu (SE) /du(é) JÈ. 


If S, and S, commute, so do 8, and $,. For À > 0, let T) be the transforma- 
of M given by Ta(é) ==Aé. By the remark we have just made, 7, commutes 
with U (H), and therefore with N. Let ¢ be in Co” (Mm) with | ẹ l= 1. 
Then | Nrg la = | DNé a= | No ls, and | MP la S pall Pad le = a), 
where p(A) is the maximum of | £|? when Aé is in the support of ¢. Conse- 
quently, (W+M)T1$ is bounded for A=1. But the T9 for AZ1 are 
not contained in any compact set; in fact, a suitable subfamily forms an 
infinite orthonormal set. In other words, the inverse of N 4- M is not con- 
tained in any completely continuous operator. Theorem 3.1 asserts that this 
fact implies the conclusion of the present theorem. 


If the group H* is transitive on the cone %h, then the representation U 
of G is irreducible (see [12]), and hence G is not CCR. As examples of 
linear groups & such that H* is transitive on a cone, we mention the (real 
or complex) general linear group, the (real or complex) unimodular group 
acting on a space of dimension = 2, a non-compact pseudo-orthogonal group, 
and the group of transformations «<-> ax for a> 0 acting on the line. This 
last case shows that the group of transformations s —> ax + b for a> 0 acting 
on the line is not CCR despite the contrary assertion by Gelfand and Neumark | 
in the introduction to [4]. The next to last case shows that the inhomo- 
geneous Lorentz group is not COR. Theorem 4.3 says that the irreducible 
representation of this group over the light-cone with spin 0 (see [2] and [22]) 
does not universally send integrable functions on the group into completely 
continuous operators. The method of proof of Theorem 4.3 shows that the 
same is also true for irreducible representations of higher spin over the light- 
cone. 


5. Counterexamples. A unitary representation of a Lie group does not 
always send symmetric elements of the enveloping algebra into operators 
-essentially self-adjoint on the Garding subspace. The first such counter- 
example was given by von Neumann (unpublished). Let @ be the group 
of the Heisenberg commutation relations; that is to say, G is the 3-dimensional 
group of all real matrices of the form: 


C1 
Ot 
À 
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1 a b 
0O E c 
On -0 “deh. 


This group G has an irreducible unitary representation on L,.(—w.-+) 
whose infinitesimal operators are d/dx, iz, and 1% In other words, the 
enveloping algebra of G maps onto all ordinary differential operators with 
polynomial coefficients, and there are many of these which are symmetric 
but not essentially self-adjoint. 


Ir [17], Segal proved that the elements of the Lie algebra itself multi- 
plied by 4 are always represented by operators essentially self-adjoint on the 
Gärdirg subspace. He also asserted in [17] that symmetric second order 
elements of the enveloping algebra are always represented by operators essen- 
tially self-adjoint on the Garding subspace if the group is unimodular. 
However, L. Gross found an error in the proof, and this observation formed 
the starting point for our researches. (The statement on line 5 of p. 236 
of [17] is incorrect, since the quantity on the preceding line is only 0(n).) 
In fac, we shall present a counterexample in the next paragraph even for a 
semi-simple group. The remainder of [17] is unaffected, since one may use 
instead Segal’s theorem that central elements of the enveloping algebra are 
always represented by essentially self-adjoint operators if they are symmetric 
[18] (see a forthcoming note by Segal [19]). 


Let G be the group of all 2 X 2 real unimodular matrices. Bargmann 
[1] has found all the irreducible unitary representations of this group. The 
one he denotes by C°,,, acts on Z,(M), where M is the real numbers modulo 2r, 
and is given infinitesimally by 


åU (Ay) = — d/dz 
dU (Ai) = cos z d/dz — $ sin v 
dU (As) = sin x d/dz + 4 cosg, 


where we denote the representation by U. Let A == AoA: + Azo. Calculation 
shows 


dU (A) =— 32d/dz sin z d/dz + 4 sin z. 


Let E be the operator with the same formula as dU (A) but with domain 
Co” (i); E and dU (A) have the same closure. The operator E is not essen- 
tially self-adjoint because of the vanishing of sing. One way to see this is 
to consider the functions | 
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f(a) — os for —$Se83 
0 elsewhere on M, 
and | i 
1 for OS sS vr 
UNE) = 0 elsewhere on M. 


Then the distribution derivative (see [16]) of f is the map 
w/2 
p— P.V. f i f(x) cos z/sin z dz, 
7/2 


where P. V. means the Cauchy principal vaiue of the integral. Hence the 
operator with the same formula as # applied to f in the sense of distributions 
yeilds the function 

eee 2sing-+-4dsina f(z) for—F =z£<5 
ae 0 elsewhere on M. 


Since f and h are both in L,(M), this means that h = E*f. Similarly, k = E*g, 

where 
À sin x for 0O<ec=r. 

= 2 sud =— 

EAE) j 0 elsewhere on M. 


{2 
But (E*f,g) — (f, E*g) = f @sinzdr0. Consequently M, and hence 
; Q 
aU (A), are not essentially self-adjoint. 


To see how ellipticity prevents this sort of thing from happening, let 
B be an elliptic element in the enveloping algebra of G. By definition, 
B == 9(Ao,A1, A2) + lower order terms, where p is a homogeneous poly- 4 
nomial that never vanishes when its argument is a non-zero triple of real 
numbers. ‘Then 


aU (B) = p(— d/dz, cos x d/dx, sin x d/dx) + lower order terms 


is an ordinary differential operator on M with a nowhere vanishing leading 
coefficient. In this case the conclusion of Theorem 2.2, that the closure 
of dU(B) is the Hilbert space adjoint of its formal Lagrange adjoint, is 
well-known. 


For another example of a symmetric second-order element of an enveloping 
algebra being represented by an operator which is not essentialy self-adjoint, 
let G be the az-+b group. Let U be one of its two infinite dimensional 
irreducible unitary representations (see [12]}. One version of U acts on / 
L (—%, +œ) and has infinitesimal operators | 
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dU (X) = d/dz and dU (Y) = 16", 


Then dU (XY + YX) — ier d/dx + te*, and by [21] (X, sec. 2) this operator 
has deficiency indices (0,1), since e* is not integrable near —oo but is 
integrable near co. Consequently, dU(X¥Y-+ YX) has no self-adjoint 
extensicn. Although G is not unimodular, this example can be converted 
into on3 for a unimodular group. A theorem of Gleason [5] shows that 
there is a unimodular group G, with a normal subgroup À isomorphic to the 
additive group of all real numbers such that G == G,/R. Then U composed 
with the natural map G,->G gives a representation of G, with the same 
infinitesimal operators. 


INSTITUTE FOR ADVANCED STUDY. 
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KRONECKERIAN MODEL OF FIELDS OF ELLIPTIC MODULAR 
FUNCTIONS.* 1 


By JUN-ICHI Iqusa. 


-In our previous paper [7-III], we gave a geometric construction of the 
field of elliptic modular functions of an arbitrary level n for any characteristic 
which does not divide n and we discussed its basic properties. We shall now 
piece together the fields of modular functions of level n in different charac- 
teristics so that we get a fibre system parametrized by the ring of rational 
integers. More precisely, we shall construct a non-singular projective model 
of the field of modular functions of level n in characteristic zero over the field 
of rational numbers such that its reduction with respect to every prime number 
p not dividing n is a non-singular projective model of the field of modular 
functions of level n in characteristic p over the prime field. We can also say, 
more suggestively, that the compactified fundamental domain of the con- 
gruence modular group of level n admits a “characteristic p deformation,” 
provided p does not dwide n. At any rate, the construction is unique up to 
a biregular transformation. The birational geometry of this type of fibre 
systems explains, for instance, why the absolute invariants of three elliptic 
curves obtained from the invariant transformation equations of degree 11, 17, 
19 are rational numbers with denominators exactly at these prime numbers. 
Moreover, the existence of the fibre system guarantees that the Petersson con- 
jectuze [10] on the eigen values of Hecke operators operating on cusp forms 
is trre for dimension — 2. As we know, the validity of this conjecture for 
almost all prime numbers was proved by Hichler [4] in a slightly less general 
case, which was later generalized by Shimura [12]. We like to mention, how- 
ever, that the validity for individual prime numbers was an open question. 


i, Preparations. Let Z be the ring of rational integers and let Q be 
its field of fractions. We shall denote the algebraic closure of Q by Q». Also, 
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we fix a positive integer n once for all and we shall denote the field of n-th 
roots of unity over Q by Qa. Let 7 be transcendental over Q and pick an 
elliptic curve A; which is defined over Q(7) and which has 7 as its absolute 
invariant. We note that A; is unique only up to an isomorphism. Let Q be 
the group of points of A; of order n. We shall denote by Ku the identification 
mapping of two points of opposite signs of an elliptic curve. Then Qo(j, Ku(Q)) 
is what we called the field of modular functions of level n in characteristic 
zero." In fact, if we extend Q, to the field of complex numbers, we get the 
classical field of modular functions of level n. We know that the fieid 
Q (7, Ku(Q)) does not depend on the choice of A; and that Qn is the algebraic 
closure of Q in Q(j, Ku(Q)). 

Now, pick two generators w, and w of Q and let fa be the absolute 
invariant of the factor group of A, by the cyclic group generated by w. We 
shall show that the field K = Q (f, jn, Ku(w2)) depends neither on the choice 
of A; nor on the choice of the generators w, and œw, of Q. Suppose first that 
w, and we’ are two generators of Q. Then we can transform the pair (%1, %2) 
either to («y’, wz) or to (—«1’, — >’) by an automorphism of Q(j, Q) over 
Q (j) [7-III, Theorem 3]. If j,’ is the absolute invariant of the factor group 
of A; by the cyclic group generated by w,’, this automorphism transforms 
(in Ku(we)) to (fin, Ku(we’)). Therefore, if we fix A,, the field K is unique 
up to an isomorphism over Q(j). Next, let B; be another elliptic curve which 
is defined over Q (j) and which has 7 as its absolute invariant. Let œ and w,’ 
be the images of w and ws under an isomorphism between A; and B; Then 
w and wz generate the group of points of B; of order n. Let j,’ be the absolute 
invariant of the factor group of B, by the cyclic group generated by œ. Then . 
the conjugate of w, over Q(4,jn) is simply another generator of the cyclic 
group generated by w, [7-III, remark after Theorem 7]. The same is true | 
for w,” instead of w, over Q (J, fn), hence jn’ is contained in Q(j,jn). Since 
Ku(@z) is also rational over Q (3, Ku(o.)), we see that Q(j, jn’, Ku(we’)) is 
contained in Q(j, jn, Ku(we)) =K. Since the situation is symmetric, -we get 
O (j, n'y Kulor) ) == K. This proves the assertion. - 

We have thus shown that the field K is an intrinsically denned algebr ate 
extension of Q (J). If we apply the Galois theory [7-ITI, Theorem 3], we see 
that Q (1, Ku(Q)) and Q(j) are respectively the compositum and the inter- 


* The properties of fields of modular functions we need in this paper are discussed 
purely geometrically in [7-IIT]. If the reader does not mind using transcendental 
theory in the case of characteristic zero, he can refer to the classical treatment like [14]. 
However, at least at present, the theory of modular functions in positive characteristic 
is indispensable to prove our main theorem. 
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section of K and Q,(7). Therefore K and Q,(j) are linearly disjoint over 
Q(j), hence K and Q, are linearly disjoint over Q. In particular, E is a 
regular extension of Q. 

Let p be a prime number and extend the p-adic valuation of Q to @(j) 
by the Gaussian definition. Let Q(7), be the corresponding valuation ring 
of Q(j). If F is the prime field of characteristic p, i.e., if we put F = 2/pZ, 
and if ¥ is transcendental over F, then Q(j), is the specialization ring of the 
specialization Z[j] — F[4’]. This being remarked, we shall prove the following 
lemma: 


Lemma 1. If p does not dwide the level n, the integral closure k of 
Q(j)n in K ts an unramified discrete valuation ring. 


Proof. Suppose first that p is different from 2. Let À be a root of the 
equation 


(T _T +1)8—jT?(T—1)? =0 


and let Ry be an extension of Q (7), to the field K(A). It is then sufficient 
to show that this valuation ring is unique and unramified. It is equivalent 
to say that the residue field of Ry is of degree [K (A): Q(j)] over F(7’). 
In fact, we have only to recall the well-known relation between total degree and 
local degrees composed of residue degrees and ramification indices [cf.18]. Let 
X be tke specialization of À over the residue homomorphism of Ay. Since 2 is a 
unit in Q(j)p, hence also in À, we see that A’ is transcendental over F and we 
have [F (X): F(7’)] = ([@(A): Q(7) J]. Therefore, we have only to show that 
the residue field of Ry is of degree [ K(A): Q(A)| over F(X’). Consider a plane 
cubic A, which is defined over Q(A) by the equation Y?Z == X (X —Z)(X —dZ). 
We introduce a group law in Ay, say, with reference to the point (0,1,0). 
We know that A; and A) are isomorphic over some quadratic extension of 
Q(A). Let w, and w, be the images of œ, and wp under an isomorphism 
between A; and Ay. Then ©, and w, generate the group of points of 
A, of order n. Moreover, we have Q(A, Ku(w.)) == Q (à, Ku(we)), hence 
Q (A, Jn, Ku(2)) =Q (À jn, Ku(os)) = KA). Here 7, can be considered 
as the absolute invariant of the factor group of A, by the cyclic group 
gererased by wy. Let (X, jn, Ku(w.2)’) be the specialization of (A, jn, Ku(w2)) 
over the residue homomorphism of Ry. Then A, is reduced to a plane cubic 
A, which is defined over F(A) by the equation F?27 == X (X —Z)(X—NZ). 
We introduce a group law in A, with reference to the point (0,1,0). Let 
(©, ®©) be a specialization of (w, ©) over the above specialization. 
Then w, and w.’ generate the group of points of Ay of order n. Moreover, 
jn is the absolute invariant of the factor group of Ay by the cyclic group 
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generated by w’, while we have Kufw:) —Ku(w:). On the other hand, from 
the Galois theory [7-III, Theorem 1] we ccnclude that 


LEN, ju’, Ku(@2")): FWI] and L(A, jn, Ku(w2)) :Q(à)] 


are equal. Therefore F'(\’,j,, Ku(a2’)) must coincide with the residue field 

of Rx and it is of degree [K (A): Q{A)] over F(A’). This completes the proof 

in the case p is different from 2. Suppose next that p is 2. Let p be a root 

of the equation 
BSTS(TS + 93)3 — j (T? —1)% = 0 


and let À, be an extension of Q(j)p to K (yz). Let w be the specialization 
of » over the residue homomorphism of À. Then, by a similar reason as in 
the previous case, it is sufficient to show that the residue field of F, is of degree 
[K (pn): Q(u)] over F(p’). In order to prove this fact, we consider a plane 
cubic A, which is defined over Q (x) by the equation X? + Y° -+ Z == 3uXYVZ. 
We introduce a group law in A,, say, with reference to the point (—1,1,0). 
We know that A; and A, are isomorphic over some quadratic extension of Q (p). 
Let w, and w, be the images of w, and w, under an isomorphism between À, 
and A,. Then we have Q (u, jn, Ku(de)) =K (u). Let-(p’, jn’, Ku(me.)’) be 
the specialization of (u, 7, Ku(æ2:)) over the residue homomorphism of Ry. 
Let (w.’, wz) be a specialization of (@,, Ws) over this specialization. Then, 
from the Galois theory [7-II1, Theorem 2] we conclude that F(y’, jn, Ku(@.’)) 
is the residue field of À, and itis of degree [K (p): Q(p)] over F(p’). 


Now, consider the ring Z[j] cf polynomials in 7 with integral rational 
coefficients and take its integral closure S in K. Then S is a Z[j]-module 
and a general theorem guarantees the finiteness of S over Z[j]. In this case, 
however, the proof is quite simple. Pick a base 6,,6.,- - : of K over Q(7) 
from S and let d be the discriminant of the base. Then d is different from 
zero and $ is contained in the finite Z[j]-module generated by 6,/d, @:/d,-- -. 
Since Z[7] is Noetherian, we see that S itself is a finite Z[7]-module. If we 
treat 7 and 1/7 symmetrically, we are forced to introduce the integral closure 
N of Z[1/7] in K. Then N is a firite Z[1/j]-module. On the other hand, 
since Z[j] and Z[1/7] are contained in Q(j),, both S and N are contained 
in the integral closure R of Q(j)p ia K. If p does not divide n, we know by 
Lemma 1 that R is an unramified discrete valuation ring, i.e. that the ideal 
of non-units of R is pR. We shall show that we have pRAS—=pS. Let f be 
an element of p28. Then f/p is contained in R. Since À is the only 
discrete valuation ring of K which comes from a minimal prime ideal of pS, 
we see that f/p is contained in every discrete valuation ring of K which comes 
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from a minimal prime ideal of S. However, since S is an integrally closed 
Noetherian domain, the intersection of these valuation rings coincides with S 
by a theorem of Krull [ef. 18]. Therefore f/p is an element of 8, hence f is 
an element of pS. The converse is obvious. Similarly, we get pR N N = pN. 
In parzicular, pS and pN are prime ideals of S and N. Let K’ be the residue 
field of R, i.e., put K’ = R/pR. Tf 9’ and N’ are the images of S and N under 
the residue homomorphism Æ— K’,i.e., if we put S == S/pS and N’ = N/pN, 
then K’ is the common field of fractions of 8’ and N’. Now, we shall prove 
the following lemma: 


Lamma 2. The field K’=R/pR is a regular extension of F. Moreover, 
the compositum of K and the algebraic closure k of F is the field of modular 
functions of level n in characteristic p. 


P-o0f.. We shall use the same notation as in the proof of Lemma 1. 
First we shall show that K’ is regular over F. It is sufficient to show that 
the residue fields R)/pR) and R,/pR, are both regular over F. Let F, be the 
field of n-th roots of unity over F. If we apply the Galois theory [7-ITI, 
Theorem 1], we see that Ry/pR, = F(X, fn, Ku(@2’)) and F,(X) are linearly 
disjoint over F'(X). We know that their compositum is regular over Fn 
hence &,/pR) is regular over F. In the same way, we see that R,/ph, is 
regular over F. Next we shall show that the compositum kK” is the field of 
mcdular functions of level n in characteristic p. Pick an elliptic curve Ay 
which is defined over F (7) and which has 7’ as its absolute invariant. Let Q 
be the group of points of A; of order n. Suppose that p is different from 2. 
We know that À; and A, are isomorphic over some quadratic extension of 
F(X). Let ow,’ and oz be the images of w, and w; under an isomorphism 
between A; and Ay. Then w and wy generate the group 0’ and fy can be 
considered as the absolute invariant of the factor group of À; by the cyclic 
group generated by œ. Moreover, by the Galois theory [7-III, Theorem 3] 
we have k(97’, jn’, Ku(we')) =k (7, Ku(O’)), and this is the field of modular 
functions of level n in characteristic p [cf. 7-III]. Therefore, if we put 
K” = F (f, jn’, Ku (wz) ), we have only to show kK’==-kK”. Since we have 
F(X, Eu(o2’)) = F(X, Ku(w 2’), we get F(X, jn’, Ku(we’)) = FO, jn’, Ku we’); 
hence K(X’) == R,/pR), = K’(X’). Now, in case n is even, we have K’(A") = K’ 
and K” (X) == K”, hence K’— K”. In case n is odd, the situation is rather 
delicate. Consider the compositums FaK” and F K” (N) and put 3=F,K”. 
Then $ and #,(d’) are linearly disjoint over #,(7’) with FaK” (X) es their 
compositum and the ramification index of 3 over F,,(j’) at 7 =œ is n [7-III, 
Theorem 6]. We shall show that X is characterized by these properties. 


TN 
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Since F,,(A’) is ramified over #,(j’) at ÿ —o with index 2 and since n is 
odd, we see that the inertia groups of FK” (N) over F,(7) at 7’ == are 
cyclic of order 2n. The elements of order 2 in these groups generate a unique 
normal subgroup of the Galois group of F, K” (X) over F,(7’) and 3 is pre- 
cisely the corresponding invariant subfield of F,K”’(A’). Hence X is unique. 
We shall show that FaK’ has the same properties as 3. We have seen in the 
proof of Lemma 1 that F,K* has the first property. On the other hand, F'n K” 
and X both contain the Galois extension of F',(7’) generated by 7, This 
implies that the ramifications of FaK’ and 3 over F,(7’) are the same except 
possibly at ÿ = oo [cf. ?-IIT, remark after Theorem 7]. If the ramifications 
are different, the ramification index of F,K” over F,,(7’) at 7’ =œ will be 2n. 
Then the genus of K’ will be larger than the genus of %,. which is equal to 
that of K [%-III, Theorem 5]. This is a contradiction [cf. 1]. Hence we 
get F,K’ =. Suppose finally that p is 2. Define the generators œ and wy 
of © and the field K” as in the previous case. Then the compositum kK” 
is the field of modular functions of level n in characteristic 2, and we get 
K” (wW) = R,/pR,= K'(p’). Now, in case n is a multiple of 3, we have ` 
FK’ (w) = F3K’ and FK” (w) = FK”, hence F3K’=F,K”, If n is not 
a multiple of 3, then F;,K” and F's,(u’) are linearly disjoint over F3,{7’) 
with Fenk” (xw) as their compositum and the ramification: index of F3,K” 
over F'3,(7’) at ÿ ==œ is n. As before, these properties characterize Fank” 
and the first property is satisfied by F,,K”. On the other hand, F',,K’ and 
F3,K” both contain, the Galois extension of F,,(7) generated by fa from 
which we conclude that the second property is also satisfied by Fa,K7. nee 
we get Fan = Fan K”. 

We note that the main complications of the proofs of the two lemmas 
result from the inclusion of the two cases p==2,3. If the reader does not 
mind excluding these cases, we can give very simple proofs. 


2. Kroneckerian model. Let K be, as in the previous section, the 
intrinsically defined algebraic extension of Q(j) depending on n. Also, let 
S and N be the integral closures of Z[j| and Z[1/j] in K. The Kroneckerian 
model of fields of modular functions of level n is, then, the union Mm of 
specialization rings of S and N. We note that the union D of specialization - 
rings of Z[j] and Z[1/7] is the so-called universal projective straight line and 
the Kroneckerian model 9 is the “derived normal model” of D in K. At 
any rate, if we classify specialization rings of Mm according to the charac- 
teristics of image fields, the model Mm splits into enumerably. many “local 
models” as follows: 
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m == Mo + > Mp. 
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Now, following Zariski [17, see also 9], we shall construct a projective model 
of M, such that M, will become the union of specialization rings of points 
of its reduction with respect to » [cf. 11], and we shall investigate the local 
models closely. : 

Let m be a positive integer and let Sm be the set of elements f of S such 
that f/j” is integral over Q[1/j]. Then, the sequence S:, S,,: © © determines 
an increasing filtration of the Z-module S. Also, it is clear that we have 
DS N Sn = PSm. Let f be an element of S and let ft + ea (Dft +--+ ela) 
= 0 be an irreducible monic equation for f over Z[j]. Then f/j" is integral 
over Q[1/;] if and only if we have deg. &(7) = mi for t= 1,2, -,¢ This 
implies that f/j” is integral over Z[1/7], hence we have Sy = 8 N j™N. 
Put Nm =N N(1/7)”S. Then, the sequence W;,N,,: ©- determines an 
increasing filtration of the Z-module N and we have pN N Nm—=pNm. More- 
over, the multiplication by 7” is an isomorphism of Nm to Sm. Now, assume 
that p does not divide the level n and let S” and N” be the integral closures 
of F[j’] and F[1/j’] in K’. Here F, 7’ and K’ are defined in the previous 
section. We can consider S” and N” as the integral closures of S’ = S/p8 
and N’—N/pN in K’. Similarly as above, put S”,—=8”N(ÿ)"N" and 
N” m =N” N (1/7) "8". Then, we get increasing filtrations of the F-modules 
S” and N” and the multiplication by (7’)™ is an isomorphism of N°”, to S”m. 
On the other hand, let Sm and NW’, be the images of Sm and Nm under the 
residue homomorphism k — R/pR =K’. Here R is defined in Lemma 1. 
Then, we get increasing filtrations of the F-modules 8’ and N’. Also, it is 
clear that Sm is contained in 8S”, and N’m is contained in N”m. Since we 
have S'y = Sm/pSm, the rank of Sm as an F-module is equal to the rank of 
Sm as free Z-module. Similarly, the rank of N’» is equal to the rank of Nm. 
Since Sm and N are isomorphic, these ranks are the same. Now, from Lemma 
“2 and from our previous result [7%-III, Theorem 5] we conclude that K and 

K” have the same genus. Therefore, from the Riemann-Roch theorem [ef. 15] 
we conclude that Sm and S”, have the same rank at least when m[K: Q(j)] 
is greater than the degree of the canonical divisor of K. Actual y, this 
condition is always satisfied [7-IIT, Theorem 4, Theorem 5]. Therefore, we 
get S’m— 8m and N'm = Nm for all m, hence F = S” and N’ =N”. In 
other words, the integral domains S’ and N’ are integrally closed in K’. This 
is a key point. | 
Now, it is clear that Sm contains 1,7,: © -," and Nm contains 1,1/7, 
- +, (1/7)". Also, we know that S is a finite Z[;]-module and N is a finite 
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Z[1/jl-module. Therefore, if we take m sufficiently large, we have Z[Sm] = S 
and Z[Nm] =N, hence applying the residue homomorphism R-> K’, we get 
F[S m] = 8’ and FLN’,] =N. This being remarked, let fo; fast * tfr be a 
base of the free Z-module Sm. Let O be a curve in the projective space over 
Q of dimension r with M = (fo, f1,- * *,f-) as à generic point over Q. It is 
clear that, once m is fixed, this curve C is uniquely determined up to a pro- 
jective transformation with integral unimodular coefficient-matrix. We shall 
show that we can normalize C to the extent that we have fy —1,f:—j,° °°; 
fm = 7". We have only to show that the free Z-module generated by 1,7,-- +, 7" 
is a direct summand of Sm. If it is not so, we can find a prime number p, 
which might divide n, such that the images of 1,7,- > -,j” under the residue 
homomorphism S,,-> Sx,/pSm are no more independent over F. On the other 
hand, since Z[j] is integrally closed in Q(;), we obviously have pS Z[7] 
= pZ{;]. Therefore, the image of 7 is transcendental over F, and thus we 
get a contradiction. 


We shall now translate some ring-theoretic properties of § and N into 
geometric properties of C. We shall first show that C is non-singular. If we 
take the first co-ordinate hyperplane as a plane at infinity, the corresponding 
affine co-ordinate ring is simply the tensor produet Q © S, which is the integral 
closure of Q[j] in K. Therefore, this affine representative is normal over Q, 
hence non-singular. If we take the (m+1)-th co-ordinate hyperplane as a 


plane at infinity, the corresponding aïfine co-crdinate ring is simply the tensor - 


product Q © N, and this is the integral closure of Q[1/7] in K. Therefore, 
this affine representative is also normal over Q, hence non-singular. We note 
that these open sets already cover the entire curve C, Hence Č is non-singular. 
In the following we shall fix this open covering of C. 


We shall next show that, as long as p does not divide n, the reduction Cp 
of C with respect to p remains non-singular. We know that in such a case 
pS is a prime ideal of S and that the field of fractions K’ cf S’ —S/p8 is 
regular over F. Therefore, the reduction of one open set of C with respect 
to p is an irreducible affine curve defined over F. Moreover. since we have 
F| Sm] =F and since 8’ is integra!ly closed in K’, this curve is normal over 
F, hence non-singular. In a similar way, we see that the reduction of other 
open set of C with respect to » is non-singular. These two affine curves 
determine an open covering of Cp, hence Op is non-singular. We have thus 
proved the following theorem the first part of which is clear from the 
construction : 


THEOREM 1. There exists a non-singular projective model C of the 


i 
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field K over Q such that the local model M, is the union of specialization 
rings of points of its reduction Cp with respect to p. If p does not divide the 
level n, then Op is a non-singular projective model of the field K’ over F. 


We note that in proving this theorem we made a full use. of the theory 
of modular functions in arbitrary characteristic. Conversely, many of the 
theorems in characteristic p are contained in this theorem. We regard this 
theorem as one of the fundamental theorems in the theory of elliptic modular 
functions. 


3. A digression. In the previous section, we defined the Kroneckerian 
model łn of fields of modular functions of level n. The union Ma of local 
models Mp, for p dividing n may be called the frontier of M, because the 
reduction of C with respect to such p is reducible. In fact, the field K 
contains the field Q (j, fn). ` Here 7, is the absolute invariant of the factor 
group of À; by its cyclic subgroup of order n. If, therefore, we can show 
that the extension of pZ[j] to the integral closure of Z[7] in Q(j,jn) is not 
unique, then pS will be divisible by more than one minimal prime idea. of 8 
and, consequently, the reduction of C with respect to p will contain the same 
number of components. In order to show that the extension is not unique, 
we recall that 7, and 7 are related by an equation ®,(X,Y)—0 over Z 
known as the invariant transformation equation of degree n. Moreover [cf. 3], 
if p° is the p-primary part of n and if we put n= n’p*, then #,(X, Y) splits 
modulo. p as follows: 


©, (X, Y) = 0 (Xe, ¥)o(X, Ye") - [LD (2r, Ye) e+. mod p. 


Here (X,Y) 0 is the invariant transformation equation of degree n, 
which remains absolutely irreducible modulo p [7%-IJI, remark after Theorem 
7]. Therefore, the complete set of conjugates of 7, over Q(7) splits modulo p 
into g- 1 complete sets of conjugates over #(7) among which e— 1 sets 
appear (py—1)-times. This is more than what we actually need here. 

Now, since the equation ®,(X,Y)—0 is absolutely irreducible in 
characteristic zero, it defines a curve &, over Q in the product D X D cf two 
projective straight lines. In the above discussion, we used a biregular property 
of ®, or, more precisely, its locus variety in the product D X D. We shall 
-now discuss a birational property of 6, in case n is a prime number. 


THEOREM 2. Let T be an arbitrary projective curve which is birationally 
equivalent to the curve $, over some extension of Q. Then, unless T is of 


3° 


570 JUN-ICHI IGUSA. 


genus zero, its reduction modulo p is either reducible or an irreducible curve 
of a smaller genus. 


Proof. If we put n’ = e= 1 in the congruence relation we mentioned 
before, we get ®,(X, Y) = (X?— Y)(X—Y?) mod p. We observe that the 
two curves in characteristic p defined inhomogeneously by X? — Y —0 and 
X — F? = 0 on the product D, X D, of two projective straight lines are non- 
singular and of genus zero. Moreover, they intersect transversally at p*-+ 1 
points, hence the reduction of ©, with respect to p is a “reducible curve” 
with ordinary double points. This being remarked, let I” be a reduction of T 
modulo p and assume that I’ is an irreducible curve of the same genus as T. 
If we project T and I” generically to a plane, we get the same situation by 
plane curves. In the same way, if we transform the curve &, by the complete 
linear system of cubic surfaces, or surfaces of a higher order, of the ambient 
projective space and then project the image curve generically to a plane, 
we get the following situation: There are two irreducible plane curves T and 
$ which are birationally equivalent over a field with a discrete valuation. 
The reduction I“ of I with respect to this valuation is an irreducible curve. 
The reduction ®’ of © with respect to the same valuation does not contain a 
straight line as a component and has ordinary double points. We can show, 
` under this circumstance, that I” is birationally equivalent to a component of &’ 
or it is of genus zero, Since the proof is almost the same as van der Waerden’s 
proof of his Theorem 5 in [13], we shall not repeat it here. At any rate, 
in the present case, we know that ©’ consists of two curves of genus zero. 
Therefore I”, hence also T, must be of genus zero. q.e.d. 

According to the genus formula for the curve ®, [7-[IT, Theorem 7], 
there are five exceptional prime numbers, which are 2, 3, 5, 7, 18. Theorem 2 
has a number-theoretic consequence, which we shall discuss after this general 
lemma: 


Lemma 3. Let y be a projective curve defined over Q. Then we can 
construct a non-singular projective model T of y over Q such that its reduction 
with respect to a prime number p remains non-singular whenever the reduction 
y of y is genus-preserving, i.e. irreducible and has the same genus as y. 


Proof. Since the proof is similar to the proof of Theorem 1, we shall 
give only an outline. We note that our lemma could be stated more generally. 
Let += (%,%,: - ‘) be a homogeneous generic point of y over Q, and let S 
be the integral closure of Z[z] in Q(x). Then S is a finite Z[a]-module. 
Moreover, if Sm is the Z-module of homogeneous elements of S of degree m, 
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there exists.a positive integer m, such that Z[er”Sm] is the integral ce 
of Z{x; 1x] in its field of fractions for m = m, and for 0 [cf. 9]. On 
the other hand, since we have p8 N Sm = pSm, the image S’m of Sm in S has 
the sane rang as QQ Sm. Let 8” be the integral closure of S’ in its field of 
fractions and let S”m be its homogeneous part of degree m. Then 8’, is 
contaired in S”m. If y has the same genus as y, by re-embedding y, we can 
assume that Q®S,, and 8”, have the same rank for all m. Then, we get 
S’ = 8”. Now, aswe remarked already, there exists a finite number of elements 
6,,6.,° > - of S such that we have S=Z[2]6,+Z[c]6.+---. Let m, be 

the maximum of maximal degrees of 4,82, °°. ‘Then, we can show that 
F| Sm] is integrally closed in its field of fractions for m= m,. Thus Sm for 
m = MAX (M0, M1) defines a non-singular projective model T of y over 9, and 
this T has the required property. q.e.d. 

If we apply this lemma to the curve ®,, we see [Y-T Theorem 7] that 
we can find its non-singular projective model T over Q which remains non- 
singular for every reduction with respect to a prime number not dividing n. 
Therefore, if ®, is of genus one, the absolute invariant of T, which we can 
call the absolute invariant of #,, must be a rational number whose denominator 
is composed of prime factors of n. If n itself is a prime number p, Theorem 2 


shows that p must appear in the denominator. In this way, we get the 
following. 


COROLLARY. If the curve &, is of genus one, its absolute invariant is a 
rational number and its denominator is of the form p° with e=1. 


We know that the curve &, is of genus one only in the three cases p = 11, 
17, 16. Actually, after some rather complicated calculation, we can show 
that the corresponding three absolute invariants are 


— 21818115 39119174 21878192, 


The reader might think that Theorem 2 and hence the above corollary could 
be generalized to the case of a non-prime level. However, the situation is more 
delicate. In fact, the absolute invariants of , for n == 14, 15, 20, 21, 24, 2%, 
382, 86, 49 [7-III, Theorem 7] are the following: 

5432-978  1883733-45-4 2411552 19338-47- 

Bo 211888-2 O 2633 0 — 3858, 
À This table shows that not all prime factors of n appear in the denominator. 
Y e also note that 2635 and 0 are known as harmonic and equianharmonic cases 
ef. ?-III] while, as we can see easily, the last case —3°5* is the case where 


$ 
i 
i 


= 
eee 
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the curve has $- (1 + (—7)4) as a “complex multiplication.” On the other 
hand, the field of modular functions of level 6 is of genus one and its absolute 
invariant is zero. In fact, the field admits LF (2,6) as a group of auto- 
morphisms, which is an extension of an Abelian group of type (6,2) by a cyclic 
group of order 6. Since this is the only one metacyclic decomposition of 
LE (2,6), the curve has sixth roots of unity as complex multiplications [cf. 
16]. This shows that we have an equianharmonic case, hence the absolute 
Invariant is zero. 


4. Modular correspondences. We shall now discuss modular corre- 
spondences and, in particular, the eigen value of modular correspondences of 
prime degrees operating on differentials of the first kind. As before, let 7 be 
transcendental over Q and let A; be an elliptic curve which is defined over 
Q(j) and which has j as its absolute invariant. Also, let œ, and wz be the 
generators of the group Q of points of A; of order n. We pick a generic 
point M over Q of the curve C constructed in Section 2 such that we have 
Q (1M) == Qj, jn, KU(w2)). Here 7, is the absolute invariant of the factor 
group of À; by the cyclic subgroup generated by «.. These being recalled, 
pick a positive integer m which is arbitrary provided it is relatively prime to n. 
Let 7* be a root of the invariant transformation equation ,,(X,7) —0 of 
degree m and let À; be the generic specialization of A; over the specialization 
j-> 7" with reference to Q. Then, there exists a homomorphism of 4; to À; 
whose kernel is a cyclic group of order m. Let w” and w” be the images of 
w, and w under this homomorphism. Since m is relatively prime to n, these 
Images generate the group, say Q*, of points o- A; of order n. Let 7,* be 
the absolute invariant of the factor group of Aj by the cyclic subgroup 
generated by ,*. We shall show that (7*,7,*, Ku(w,*)) is a generic 
specialization of (J, jn Ku(w2)) over Q. Let («:”, o) be a specialization of 
(ww) over the specialization j— 4" with reference to Q. Then, the 
specialization is generic and œw” and w” generate the group Q*. Hence, by 
the Galois theory [%-III, Theorem 3] there exists an automorphism of 
2 (7*,Q*) over Q(j*) which transforms (”,w.”) either to (wz*,w.*) or to 
(— w", —w2*). Therefore (7*,7,*, Ku(w.*)) is a generic specialization of 
(j, jn, Ku(we)) over Q. Now, let M* be a specialization of the point M over this 
specialization. Then M* is unique and we have Q(M*) — Q(7*, jn®, Kp (oo) ). 
Moreover, from the same Galois theory we conclude that Q(M,M*) and Q(1) 
. are respectively the compositum and the intersection of Q(M) and Q(j,j*). 
The situation remains true even after we extend Q to its algebraic closure Qo. 
Therefore Q(M, M*) is a regular extension of Q and we have 


Or 
-Z 
Qo 
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[O(M,M*): Q(M)] = [00 97"): 0G) = mit (1+ p°). 


Hence the point M X M* of the product C X C has a locus X over Q. We 
note that the change of generators w, and we of Q amounts to replace the 
point M X M* by its conjugate over Q(j,7*). Therefore the correspondence 
X is intrinsically defined. We call X the modular correspondence of degree m 
and of level n. If we replace M* by its conjugate M** over Q(7*), then the 
point JY X M** so obtained has a locus over the field Q, of n-th roots of unity 
over Q. The modular correspondence YX is, so-to-speak, singled out from these 
correspondences, which are sometimes called also modular correspondences. 


Now, we shall assume that m is a prime number p. Remember that p 
does not divide n. Let Cp and Xp be the reductions of C and X with respect 
to p. Then Cp is a non-singular curve defined over the prime field F by 
Theorem 1. Let M, be a generic point of Cp over F. If we denote by (M,)? 
the point of C, which is obtained by raising the co-ordinates of M, to their 
p-th powers, the point M, X (Mp)? of the product Cp X C; has a locus Z over F. 
We call I the Frobenius correspondence of Cp [cf. 15]. On the other hand, 
let k be the algebraic closure of F. Then, with the notation of the, proof of 
Lemma 2, we have k(M,) = k(7’, fn, Ku(we’)) = k(7’, Ku(0’)). If we write 
Jn in the form j,(1’), there exists an automorphism of k(Mp) over k(7’) 
which transforms (Kuloi), Ku(w.’)) into (Ku(w.’), Ku(w,’)) [7-IIX, Theorem 
3], hence (7, Jalor), Ku(we’)) into (7’, ju(ws’), Kulor). This automorphism 
transforms Af, to another generic point, say Mp”, of Cp over F. Let T be the 
locus of the point Mp X Mp” over k. We note that T is not in general defined 
over F. At any rate, with these notations, we shall prove the following 
relation : 


Lemma 4. If we denote by a right upper prime the effect of the permu- 
tation of factors of the product Cy X Op, we have 


X,=1+Tol'oT, 


In other words, the modular correspondence of degree p splits modulo p into 
two Frobenius correspondences. 


Proof. This important lemma was proved by Eichler [4] in a less 
general case and later by Shimura [12] in the above form for almost all vy. 
Since our proof is quite similar to Shimura’s proof, we shall give only an 
outline. If p is different from 2, we cover A; by A) such that Ay covers Ap. 
The point is, of course, that Ay is the reduction of A, while A» is not in 
general the reduction of A; with respect to p. In case p is 2, we cover A; and 
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A; by A, and A, so that Ay is the reduction of À, with respect to 2. With 
the aid of these nice coverings, we can show that X, consists of two parts one 
of which is J. Let A, be the generic specialization of Ay over F which is 
obtained by replacing ÿ by (j’)*/*. Let a be a separable homomorphism of A; 
to Aj of degree p [cf. 5; see also 8, section 6]. Then the other part of Xp is 
determined over k by (7°, jn(ws’), Kufor) — ((7)/?, alaw), Ku(au’)). On the 
other hand, there exists an automorphism of F(7’, Ku(Q’)) over #(7’) which 
transforms (Ku(o,’),Ku(2’)) into (Ku(o,’), Ku(pe,’)) and its effect on 
the algebraic closure F, of F in F (7, Ku(Q’)) is exactly the p-th power auto- 
morphism [7-III, Theorem 3]. Since F(7’,Ku(OQ’)) and k are linearly 
disjoint over F,, the above automorphism of F'(j’,Ku(Q’)) and p-th power 
automorphism of # give rise to a semi-linear automorphism of ie (7’, Ku(o’)) 
over k. Therefore, if T? is the conjugate cf T under the p-th power auto- 
morphism of k, then T? is determined by 


(inox), Ku (pos’)) > (F's (ur), Ku(or’)), 


hence T is determined by À 
(79%, Jalor) P, Ku (por) ®) — ( (7), jn (we!) MP, Ku (w) ). 


However, since we have j,(w1’)?/? = jn (pes)? == j,(Gw,’) and Ku(poz )™? 
— Ku(aw,/), we see that T’ol’oT is the other part of Xp. 

The following lemma is the elementary case of the compatibility of Chow’s 
construction of Jacobian varieties [2] and specialization, which we proved 
some time ago [7-I, Theorem 3]. 


Lemma 5. Let o be a discrete valuation ring and let k be its field of 
fractions. Let T be a non-singular projective curve defined over k such that 
its reduction I” with respect to the prime ideal p of o is again non-singular. 
Then the reduction J’ of the Chow Jacobian variety J of T with respect to p 
is the Chow Jacobian variety of T. 


Once we have these two lemmas, by a rather simple argument [4,12], 
we can incorporate Weil’s results [15,16] on the eigen values of I operating 
on the J-primary part of the group of points of finite orders of the Jacobian 
variety of Cp for a prime number / diferen from p, and we get the. following 
definitive result: 


THEOREM 3. Let 5X be the contravariant map of the vector space of 


differentials of the first kind on O- induced by a modular correspondence X - 


of a prime degree p. Then the eigen values of òX are complex numbers aj 
absolute value at most equal to 2+ pa. 
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We note that there is one non-algebraic theorem creeping in the above 
mentioned “simple argument.” In fact, the relation between the representa- 
tions of the correspondence X on the vector space of differentials of the first 
kind on C and on the l-primary part of the group of points of finite orders 
of the Jacobian variety of C can be proved, at least at present, only with the 
aid of Riemann’s transcendental theory. 


5. Cusp forms. In this last section, we shall formulate the Petersson 
conjecture and we shall show that it is solved for dimension —2. Suppose 
that C is the curve constructed in Section 2. Then any symmetric w-fold 
differential on C will be called a modular form of dimension —2w and of 
level n. Here w is, of course, a non-negative integer. It is clear that a 
modular form can be written uniquely in the form f(dj)” with some function 
f on C. A modular form of dimension zero is called a modular function. 
Actual-y, if we uniformize the curve C by a transcendental parameter z which 
is a variable in the upper half-plane, the analytic function f(d7/dz)” is the 
classicel modular form [cf. 6-I]. At any rate, the modular correspondence X 
of degree m introduced in the previous section gives rise to a contravariant 
map T(m) of the space of modular forms to itself. The operator T(m) so 
defined can be called the Hecke operator although Hecke put the weight factor 
m1 [6-II]. We shall now introduce cusp forms but after this general 
remark: 

Suppose that r is a positive integer and let C* be the curve in Section 2 
for the level rn. Then, the multiplication by r of the elliptic curve A; defined 
before induces a unique projection from C* to C, which is a rational mapping 
defined over Q. Moreover, if m is relatively prime to r and if #* is the 
modular correspondence of degree m and of level rn, the following diagram | 
is commutative : 


* 0t 


C 

boh 
X 

CG —> C. 


The verification is immediate. An attentive reader might have noticed that 
a Similar diagram was used already in the proof of Lemma 4. We note also 
that in case r is relatively prime to n, the same procedure as above gives rise 
to a birational correspondence Y of C to itself. If R(r) is the corresponding 
contravariant map of the space of modular forms, we a multiplication 
formula comes out rather formally: 


Gt 
~Z 
> 
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T(m)-T(m’) = X d-R(d)-T(mm’/@). 
; dbm,m’ 


A modular form f (dj) is called a cusp form if the corresponding classical 
modular form f(dj/dz)” is holomorphic everywhere in the upper half-plane 
and vanishes at “cusps.” As we can see without difficulty, it is the same thing 
to say that f(d7)” becomes a modtlar form of the first kind, i.e. a modular 
form without poles, on C* for r—w. In particular, a cusp form of dimension 
— 2 and a differential of the first kind are the same thing. At any rate, the 
space of cusp forms of dimension —2w on C can be identified with a sub- 
space of the space of modular forms of the first kind on C* for r==w. The 
number of independent cusp forms of a fixed dimension is, therefore, finite 
and it can be calculated very easily by the Riemann-Roch theorem. 

Now in [10] Petersson conjectured that for a subspace of the space of 
cusp forms of a fixed dimension which is stable under Hecke operators the 
eigen values of 7’(p) are complex numbers of absolute value at most equal 
to 2-p%. It is clear from the above explanation that Theorem 3 solves this 
conjecture completely for dimensicn — 2. In the case of level one, if we 
observe that C* for r==6 is the ficst curve with positive genus, we see that 
the first cusp form is of dimenstion —12. Moreover, since we have seen that 
C* for r—6 is an equianharmonic elliptic curve, there exists only one cusp 
form for dimension — 12 and it can be expressed as (dz/y)® on y? == @?— 1. 
This expression might be helpful for the investigation of the Petersson con- 
jecture in this case, which was raised by Ramanujan. 

In concluding this paper, we note that the theory of Hecke operators can 
be discussed geometrically along our development. We can introduce integral 
forms to be those modular forms which become of the first kind so-to-speak 
on the limit of C* for ro. Actually, we can very easily write down the 
condition and the Riemann-Roch theorem permits us to compute the number 
of independent integral forms of a fixed dimension. Also, we can prove its 
stability under T(m), ete. However, we shall leave it as an exercise to the 
reader. 
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THE STRUCTURE OF LOCAL HOMEOMORPHISMS, ITI.* + 


By SHLOMO STERNBERG. 


In memory of Aurel Wintner. 


In this paper, we continue the study of local homeomorphisms in Eu- 
clidean n-space begun in [13] and [14]. The main result to be proved here 
is that any O” volume preserving transformation defined in some neighborhood 
of the origin, keeping the origin fixed, whose Jacobian matrix at the origin 
satisfies a formal condition (**) to be given below, can be brought by a 
volume preserving change of coordinates to a certain normal form. The set 
of germs of these normal forms fal into a finite number of classes, each of 
which constitutes a maximal commutative subgroup of the group of local 0” 
volume preserving maps. Furthermore, the condition (**) will be inter- 
preted as a regularity condition. Thus, we will establish for the group of 
local C” volume preserving maps a theorem analogous to the one which asserts 
that any regular element of a real Lie group is conjugate to an element of 
one of a finite number of Cartan subgroups. À similar analogue for the 
group of all local C* homeomorphisms was proved in [14]. We shall also 
prove this result for the group of all local C* maps which preserve volume 
up to a constant factor, and obtain partial results in this direction for the 
group for all local C” Hamiltonian maps. Since according to Cartan [4] 
these are (the local versions of) three of the six primitive infinite groups, 
it is to be hoped that a general theory of the structure of the infinite Lie 
groups can be developed. The theorem proved here for the group of local 
volume preserving maps is the C° and n-dimensional version of a theorem 
first proved by Moser [9] in the two dimensional analytic case; of also [11]. 

The ‘infinite groups’ of Lie aad Cartan are not groups in the present 
day sense. They are families of homeomorphisms defined on various domains 
of a manifold and satisfying certair partial differential equations. They are 
closed under the operations of composition and taking inverses whenever 
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these operations are defined. The trouble is, of course, that in general, the 
domains of definition of different homeomorphisms don’t match, so they don’t 
form a group. For modern development in the theory of these ‘infinite groups’ 
in the large and its application to the problem of equivalence in differential 
geometry cf. Liberman [8] and Chern [5] and the references cited there. 
For the foundations of the local theory, cf. Kuranishi [7]. The papers of 
Kuranishi and Liberman deal only with analytic transformations. The reason 
for this is that these papers, following Cartan, make essential use of the 
theory of exterior differential equations; the fundamental existence theorem — 
in the theory of exterior differential equations depends on the Cauchy- 
Kowalewski theorem. The objects that we have been considering are groups 
since we consider only transformations leaving the origin fixed, and we 
identizy two transformations if they agree in some neighborhood of the origin; 
that is, we consider the groups of germs of transformations. In this set-up, 
in certain respects (mainly the lack of convergence difficulties) the C” case 
is simpler than the analytic case whereas in other respects the reverse is true. 
We hope to deal with the analytic case in future publications. Another way 
to obtain a group is to require that the domain and range of all transforma- 
tions be a whole manifold. The problems involved in the study of algebraic 
structure of these groups seem to be quite difficult. Even in the one-dimen- 
sional case of homeomorphisms of a circle onto itself, fairly deep diophantine 
consicerations enter, cf. Finzi [6]. These diophantine considerations (in the _ 
form of small divisors) also occur in the local analytic theory. It should 
be observed that the “ Poincaré circle problem” is also one of establishing a 
conjugacy theorem. Here the group is that of all orientation preserving 
analytic (C°) homeomorphisms of the circle onto itself and the group of 
rotations is a maximal commutative subgroup playing the role of the Cartan 
subgroup. The problem of determining the correct regularity conditions and 
proving a conjugacy theorem remains open. It is possible that this problem 
is a prototype of the study of the algebraic structure of the global infinite 
Lie groups. 

In §1 of this paper we prove some preparatory lemmas constructing 
certain maximal abelian subgroups of the group of local O* volume preserving 
maps and state the main theorem for this group. In §2 we make a very 
elementary study of the structure of the algebras of all formal vector fields 
and formal vector fields with divergence 0. This is done to define the formal 
conditions (*) and (**) and show that they correspond by analogy to regu- 
larity conditions in a Lie group. In §8 we prove the formal version of the 
main theorem. The proof given here is a straightforward generalization to n 
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dimensions of the proof for n—2 given in Siegel [11], pp. 135-142. In 
future publications we shall present a more systematic theory of groups 
of formal power series transformations and vector fields. The conjugacy 
theorem proved in §8 for the formal volume preserving transformations and 
again in §9 for the Hamiltonian group will turn out to be special cases of 
a general theorem on groups of fcrmal power series transformations. We 
include the proofs given here for these special cases, however, because of their 
elementary character. 


In $ 4 we bring every volume preserving transformation satisfying (**) 
to a preliminary normal form. In §5 we prove the following theorem. If 
N and T are two C” homeomorphisms having the same Taylor expansions at 
the origin and such that no eigenvalue of the Jacobian matrix at the origin 
is of absolute value 1, then there exists a C* homeomorphism D such as 
DTD-*==N. This theorem, which is essentially the content of Theorem 3 
of [14] is reproved here in greater detail because of some additional normaliza- 
tions, which are necessary for the rest of the argument, on the transformation 
D. In §6 we show that every local volume preserving homeomorphism 
satisfying (**) hes on a one-parameter group. In §7 we conclude the proof 
of the conjugacy theorem for the group of local volume preserving maps. 
In $ 8 we prove the corresponding theorem for the group of local maps which 
preserve volume up to a constant factor. In §9 we prove a partial result in 
‘this direction for the group of Hamiltonian maps. 


In what follows, we shall, for the sake of simplicity only consider one 
of the Cartan subgroups. That is, we will act as if the matrices that arise 
are real diagonizable, i.e. that the eigenvalues are real. However, all the argu- 
ments carry over with the obvious changes to the case of complex eigenvalues. 
Thus, an expression of the form titg’ + -%, might mean (x? -+ £,7)@3- - ° Ln 
or (21? + 2?) (T3 + x): -En ete, depending on how many (pairs of) 
complex eigenvalues occur. In order not to clutter up the language too much, 
we frequently do not distinguished batween the germ of a transformation and 
a transformation defined in a sufficiently small neighborhood. The reader is 
also advised to liberallv sprinkle the phrase ‘in a sufficiently small neighbor- 
hood of’ throughout the paper. Tais paper depends fairly heavily on the 
results of [13] and the ideas of [14]. It can be read independently of [14], 
but not of [13]. 


1. Before proceeding to the statement of the theorem let us briefly 
resume and place in a more algebraic setting the results of [14]. Let G" 


LOCAL HOMEOMORPHISMS. 581 


denote the group of all local O” maps. Then the set of all (complex) diagonal 
linear transformations of G”, i.e., transformations of the form 


(i) M = Mt 


constitute a commutative subgroup of G”. (It is to be understood that (i) 
is a real transformation. If a complex eigenvalue, à, occurs in (i) then so 
will À; and the resulting pair of equations in (i) represents the corresponding 
rotation-dilatation in the appropriate two dimensional space. This and/or 
a similar convention will be followed throughout this paper.) We observe 
that the transformations (i) actually form a maximal commutative subgroup 
of G”. In fact, if T commutes with all of (i), then since projection onto the 
Jacobian matrix is a homomorphism and the (i) form a maximal commu- 
tative subgroup of the general linear group, the linear terms of T must be of 
the form (i). Thus 7 can be written in the form 


(ii) ws = pats + $i (@1,* En), 
with dui(0,: : -,0) ==O(v?). The condition that T commutes with all of (1) 
implies that Mt (Mti © +, And) == bi(%1,° * *,%,) for all non-vanishing A’s. 


Letting the A’s tend to zero shows that ġ;==0. The main theorem cf [10] 
asserts that if S is an element of G” whose matrix of linear terms is equivalent 
to a transformation of the form (i) and such that 


(*) Agé Age = dyin (m; non-negative integers with X, m;> 1), 


then # is conjugate via an inner automorphism of G” to an element of (i). 
We shall discuss condition (*) further in § 2. 

Now let F” denote the group of all volume preserving maps. Here, the 
projeccion onto linear terms maps F” onto the special linear map. A maximal 
commutative subgroup of the special linear group is the set of all ‘trans- 
formations of the form 


(1) ti = ii with [JT A;—1. 


The transformations (1) do not, however, form a maximal commutative sub- 
group of V”. In fact, any transformation of the form (1) clearly commutes 
with any transformation of the form 


(2) t” = Tfi (dits © Ba); 


Here the f; are functions of one variable, the product zı: + <£». It is 2asy to 
see that any transformation T of F” commuting with all of (1) muss be of 
the form (2); by the same argument as before, 7’ has the form (ii) with 
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Il m= 1. Now if pi = tapi + 9: (21° + “Bis, Vint" * Ea), then, letting the 
X<À approach 0, we can conclude that m—0 and (A, © + Anta) . 
== pi (Tit © *,%,) = for all A; such that JJ A;=1. If one of the z,’s vanishes 
we can apply the previous argument so that the y; = 0 along the hyperplanes 
tj—=0. If none of the x; vanishes and 2° * ‘t%—=4Y¥1°* ‘Yn, then taking 
i= yi/ta we have via, + En) = Yi (Uu Yn) Thus T has the 
form (2). . 

- Of course, not all transformations of the form (2) belong V”. In order 
to determine which cones do, we need | 


Lemma 1. Let T be a transformation of the form (2) and let 
o = 01° ",%n Then the Jacobian of T is d/dw(wITf:(w)). 


Proof. A direct computation shows that the transformation 9 given by 
Li = Ti (1, -",n—2), 


(3) Tni" = Tn1fn(o), 


aw, — nf n (w) 


is volume preserving. The transformation TS has the same Jacobian as T 
and has the form 


Di = tifi (o) (ii, < +,n—2), 
(4) Ena” = En afnalw)fa(a), 
Cn” == By. ‘ 


Continuing in this manner, we finally arrive at a transformation given by 


v,* =m [I f(v), 


(8) PE (i> 1). 
À direct computation of the Jacobian of (5) proves the lemma. 

In particular, setting h(w) = IT f:(w), if T is to be a volume preserving 
transformation, k must satisfy the differential equation wh’(w) +h(w) — 1. 
If h is to be regular at the origin, we must have h—=1. Since all trans- 
formations (2) with A == 1 commute with one another and the inverse of (2) 
is again of that form, we have proved 


LEMMA 2, The set of all transformations of the form (2) with [Tfi—1 
is a maximal commutative subgroup of V”. We will denote this subgroup 
by Cr, 


Ii we examine the formal condition (*), we see that it is violated for 
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every element of V” since [I à: =1. By Theorem 8 of [14], if (for a trans- 
formation T € F”) this is the only violation of (*), there exists a C° change 
of coordinates R such that RTR- is of the form (2). The purpose of this 
paper is to show that R can be chosen to be volume preserving so that (auto- 
matically) RTR= is an element of €. Thus we wish to prove 


THEOREM 1. Let TEV", n>2, have a (complex) diagonizable linear 
part whose eigenvalues, Ax,‘ ` -, An, satisfy 


(7%) tf Miam + An, then m; -— 1 = m; for all 71, 


then there exists an REV" such that RTR =N € C”. For the case n == 2, 
the above statement is true under the additional hypothesis | M | «1. 


Remark. In the case n > 2, the condition A; 34 1 is a consequence of (**). 


2. In this section, which will not be needed for what follows, we shall 
try to give some meaning to conditions (*) and (**). We do this by 
examining the root structure of the Lie algebras of all formal fields and 
forma_ vector fields with divergence zero. In future publications we shall 
examine the connection between groups of formal power series transformations 
and Lie algebras of formal vector fields and obtain a structure and repre- 
sentation theory for such algebras. For the present, our justification of (*) 
and (**) will merely be by analogy to the case of a finite dimensional Lie 
group. 


By a formal vector field, f, we shall mean a vector f= (u:: : >un) 
where each of the u; is a formal power series in %:,° - -,2, with no constant 
terms. For simplicity, we shall allow complex coefficients. By the Lie 
bracket [g, f], with g == (v1; - -+%,), we shall mean the formal vector field 
h == (W1, * `, Wn), Where the w; are given by 


(6) we == Di (U; 004/00; — vj Oui/Oa;). 
3 


Let g” denote the collection of all formal vector fields and let v” denote 
those vector fields f= (u:,: - *,u,) such that S\dui;/ée,;—0. Then it is 
clear that g” and o” are (infinite dimensional) Lie algebras. Let us first 
examine the algebra g”. The set of diagonal linear vector fields, 1", forms a 
commutative subalgebra. Let J == (Az, * -,A,%,.) be an element of l” and 
let f— (u,° + +,Un) be in g”, where 


(7) “i= Ÿ ai mp Tate + Din, 
fic jn 
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Then [1,f]—=(w:,-:-+,Wn), where the w are given by 
(8) Wi = D (M — Fada? + fn) Op th + + ni, 


From (8) it follows immediately that I” is a maximal abelian subalgebra of g”. 
Furthermore, the linear forms A;— S mjA; (m; non-negative integers with 
2 ™m,=21) form a system of roots on this commutative subalgebra. The 
corresponding root vectors are the vector fields r= (71, + °,7,), where 
Tp == AED L ka + gti and the integers ny, satisfy ny, — Ont —=m,— &!. 
Here it is to be understood that if no non-negative ny with >) ny, > 1 can be 
found, the term ry is to be taken as zero. 


Thus the condition (*) is the straightforward generalization of the regu- 
larity condition for an element in a semi-simple Lie group. (The reason 
that in (*) we require X, m, > 1 instead of X m: = 1 is that in the hypothesis 
of Theorem 1 of [10] we assume that the linear terms of the transformation 
is diagonizable.) Thus Theorem 1 of [10] asserts that any regular element 
of G" is conjugate to an element of the “Cartan subgroup” of diagonal linear 
transformations. 


In the algebra o” the diagonal linear vector fields of trace zero form a 
commutative subalgebra. The linear forms A;— © m,A; except for those where 


m;— 8; = m, form a system of roots. The vector fields of the form (71,°--,72), - 


where the 7; = 2;f;(w) and >) fi== 0, form a maximal commutative subalgebra. 
Theorem 1 thus asserts (at least for n > 2) that every regular element of Fr 
is conjugate to an element of the Cartan subgroup C”. 


8. In this section we prove the formal analogue of Theorem 1. The 
proof is a straightforward generalizetion of the classical two-dimensional case, 
cf. Siegel [7]. i E 


THEOREM 2. Let Gr denote the group of formal volume preserving trans- 
formations and ©" the formal transformations of the form (2), where 
TI fi(o) —1. Then if TE Gr satisfies (**), there exists an RE G" such that 


(9) RN =TR, where NN € Gr. 


Proof. By a preliminary linear change of variables we can assume that 
the linear part of T is a diagonal form. We shall then look for an À whose 
linear part is the identity matrix. Then if FT = (4,,-- *, Én), where 
(10) te Mti Be bis : alt, 

(fat tfa) : | 
we wish to find an R= (r: > -,r,) with 
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(11) Ti=ti D rit ann 
(Jit tjn) 


and an N = (2,f,(),- © °, @»fn(w)), where the f; are given by 


(12) fi = D fiw = D fiuta > Bel. 
1=0 i=0 

(Let us repeat that we are proceeding as if the eigenvalues à; are real. The 
transition to complex eigenvalues can be made either by passing to the complex 
field and then observing that all the formal power series that arise satisfy a 
reality condition as was done in [18], cf. also [3] and [10]; or by staying 
within the real field and making only trivial modifications of the arguments 
below. ) 


We now follow § 4 of [13]. Given a lattice vector (a, - : ,«,), we define 
its height k to be Ma, Then, substituting (10), (11) and (12) into (9) 
and comparing the coefficients of 7,%- - -Z,%, we obtain 


(13) Tia eA Ty > An + fui + Pi TE AT a Oy 
if @,—d,;*==1. In all other cases we obtain 
(14) Ta. aga Sot An Py = Nia an + Pa. 


In both equations (13) and (14) the P’s represent polynomials in rig, --g, and 
fps where the (Bı - *,B,) and (p,: > -,p) are all of height less than k. 
Thus, if the case (14) applies, réa,...0, is uniquely determined by the rig,- pa 
and fp...» of lower height by virtue of condition (**). If the case of (13) 
applies, no condition at all is imposed on ra,...¢, (since [[ A; —1}), whereas 
the f*:..., is determined by the terms of lower height. If we were to choose 
the ria ---a, corresponding to the case (13) arbitrarily, we would have an È of 
the form (11) and an N of the form (12) which satisfy (9). However, this 
will not do for Theorem 2 since we want: a) Æ to be volume preserving and 
b) II f:=-1. Now b) is a consequence of a) by (the formal analogue of) 
Lemma 2. Thus we must show that it is possible to choose the r'e,- a, at our 
disposal in such a way that 


(15) NA rl Vort yo pad: 


We do this by making the following choice of rie,...¢,: Choose the rte, cn» 
where «;— 8; gq, so that 


(16), à — 1 contains no term of the form w? with p = q. 


We first show that a choice is possible. For the case q= 0, this condition is 


4 
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trivial. Now in the power series expansion of A the coefficient of w? is a 
polynomial in those ri,...¢, of height at most ng+1.. Thus if (16), is 
satisfied for q <l, then we must choose the ra. where &;— à; =l, 80 
that in the formal power series expansion of A—1 the coefficient of w! is 0. 
Remembering that the linear part of R is the identity matrix, we obtain that 
the coefficient of w? is 


(17) Pate he E rena + Q; 


where Q is a polynomial in terms of height =nl. Thus the condition (16), 
reduces to a single linear equation for the r‘y,...2, and so can be satisfied. 
We now choose the r‘g,...¢, with «;,—8;J—=q arbitrarily, subject to the 
condition (16),. Then È and N are uniquely determined by (18) and (14). 
Furthermore, A—1 contains no term in œ. We wish to show that (15) is 
satisfied. Now since RN = TR and N is of the form (2), we have 


(18) A (Tifi: | `, nfn) d/ dolo [I fi(w)]) = A a, ' "y Tn) 


since T is volume preserving and the Jacobian of N is given by (the formal 
analogue of) Lemma 1. If we set 


I(T: 7 `, Ea) = D Ya apt j Enr = A (T: : Zn) — 1 
h(w) = BM hy... 03": $ ` Tn! = d/dw[w II f: (o) | — 1, 


then r(0,:---,0)=àA(0)==0. We wish to prove that T and h vanish 
identically. In terms of T and A, (18) becomes 


(19) (tif `c, Enf) + A(o) + Tarif: > +, Safa)h(w) == Ta, + +, Ta). 


We have chosen È so that the yy...,==0. We prove that the remaining ye,...a, 
and hu. vanish by induction on their height. As we have seen, the terms of 
height O vanish. We thus assume that all terms of height k—-1 vanish. If 
(%,° * *,@n) is of height k and is not of the form (1,1,- --,2), then com- 
paring the coefficients of 2,%: > -z,% in (19), we obtain (since ff... = À) 


and 


Ya ayy" "An F Q = Ya an 


where Q is a polynomial with no constant terms in the terms of lower height; 
thus Q=0. Then, by (**), ya,--e,—=0. Comparing the coefficients of 
Tiltalt - -Xn', we obtain, since yn…:—0, that hy...1 is a polynomial in the 
lower order terms. Thus /y....==0. This completes the proof of Theorem 2. 


4. In this section we show how to bring every volume preserving trans- 
formation to a preliminary normel form. For this purpose we need the 
analogue of Lemma 5 of [10]. 


\ 
LT 


LOCAL HOMEOMORPHISMS. 587 


Lemma 3. Let S=—(s,,:::,s,) be a formal volume preserving trans- 
formation whose linear part is the identity matrix. Then there exists a O° 
volume preserving transformation == (81, * -,8,), where sı is the Taylor 
series expansion of si. 


Proof. Choose s,,: * -,8,-. arbitrarily as C® functions whose Taylor 
series is Sı’ ' ' Sna (This can be done by Lemma 5 of [10].) Let Sno 
denote the formal power series in n— 1 variables obtained from s, by setting 
Z,==0. and let Sao denote a C” function defined on the hyperplane z, — 0, 
and whose Taylor series expansion is Sao. Then the linear partial differential 
equaticn | ôĝs:ı/ĝz; | ==1 for s, is non-characteristic on the hyperplane c, — 0. 
On this hyperplane we assign the initial values s,(0) == Sno, Then the solution 
Sa is a O° function which, together with s,,- - -,8,, gives a volume preserving 
transformation S. Since the corresponding formal partial differential equation 
has the unique solution s,, the Taylor series of s, is Sa, proving the lemma. 
If S is of the form (2), then we can prove the lemma more directly and still 
retain the form (2). In fact, if &—tif{(w), then choose the first n—1 C°” 
functions f; of one variable w and set f, = 1/f1 * “fn. 


Using Theorem ? and Lemma 3, we obtain 


Lemma 4. Let T be an element of V” satisfying (**). Then there exists 
an N € Cr and a volume preserving change of coordinates so that in the new 
coordinate system T —N vanishes at the origin with infinite order. 


Now since no | 4|—1,, we can assume that the | à; | are ordered so that 
[arf SSeS [ae p <1 < ama |S El 
As in [10], we introduce the norms 
Ieh— Se, Uel=Ÿe, bei=lel+lel- 
and the 
Si={e||eh<fel-},  8S-= {z| lel >] eft, 
L—{silzh=0}, C= {z| s l.= lz l-} and I= {2| | 2-0}. 


Now tke spaces J, and J_ are invariant under N, and N is an expansion (con- 


traction) on J, (IL). By Theorem 7 of [13], there exist two invariant surfaces 
under T, 


Jai Ti = bi (Try * +, Zn) ; (1=1,: >: k), 
J: Ti = bj (Ta | `, Ty) . (J =k+1,: i <n) 
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where the ¢; are C® and vanish at the origin with infinite order. Now the 
transformation 


ate 


T”; = Di — Pi(Tress °°, tn) for iS k, 2m for +> k 


is clearly volume preserving and is the identity at the origin up to terms of 
infinite order. In the z* coordinate system the surface J, coincides with J, 
and J. has the form 


a; = nj (2"*3.° ` Dr), | 1> k, 
where the 7 vanish with infinite order at the origin. Then the transformation 


TV, =n LŸ, for +S k, DEF = ntm, - +, 2*,) for j>k 


+ 


leaves J, invariant and takes J_ into I.. We thus can choose an M € Pr so 
that the invariant surfaces of MTM and N are I, and JL. The new T and 
N are expansions on 7, which coincide up to terms of infinite order of the 
origin. We can, by Theorem 2 of [9], find a O” transformation X defined on 
the space I, so that 

XT X> == Ny. 


If x, and z denote the projections of æ onto I, and I. respectively, we 
then defined a transformation Q in a neighborhood of the origin by 


x, = X Lay r*_ == (det X(z,))-Ve*ae_. 


Then Q € V”, the restriction of Q to Z is the identity and Q — E vanishes at 
the origin with infinite order, where Æ is the identity transformation. After 
transforming by Q, the transformations T and N coincide on Z,. Doing the 
same for I_, we obtain 


Lemma 5. Let TE VW? satisfy (**). Then there exist an N € C” and an 
SEF” so that STS-1—N vanishes along I, and I_ and vanishes at the origin 
with infinite order. 


5. In this section, we shall construct a D € G” so that 
(20) : DT = ND. 


This is a consequence of Theorem 3 of [14]. However, since no details of 
the proof are given there, we shall reprove this theorem here. For a sketch 
of and a motivation for the arguments of this section cf. [14], pp. 624-625. 

We shall assume for convenience that N has been extended to all space 
so as to remain a C” transformation (not necessarily a homeomorphism) and 


+ 


m 
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so that its derivatives of every order remain bounded. We choose a ball 
Bp: |z] &p so small that [(T— Lx]. <elæx|., where L is the linear. 


part of T, which we can do since Z, and I. are invariant. Then T(B,NS,) 
C #, and we set, for r < p/3 


or =B, N 8 —T (Bp N S+), 
(21) War = TW nir O B, for n > 0, and 
War == TAW nar NB, for n < 0. 
It is then clear as in the proof of Lemma 2 of [10], that 


(22) Bex CLU LUU W. 


We define the transformation D in W = W,,, as follows: we set D — identity 
on C and (for later purposes) in a neighborhood in W of every point of C 
different from the origin, where at each point we choose a neighborhood so 
small that it does not intersect TC. This then defines D on TC by (20). That 
is, at & point z= Ty of TC, we set Dz = Ny. Then, as in Lemma 8 and the 
paragraphs immediately following it of [14], we can “fill in” D so that 
D— E vanishes at the origin with infinite order, where Æ is the identity 
transformation, and satifies the above requirements at the boundary of C. 
Now D is defined on W,,. We define it on all Wa by (20). That is, for 
vE Wyr we set Dr == NEÉDT-Ex. Then D is defined everywhere in a neighbor- 
hood cf the origin except on the surfaces I, and I., and is a C” at these 
surfaces. We first show that it is continuous there. For this purpose it is 
sufficient to show that D— FẸ evaluated at any point of Wz-/ tends to zero 
as [&[—>c. We shall show this for &—> co ; for k->—-o the situation is 
entirely analogous. We first need a slightly different version of Lemma 8 
of [10]. 


Lemma 6. There exists a constant x < 1 such that for sufficiently small r 
and ali sufficiently large k = ko, 


(23) PAW ear G Wpro 


Proof. Since I, and F. are invariant we can choose 7, so small that 
| Tel-= |æ- and | Te] & cz] for all re B,, where c > 1 >c. 
We then choose a kg so large that | ||. = (1 —8)|| x | for all z€ Wr r where 
kZ k5, and r&r. Then || Te] = {| Tel- = cc l| el- =Z e (1—8) lle] for 
ce Wy If we choose § so small that c (1—8) > 1, then setting 
x= 1/3 (1—8), we have (23). | 
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For any I< ko | Tel 2 P2 l-26" le l-= 2*7, so that [x] 
. is decreased by at most a factor of 4. 
We also need an analogue of the mean value theorem. 


Lemma 7. Let U, Y, and Z be three smooth transformations (with the 
proper domains of definition), U (x) == (uy (21, © +, 2n),° © +> Un( 21° ` ` En)), 
etc. Then ' 


(24) U(Z+Y)=U(Z)+U"-F, 
where U’ is a matrix made up of the partial derivatives Qu:/0x; evaluated at 
various points on the lines joining (2,,° * ,2,) to 
(aa Das an) ty (a Yu y Zna + Ya Za) 
to (a+ y + ts Zn + Ya). 
Proof. 


Ui(Zr HV sn Yn) Wien © taa) + (Wile Ya + en) 
— Ui(21,° ° +5 2n)) + (ale ta a+ Yn) 
| — Ui (2 H Yn ni F Vas Zn) )- 
Then apply Taylor’s formula. 


If we now set 


(25) N=T -+-G 
and 
(26) Py== N*DT*—- E on Wy, 


then, since G and P, vanish at the origin with infinite order, for any q there 
exists a constant A, such that 


(27) | G(z) | < Ag] alle 
and | 
(28) | Po(z)|| < Ag || z f8. 


In view of (26), we have the following recursion formula for Pp: 
(29) Pra =N (Pr + E) T — E. 
By repeated use of Lemma 7, we can rewrite (29) as 
(30) Puy = N'(E -+-OP,) - P,T-1 + GTA, 


where the matrix N° is the one given by Lemma 7%. Thus 


À 


oe 
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Py = GT" + N'(E + 6Pn:)GT- + N'(E + 6P::)N'(E + Pr) GT 


(31) +++ +4 NW (B+ 6Pza)" NE + OP) PT. 
Now set 
(32) M = sup | On;/A2; | 


ard c1oose g so large that 
(83) KMn =a < 1. 
ie view of Lemma 6 and (27), for any point in Wx, we have 
(£4) sup | GT-*(2) | S Agra, 
key 
for k— p = ko, and 


(85) sup | GT- (x) | S ARTE) | 
Wr, r 


for k—p < ko Similarly, by (28), 


(26) sup || PT (2) | S 4 20rako, 
Wise 


Using (31), we have, for large values k and all m such that k—m = ko, 
| Pc | SGT 4 NE + Pr) aT > NYE 4 Pan). 


37 
(e NB A Prom) GT” | + Agta / (1 — a) + 2k, (Mn) A gatto 


Now for any «e we choose Me so large that the second term on the right of 
(37) is <e/3. We then take & so large that the third term on the right 
= e/8 for all k= ke. The remaining term on the right can be majorized by 
an expression of the form 


(38) Ba | GT? | + Ba | GT? | +--+ Bn | GT |, 


where the B’s are constants. Now as k-o, « approaches J,, as do the points 
T’-*2,- + +, Tr. (Remember that now m is large but fixed.) Since, by 
assumption G(p)—>0 as p—1,, by choosing k-e sufficiently large, we can 
meke (38) <e/3. We have thus proved the continuity of D at L. 

The sequence (1/| x |*)P, also converges (to zero) by the above argu- 
ment. This can be seen most easily by absorbing the À into the q of (27) 
and (48). Thus for any h, there exists a constant A’, such that 


(33) | (D—E)2| S44 12)" 


In ordez -to prove that D is C” at I, it suffices to prove 
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Lemma 8. Let D—E =F = (fı: ::,f,). Then if pE I., pré In and 
Pnp, the sequence df; (px) /0%,5- + -Otiin converges. 


The proof of Lemma 7 is essentially the same as the proof of the con- 
tinuity of D except that the estimates are a little more complicated. In the 
wedge Wx, the transformation F coincides with P,. Thus if f# are the co- 
ordinate functions of Pa, (29) becomes 


(40) fie (a) = n (Tr + PTS) — z. 
Differentiating (40) and setting T> == (¢*,,- - :,4*,), we obtain 
(f/x) (2) = [ 2 (06 Oza) (Ta + PTs) (0t*;,/62;) (x) — 94] 
(41) TA 2 (0g:/ bop) (T a + Pia) (0t%;,/02;) (x) ] 
+ L 2: (Ou dxi) (Ta + PaT) (fir) (Tx) (00% ,/024) |. 
If we apply Taylor’s formula (as in Lemma 5), we have 
(Ott; (Tr + PTa (84,/0a,,) (Tx) + Etere (Te + OP) f(Tr). 


Since $ (@t,/0a;,) (Tx) (at*;,/dty) == Ou (TT im) /0t; = 8h, (41) can be 
written as 


(42) Of 0a; = D Ain Of p/m (Te) Bn, + P (i, f), 
where ii 

(43) Ajj som (0n;/02;) (Tz -f Pit) 

(44) Bi == (01*;/0x;) (x), 


and P(1,7) is a polynomial in 9n,/0x,;, 0°n;,/0%;,02j,, 0t;/0x;, 0q:(T-x)/0x,, 
fi(T1z), whose form is independent of k and such that every monomial 
occurring in P(1,7) contains at least one factor 0g1/6x; (Tx) or f(T-1x). 

Similarly, by differentiating (41) the right number of times and by 
applying Taylor’s formula to the appropriate terms, we have 


(— Of izy + - day.) (T) 
(45) 2 Ajj (0°F;/02m,° = Em, ) (T2) B mu ' f Bots 
Mar Mp 
+ P(t, h, ae. by) (z); 


where the matrices A and B are given by (48) and (44), and P (i, ly’ : ',lp) 
is a polynomial in the partial derivatives of n and g of height at most p 
evaluated at various points in the sphere of radius || Pao T>e |] about the 
point 72, in the partial derivatives of height at most p of the ¢*; evaluated 
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at x, in the partial derivatives of height at most p—1 of the ff; evaluated at 
the point T-tg, 

We now prove Lemma 8 by induction on the height of the partial 
derivative. 


Induction Hypothesis. For m < l, the partial derivatives 0"/;/d%1,- - ` 021,, 
are continuous in B,, and for every q, there exists a constant A, such that 


(46) |(0"f;/Oa,,° © -Itim (z)| < 4, zl, for all (4,4,-- -,l). 


We have proved this for ?— 1; we now assume it for l = p— 1 and will now 
prove it for == p. | 

Now since the g (and all its derivatives) vanish at the origin with 
infinite order, and the various partial derivatives of the ¢; and n; occurring 


in Pit,l,---+,l)) are bounded, for any q (using (46)), we can find a 
ecnstent A*, such that 

(20) | Pi (4, La, i lp) (z) | <A, I| æ [2 

Now we regard (6°f*,/0a,-- âz) (£) and P(i,l,---,l))(%) as the 
(&l, * *,l,)-th rectangular coordinate of vectors f,* and P(x) in a Eu- 
clidean space of m?*+ dimensions with the (Euclidean) norm |||- |||. Then 
(<5) can be written as 

(<8) foi" (a) =H (2) - f (Tx) + P(2), 


waere H(z) is the linear transformation occurring in (45); it is the tensor 
product of A and p-times B. Thus, for a point æ in W,,,, 


f (2) = P(x) + H(x)P(T Ex) + H(z)H(T 3) P(T x) 
++ (a): HT) fr (x). 


In view of the construction of D in Wo,- and (47), for any gq, there is a con- 
stant A**, such that 


(49) 


(50) II] fo (E) ||| < A**q x | for ze Wo, 
and 
(51) PC) <4*%, || £ | for we B, 


Now let x° be a point of I, different from the origin. We wish to show that 
given any e > 0, there exists a § > 0 such that for any two points x! i I, and 
q” € I, in the sphere of radius è and about x, we have 
(52) | (Of:/Ox1,- + Oty) (at) — (6?f:/O0,- - Oe) (27) | Ke 

for all (4,4,- © -,L). 
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We can view 6°f/0a,,: > : 0x1, as the components of the vector fp as before and 
replace (52) by 


(53) FC) — fol) ||| < e 


Now the matrix H (x) is uniformly bounded in norm since its entries are Just 
polynomials in 0n,/@x; and 84*:/0x; evaluated at various points in B, Thus ~ ( 
there is a constant M such that the norm of H(z) is = M. ao choose g so“: 
large that 


(54) KM =a < 1. 


Applying the same method as was used to prove (37) to (49), we can find 
a constant K such that 


(55) IIE — fo (et) [|| S ||| P(@) —P (a?) || 
+ [I| B @)P (T72) —H (28) P (T72) || | 
+ || H (1H (Te) : - H(T rat) P (Tha) 
— H(z?) - -H(T-*2*)P(T"12") 
+ Kam 





for all large k and all m < k. First choose m so large that 
(56) Ka” < Fe. 


Next choose 8, so small that if a point té I, is in the ball of radius &,, then 
tE W,, with k >m. We now want to make each of the first m terms of the 
right hand side of (55) less than «/2m. This can be done as follows: By 
choosing 8 sufficiently small, we can arrange that if zt is in the ball of the 
radius ô about 2, then T-1%,: >, ,T™g is in the ball of radius &, about 
Two, °°, Ta, respectively. Now for y—1,, F(y)—0 so that for any 
ôs, we can choose &, so small that all the derivatives of n, occurring in the 
P(t,1,,: elp) Te (7=0,---,m) are evaluated at points in the ball of 
radius 8, about Tix. Then by the cortinuity of the partial derivatives of 
the m, ¢*:, gi, and the partial derivatives of the f; of height < p, we can 
choose 8, so small that each of the first m terms is less than ¢/2m. 

Now an elementary theorem in the theory of real variables (a simple 
consequence of Taylor's formula) asserts the following: if w(a,,- - :,æ,) is a 
function defined and continuous in the neighborhood of a point 2, lying on a 
plane Ji: Eyen =" > = Ea = 0, such that fu/0r; = k exists and is continuous 
for all 1 everywhere in the enighkorhood of the hyperplane and tends to a limit ~ 
as æ—>ts, then (du/0x;) (Tə) exists and is lim (ôu/0x;)(æt). Using this 

i Poe 
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theor2m, applied to the partial derivatives of order p— 1 of f at I- (f—0 
on I,), we have established that f has continuous derivatives of order p at all 
points except the origin. But applying the previous argument, we can conclude 
that for any m, there exists a constant Bm such that 


(57) | | (6°f,/O21,° ` Ours) (t)| < Bn | z |”. 


Thus the derivatives exist and are continuous (and vanish) at the origin too. 
We have thus proved 


THEorEM 3. Let TE Gr and NEG" be such that T—N vanishes at 
the origin with infinite order. Then there exists a D € G* such that DT = ND 
and D — E vanishes at the origin with infinite order. If the invariant surfaces 
of both N and T are I, and I. and N coincides with T on these surfaces, 
tren D can be chosen to be the identity in a one sided neighborhood of every 
point of the cone C other than the origin. 


Remark. Theorem 3 implies Theorems 1 and 3 of [14] by thə trivial 
formal considerations of § 4 and of [10] and Lemma 5 of [14]. 


6. In this section we show that any element T of V” satisfying (**) lies 
on à one parameter group. By Theorem 3 and Lemma 4, T — DN D-, where 
NEC", DEG". Now any element of C” can clearly be embedded in a one- 
pararaeter group of volume preserving transformations. Therefore, there exists 
a one parameter family 7, such that 7*,== 7 and such that the Jacobian 
of 7'*, tends to one with infinite order at the origin. If v= (v1,- - +, Un) 
denotes the vector field corresponding to this flow, then divv = > @v,/éq; 
vanishes at the origin with infinite order. We now show that we can modify 
T#, so as to become volume preserving. That is we shall prove 


THEOREM 4. Every Tey" satisfing (**) lies on a one parameter group 
T, € F*, | 


If we consider the vector field v, the equation for a multiplier u so that 
the field wv be divergence free is 


(58) > 0 (uvi) /0x; = X, (0u/dx;,) v: + u(divv) — 0 


If we write u(t, - -,æ,) as u(2,(t),: - -,2,(t)), then (58) becomes the 
ordinary differential equation : 


(59) . du/dt == — u (div v) 


along each orbit. The general solution of (59) is 
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t 
u(t) = K exp (— f div v(r)dr). 
0 
We wish to choose K so that 


(60) fu dr = 1. 


This can be done if and only if 


t+t 
(61) f dive(r)dr=0. 
t 


However (61) follows from the fact that T 1s volume preserving. We thus 
choose u by (59) and (60) for any point x not on J, or Z. This can be 
done since T,(C) sweeps out a whole neighborhood of the origin except for 
these surfaces. If we set u—1 on J,U I. it is easy to see that u is C”. 
Then the one parameter group T, generated by the vector field uv satisfies 
the conclusions of the theorem. — 


Remark. In view of the choice of D, uv agrees with the vector field 
generating the one parameter group containing N in a one sided neighborhood 
of every point of C different from the origin. 


7. In this section we conclude the proof of Theorem 1. 

The cone C is a cross-section to the flow T, given by Theorem 4 and 
also to the flow N, on which N lies. Now, as in $ 5, 7,(C), for œ <<s<-+o, 
sweeps out a whole neighborhood of the origin except for J, and I. Similarly, 
N,(C) sweeps out a whole neighborhocd except for J, and I.. Thus, if 


Y * > Yna denote coordinates on ©, we can write, for v= (£u ``, En) 
€ I,UT., 
(62) Ti = Lig (Ys * > Yna É). 
Now 
(63) (0/8¢) (8 (Tir © +, Tnr/0(Y15° © ‘5 Ynwt)) 
= (8 (Tip i “y Ging (Yas ts Yn-1 t)) (div uv) == (. 
Thus we can write 
(64) (Tim © s Enr) /0 (Yn: © s Yaar t) =A (Y © s Yna). 


If we do the same for N, we have, for té LU L, 


(65) Bi = Tiy (Yi ‘ "Yna É). 


In view of the last remark of § 6, we have 
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(66) Ô (Tiy ` 25 Enx)/0(Ya5 ` * 3 Yn-1s t) = À (Jy ‘ *,Yna). 


Thus if we compose the inverse of (62) with (65), we obtain a volume pre- 
serving transformation Æ. We can describe R as follows: if s == Ty (y€ C), 
then na—N,y. It is clear that À is now defined on an entire neighborhood 
of the origin and satisfies RT —NR. Furthermore, since T and N differ by 
terms vanishing at the origin with infinite order, Æ tends to the identity 
with mfinite order at the origin. All that remains to be proved is that È is 
C along I, and J_. However, this follows as in § 5. 


8. We now consider the group U” of those local C° mappings which 
preserve volume up to a constant factor; that is, a map belongs to U” if and 
only if its Jacobian determinant is constant. It is clear that the collection 
of such local maps form a group whose image under the projection onto 
linear terms is the general linear group GL(n). It follows, as in Section 1, 
that the subgroups of transformations of the form (i) are maximal commu- 
tative subgroups of U”. We now wish to prove 


Tasorem 5. Let TE Un have linear part, L, of the form (i) and satisfy 
(*). Then there exists an RE Ur (indeed €V") such that 


(67) RTR =L. 


We know, by Theorem 1 of [13], that there exists on RE G” satisfying 
(67). The problem is to construct an R€ Ur satisfying (67). We proceed, 
as usual, in two steps, first proving the corresponding formal theorem. 


THEOREM 6. Let U" be the group of formal power series transformations 
with constant Jacobian. Then of TEU has its linear part L of the form 
(1) and satisfies (*), there exists an RU" such that (67) holds. 


The proof of Lemma 1 of [9] shows that if we require the linear part 
of R to be the identity, equation (67) has a unique solution. What we must 
show is that this solution is indeed volume preserving; i.e., using the notation 
of (15), that Az, © -,%n) ==A(z)=—1. Now in view of (67) and the 
fact that T € Ur, the formal power series A satisfies 


(68) A(Laz) =A(z). 


Comparing coefficients, and noticing that (*) implies that Ay™- - -A,”™=541 
for any positive integers mi, yields As=1, proving the theorem. 

Lemma 3 carries over immediately to the present situation, as do all of 
the considerations of the previous sections up to the remarks preceding 
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Theorem 4. That is, after a preliminary change of coordinates belonging to 
U”, we can assume that T— L vanishes at the origin with infinite order, and 
that T lies on a one-parameter group of transformations T; (not necessarily 
lying in U”). We now prove the analogue of Theorem 4. 


THEorEM 7. Any TE Un lies on a one parameter group T; in Ur. 


In case J (T) ==1, this follows from Theorem 4. Thus we may assume 
that J(T) =-as41. If v denotes the vector field generating the flow T*;, 
then the equation for a multiplier u so that the vector field uv generates a 
one parameter subgroup of U” is 


(69) div uv = a = log a. 
As in Section 6, this is equivalent to the ordinary differential equation 
(70) du/dt + u divvu— a 


along each orbit. The general solution of this equation is 
t 

(71) u=1/F(t)[2 f F(s)ds + Cl, 
0 


+t 
where F(t) —exp f div v(s)ds. We wish to choose C so that (69) holds. 
Q 


itg 
Now f div v dt = g since TE U”. Therefore, if we divide (70) by u and 
1 


integrate from x to 1-+-, we find that (59) can be satisfied if we can choose 
C in (70) so that 


(72) logu(1 +z) —logu(x) —0; 
since log #(1 +- 2) —log F(x) =a, we must choose C so that 
wed a 
(73) log[e J F(s)ds + C] —log[a f L EE EEN 
0 0 
Differentiating (72), we obtain 


(a f” F(x)ds-+-0)/F(e +1) = (a |7 P()ds-+0)/F (0), 
or nee a aes Sy 
(74) | a f” F(s)ds+O—a f P(s)ds +0). 


Differentiating once more, we obtain an identity. We must thus choose ie 


I 
C = (a—1)"te f F(s)ds. Thus, if we take this value for C, we find that 
0 
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== du + Sri menthe anne = + Yad 


(83) and 
| = Yb DSi. jars -rpt o En PY dee + + adn, 
and set N = (afi (os, ° i ";@n),° i Yagi (v ° on) ° J where 
pa he BP se : En" ' 
(84) and fe 


Gime ar HT ng’ ho m "on. 
E we substitute (33) and (84) into the equation ETR == N, we obtain 


ae qa Son hr Ans + Ania T Dee i aa T a 
(85) 
== MT yo inulin din F 
where the - -> indicate terms of lower height, and a similar set of equations 


for the s’s. Thus if jp k, + 8? for some p, then condition (***) implies 
that 1*;,--- juki kn 18 determined by the terms of lower height. If jp = kp -+ à? 
holds for all p, then ri,...;,1..2, 18 undetermined, whereas the corresponding 
term in f is. We wish to choose the undetermined terms in À so that RE Gr 
as we did in Section 2 for V”. We choose the undetermined in À so that 


n ` 
D [ri Sileys, contains no term of the form yyy": : wnt", 
i=1 : 
7 
(86) 2 [ré Sile —8# contains no term of the form yjrzw,4- wnr, 
at 
n 
> [ro Slym contains no term of the form remit: + wp". 
i=l 


We will see later that such choice is possible. We first show that if (86) is 
satisfied, then R (and hence N) is Hamiltonian. We first remark that if 


(x,y) — (a*,y*) and (2*,y*) — (2**, y**) are two smooth transformations, 
then 


Pb lou =e 2 es: Year (2*,, y*1) Lr*, Cm | osu 


(87) ae Le Ys Joey m (C*, Y*) (2%, VX | aye 


lim 


+ 2 (are, y** | yoyen(2*, y*) [z*, Y* layers 


with similar formulae for [a**, y**;]o,,, and [r**,g##] yy. 


In particular, if the transformation (2*, y*) —> (a**, y**) is Panini 
then 
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(88) i > [a**,, yaya am > ERS y* | Tjek 
i i 

If we now apply (87) to RN and (88) to TR, we obtain 


E F [so rom (2f, 99) [af Cf] ose 
+ 2 D [84 lé lorvm (tf, Y9) Lefi YmIm ] azer 


(89 ) Em nu 
HE D [So rio (Ef, 99) [Yn Ymm aser 
| 4 Cm nr 
= > [ri Si] ZiT" "Teak . 
Le ; I t 
w a 
- Let us prove ne S , | 
(90) 2 [re s] sier 0, y a 
î 


ne 

for all s, * It is clear that the linear terms on the left hand side of (9077 
do vanish. We shall assume that all terms of height smaller than N vanish. 
If we compare the coefficients of ah: + -aqlnyy™- ` -y,™» in (89), we obtain 


(È [ri Si] vjes) hu Mn 
4 g 


= AGAR TAL am e a @ Anim (> [ri si] a) hee lomi Ma + wo 6 š 
4 


(91) 


where the + - -are terms of lower height. Now by Lemma 9, the second 
term on the right of (91) will- vanish unless lp = mp + 8P +8. If 
lp E Mp + 8P + 5,2? for some p, then (91) and (***) imply that se 


(92) (> [r Si Jajor) a um m = 0. 


On the other hand, if lp = my + 8P + ôP for all p, then the choice (86) 

implies (91). A similar argument, establishes (77) and (78) for t*; = rů; 

YË; == Si. i : / | 
All that remains to be proved is that we can arrange for (85) to bé 

statisfied. In order to show this, we, first observe that in order for a map 

(x, y) — (x*,y*) to be Hamiltonian and have the identity as Jacobian matrix 

at the origin, it is necessary and sufficient that there exist a function H(z, y) 

such that 

(93) a ôH (z, y*)/dy*; and y= ôH (x, y*) /dm%. 

In fact, (75) is equivalent to 

(94) > 2 dy*,+- S yde = dH. 


- If we introduce x, and y*; as coordinates, then (93) follows from (94). If 


rent 
a 
—— 
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now (2,y)—> (z*,y*) is a transformation satisfying (76), (77), and (78) 
up through terms of order n, then 


(85) 2 x dy*, + 2 yan = AH +O, 


where Q is a linear differential form all of whose coefficients vanish at the 
origin with order n+1. That is, (æ*,y*) satisfies (92) up through terms 
of order n. If we replace (x*,y*) by exact solutions we shall obtain a 
Hamiltonian map. Thus, ifa mapping (x,y)— (2*,y*) satisfies (76), 
(77), and (78) up A6 order n, we can arrange that these equations hold 





50 that & be Hamiltonian up to degree n. However, the only terms of degree 
n +1 in À which can contribute anything to the terms of degree n on the 
right hand side of (85) are precisely those which are at our disposal. Thus 
(85) can be satisfied, completing the proof of Theorem 8. 

An argument similar to the one given in the preceding paragraph yields 
the analogue to the present situation of Lemma 8. In trying to apply the | 
techniques of § 5 to the Hamiltonian group, we are faced with a fundamental 
difficulty. The argument there depends essentially on the fact that no eigen- 
vaiue 13 of absolute value one. This is not, however, implied by (***); we 
must therefore make the additional assumption. We have thus progressed 
to the situation analogous to that just before the proof of Theorem 4. The 
same techniques used to prove Theorem 4 do not apply to the present situation. 
This is clear, since given a vector field, one can not, in general, find a multi- 
= plier which will make it Hamiltonian. However, one can replace the device 
used in proving Theorem 5 via Theorem 4 by a more pedestrian ‘filling in’ 
process applied directly to prove Theorem 5, the details of which we will 
not bother with here. Modulo these considerations, we have thus proved 


Feorem 9. Let TEH” satisfy (***) and have no eigenvalue of 
. absolute one. Then there exists an R € H” such that RTR is of the form (80). 
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L’APPROXIMATION POLYNOMIALE PONDEREE SUR UN 
ESPACE LOCALEMENT COMPACT.* 


par PAUL MALLIAVIN. 


L’approximation polyn nomiale par Weierstrass de toute fonction continue 

sur [0,1] a des équivalents classiques pour des intervalles non compacts. 

Par exem approximation sur [0,+c) par les polynômes de Laguerre 

ae ae le poids e-*, ou celle sur (—o,-++o) par les polynômes 

d’Hermite, le poids étant alors e”. On se propose d’étudier ce problème 

dans le cadre général dans lequel M. H. Stone [6] a démontré le théoréme 
de Weierstrass. 

Le procédé utilisé consistera à se ramener au même problème d’approxi- 
mation avec une seule variable, problème déjà envisagé par S. Bernstein, 8. 
Mandetbrojt [3], H. Pollard [5]. Ce procédé de réduction donnera en 
particulier une démonstration du théorème de Stone-Weilerstrass n’utilisant 
pas la structure d’ordre sur l’espace des fonctions continues réelles ([1] et 


[6]) ce qui permettra d’étendre le résultat de Stone à des algébres comvlexes, 
moyennant des conditions analogues à celles de Mergelyan [4]. 


1. Notations et énoncés. Æ étant un espace localement compact, on 
notera par C (E) l’algèbre des fonctions continues à valeurs complexes définies 
sur Æ, par Co (E) la sous-algébre des fonctions f(z) tendant vers zéro lorsque 
x tend vers linfini; Co (E) est une algèbre de Banach pour la norme usuelle 


| f | = max | f(z) |. 


Si F désigne une partie de C(#), on notera par Gr la plus petite sous- 
algèbre contenant F ainsi que l’unité; tout élément de Qpr s’écrit comme un 
polynôme formé avec un nombre fini d’éléments de F. 

Si F C CE), le problème d’approximation à partir des éléments de F 
se ramène au même problème sur un espace compact en compactifiant E par 
adjonction d’un point à Vinfini. Ce cas a été envisagé par M. H. Stone 
_ dans [6]. | 


* Received September 26, 1958; Revised October 19, 1958. 
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Si FŒC(E) alors pour pouvoir approcher des éléments de C(E), il 
est nécessaire d'introduire une fonction p(w) € C)(#) telle que pGr C Co(E). 

On dira que p est un poids (pour la famille F) si pdr C Co(E) et si 
pdr est dense dans Co (E). 

Deux conditions nécessaires évidentes pour que p puisse être un poids: 


p(z) 0 pour tout ze F; 
F est une famille séparante, c’est à dire que 


f(x) = f(z’) pour tout fe F entraine g= 7. 
0 oes 
Dans toute la suite nous supposerons ces conditions satisfaites. 


Remarquons que si p et p, sont deux fonctions définies Sur elles que 
p==0(p,), que pı@r C Co(E) et que p soit un poids, alors p, est un PRE 
Sinon on pourrait trouver une mesure dy orthogonale à p @r, la mesure 
(p/pı)du == dp serait orthogonale à pr et satisferait à [| dp|—0(f|dx|) 
<o. p étant un poids, do—0 d’où dp =Q. 

En particulier si Æ est compact p—0(1), et 1—0(p}), approximation 
pondérée est équivalente dans ce cas à l’approximation ordinaire. 

Enonçons le résultat le plus simple qui permet de reconnaître un poids: 


1.1. St pour tout fe F, p est à valeurs réelles et 


2 || pf =, 
alors p est un poids. 


Le procédé de démonstration consistera à se ramener au problème à 1 
variable suivant. Si e désigne une partie fermée du corps complexe, M, une 
suite de nombres positifs, on dit que la provosition R(e,M,) est vérifiée si 
toute mesure dp de support e vérifiant 


fe du—0 pour tout n= 0, Sle [dl SMa 


est identiquement nulle. 

On dira que #*(e, Mn) vaut si quel que soit l’entier s = 0, R (e, (Mosn)?*) 
vaut. 

On a alors l’énoncé de réduction à 1 variable suivant: 


1.2. Si RY(f(E), | pf" |) vaut pour tout fe F, alors p est un poids. 


En appliquant au cas compact et en utilisant le théorème de Mergelyan, 
à savoir: si e une partie compacte non dense du plan complexe, ne séparant 
pas le plan, alors les polynômes en z sont denses dans l’espace des fonctions 


Ny 


he 
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continues sur e, on obtient l’extension suivante du théorème de Mergelyan à 
un espace compact: 


1.3. Si E est compact, et si pour tout FE F, f(E) est un ensemble non 
dense, ne séparant pas le plan complexe, alors Qr est dense dans C(t). 


On peut désirer avoir equivalent de 1.3 dans le cas non compact, on obtient 
Pénoncé suivant contenant 1.1. 


1.4. Supposons que pour tout fe F, F(E) soit un ensemble de mesure 
superficielle nulle, le complémentaire de F(E) se composant de domaines 


Qu’ © +, Qx, chaque domaine Q contenant à son intérieur un angle d'ouverture 
$, et que "MT ee 
coe oo a = 
ue 2 | pf” 17/68 == 00, 


alors p est un poids. 


Nous ellons commencer par démontrer 1.2. 


2. Si la conclusion de 1.2, n’était pas vérifiée, on pourrait trouver une 
mesure dv portée par E telle que pour tout fE F et tout n 


fpf" do —0, f|dv| <o. 


Nous allons étudier la projection de cette mesure sur des ensembles de dimen- 
sicn finie. 

Si F, désigne une partie de F, C la sphère de Riemann, c’est-à-dire le 
plan complexe auquel on a adjoint un point à Vinfini, CF: l’espace compact 
produit de F, exemplaires de ©, on a une application continue hr,: E — OF: 
qui à tout s€ E associe {f (s)} ep, À la mesure dy définie sur F, on associe 
son image par hr, dur, == hr,(du), définie par légalité 


Jay) dur (y) = fg (hr, (x) ) dp(z) 


On a alors le lemme: 
2.1. St pour toute partie finie e de F due —0, alors du == 0, 


Démonstration. Soit K une partie compacte de E, g une fonction réelle, 
continte sur E, de support contenu dans K. La famille F étant séparante, 
l'application hr: E— CF est biunivoque, sa restriction à K est un homéo- 
morphisme et gohkr! est une fonction continue sur le compact hr(K). 

7 Réalisant un recouvrement de hr(K) par des ouverts de la forme 


O= {ysy€ he(K) et | fr (y)) —a | <b, ¢=1,° > -,n) 
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on peut trouver un recouvrement fini de tels ouverts tel que si y et y” appar- 
tiennent au même ouvert, on ait 


| g(he*(y)) —g(hr*(y’))| <a 


Notons par e la partie finie de F constituée par toutes les RENE f 
servant à définir les ouverts de ce recouvrement. 
On aura en particulier: 


| g(x) —g(2’)| <n pour tout x et a’ vérifiant he(x) —he(x) 
Introduisons maintenant la fonction 


k(x) = maxg(a’) où 2’ est assujetti à la condition h.(2*)==A_(z). 


A gn my, 


On sait que (cf. Bourbaki [2], Chap. V, p. 82) k(x) est une fonction semi- 
continue supérieurement vérifiant 0 = k(#) — g(x) < 7; d’autre part, il existe 
une fonction / définie sur h,(), semi-continue supérieurement, telle que 
k(x) = 1(h,(2)). 
On aura alors 
| fatz)du(z) — fk(z)du(z)| Sa] pl; 
Sfi(z)da(s) = fl(y) due(y) = 0. 

y étant arbitraire, on obtient fg(x)du(x) = 0, d’où du—0 ce qu’il fallait 
démontrer. 

Le lemme précédent ramène le problème d’approximation sur un espace 


localement compact à l’approximation sur les parties de l’espace complexe à m 


dimensions (’”. Nous allons ramener ce problème au problème à une variable 
R* (e, Mn). 


2.2. Soit E une partie de OU", ey sa projection sur le kème plan complexe 
de coordonnées, soit du une mesure de support E; posons 


(g la = S| (aa, + +, %m)| | de(s: -,2m)|. 
Supposons que 
B* (Ex, | zx” a) 


soit vérifié, 1=k<m, et que dp soit orthogonale à tous les polynômes en 
fy, %2,° * "52m alors du =Q. 


Démonstration. Si m == 1, faisant s — 0 dans la définition de R* donnée 
en 1, on obtient que R (e,, || 21” |.) est vérifié, d’où par définition même que 
du —0. Nous allons établir une récurrence sur la dimension m. 
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Soit 1 la projection C™—>C™* — (21, 22," + +) 2m) — (22° © +5 2m), 
t la projection C™ — C (415 Los © * 5 Sm) > 21, 
q étant un entier fixé, projetons par J la mesure z, dp. 
l (212 du) = dp est porté par C1, vérifie 
f P(22,° ` +, %m)dp = 0 


et d’autre part, 
| 2x" lo < S| ae” |] m2] | dp |, b= 2,° >, m. 


Apphquons l’inégalité-de Schwarz, on obtient 


m nA 
wn? 


TT | 242" [Ip SS | 2” Mè |] 2074 Wa 


De cette inégalité il résulte que les propositions Æ (êr, || 212" |p2), k = 1,8%, > :, 

| m, entrainent les propositions R (ër || zx” |p), k =2,: : *,m, ou en passant 
à R*, on obtient que R*(é;, | 2x” |») est vérifié. La conclusion de 2.8. était 
supposée vraie pour m—1, dp—0, ce qui peut s'écrire 


fk (2 Las © *,2m)21 dp = 0 


quelle que soit la fonction continue k à support compact. Projetons main- 
tenant par ¢ la mesure k du sur C, soit do —t(k du). Ona 


|” oS fla f” ||] de |< ei alle 
d’où en appliquant A*(é,, || 2.” |a) on conclut que do = 0, ce qui s'écrit 
fia (21)k (22° ` `, Zn) du — 0 


quelle que soit la fonction continue à support compact &,. Les produits k,k 
et leurs combinaisons linéaires étant denses dans Co (E), on obtient dp = 0. 


2.8. Preuve de 1.2. 


Soit dv une mesure orthogonale à pÜr; posons du = pdv, et si e est une 
partie finie de F, soit dpe la projection de du sur C*. Alors on a 


|2” lue < SL FP || p do| < ptis] a]. 


Appliquons 2.2 à due on obtient due = 0; 2.1 donne du =Q, p(x) 0 ceci 
entraine dv =Q. c.q. Ëd. | 


3. Nous allons étudier dans un cas simple la proposition R*(e, M,). 


3.1. Supposons que e soit mesure superficielle nulle et que chaque com- 
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posante connexe du complémentaire de e contrenne un angle 0 d'ouverture p 
(0 Lp<?r), c'est à dire {z;|arg(z—2) —a| S$}. Alors si 

DM, T/èr — co, 

R(e, Mn) est vérifié. 


~ 


Démonstration. Soit du une mesure vérifiant les hypothèses de R (e, My). 
Posons 


F(z) = f du (£) / (2z — £). 
L’identité 


~ 


1/(2—6) = 2 8/7 + &"/2" (2 — £) 


donne he 


|P(2)|= |e” fede /(e—O| She za), UN 


de désignant la distance de z à e. On peut en modifiant le sommet z, de 
angle O se ramener au cas où d-1(z) <1,2€ O0. F(z) sera alors une fonction 
holomorphe dans O vérifiant 


| F(2)| < M,/|2*| pour tout n= 0, 


d’où F(z) =0,2¢€ 0. (Cf. par exemple [3], p. 27.). Il en résulte que F(z) 
sera nul sur la composante connexe contenant O, et ainsi F(z) —0 dans le 
complémentaire de e, c’est à dire #(z)==-0 sauf peut-être sur un ensemble 
de mesure nulle. 


Soit dà la mesure ayant une densité superficielle égale à ¢ sur la couronne 


r<|z—2,|<R. Alors 
far()/(—2 +8) = ve) 
vérifie y(z) = constante 40 si [2—2 | <r, 
y(z) —0 si |z—z | > R, 
0 S y(2) Sy (2). 


Lorsque l’on fait varier z2,, r, R, les combinaisons linéaires des fonctions y 
sont donc denses dans l’espace des fonctions continues à support compact 
définies sur le plan complexe. 


\ 


D’autre part, le théoréme de Fubini permet d’écrire 
So (2) dp(z) =— f F(£)da (£). 


F étant nul presque partout, cette dernière intégrale est nulle, d’où du — 0. 


Poe 


L'APPROXIMATION POLYNOMIALE. 611 


Remarquons que ce résultat vaut encore si e est contenu sur laxe réel 
positif. Il convient alors de prendre ¢ == 2r, comme on le voit en effectuant 
la représentation conforme z—> (—-z)4. 


3.2. Pour passer des relations À aux relations R* on utilisera les 
remarques de convexité suivantes : 


Soit Mf, une suite telle que log M, soit convexe, a une constante; alors 
les séries SM, %#" et X, Man” sont équiconvergentes. En effet, la seconde 
série est extraite de la première et d’autre part la convexité implique que pour 
n assez grand 


log M, < $log M» 
D’autre part si | fn | = Mn, alors log M, est une suite convexe; en effet, si 
“Ton pose yo(2z) = | f(x)|[*.p(x), alors log | #.(2)| est une fonction harmonique 


de z, par suite 
log | | F |7 p || = sup log | ¥o(z)| 


est une fonction sous-harmonique de z, ne dépendant que de Rez, donc c’est 
une fonction convexe de Rez. 


Ces remarques étant faites, la divergence de la série 3.1 implique la 
relation A*(e, | pf" |). L’application de 1.2 donne alors la démonstration 
de 1. 4. 


Par exemple, si on applique 1.4 au poids e` on obtient que l’approxima- 
tion par les polynémes de Laguerre multipliés par e* est possible sur tout 
exsemble fermé, ne séparant pas le plan, de mesure superficielle nulle, contenu 
dens un angle O == {z; | argz| <0 <35}. 

Remarquons pour terminer que l’on peut préciser davantage la condition 
3.1 lorsque e est suffisamment rare. On a par exemple Pénoncé: 


Ss e est une partie de l’axe réel positif, et si e est réunion d’intervalles 
[ans bn] ow 
lim Dn/ an == + OO , 


pesons 
m (x) = 4 dt/t, 
EN [1,2] 
M(o) = sup (no — log Ma). 
Avors 


{ “AL og r) em arr = + 00 
aw 1 
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est une relation R*(e,M,) quelle que soit la constante 8> 1. D'autre part, 
si l'intégrale converge avec 0 = 1, alors R(e, Ma) [et à fortiori R*(e, Ma) |], 
n'est pas vérifiée. 


La démonstration de cet énoncé sera donnée dans un autre travail [7]. 


UNIVERSITÉ DE CAEN (FRANCE). 
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ON THE MAXIMALITY OF VANISHING ALGEBRAS.* 


By ARTHUR B. SIMON. 


Let G be a locally compact Abelian group with invariant Haar measure 
p- For any subset S of G, define Lg to be that subset of Z*(G) consisting 
of all functions whose supports lie in 8. When Ls forms an algebra, we call 
if a vanishing algebra (see [3]). The question naturally arises as to when 
-&-varishmg algebra is a maximal subalgebra if L*((). 

Wermer has proved [4] that if G is a discrete ordered group and 9 is 
the set of non-negative elements, then Lg is a maximal proper closed sub- 
algebra of L? (GŒ) if and only if the ordering in G is Archimedean. 

Some time ago, Wermer communicated to me a proof that if G is the 
real line and § is the right half-line, then Lg is maximal. 

in this note, we prove the following converse: 


THEOREM. Let S be a measurable subsemigroup of G. If Lg is a maximal 
proper closed subalgebra of I (G), then G is (continuously isomorphic with) 
either a discrete subgroup of the reals or the real line itself (with S mapping 
cnto the non-negatwe part). 


Before this theorem was obtained, it seemed quite likely, at least to the 
&uthcr, that Wermer’s second theorem (concerning the real line) could be 
extended to higher dimensional Euclidean space. Now, however, the same 
construction used in proving our theorem provides a simple example of a 
proper closed subalgebra which properly contains all those Z*-functions on 
the plane whose supports lie in the right half-plane. 

It is clear that our theorem coupled with Wermer’s results give a com- 
plete answer as to when a vanishing algebra is a maximal subalgebra. 

Throughout this paper we assume that G is a non-trivial additive locally 


compact Abelian group with invariant Haar measure p. We also assume G 
is a measurable set. 


* Received November 21, 1958; revised January 14, 1959. 
* This research was supported by the United States Air Force through the Air Force 
Office of Scientific Research under contract No. AF 18(600)-1127. 
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The space I> = L> (G) of all »-measurable complex valued functions on 


G with the property that f | f(v)| du(x) <% forms a Banach Algebra 
l G 


under the norm || f || = J. | f(z)| du(#) with convolution as multiplication. 
G 


If f is in L* and y is any element of G, then fy, defined by fy (£) =f (€ — y), 
is again in L*. We refer to fy as the “y-translate” of f. 
The essence of our theorem is contained in the following two lemmas: 


Lemma 1. Let H be a measurable semigroup contained in G such that 
La is a maximal proper closed subalgebra of (G). Then HN — H =—{0}7~ f 


Proof. Suppose, to the contrary, that H contains an element t0 such 
that — t is also in H. ee pe HN 

For any subset # of G, we have that ((¢+ #)N AH) =t+(#N@’); 
(here H’ denotes the set theoretic complement of H). Hence, if # is measur- 
able, then u((t+E)N H’) =pa(EN F’). 

Since La is proper, H” must be a set of positive measure. Pick e, in W. 
such that every open set about g, intersects À” in a set of positive measure; 
the existence of such a point is guaranteed by [3; Lemma 2.2]. Now 
e =—t-+ ¢,, so we can find a pre-compact open set E which contains ¢,, 
and whose closure # misses — t -+ e. Observe that e, is an element of the 
open set HN (t+ EVY. Therefore E= E N (t+ EY N H’ is a set of positive 
finite measure with the property that Eo (t+ Eo), and H are mutually 
- disjoint. 

Set fı = Xm) (=the characteristic function of the set (¢-+H#,)) and 
set f_==—Xz,; now let f—f,+/f.. It follows that f is in Lt, f5<0, and 
fis not in Lg. It is also true that if y is any element of G, we have 


J peua) = [jte y) due) 


= f xus (e—ydu(e — fxm (e—9)du(2) 
= a (t+ (y+ Bo))9 Hal (y + Bo) =o. 
Consider the closed linear space I consisting of all those Li-functions g 
such that for every y in G, f gy(x)dyl(z)==0. Since, by definition, 
H’ 


(Ju)e = gyz always holds, it is clear that if g is in Z and y is in G, then gy 
is also in Z. Thus I is an ideal of Z*(G) (see [2; p. 1251). Now I is a non- 
trivial ideal and 7 is not contained in Ly because f is in I. 
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The set of sums {7 + La} is a subalgebra of L*(G) which properly con- 
tains Dy. It is a proper subalgebra since any element in L*(G) which is 
censtant on H’ and identically zero on H will annihilate it. This contradic- 
tion shows that H N — H = {0}. 


Lemma 2. Same hypothesis as Lemma 1. Then there is a maximal 
subsemigroup Fo of G such that Lr,= Ly and Fa N — Fy, = {0}. 


Proof. Let #={F CG: F is a measurable semigroup, H C F, and 
Ly= La}. If F is any element of #, it follows from Lemma 1 that 
FoO—F= {0}. Let F, be the union of a maximal tower in #. Then Fy 
is a semigroup and since F,’ contains a set of positive measure, namely — H, 
it follows that Ly, is proper; Ly, == Dy. | | 

We claim that Fo is closed and therefore measurable. For H + A C Fo 
and thus F, has a non-empty interior (the sum of two sets of positive 
measure has a non-empty interior [1]). Pick æ not in Fo; then the set of 
differences {æ—F,} is contained in Fo.. Therefore F, is proper and clearly 
satisfies the conditions of F. Therefore Fo = Fo. 

To show FF, is maximal, let À be any semigroup containing Fy. If RG, 
pick z in K’. Then, as above, À is proper and Lr— Ly. By the maximality 
of Fo in F, we have R= Fo and Lemma 2 is proved. 


Proof of the Theorem. In view of Lemma 2, there is no loss of generality 
in assuming that § is a maximal semigroup and SN — S = {0}. It follows 
that G = § U — S (see [1; Lemma 4.1]). Let S° be the interior of S and S, 
the open semigroup S°— {0}. Let T be any open semigroup which properly 
contains S, If S'NT—+, then TCS, so T must contain 0. If 
F NT Æ¢, then —S N T54¢ and 0 is again in T. Thus S, is a maximal 
O-sroper open semigroup, using the terminology of F. B. Wright [5]. Con- 
tinuing in this vein, the semigroup s(8,) = {4€ G: +8, C Sı} must be 
equal to 8; for clearly S C s(§,), and since 0 is not in S,, no element of 
—S, is in s(8.); equality follows because S is maximal. For the same 
reasons, s(— 8) ==— S. Since §SM—S— {0}, we know that G is what 
Wright calls a Holder group. In the aforementioned paper, it is proved that 
there is a continuous isomorphism from a Hélder group to the group of reals. 

According to the structure theorem for locally compact Abelian groups, 
we know G = R" © G, with G,/K — D, where K is compact, R” is Euclidean 
n-svace, and D is discrete. The subgroup K must reduce to a point since 
there are no compact subgroups of the reals. Therefore G=R"® D. If 
n=<0, then the image of R is connected; hence all of the real line and D 
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must be just a point. If »—0, then G is discrete and we may also consider 
the. image of G under the isomorphism to be discrete. This completes the 
proof, 


Remarks. (1) We could have assumed that S was a closed subset of G 
rather than a semigroup since in that case we have proved in [3] that S 
is the union of a semigroup and a set of measure zero. 


(2) In the proof of the theorem, we eliminated the compact group K; 
i.e. we showed that G contains no non-trivial compact subgroup. We can 
also prove that in the À* component, n must be 0 or 1. For, if n40, then 
D must reduce to a point. Now we have shown that S can be taken to be a 
maximal, hence closed, semigroup with the property that SM—S = {0} and 
G == 5 U — S. Clearly, only Æt contains a subset of this nature. 
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LINE ELEMENTS ON THE TORUS.* 


By Broce L. REIN HART. 


The aim of this paper is to study the relations between the integral curves 
of a (criented or nonoriented) line element field on the torus and the homo- : 
topy invariants defined by considering it as a map from the torus into the 
circle. The principal tools are generalizations of the winding number, rotation 
number, and cycle without contact defined originally by Poincaré [4, pp. 25, 
73, 145], and the elementary properties of the first homology group of the 
torus. Let F: T3—> 6 be the line element field and Fẹ the induced map 
on the first homology group. ‘Then any closed integral curve defines an 
element of the kernel of F,. If F,,540, there exists a closed integral curve, 
the homology class of which generates the kernel. Fẹ is characterized by a 
pair of integers (1,7). In case F,, 50, the rotation number may be expressed 
in terms of 1 and 7; in particular, it is always a rational number. A new 
proof of the classification theorem of Kneser [3] is given, and applied to 
establisa necessary and sufficient conidtions for orientability of a nonoriented 
line element field, and the best possible homotopically invariant lower bound 
for the number of closed integral curves. Finally, a few remarks are made 
about lme element fields on the Klein bottle. 


1. The winding number on the torus. For the purposes of this paper, 
we shall consider the torus as the quotient of the (z,y) plane by the lattice 
of points with integer coordinates. This representation induces in a natural 
way a parallelization of the torus, which we shall take as fixed throughout. 
We shall permit ourselves to make changes of coordinates in the plane by 
integer matrices of determinant one and by translations; such a change 
induces a one-one map of the torus onto itself which takes parallel vectors 
into parallel vectors. 

We shall concern ourselves with the study of line element fields on the 
torus; by this we mean C* cross sections into the tangent sphere bundle 
(oriented line elements) or projective space bundle (nonoriented line elements). 


* Received October 30, 1958; revised February 24, 1959. 
2 This research was supported by the Office of Naval Research. 
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Using the canonical parallelization, such a cross section may be considered a-~ 
a map F of the torus T? into the sphere S* or the projective space P*. In 
classical terminology, F is just the Gauss spherical map. A line element field 
may be represented by a (oriented or nonoriented) vector field, in the sense 
that at each point the vector is in the direction of the line element assigned ; 
for example, the field of unit vectors with this property. Conversely, any 
vector field gives rise to a line element field by ignoring the length of the 
vector and considering only the direction. By this means, we may define the 
notion of a singular line element field: beginning with a C* vector field with 
isolated zeroes, we construct a line element field defined everywhere except 
on à set of isolated points. 


Let F be a continuous map of T? into St and let Fẹ: H,(T?) > H,(S1) 
be the induced homology map. By elementary obstruction theory [6, § 34. 6], 
the homotopy classes of such maps F are in one-one correspondence with the 
elements of H1(T?;7,(81)), that is, with the maps F. The latter maps are 
characterized by a pair (i, 7) of integers such that F,(2,) = iz and F(z) = jz’ 
where {21,22} is a basis for H,(T?) and {2’} is a basis for H,(S*). By the 
differentiable approximation theorems [6,§ 6.7], the same holds for C* 
homotopy classes of C* mappings. 

In order to study the mapping Fẹ it is convenient to consider the 
restriction of F to a closed curve C lying on 7%. By considerations similar to 
those of the preceding paragraph, it is seen that the homotopy classes of 
maps of a circle into a circle are determined by a single integer k, called 
the degree of the map. We may define the winding number Ir(C) of the 
closed curve O with respect to the field F as the degree of the restriction of 
F to C. It is independent of admissible coordinate changes in the plane, 
since the induced map on tangent directions is one-one and orientation pre- 
serving, hence is of degree 1. The notion of winding number has been used 
by numerous authors in studying singularities of a vector field. We shall 
agree to parametrize S' by $r times the angle between a given vector and the 
positive x axis, and PT by 1/r times this angle. Then the following proposition 
relates the various usual definitions of winding number and gives a means of 
computation. The proposition deals with regular simple closed curves; these 
are simple closed curves which have everywhere a continuous nonzero tangent 
vector. Such curves are differentiable submanifolds of class C1 


Proposition 1. Let F map the regular simple closed curve O into +. 
Let 6 be a parametrization. of S* by the real numbers modulo 1 and let x 
be a point of S* such that F-1(x,) is a finite set of points. Let p be the 
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number of times that the value x, is taken on as 6 increases, and n the number 


of times as 0 decreases. Then k= f F*d9 = p —n. 
C 


Proof. The fundamental cycle of C is mapped into k times the funda- 
mental cycle of St; hence, the fundamental cocycle of 8t is mapped into k 


times the fundamental cocycle of C. But f dð is a representation of the 
gı 


fundamental cocycle of $+, so f F*d@ represents the induced cocycle on C. 
C 


Hence the latter integral is equal to k as claimed. The points of F(s.) may 
be divided into three categories according as 0 increases, decreases, or attains 
a local extremum. Let q;,- - *, q: be the set of points of the first two cate- 
gories, arranged in their natural order on C. Then 


__ TA F(Qq2) F(q) F (q1) 
t= | pro 6 Plg) (qe) T’ nen 


where ð is to be taken as a real number (not modulo 1). If the two limits of 
any term are in the first category, the integral is +-1; if in the second 
category, — 1; and if in different categories, 0. Let p* be the number of 
points in the first category which are followed by a point of the same category, 
p the number of those followed by a point of the second category, n* the 
number of points of the second category which are preceded by a pcint of 
the first category, and n° the number which are preceded by a pcint of the 
second category. Then k= pt—n- = pt + (pP — nt) —n = p—n. 


+o +8 








THEOREM 1. The winding number of a regular simple closed curve C 
on T? with respect to its oriented tangent vector is + 1 or zero according as C 
bounds or not. For the nonoriented case, the numbers are +2 or zero 
respectively. | 


Proof. Lift C to a simple are C” in the plane covering C once. O’ is a 
C? curve with nonzero tangent vector, such that the tangents at the two end 
points are parallel. C” is a elosed curve if and only if C bounds; in this case, 
the winding number of C’ in the plane, which clearly equals the winding 
number on the torus, is well know to be +1 [1]. If C does not bound, we 
construct a regular curve in the plane as follows: Let P’ and Q’ be the end- 
points of C’, and let Z be parallel to P’Q’, tangent to C’, and such that ©” lies 
entirely on one side of 7. Let J meet C’ in P, and let PQ be an arc covering C 
once. Let ES be a line parallel to / and separated from PQ by 1. Join PQ 
to RS by a pair of semicircles tangent to each, thus making a closed curve 
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PQSR. Now the winding number of POSE with respect to its tangent vector 
is 1 (respectively —1) while the semicircles each contribute 4 (respectively 
— +) to the integral and the line SR contributes nothing. Hence PQ con- 
tributes zero; but the integral giving its contribution to the winding number 
of POSE clearly gives the winding number of C. Since the canonical map 
of 81 onto P+ is of degree 2, all winding numbers are doubled in that case. 


COROLLARY 1. The homology class defined by a nonbounding closed 
integral curve of a line element field F les in the kernel of the homology 
map Fy. In particular, if F ts nonsingular and has a closed integral curve, 
these conditions are satisfied. 


- Proof. The first statement is immediate. If F is nonsingular, no closed 
integral curve can bound, for the index of such a curve is equal to the total 
of the indices of the singularities enclosed [1]. 


COROLLARY 2. Let C be a nonbounding regular simple closed curve which 
is tangent to F at a finite number of points. Then Ir(C) —P—N, where 
P is the number of points where F is tangent as the angle increases and N 
is the number as the angle decreases. | 


Proof. Since the winding number of C with respect to its tangent vector 
is zero, we may deform the map G,: C — St which takes each point of C into 
the tangent vector at that point into the mapping G: C0. Let 6(#) be 
the angle between (F |C)(#) and the tangent vector to C at C(t) for some 
parametrization of C. Then (F |C) (¢) = G (t) +6(t). Using the homotopy 
between G, and G, we see that (F.| C) is homotopic to the map F”: C(t) > 8t). 
This map takes on the value 0 only at points of tangency of F with C. Using 
Proposition 1, Corollary 2 follows immediaiely. 

For the remainder of the paper we shall assume that F is nonsingular. 
Our immediate goal is to apply our knowledge of F |C to derive certain facts 
about F. Let us first recall a few elementary properties of the first homology 
group of the torus. 


Lemma 1. Let {a,B} form a basis for H,(T*) and let y be a non- 
bounding simple closed curve. Then y is homologous to ma-+-nB with m 
and n relatively prime; or equivalently, y may be taken as an element of a 
new basis {y,y }. Moreover, if a connected curve + in the plane covering y 
passes through (£o, Yo), the nearest points on 7 of the form (to 4, Yo + 9) 
with à and j integers are (£o + em, Yo + en), where e== +1. Here we nave 
assumed that « (respectively B) is homologous to the projection of the x 
(respectively y) azis. | 
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Lemma 2. Let a and « be simple closed curves on T?. If they are 
nonintersecting and nonbounding, then they are homologous. If their inter- 
section number is nonzero, they neither bound nor are homologous. 


Proof. Choose a basis {a, 8} for H,(T?); then the intersection number 
an B—1, and ¢&~ma+tng with m and n relatively prime. But ang 
=a N (ma +- ng) =n(a N B) =n, so n—0 and m=1 as required. The 
second part follows immediately from the facts that y N y ==0 and yN y =0 
whenever y bounds. _ 


THEOREM 2. If there exists a nonbounding simple closed curve T not 
homolcgous to a closed integral curve and such that Ir(T) —0, then F,=0. 
In particular, if F has no closed integral curves, these conditions hold. 


Proof. (i) Suppose first F has a closed integral curve C. Since by 
assumption T and C are not homologous, neither is homologous to zero, and 
each is a simple closed curve contained in the kernel of F., it follows by 
Lemma 1 and elementary properties of the integers that #,==0. 


| (ii) Suppose there does not exist a closed integral curve. ‘Then there 
exists a regular simple closed curve I’ never tangent to F, such that every 
semiorbit of F meets IY eventually and always crosses I” in the same direction 
[1, p. 416; 5]. Here by semiorbit we mean the curve formed by beginning 
at an arbitrary point P and following the integral curve through P in one 
direction. Let P be a. point of I’, and consider a semiorbit through P. This 
semiorbit must meet I” infinitely often. Let Q be a point of accumulation 
of thes2 intersections and N a flat neighborhood of Q, that is, a neighborhood 
with caordinates (x,y), |z] S1, |y|<1, such that the integral curves of F 
in N coincide with the level lines of y. These level lines will be called 
plaques of N. Since I” is never tangent, we may assume N small enough to 
that the angle between the tangent to IY at q and F(p) is greater than € for 
all pin N and q in NN. Let M be a flat subneighborhood of N of such 
shape that any two plaques in it may be joined into a regular curve which 
makes an angle less than «/2 with any plaque, and small enough so that 
r =I ON’ is connected. Pick Q, in Ty, and lying on the semiorbit 
through P. Follow the semiorbit, labeling the successive intersections with 
T Qe, °°, Qrm; Where Qiu is the next one lying on Ty. Q, and Qe 
are crossings in the same direction; hence we may join the plaques 
through them in such a manner as to construct a regular simple closed curve 
which differs from an integral curve only in N’ and which crosses I” in the 
same direction. Call this curve ©. The angle between C and F may be 
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assumed to be less than «/2. By Corollary 2, F defines an element of the 
kernel of Fẹ because it is never tangent. C defines an element of the kernel 
because F |C differs from the map of C into its tangent vectors by less than 
«/2, so the maps are deformable into each other. Since C and F cross always 
in the same direction, the intersection number is nonzero; hence by Lemma 2 
neither bounds, and C and F are not homologus. We may then proceed as 
in case (i) to show that F,æ=0. It follows in particular that I(T) =Q for 
any T satisfying the hypotheses of the theorem. This completes the proof. 


COROLLARY 3. If #560, F has a closed integral curve. 


Criterton. Suppose there exists a closed curve C such that Ip(C) ~0. 
Then F has a closed integral curve. If C’ is a nonbounding closed curve not 
homologous to C and Zr(C”) is known, then the homology class of the closed 
integral curve may be determined by finding the kernel of Fy. 


2. Cycles of minimal contact. If F is a fixed line element field and 
C and C’ are two curves which are homotopic by a homotopy which that does 
not pass through any singular points of F, then Ip(C) ==-I»(C’). Indeed, 
the given homotopy induces a homotopy between F | C and F | C”, so the degree 
of the two maps must be the same. In particular, if F is nonsingular, the 
winding number IJr(C) depends only upon the homology class of C. Let us 
set the following problem: Given a homology class on T°, find a curve in it 
which is tangent to F at the fewest points. Such a curve will provide the 
most direct computation of the winding number, by Corollary 2. Throughout 
the remainder of the paper it will be assumed that F is nonsingular. 


Let us fix a homology class which contains a simple closed curve, but does 
not contain a closed integral curve. This is possible because any two closed 
integral curves are nonintersecting simple closed curves, so are homologous 
by Lemma 2. 


LEMMA 3. Let C be a simple closed curve not homologous to a closed 
integral curve of F or to zero. Then C is homologous to a regular simple 
closed curve C* such that: 


(i) C* is tangent to F at only a finite number of points. 
(ii) Every semiorbit of F meets C* eventually. 


Proof. Recall that # has been assumed nonsingular. Hence at each 
point we may find a flat coordinate neighborhood. Replace C by a regular 
curve, also called C, which is homologous to it. Cover C by a finite number 
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of flat coordinate neighborhoods Ue such that the closure Us is a concentric 
subsquere in V4 which is also flat. Since C is locally connected, we may at 
each point of CM Ua find a neighborhood Wg C Va whose intersection with C 
is connected. Each component of CM Ua must be covered by a finite number 
of thes3, as must the whole set CM Ua; hence this set has finitely many 
components Cy. We may cover C by a finite number of the interiors of the 
sets Cy; call these sets Ds and number them consecutively around C from 
some arbitrary starting point, discarding unnecessary ones. 


The lemma may now be proved by induction on à as follows: D, is con- 
tained in some Ü which contains finitely many of the Cy. Each C. is a 
connectad arc beginning and ending on the boundary of Ua. Let 2p be less 
than the minimum distance from D, to the other Oy in Ue, and describe about 
D, the tube of radius p. We shall construct a regular arc lying in the tube 
and in Fa, having the same initial and final points and tangent vectors as Dj, 
and being tangent to a plaque at only a finite number of points. By the 
rectiflakility of C, we can approximate D, by a finite number of line segments 
of length less than p with endpoints on D,; such segments are surely contained 
in the tube and in Ua, so do not meet the other Cy. If any of them lies in a 
plaque, we may turn it slightly; then D, is approximated by a polygonal arc 
never lying in a plaque. Finally, we may at each corner smooth out to a regular 
curve by putting in the arc of a circle. In this way, we get at most one 
point ir each corner where the curve is tangent to a plaque. Special care 
must be exercised at the endpoints of D,; but the same effect may be achieved. 
In applying this construction to D2, we actually apply it to that subset of D, 
beginning at the endpoint of D,. Proceeding in this manner, statement (i) 
is Proved. 


To prove (ii), we consider two cases according as F does or does not have 
closed integral curves. If it has closed integral curves, they by assumption 
are not homologous to C*, hence have nonzero intersection number with it, 
so must cross it. Any other semiorbit is contained in an annulus formed by 
cutting the torus along some integral curve. Hence, it must spiral tcward 
some clcsed integral curve from one side, by the Poincaré-Bendixson theorem 
[1]. Consequently it also must cross C*. I£ F has no closed integral curve, 
cut T? along C*. If any semiorbit stayed in the annulus thus formed, it 
would have to spiral toward a closed integral curve; that being excluded, it 
must meet C* eventually. This proves Lemma 8. 


Lemma 3 justifies the following definition. 


Definition. A cycle of minimal contact T is a regular simple closed curve, 
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lying in a given homology class not containing a closed integral curve of F, 
such that the number of points of tangency is as small as possible. We shall 
indicate by p(T) the winding number of T. 


Proposition 2. Let T be a cycle of minimal contact such that p(T) = 0. 
Then F ==0. 


La 


Proof. This follows immediately from Theorem 2. 


3. The rotation number. In the classical theory of nonsingular dif- 
ferential equations on the torus, a cycle without contact was much used. We 
shall use instead a cycle of minimal contact; throughout this section, T will 
denote such a cycle. By use of T we shall generalize the classical invariant 
called the roation number; this invariant will be denoted by A(T). We shall 
also find the relation between u(r) and A(T) on one hand and the integers 
which characterize F, on the other. In defining A(T), we shall assume there 
exists a closed integral curve, since the contrary case can be handled by known 
methods [4,5]. Let us assume we have chosen coordinates in the (z,y) 
plane so that T is homologous to the cycle covered by x = 0 and passes through 
the projection of (0,0). Then the inverse image of F in the plane contains 
all the integer points, and each component contains all such points with a fixed 
a, by Lemma 1. Parametrize T differentiably by t, OS ¢1; this induces 
a parametrization by t, —œ < <œ, on all the curves Ñ, 1—0,+1,-- -, 
passing through (2,0) and covering T, if we understand that #—0 at the 
points (2,0). Let I” be the curve covered by y =0. 


Lemma 4. If a semiorbit CO’ either (i) crosses in opposite directions at 
sucessive points of crossing A and B, or (ii) crosses at A and is tangent at B 
on the side to which it crosses, or (iii) 1s tangent at A and crosses at B from 
the side on which it is tangent, then the arc AB on C together with a suitably 
chosen arc BA on T bounds, and contains a point of tangency of T with F. 


Proof. Consider the semiorbit from A toward B, and lift it up into one 
of its connected inverse images C in the plane. We may suppose that A 
lies on that inverse image [ of I‘ which contains (0,0). Now f and each 
of its translates separate the plene into two components; hence, if B lay on 
another inverse image of T, C would cross at B in the same direction as at A. 
Hence, B must also lie on À. The arc AB on fF is well defined, and its 
projection is the desired arc on T. It remains to find a point of tangency. 
Suppose there is none. Let O’ be the closed curve: AB on Ĉ followed by BA 
on Î. Let P be the midpoint of AB and consider the semiorbit through P | 
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entering the region bounded by C’. If this semiorbit were to remain inside, 
there would be a closed integral curve, which would have to bound and hence 
to surround singular points. ‘Thus the semiorbit leaves at Q. Call whichever 
of P and Q is closest to A, A, and the other, Bj. The curve: A,B, along 
the seniorbit followed by BA, along © will be called C,’. Continuing in this 
manner, we construct a series of closed intervals A;B; whose intersection is a 
single point P. P is a point of tangency, for if not there would be a semi- 
orbit entering the interior of C’ at P which could not leave again, smce its 
point of leaving must lie on all the arcs A,B; of f. Since that is impossible, 
the lemma is proved. | 


Lemma 5. A semiorbit C of an open integral curve, lifted to C in the 
plane, ‘crosses the T; in the same direction and in monotone order, with 
possibly a finite number of exceptional crossings. A semiorbit of a closed 
integral curve C” which is homologous to mE + nl” has the property that each 
covering C’ first crosses the curves Bye, k==+1,+2,--°-, in monotone 
sequence and in the same direction. Similar results hold for the curves Trnsa, 
with [kn+alZzlnl|. 


Proof. Since there are a finite number of points of tangency between T 
and F, there are a finite number on O. Let us go far enough on C to be 
beyond these. If C crosses Ñ; twice, it must do so in opposite directions ; hence 
C crosses T twice in opposite directions at successive points and marks off 
an interval D, on T in which there is a point of tangency. If C reenters the 
region F, bounded by D, and a portion of C, there is delineated a subinterval 
D, on which there is a point of tangency, and C must eventually leave by 
crossing D,—D,,. If C reenters F, it must do so through D,—D,, and 
mark off another interval Dıs on which there is a point of tangency. Since 
there aze a finite number of points of tangency on T, C must eventually leave 
the region E, permanently. In a similar manner, a finite number of arcs Dı 
and regions F; are defined; when C has passed all these, C must cross the Ñ 
in monotone sequence as claimed. Now let C’ be a closed integral curve, and 
let C’ cover it. Consider a semiorbit starting at (Zo, Yo) on To ©” passes 
through (To + n, Yo + m), but it may meet Ë, first at (24 41). By periodicity, 
the first meeting with f,, will be at (2, + kn, y: + km). These points are 
in order on Č’ because each Pyn separates the plane. The remainder of the 
lemma is proved similarly. . 

We shall call a semiorbit positive if eventually the sequence described 
in Lemma 5 is monotone increasing, and negative. if it is monotone decreasing. 
Note that a given orbit may have two semiorbits of the same sign. 
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Let P be a point of Ñ, and arbitrarily choose one of the semiorbits through 
it. If this projects into an open semiorbit, choose 10 large enough in 
absolute value so that the Î; are crossed in monotone sequence for |t] > | |, 
and set ¢;(P) to be the ¢ coordinate of the crossing with T; for such 4 If the 
semiorbit projects into a closed orbit, put ¢;(P) equal to the ¢ coordinate of 
its first crossing with Ty, 1340. Then define 


A (T, P) = lim #(P)/1. 
ds oo 
Similarly define A” (T, P) for the other semiorbit. 


Lemma 6. A’(T,P) and X'(T,P) are equal rational numbers which 
depend only upon T. Moreover, if the closed integral curves belong to the 
class MT + nI”, then À=m/n. 


Proof. Consider first a closed orbit C, homologous to mI + nl". 
According to our parametrization of Ñ, if (#,4,) has parameter ¢, then 
(x, + kn, Yı + km) has parameter i + km. Hence 


lim ben (P)/kn = m/n 
K o 


and similarly for the terms kn+-a. Hence X'—X"—m/n, and is thus 
independent of the choice of closed integral curve. But any open orbit is 
asymptotic to a closed orbit, from which it readily follows that the limit in 
that case is the same. 


Remark. Since m and n are relatively prime, A and the pair (m,n) 
determine each other. 


Fix the basis {T, I”} for H,(7*) as above. Then the homotopy class of 
F is defined by the pair of integers (4,7), namely the winding numbers of 
these basis elements (see §1). 


THEOREM 8. p(T) =i If p(T) —0, then also j—0. If p(T) 0, 
then A(T) =— j/2. i 


Proof. The first statement is obvious, and the second follows from 
Proposition 2. If (T) is not zero, there must exist a closed integral curve ; 
let its homology class be mT + nI” with m and n relatively prime. We know 
that this class belongs to the kernel of Fẹ. Its image under F, is mi<+ nj = 0, 
from which we see that m/n == — 3/1. But by Lemma 6, A(T) —m/n. 


4, Classification theorem. In this section we shall apply the cycle of 
minimal contact to describe qualitatively the integral curves of a nonoriented 
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line element field. This gives a new proof of a theorem of H. Kneser [3], 
proved by him by methods of combinatorial topology. We shall deal primarily 
with the case where there exists a closed integral curve, since the contrary 
case has been suitably handled elsewhere [2,5,7]. By using this classification, 
we shall prove simple necessary and sufficient conditions for orientability, and 
give the best possible homotopically invariant lower bound for the number of 
closed integral curves in terms of homotopy invariants of the field F. 


Let us therefore suppose there exists a closed integral curve C, which by 
change of coordinates may be taken to be homologous to the curve covered by 
y==0. Let us choose a cycle T of minimal contact which is homologous to ` 
the cycle covered by s = 0. We may suppose that C and T meet on the image 
of (0,0). Let C; be that component of the inverse image of C which passes 
through (0,7) and Ñ; similarly for T and (1,0). Then the region bounded 
by Lo Lu Co, and Ci is a fundamental domain, in the sense that it maps onto 
the torus, and the map is one-one at interior points. Moreover, if C’ is an 
integral curve different from ©, there is a component of its inverse image 
which lies between Ce and C,. Let us agree to abbreviate u(T') by » through- 
out this section. 


Lemma Y. Let C be a semiorbit of an integral curve of F. Then none 
of the following can occur: 


(i) C is tangent to T and crosses at the point of tangency. - 


(ii) C crosses T in alternating directions at three crossings in order 
on C (not necessarily successive). 


(iii) C ws tangent to T at two points. 


(iv) C is tangent from one side and at another crossing goes from 
that side to the other. 


Proof. (i) If this situation occurs, consider a flat neighborhood N con- 
taining just one point of tangency. In N we have a family of plaques, with 
TAN tangent to one of them at one point. Clearly I could be slightly 
altered in N so as not to be tangent, contradicting its minimal property. 


(ii) Let the semiorbit C” in the plane cover €”, and suppose for definiteness 
that the first time C’ crosses one of the Ñ, it does so from left to right. 
Let Q be the first crossing from right to left, and P the preceding crossing; 
both these lie on a particular ft. If C” again crosses J;, it mus do so from 
left to ight; let À be the first point where this occurs. If 0’ does not again 
cross Ñ, it must be a negative semiorbit. In that case, we choose Q’ to be 
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the first point beyond Q where C’ crosses from left to right, and P’ the next 
preceding crossing, both lying on fj. The semiorbit being negative, it must 
eventually cross Ñ again from right to left; call the first such crossing R. 
Henceforth, let us drop the primes from the names of these points. Let Fs 
(ô positive or negative) be the field constructed form F by rotating through 
an angle 8. Then the integral curve C5 of Fs which passes through Q will 
pass within a distance « of P and À if |8] is small enough. By translation, 
we may assume that Ñ, contans the points P, Q, and À. If Q lies between 
P and À, choose the sign of 8 so that Cs meets Č, outside the arc PR. Replace 
the arc PR of Ñ, by an arc of Cs, joining so as to form a regular curve Fe 
which is not tangent to F along the newly introduce portion. Likewise define 
I’; for all i. Since the various inverse images of © do not cross, we may be 
sure that for § small enough, the T; do not cross. Hence, their projection I” 
on the torus is a simple closed curve homologous to F. By Lemma 4, there 
are points of tangency on T between P and Q; since there are none on I’, 
the minimal property of T is contradicted and the theorem proved for this 
case. Now suppose À lies between P and Q on Ñe. Then there must be another 
crossing R,. If Q, À, R, are in order on fy, apply the construction of the 
first case to them. If not, go on to Ra, ete. Now eventually we must come 
to a situation where the first case can be applied, for if not the semiorbit 
spirals continually inward, so the limit set would either have to contain or 
bound a singular point. 


(iii) and (iv) are handled similarly to (ii). This proves Lemma 7. 


Lemma 8. Each closed integral curve C’ meets T just once and is not 
tangent at that point. 


Proof. Since the intersection number of C’ and T is one, they must 
cross at least once. By Lemma 7, the crossings are not points of tangency. 
Let P, on fy project into a point of intersection of ©’ and I. Let P, on 
f, be a translate of P, such that both lie on the boundary of a fundamental 
domain. Then C’ enters it at P, and leaves at Py. If there is more than 
one point of intersection, examining the are P,P, reveals that one of the 
forbidden cases in Lemma 7 occurs. | 


Lemma 9. Let P be a point of tangency on T. Then the two semi- 
orbits C” and C” through P have the same sign and each is asymptotic to a 
closed integral curve. The arc of T containing P and bounded by the points 
of accumulation of the two semiorbits contains just one point of tangency; 
its interior meets only open integral curves. | 
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Proof. Neither semiorbit contains another point of tangency, and neither 
can cross except toward the side on-which it is tangent, by Lemma 7. Hence 
the two semiorbits have thet same sign. Cutting the torus along C, we get 
an annulus within which C’ and C” stay; hence, by the Poincaré-Bendixson 
theorem each approaches a closed integral curve from one side. This curve 
must 3e homologous to C. These two curves (both may become C when the 
annulus.is rejoined into a torus) mark off an interval J on T. No closed 
integral curve can meet an interior point of J, since it would separate either 
C or ©” from the curve to whcih it is asymptotic. Lift Z up into the plane 
and ccnsider the region bounded by the integral curves through its endpoints. 
This is divided up into a countable number of subregions by the various 
inverse images of the integral curve through P. Since each other integral 
curve lies in one of these regions, all are asymptotic to the boundary curves. 
None of them can be tangent from the opposite direction to the tangent at P, 
since otherwise (iv) of Lemma 7 would be contradicted. They cannot be 
tangent from the same direction, since then Lemma 4 would imply that one 
of the other curves was tangent from the opposite direction. Hence, there 
are no other points of tangency on I, and the lemma is proved. 


Lemma 10. Let C’ be an open integral curve not lying in one of the 
regions constructed in Lemma 10. Then the two semiorbits are in opposite 
directions, and are asymptotic to a pair of closed integral curves which bound 
a region consisting entirely of open integral curves with semiorbits in opposite 
directicns. 


Proof. Hach semiorbit is asymptotic to some closed integral curve, which 
curves we take to bound an interval J as above. If the semiorbits were in the 
same direction, some integral curve meeting I would have a point of tangency, 
which case is excluded. Any other semiorbit is also asymptotic to one of the 
same two closed curves, by the argument used in Lemma 9. | 


Proposition 3. Let T have u* points of tangency from the left and w 
from the right. Then the integral curves may be described as follows: 


| (i) There are p* regions bounded by a pair of (possibly not distinct) 
closed integral curves, such that all integral curves interior to this regicn are 
open and have both semiorbits negative. 

(ii) There are w, such regions with both semiorbits positive. 


(11) There are certain other regions composed of open integral curves 
in which the two semiorbits of a given orbit have opposite signs. 
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(iv) The total number of regions described in (i), (ii), and (iii) is 
at most countable. 


(v) If the complement ts not the whole space, it is composed entirely 
of closed integral curves. 


(vi) If the complement is the whole space, either all integral curves 
are closed, or all are dense, or the singular case of Poincaré holds. | 


Proof. (i), (ii), (iti) and (v) following immediately from the preceding 
Lemmas 8, 9, and 10. (iv) follows because these regions are disjoint open 
sets and the torus has a countable base for open sets. (v) in the case where 
there exists a cycle without contact, which is dealt with in the references gee 
at the Seeing of this section. This proves the proposition. 


COROLLARY ‘4. Let F be a nonoriented line element field. Then F 1s 
orientable if and only if i and j are both even. 


Proof. Since the map of S* onto P? is of degree 2, the necessity is obvious. 
For the sufficiency, choose a basis for H,(T?) as in the classification theorem. 
Then by Corollary 2, p= u*— p is even, and so is tu. Hence there are 
an even number of regions as in (i) and (ii) and the orientation may be 
carried out in an obvious manner. 


COROLLARY 5. The number of closed Le curves is at least the 
greatest common divisor of à and j. 


Proof. The number is at least t+w=l]n|. On the other hand, p 
may be described as the greatest common divisor of » and 0, and the notion 
of greatest common divisor is invariant under change of basis in H,(7T”). 


5. The Klein bottle. The tangent sphere bundle of the Klein bottle 
K? is not a product, but the tangent projective bundle is. Hence, we may 
consider nonoriented line element fields as maps F: K?-— P*, and define 
winding numbers as for the torus. Thé homotopy classes of such maps are 
determined by the induced homology maps F: H (K?) —> H,(P?). Since. 
the former group is isomorphic to the direct sum of the integers and the 
integers modulo 2, these maps are determined by a single integer i which 
tells how often the free generator covers P*. Using the covering of the Klein 
bottle by the torus and the fact that every element of the fundamental group — 
of the Klein bottle is of infinite order, we show that the winding number of 
a simple closed curve is zero if and only if it is not nullhomotopic. Thus, if 
F is nonsingular, there can be no closed integral curve which is nullhomotopic.. 
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If an integral curve is homologous to the generator of order 2, cutting along 
it gives rise to a plane annulus; thus we may show that any other closed 
integral curve is homologous to it. On the other hand, if #, 540, this is the 
only homology clas that can contain a closed integral curve. We have proved 
tke folowing proposition : 


. Proposition 4. Let F be a nonoriented line element field on E?” such 
that F,540. Then the only possible closed integral curves are homologous 
to the generator of order 2 of H, (K>). 


Remark. By a theorem of Kneser [3], every line element field on the 
torus has a closed integral curve. The author would like to see a non- 
cambinatorial proof of the latter theorem. 
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NOTE ON FORMAL LIE GROUPS.*? 


By SHicEaxr Tôcÿ. 


1. Non-commutative formal Lie groups over an algebraically closed fieFl 
are investigated by J. Dieudonné [3] by considering the homomorphisms of 
a formal Lie group G into linear groups. When such homomorphisms are 
injective, the algebraic hull @(G) of the image of G by such a homomorphism 
is defined. Among his results, he asked the questions about the relations 
between the algebraic hull Œ(S) of a maximal solvable subgroup S (resp. 
a maximal torus, a Cartan subgroup) of G and a maximal solvable connected 
subgroup (resp. a maximal torus, a Cartan subgroup) of @ (G) and between 
the center of S and that of G, and he also asked whether the 1. u. b. of maximal 
solvable subgroups (resp. Cartan subgroups) cf any formal Lie group H is 
equal to H. It is the purpose of this note to answer these questions and to 
present some other results on formal Lie groups. — 


The author wishes to express his thanks to Professor J. Dieudonné for 
his valuable comments in preparing this note. 


2. A formal Lie group G of dimension n over a field K of arbitrary 
characteristic consists in giving n formal series without constant terms and 
with coefficients in K in two systems of n indeterminates satisfying the con- 
ditions which correspond to the usual condition on the identity and the 
associative law. Although it is not set-theoretic, all notions corresponding to 
the set-theoretic notions in groups are introduced into @ [8, Chap. I and IT]. 
Through this note we assume that the basic field K is algebraically closed. 

We shall recall some of the definitions, results and notations on formal 
Lie groups given in [3, Chap. III]. We can associate a formal Lie group 
H* to any algebraic group H. A formal Lie group G is called representable 
if it is isogenous to a subgroup of the formal Lie group GL*(n, K) associated 
to the general linear group GL(n,K). Then the algebraic hull Q (G) of the 
image of @ by the injective homomorphism of G into GL*(n,K) can be 
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defined. We do not recall the definition. Œ(G)* is denoted by G*(G@). 
GiG) is solvable (resp. nilpotent, commutative) if and only if G is salvable 
(resp. nilpotent, commutative). If M, N are subgroups of GL*(n,K) and if 
M centralizes (resp. normalizes) N, then @ (M) centralizes (resp. normalizes) 
A(N). Itis known that DG == @*(DG) = D(d@(G))*. If H is a connected 
algebra:c group, then Œ(H*) =H. Let f be a rational homomorphism of H 
into an algebraic group H,. Then there exists a corresponding homomor- 
phism f of H* into H,* and f(H*) = f(H)*. If N is the kernel of f, then 
N* is the kernel of f. For an element s of H, a, denotes the automorphism of 
H* corresponding to the inner automorphism of H induced by s. The sub- 
groups of any formal Lie group form a complete lattice. For its subgroups 
Gi, Ga, we denote by Gi A Gz GV G, the g. L. b. and the l.u.b. of G and Go. 
If, for algebraic subgroups H,, Ha of GL(n,K), we denote by H,V H: the 
smallest algebraic subgroup of GL(n,K) containing H,, Ha, then we have 
(Hı V H) =H," V H. 


3. We first prove the following 


THEOREM 1. Let G be a representable formal Ine group over an alge- 
braicallu closed field of arbitrary characteristic. If 8,, Sz are maximal 
solvable subgroups (resp. maximal tori, Cartan subgroups) of G, then there 
exists an element s of ((DG) such that a,(S;) == 8a. 


In order to prove this theorem, it suffices to use the following lemma 
instead of the conjugation theorem by A. Borel in the proofs of [8, Prop. 31a), 
Prop. 84a) and Cor. of Prop. 39]. 


Lemma. Let G be a connected algebraic linear group. If Ry, Rz are 
mazima: solvable connected subgroups (resp. maximal tori) of G, then there 
exists an element s of D°G (resp. CG) such that s*R,s == Ra. 


Let f be a rational homomorphism of G with D*G as its kernel [2, p. 1191. 
Then f(#,) is a maximal solvable connected subgroup of f(G) [1, (22.3)]. 
Since f(G) is solvable and connected, we have f(Q) —f(R,) and therefore 


(1) @—R,(D°G). 


Let g be the natural mapping of G onto G/R,. G/R, is a projective variety 
and GŒ operates on G/R,. Then it is known [1, (15.7)] that R, admits a 
fixed point, which shows that there exists an element s of G such that 
fi,sh, == 8R, i.e. s'1R;s C Ra. By the maximality of R, we have s*Rh,s—= Rs. 


Y 
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By virtue of the formula (1) s can be taken in D° G. The statement for | 
maximal tori follows from the one for maximal solvable connected subgroups 
‘and [1, (12.9) ]. 


As an answer to the first question in 1, we shall prove 


THEOREM. 2. Let G be a representatle formal Lie group over an alge- 
braically closed field of arbitrary characteristic. If S is a maximal solvable 
subgroup (resp. a maximal torus, a Cartan subgroup) of G, then A(S) is a 
maximal solvable connected subgroup (resp. a maximal torus, a Cartan sub- 
group) of A(G), and conversely. 


It suffices to prove the theorem when G is a subgroup of GL*(n,K). 
Let À be a maximal solvable connected subgroup of A(G) containing Œ(S). 
Take a rational homomorphism f of @(G) with D(@(G)) as its kernel 
[2, p.119]. Then f(2) is a maximal solvable connected subgroup of f(G(G)) 
[1, (22.3)] and therefore f(R) = f(@(%)). Let f be the corresponding 
- homomorphism of @*(G). Then the kernel of f is (DA(G))*=DG and 
we have f(R*)—f(R)*, f(A*(G)) =f(A(G))*. Therefore we have 
f(R*) =f(a*(G)) and G*(G)=R*VDG. Then we assert that 
‘G= (R* NG) VDG. In fact, it is clear that (R* AG) VDG is a subgroup 
of G. Since DG is a normal subgroup of @*(G@), by [3, Prop. 11] we have 


dim (*(G) = dim R* + dim DG — dim(R* A DG). 
‘From the facts that @*(@) — R*VG and that G is normal in @*(@), it 
follows that 
dim (*(G) = dim R* + dim G— dim(R* AG). 
Therefore 
dim G = dim (R* A G) + dim DG — dim (R* A DG) 
== dim ( (E* A G) VDG), 


whence we have G= (R*AG)VDG, as was asserted. Since R*AG is a 
solvable subgroup of G containing S, we have S == R* AG and 


(2) G=SV DG. 


Then it is clear that @(G@)=@(S)V Œ(DG) and therefore Œ*(G) 
= G*(S)V DG. Since Q*(8) C R*, we have also @*(G) = Ro V DG. 
By using these formulas where DG is normal in @*(G), it is easy to see that - 


dim R* — dim @* (8) + dim(R* A DG) — dim (Q* (8) NDG). 
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Since @*(S)V(R* A DG) C R* and R* A DG is normal in R*, we have 
dim R* = dim(@*(8) V (R*ADG)) 


and R* == @*(S)V(R*A DG). Then we have R*—(*(S) and therefore 
R=(U(S). Conversely, let R, he any maximal solvable connected sudgroup 
of A(G). If we put 8: = GAR", then Q (81)C A(R”) =R, But Sı 
is a maximal solvable subgroup of G by [8, Prop. 31b)]. Therefore it 
follows from the direct part that Kı = Q (81). 

Let T be a maximal torus of G and let S be a maximal solvable sub- 
group of G containing T. Then Œ(T) is a maximal torus of @(8) [3, Cor. 
_of Prep. 38]. As is shown above, @(S) is a maximal solvable connected 
subgroup of @(G). Therefore G(T) is a maximal torus of A(G) [1, 
(16.1) ]. The converse part follows from the direct part and [3, Prop. 34b)]. 

Let C be a Cartan subgroup of G, i.e. the centralizer (7) of a maximal 
torus T in G. Then Œ(T) is a maximal torus of A(G). Denote by H the 
centralizer of Q(T) in A(G). Then H is a Cartan subgroup of A(G) 
[1, (20.4)]. Since @(C) centralizes G(T), it is clear that @(C)C H. 
As in the first part of the proof, by considering a rational homomorphism of 
A(G) with D@(G) as its kernel, we have @*(G) — H*V DG, 


(3) G==CV DG, 


and then @(C) —H. Conversely let H, be any Cartan subgroup of Œ(G). 
Then by [1, (20.4)] H, is the centralizer of a maximal torus Q of (G). 
By the statement for a maximal torus, we have Q == Q (Tı), where T, is a 
maximal torus of G. Put C=-3(7T,). Then it follows from the direct part 
that Hı = A (C). Thus the proof is complete. 

From the theorem we have thet following corollaries the first one of 
which answers the second question in 1. 


COROLLARY 1. Let S be a maximal solvable subgroup of G. Then the 
center Z(S) of S is equal to the center Z(G) of G. 


By Theorem 2, @ (9) is a maximal solvable connected subgroup of Z(G). 
Therefore Z(@(S)) = Z(@(G@)) by [1, (18.5)]. Then we have Z(Q@*(8)) 
a= Z(Cl*(G)) by [8, Prop. 21]. But we have Z(S)— GAZ(A*(S)). 
Indeed, it is clear that @(8) centralizes @(Z(S)). Then G*(S) centralizes 
Œ#(Z(S)) and therefore Z(S). It follows that Z(S)C GAZ(@?(8)). 
The inverse inclusion is evident. In a similar way it can be verified that 
Z2(G)—GAZ(U*(G)). Therefore we have Z(S) = Z(G), completing the 
proof. 
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COROLLARY 2. G is a formal Lie grouv associated to an algebraic group 


(i) if and only if a maximal solvable subgroup is associated to an 
algebraic group; 


(ii) «+f and only rf a Cartan sub group +s associated to an algebraic group. 


If a maximal solvable subgroup S of G is associated to an algebraic 
group, then S = @*(S8). Using the formula (2) in the proof of Theorem 2, 
we have 


G—= SV DG = A* (8) V G* (DG) =(A(8) VA(DG))*. 


The converse is evident. The second part can be verified in a similar way by 
using the formula (3) in the proof of Theorem 2. 


The following theorem is an answer to the third question in 1. 


THEOREM 3. Let G be a formal Ine aroup over an algebraically closed 
field of characteristic p> 0. Then the l.u.b. of maximal solvable subgroups 
(resp. Cartan subgroups) of G is equal to G. 


Put G==G/Z(G@). Then G’ is representable [8, Prop. 20]. Let f be 
the natural epimorphism of G onto @. Then we have f( DG) —DG’ 
[3, Cor. of Prop. 16]. Let § be a maximal solvable subgroup of G. Then. 
f(S) is a maximal solvable subgroup of G’ [8, p. 875]. By the formula (2) 
in the proof of Theorem 2 we know that Œ—f(S)\V DG’. Therefore we 
have f(SVDG) = @. Since Z(G)CS, we have G==SVDG. Denote by 
G, the l. u. b. of maximal solvable subgroups of G. As is shown in [3, p. 376], 
owing to a result of A. Borel, the L. u. b. of maximal solvable subgroups of G” 
contains D(G’). Therefore G, contains DG and we have G, == G. 

Let T be a maximal torus of G and put Z” ==f(T). Then it is known 
that 7” is a maximal torus of G’ [8, p. 379]. Put C==$9(7). Then f(C) 
is contained in (T). It is clear that f*(#(7") ) is nilpotent and contains O. 
By the maximality of C we have O == f+ (3 (T°) ) and therefore f(C) = 3(T7"), 
i.e. f(C) is a Cartan subgroup of G’. By the formula (3) in the proof of 
Theorem 2 we know that @ == f(C)V DG’. Therefore we have f(CV DG) 
=’. Since C contains Z(G), we have G==CV DG. It is now easy to 
conclude that the l.u.b. of Cartan subgroups of G is equal to G. 


4. By [8, Cor. 2 of Prop. 9 and Prop. 11¢)] and the chain conditions 
we see that the l.u.b. N of all solvable normal subgroups of a formal Lie group 
G is the largest solvable normal subgroup of G. We call N the radical of G. 
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G is called semi-simple if the radical of Q is equal to e (cf. [3, p. 385]). 
We shall prove the following 


THEOREM 4. Let G be a representable formal Lie group over an alge- 
braically closed field of arbitrary characteristic and let N be the radical of G. 
Then A(N) is the radical of A(G), and G A A*(N) =N. 


It is clear that @(N) is a solvable normal subgroup of @ (G). There- 
fore, if we denote by M the radical of A(G), then @ (N) is contained in M. 
Let f be a rational homomorphism of Œ(G) with M as its kernel. Then 
f(A(@)) is a connected semi-simple algebraic group. By using the results 
of C. Chevalley that any connected semi-simple algebraic group is equal to its 
derivec. subgroup, we have 


f(D°A(G)) = D°f(A(G@)) =f(A(G@)). 


The rest of the proof of the first part of the theorem runs exactly parallel 
to the corresponding part in the proof of Theorem 2. It can therefore be 
omitted. We only note that, coresponding to the formulas (2) and (8), we 
have 

(4) G =N VD°G. 


the second part is evident. 


COROLLARY 1. A representable formal Lie group is associated to an 
algebraic group tf and only if so is the radical. 


TEis can be proved in the same manner as in the proof of Corol'ary 2 
of Theorem 2%, by making use of the formula (4). 

Furthermore, the fact stated in [8, Th. 7] is another consequence of the 
theorem. Namely we have 


COROLLARY 2. If G is a semi-simple formal Lie group, then G is iso- 
genous to a group H* where H is a semi-simple algebraic group. and 
conversely. 


If Œ is a semi-simple Lie group, then Z(G) =e and therefore G is 
representable. There exists an isogenous homomorphism u of G such that 
u(tz) is a subgroup of GL*(n,K). It now follows from Corollary 1 that 
u(G) = H* where H is an algebraic group. By the above theorem it is 
obvious that the radical of H is equal to e, i.e. H is semi-simple. Conversely, 
suppose that H” is a connected semi-simple algebraic group. If NW is the 
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radical of H’*, then A(N) is the radical of H’ since @(H’*) =H’. There- 
for Œ(N) =e, whence N =e, i.e. H’* is semi-simple, completing the proof. 


` 
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ON SEMISIMPLICIAL FIBRE-BUNDLES.* 


By M. G. Barratt,’ V. K. A. M. GUGENHEIM ? and J. C. Moors,* 


I.i. Introduction. The intent of this paper is to begin the study of 
semisimplicial fibre bundles, and to show how general fibre bundles are. The 
semisimplicial analogue of a fibre space of the type defined by Serre has been 
known for several years now, and it has been realized that if one. replaced a 
geametric fibre map of this type by the associated map of the singular complex 
of the total space into the singular complex of the base one obtains a semi- 
simplicial fibre map, or Kan fibre map. However, one can go much further. 
Here, given a Kan fibre map, we first choose a “minimal fibre map” (cf. 
II.2) which is a fibre-wise deformation retract of the original fibre map, 
and then proceed to show that this minimal fibre map is in fact the map of 
the total complex of a semisimplicial fibre bundle into the base complex. 

In the description of a semisimplicial fibre-bundle with fibre Y there 
occurs a certain group-complex A(Y) or, more generally, one of its subgroups 
T'; the consequential notion “T-bundle” is the semisimplicial analogue of a 
Steenrod fibre bundle with structural group T (see the definitions in I'V.2.4); . 
in particular the classical notions of the associated principal bundle and the 
classifying space reappear in our theory (IV. 4.3, 4.4, 5.6). 

Applications of this theory to the relationship between fibre-bundles and 
fibre-space (in the classical sense), and to the homology theory of fibre-svaces, 
will be treated elsewhere. 


I.2. Terminology. The terminology and theory of semisimplicial com- 
plexes (cf. [1], for instance) will be taken for granted; “complex” and 
“map” will mean “complete semisimplicial complex” and “complete semi- 
simplicial map” respectively. The symbol 1 will denote the identity (in 
many contexts), the unit element in certain groups, as well as an object 
described in II. 2 below. 
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II. Apparatus. This chapzer is purely tecbnical and deals mostly wita 
the treatment of homotopies in eomplexes; cf. [2] for more details. 


1. Models. The n-simplex A" is, for our purposes, best defined s 
follows: Let ô” be a “ generator” in dimension n; A” is the set of all elenenB 
pô”, where ¢ is a semisimplicial operator with domain-dimension n. 

We shall write 

8% = ĝo * OpaBigr: * + Ond A 


and call it the “14-121 vertex.” | 
Let X be any complex. We shall frequently identity the element ze pan 
with the map z: A” —> X defined by 2(¢8") = a; in particular we defne 


ef m= 5%: ATI AM, nt a= Sn: AMI > An, 


ce 


In A" we defina a “-contraction operator” D by 


pd" == p'8057, 
where # is obtainec from ¢ by increasing all subscripts by 1. We have 
6,.D = identity, 
ĝia D = D; in dimension > 0, 

(e 3 Dr == E if c€ A, 

| D3", = Loo. | 

Definition. We call a comp.ex B simplicially contractible (to ba) if ther 

is an operator D sazisfying (1) with 8”, replaced by bo. 


2. Prisms. We write [= A*; also, iz will be convenient to denote ô^, 
8’, and all their degeneracies by O, 1 respectively. 

. Let A be a complex; by Arn we denote the set of all maps u: F X Ar — 3 
(where P = I, I“ =I XI"). In an evident manner we can define operatozs 


b: Ana Arna (0ZiZ=n), 
Sj: Arn —> An (0 = t = n), 
AS: Ann ram  (e=—0,1,1<j<r), 


OF. Arn Aran (l1SjSr+1), 


where we identify Á>,» and A, inthe obvious way ; the operators A‘; are obtained 
by taking the face ĉie in the j-th factor; the 4, s: satisfy the usual relazion: ; 
the A*;, o; satisfy the corresponding identities of the well-known “semicabical 
theory”; finally, “simplicial” and “cubical” operators commute. 
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There are also “simplicial subdivisionoperators ” 
Si: Arn Asus (0 = 1 < n) 


satisfying certain identities (cf. [2], [3]); an element u € A,,, is completely 


determined by the elements S;u. 


3. Homotopies. 
3.1. Lemma. Let fẹfı: A—B be maps. The following two state- 


ments are equivalent: 
(i) There is a map F: IX A—B such that 
F(0,z) =fo(x),  F(z) —=f(x). 
(-i) There is an operator U: Aq Bı (q 20) such that 
AU = fo àl U = fi, BU = UG, gU = Us. 
In fact, we define 
U (x) ($3, yat) = F ($ò, yx), 
P ($3, 2) =U (2) (y, 80), 
where #, y are semisimplicial operators. 


Definition. In the situation of 3.1 we call fo, fa homotopic, F or U a 


hcmotopy. 
If B is a Kan complex, homotopy is an equivalence relation. 


Note. In questions of homotopy, we shall usually use the “classical” 
form (i) in the statements of our propositions; nearly always, however, it is 
the form (i1) that is best used in the proofs. 

We say that a space B is contractible (to bo) if the maps 1: B—B and 
B— bo € By are homotopic; this means that there is a homotopy H: B>B 
such that 


ALH = 1, 
Ai Ha = Sobo if we By, 
OH == Hô; 
SH == Hs; 
Hb, = 04bo. 


It is eesily proved (using the operators 9;!) that if a space is simplicially 
contractible, then it is contractible. 
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III. Fibre Maps. 


1. Terminology. A map p: #->B will be denoted by (#,B,p) and a 
commutative diagram 


+ 


F—— E 


kr, p 


B’ > B 


by (f, f): (2, BY, p) > (E, B, p); we refer to (f,f) as a map. 

Two maps (fo, fo), (fa fa): (E BY, p’) > (E,B,p) will be said to be 
homotopic if there is a map (FF): (IX E’,I X BY,1 Xp") > (B,B, p) such 
that F |0 X EB’ =f, F|1X HE’ =}, (with a slight abuse of language!), and 
similarly for F. If fo—f=f and F=fp., where pa: IX B—B is the 
projection, then we say that (fo f) and (f, f) are homotopic rel. f. 

Homotopy is alternatively expressed by the existence of U: E’,—> Eun 
U: B’,—> By. (n = 0) such that pU == Up ard aU = f, NLU = f A% U = fo. 
AU =f, The homotopy is rel. f if U'= o1f. 

If there are maps (f, f) and (g,g) such that (f, fg), (gf, gf) are homo- 
topic to (1,1), then we call either a homotopy equivalence; if f = g = identity 
on B, and the two homotopies are rel. this identity, then we refer to a strong 
homotopy equivalence; in particular we hav2 the notion of homotopy retrac- 
tion and strong homotopy retraction. 


2. Definition. (/,B,) will be callec a fibre-map if p is onto and for 
n > 0 satisfies the following condition: . 


Given an integer t, OSS ton, e€ En for all i SiS n, it, anc 
bE Ba such that 


0:6; == 05.164 (<j iJ Æt), 
pe; = fib (it), 
then there is e€ Æ, such that 


6, == die | (254%), 


If, further, de depends on the e; and b only, then (E, B, p) is said to ba 
a minimal fibre-map. : 


SEMISIMPLICIAL FIBRE-BUNDLES. 643: 


8. Homotopy covering and lifting theorems. 


8.1. Lemma. Let L==0 X AU IX å” C IX At, let (E,B,p}) be 
a fibre-map and - 
F: IX Ar: B, 


Fo: LE 
be such that pFo =F | L. | | 
Then F, has an extension F: IX At E such that pF =F. 
If (E,B, p) is minimal, F |1 X A" is unique. 


In other words (cf. 2.2), given eE Bina (n>0,0Si1s5n), e E En 
bEB,, such that l 


iej == 0; 104 (i< j)» 
A716; == 056%, 
pl; == 0:b, pe, == À°,b , 
then there is e € En such that 
€; = 0,8, e’, == Ne, pe =b. 
If p is minimal, Ahe is unique. The roles of A’ À, can be exchanged. 


This is a special case of Theorem 3* in [2], except for the addendum 
which follows easily from the argument there given. | 


3.3. Covering homotopy extension theorem. In the commutative diagram 
(f,7) : E, BY’, p) — (#,B,p), det p be a fibre-map, let A’ C B’ be e sub- 
comples (possibly empty!) and Œ == p 7A C K. 


Let maps 
H: IX B'- 8, 
h: IX @OE 
be given such that 
(0, 6’) =f (b), bv eB, 
A(0,g') =F (9), | ge", 
_ ph = Hp’ | æ. 


Then h can be extended to H: IX E’ —E such that 
H (0, e’) = fe’, pH —=H(1X p’). 
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This can be “translated” into the prism language and then proved, ne 
3.1 and a familiar argument. 
By a classical argument (cf. [4], p. 54), we deduce 


3.3. Lifting homoptopy extension theorem. Let (E, B, p) be a fibre- 
map, A’ C B’ complexes and | 


f: B E, H:IXB->B, Pa: IX A OH 
ane such that 
pf(b)=H(0,8), pRsa=H|IXKA’, 
Fa(0, a) =f(a’) - (Œ € A’, VEB). 
Then Fa has an extension F: IX B'E such that F(0,b’) f(b’) and 
pF =H. 


4. Retraction on a minimal fibre-map. (cf. [1]). 


4.1. THEOREM. Let (E,B,p)bea fibre-map ; there exists a subcomplex 
E’ CE such that (H’,B,p’), where p =p | E’, is a minimal fibre-map and 
a strong deformation retract of (E, B, p). 


4.2. THEOREM. Let (#,B,p) be a fibre-map and B* CB a given 
minimal deformation retract of B; there exists H* C E such that (E*, BY, p*), 
where p* = p| E*, is minimal and a deformation retract of (H,B,p), the 
deformation retraction lying over the gwen one. 


Outline of the proof of 4.1. We call e, g' € En p-compatible if pe = pe’, 
de == ĝe for 0 StS n. p-compatible elements e, e’ are said to be p-homotopic 
if there is an element u € #,, such that 


/ 
pu == a pe es oO, Pe 3 
0 ? 
Nu = e, Alu mm e, 
Ou = 0 0;e == oue 


If p is a fibre-map, p-homotopy is an equivalence-relation; degenerate 
p-homotopic elements are equal; and, most important, p is minimal if and 
only if p-compatible and p-homotopic elements are equal. 

The proof of 4.1 consists in büïilding up Æ” dimension by dimension 
always choosing one element only in each p-homotopy class; elements having 
boundary not already in Æ’ we first “move” into ones that have, using the 
inductively defined retraction on the boundaries. 
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The proof of Theorem 4.2 uses a succession of homotopy-covering 
arguments. 

It will appear from 5.2 below that the minimal map obtained in Theorem 
4,1 is unique up to an “equivalence.” 


5. Homotopy and minimal fibre spaces. In view of the last saction 
we can, for the purposes of homotopy-theory, replace any fibre-map by a 
minimal one; this procedure is useful largely because of the theorems of the 
present section. 

A map f: A->B will be called an injection if fa= fa’ implies a= a’; 
an injection onto will be called an equivalence. 


5.1. Proposition. Let (fo, fo), (Fao fr): (2, B’, p) — (E, B, p) be homo- 
topic maps, and let p be a minimal fibre map. 
(i) If fo, fı are injective, so is fy. 


© (ii) Let He == p*(f,B’) (e—0,1). If fo, fo, fa are injections onto E°, 
fob’, f.B” respectively, then f, is an injection onto E. 


Proof. We are given homotopies H: EH’ > E, H: B’->B such that 
pH = Hy’ and °,H =f, MH =f, XH = fos AH = fi. 

(i) Let e’,e”€k", be such that fie = fe”. Then pf,e’ = pfe”, i.e. 
fip’e’ = fip'e”, whence p'e == p'e" — D say. Let w —=He’, w” = He’. Then 
pw = pw” H bY, Miw’ = fie’ = fie” = Nw”, If n= 0, minimality implies 
Aw =)°w”, i.e, foe’ = fog” and e’ =e”. If n>0, we use an induction 
on n and thus have @;e’ = de” for 0S i< n; hence fiw — bw”, and the same 
conclusion can be made. 


(ii) ñ is injective, by (i). Let e€ H1,, b= pe. Then there is b€ B’ 
such that fib’ == b, i.e. b = AHV. 


Hence, if n==0, there is w€ Æ,, such that pw = Hb’, Aw =e. Then 
r°,w € E9 and there is e € F’ such that foe’ —A°,w. Then 


fop’e’ == pfo? = PW = Mipw = )°,Hb’ = fyb’, 
whence p'e == b’. Now: 
pile’ = Hp'e = Hb’ = pw, 
Xe = foe’ = X,w. 


Hence At, He’ == fie AE by the condition of minimality, ie. fie == e; 
and f, is onto Fte. 
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For n > 0, we use an induction on n; we write down suitable conditions 


for dw ; and in this we require that f, should be injective. We omit the details. -_ 


5.2. COROLLARY. A strong homotopy equivalence between minimal fibre- 
maps is a strong equivalence. A homotopy equivalence between minimal fibre- 
maps with minima base-spaces is an equivalence, 


5.3. Definition. Let (#,B,p) and (A,B,f) be maps; we define the 
map (£*,A,p*) and the map (f,f): (E*, A, p*) — (4,8, p) as follows: 
E* == {(e,a) € E X A | fa = pe}, 
p*(e,a) =a,  F(e,a) =e. 


(E*, A, p*) is called the map induced from (E, B, p) by f: A— B; the entire 
assembly of maps end spaces in (f, f) is called the induced structure 


5.4. Lemma. If (#,B,p) is a (minimal) fibre-map, so is any map 
induced from it. 


5.5. Proposrrion. Let (E, B,p) b2 a minimal fibre-map and fo, fi: 
A->B homotopic maps. Then the induced maps (E°, A, p°), (E>, A, p*) are 
strongly equivalent 


. Proof. Let F:I X A—B be the given homotopy and (#*,I X A, p*) 
the minimal fibre space induced by F. p* "(eX A) (e—0,1) can be inden- 
tified with H*. Now, consider the commutative diagram 


$ 
1X E9——» E* 
xe] de 


PCM ee N 
1 


where ¢| 0X E° is the identity; such a map ¢ exists by 3.2. Now, 
f= /0X EF (= 1), 
p= pj lx He 


can be regarded in a natural manner as maps &°— E*; they satisfy the 
conditions on fo, fa in 5.1 (ii). Hence ¢* is an isomorphism E° — #'. 


5.6. COROLLARY. A minimal fibre space with a contractible base-space 
is a product space. | | 


\ 
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- 3 IV. Fibre Bundles.. 


1. The group complex A(Y). Let X, Y be complexes. By XY (cf. 
[1], [2]) we denote the complex whose n-elements are maps 


a: A” X YOX, 


and we define ĝia =a (êX 1), sa = a(n? X1) (cf. II.1). Sometimes it is 
convenient to replace a by the map ar: A” X Y ATX X given by ar(t,y) 
= (t a(t, y)), tE A", y€ Y. Clearly « and ær determine each other. 

Let X, Y, Z be complexes, and let «€ XY, BE YZ; we define «BE XZ by 
(aß): = a&;ßr. It is easily verified that 


d:(%B8) = (Ga) (0:8), s:(48) = (sia) (s8). 
The complex YY is a monoid under this operation; it operates on Y 
according to 
| a-y= a(S" y),  aE(PY)n  YE Pr 


We define A(Y)C YY to be the maximal subgroup; thus «€ FY is in 
A (Y° if and only if ær has an inverse. A(Y) is a group-complex and hence 
(cf. [1]) a Kan-complex. 

A(Y) has an important universal property: Let I be any group-complex 
operating on Y; we define the homomorphism 


p: T->A(Y) 


ky (py) (68, y) = (dy) y, where y€ T, y€ F and ¢ is a suitable semisimplicial 
cperator. . Then yy = (py) y. If I is effective, i.e., if p is a monomorphism, 
we shall thus regard T as a subgroup of A (Y), identifying y and py; replacing 
(whee necessary) T by T'/kernelp, we restrict ourselves to this case from 


ROW on. 
2. Fibre bundles. 
8.1. Definition. The map (#,8B,p) will be called a fibre-bundle if 
(i) pis onto. 


(ii) For every map b: A”— B the induced map (#, A”, p?) is strongly 
equivalent to (A" X Y, A”, p*), where p*(¢8",y) =¢8" and Y is a given 
complex called the fibre of the bundle. 


If Y is a Kan-complex, we call (E, B, p) a Kan fibre-bundle. 
From III. 5.6 we have immediately 
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2.2. PROPOSITION. Every minimal fibre map with a connected base 
complex is a Kan fibre bundle. : 


The following is easy: 
2.3. Proposition. Every Kan fibre bundle is a fibre map. 


Let (F, B, p) be a fibre-bundle with fibre Y ; regarding b € B, as a map 
b: A”—> B (cf. II.1) we have the commutative diagram 


a(b) b 
AUX Y — Bt — E 


FL 


Av ——> An —; B, 
1 b 


where a(b) is an equivalence exhibiting the szrong equivalence of 2. 1 (ii). The 
set of equivalences {«(b)} for b € B is called an atlas for the bundle. We also 


define 
B(b) == ba(b). 
Observe that «(b) (dd", y) = (pô, B(b) ($87, y)) so that the atlas {a(b)} 
and the set of maps {8(b)} determine each other. 
The choice of an atlas is highly arbitrary; if {«(b)}, {&(b)} are two 
atlases, then | 


(a(b) a) = y) 


is an element of A(Y),. Conversely, if for evezy b € B, we choose y(b) € A(F}, 2 
and if {a«(b)} is a given atlas, then {&(b)} given by 


(1) a(b) == a(b)y7(b) 
is another. Notice that also 
(2) B(b) = B(b)y(d). 


Given an atlas {a(b)}, B(b) € HY for every bE B. In general it is not 
true that | 


(3) B (sib) = sp (b). 


By the simple device, however, of defining @(b), and hence a(b), on all 
degenerate elements by (3) above we can a ways replace an atlas by a nor- 
malised atlas, i.e., one for which (3) above is true. From now on we shall 
invariably suppose atlases to be normalised. 


TR, 
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More interesting considerations arise from the face operators, Let b € Bp 
a(b) maps A”! X F isomorphically onto the part of Et “over” 5,8"; hence 
there is an isomorphism o(b):A** X Y — #®® such that the diagram 


a(b) b 
At X Y — E ———> EL 
eX 1 ex 1 | 1 
PKS Ed —> F 
a(b) 0,6 


commuzes (0 <Six<n). The important thing is that, in general, «(b) ~ a«(&b), 
i.e, (0) = B(0:d). We define 
(4) éir (b) == [a (8:5) J u (b) € ACY) na 


and refer to {g+(b)} as the set of transformation elements associated with the 
atlas {«(b)}. 
From (4) we get immediately 


(5; | a(b) = a(0:b) ér (b), 
whence | 
(6; 0,8 (b) = p (8b) é (b). 


2.4 Definitions. Let rC A(Y) be a subgroup-complex. An atlas 
{a(b)} all of whose transformation-elements lie in T will be called a T-atlas; 
two I-atlases {a(b)}, {&(b)} will be called T-equwalent if a(b) —a(b)1(b), 
where +(b) ET. A fibre-bundle together with a given T-equivalence-class of 
T-atlases will be called a T-bundle; thus any bundle with fibre Y is an A(Y)- 
bundle. ; 

Le; (£,B,p), (Ë,B,p) be T-bundles; a map (f,g): (#,B) — (F, B) 
will be called a T-map if for every b€ B 


[a(fb) ]*ofoa(s) 


is an element of T, provided that {a(b)} and {&(b)} belong to the given T- 
equivalence classes of atlasses; notice the consequential notions of “T-equiv- 
alence ” and “strong T'-equivalence ” ; for bundles with fibre Y, “equivalence” 
and “A (Y )-equivalence ” are the same notions. 

From now on we will formulate everything for the general case of T- 
bundles. 

Let A CT be a subgroup-complex; if in the given T-equivalence-class of 


atlases of a given I-bundle there is a T-bundle there. is a A-atlas, we sav that 


8 
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the group of the bundle can be reduced to À ; notice, however, that the resulting 


A-bundle will, in general, not be unique. 


2.5. Lemma. In every T-equivaience class of atlases there is one for 
which & (b) =1 feort>0. 


Proof. Let bE Bn. If n==1, since T (being a group-complex) is a Kan- 
complex we can find y€T, such that ĝry == (b). We replace a(b) by 
a(b) =a(b)y"r Then 8B (b) = 8 (db) Eb) [E (0) = 8 (3b). 

Now suppose inductively that {a(b)} satisfies the lemma up to dimensicn 
n—1, n= 2, and let b€ B, be non-degen2rate. From the inductive hypo- 
thesis it is easy to verify 0,é7(b) = 0,;.,.€4(b) if O<t1< 7. Hence there is 
y€T, such that dy = ét (b) for 1< 0. We replace a(b) by @(b) == a@(b)y 72. 
Then, for i> 0, 0,8 (b) = B (8b) é (b) [é (E)] = 8 (ib). 

2.6. Lemma. Let A CT be a subcomzlez which is a deformation retract 
of T. Then in every V-equivalence class of atlases there is one for which 

E) =L i>0, 
E(B) € A. 

Proof. Let N:T—T be the given retracting homotopy, so that AU = 1, 
Au Uy E A, U | Ao; Let the given atlas {a(b)} already satisfy the con- 
ditions of 2.5 and, inductively, £ (b) € A if dimb <n. Now let b€ B, and 
é= (b). Then it is easily verified that @é¢€ A for all i By the Kan- 
condition (and cf. [2]) there is a prism T € T,, such that 

AL — So€, 0,2" = oifis oÈ (i > 0), > 
bT == UE, 
since these faces are consistent. Now, let y= (s) (A47). Then, as is 
easily verified, 
diy = 1 (4 > 0), 
doy = E+, 
where A==A*,UEE A. | 

Now, replace a(b) by &(b) —a{b)yr, so that B(b)==8(b)y. Then 

GB (b) = 8 (3b), i> 0, and ða (b) == 8 (3D) EETA == B (ob) A. 


3. Twisted Cartesian products. 


3.1. Definition. Let B, Y be complexes. A twisted cartesian product 
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(TCP) BK Y is a complex for which (BX Y)n—ByX Ya (n 20) and 
(b, y) = (ob, dy) (O<i=nn>0), 
ĝa (b, Y) = (db, 7 (b, Y) ), b E Baye Yn, 

where r(b,y) € Yana | 

r is called the twisting function. 
From ie semisimplicial identities the following identities follow for r: 


Tr (016, 01) a t (dod, r(b, y) J; 


Oyr (b, y) o 7 (0:20, diy), v > 0, 
1 
| m Sir (b, Y) = T (Sub, SY); 
4 | T(Sob, Soy) =Y. 


The twisted cartesian product (and r) are called semi-regular if rib, y) 
depends on b and @,.y only. 

We refer to a regular TCP (RTCP) if for every b€ B, (n > 0), there 
is an element (6) € A(Y),: such that 


7(b, y) == E(d) : doy. 


If for every b € B, £(b) lies in a subgroupcomplex T of A (Y) the RCTP 
is said to have group T. 
By virtue of (1), the function € must satisfy the following identities 


Oo€(b) == [É(00b) JE (0:0), 


Pa 


j Gé (b) = E (fnb), t>0, 
2) SÉ(b) = £ (Simb), += 0, 
E(s 90) — 1. 


Let H== BX Y; we define the map p: E—> B by p(b,y) =b; from now 
on, with a slight abuse of language, the term “TCP” will also stand for the 


map (B SY. B,p). 


3.2. PROPOSITION. A fibre bundle whose group can be reduced to T is 
(strongly equivalent to) a RTCP with group T. 


; Proof. Let (#,B,p) be a fibre bundle with fibre y and group T, and 
~ let {@(b)} be a T-atlas satisfying the conditions of 2.5 above, we define 


¿(b) =£ (b), bE By, n= 
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and the functions 
| h: BnX Yi Er 
by 
Then the following are easily verified : 
(i) h is 1—1 and onto; it is easy to write down an inverse; 
Gii) dih (b, y) =h (ib, y) (>), and 
Ooh (b, y) =h (Gob, E(B) 3oy); as well as 
sih (b, y) = h (sib, siy). 
_ Notice that once the atlas is given, k is determined without further choice; 
thus, if we define a I-map between two RTOP BX Y, BK F, both with 
group T, as one having the form (b, y) — (gb,8(b) -y}, where g: B— B is 
a map and 6: B—T a certain function; then the corresponding notion of a 
T-equivalence class of RTCP corresponds, under the function h, exactly to 


that of a T'-equivalence class of I'-bundles, cf. 2.4 above. We omit the essy 
verifications. 


3.8. Proposrrion. An RTCP whosz fibre is a Kan-compler is a Kan 
fibre-space. 


The verification is easy. 


4. Principal and associated bundles. Let T be a group complex; in 
what follows we shall always suppose that T operates on itself from the left 
by multiplication; this leads to a natural embedding T C A(T). 


4.1. Definition. A T-bundle with fibre T is called a principal T-bundle. 


If (#,B,p) is a principal [-bundle, it is possible to define an operation 
of T on the right of E satisfying p(ey) —p(e), as follows: 

Let {æ(b)} be a T-atlas in the T-equivalence-class of atlases defining the 
given T-bundle, let e€ F, pe=b, and 


PSRK) (8%, y). 


Then we define 
ey" Fri B (5) 8", yy’) . 


It is easily verified that this does define an operation which is independent 


Pt, 
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If we express a principal T-bundle as a RCTP, then £é(b) €T, and the 
operation of F takes the simple form 


(b,y)¥ = (b, yy). 


Let T operate on the right of the complex F and on the left of the complex 
Y; we define E Xr Ÿ by identifying (ey,y) and (e,yy) in E XY. 


4.8. Definition. Let (#,B,p) be a given principal T-bundle and Y a 
complex on which T operates; we define the associated bundle (E*,B,p*) by 


B* =H Xr, p*(e,y) = pe. 


It is easily verified that (2%, B,p*) is a bundle with fibre Y; indeed, 
let {a(b)} be an atlas for (F, B, p); then we define the atlas {a*(6)} for 
(4*, B, p*) by 

B* (b) (p8", y) = (A (b) (pë", 1), y). 


In this way we see that 


4.3. Proposition. For a given principal T-bundie and a given complex 
Y on which T operates on the left, there is a unique associated T-bundle with 
fibre Y. 


4.4. PROPOSITION. Every T-bundie with fibre Y is associated to a 
principal T-bundle which is uniquely determined. 


Proof. We take the T-bundle in the form of a ROTP with twisting 
function €(6); the principal RTCP with the same twisting function is the 
required principal I-bundle; the fact that any RTCP is a fibre bundle is 
proved in 5.3 below. 


5. Classification theorems. Let us use the notation of III. 5.5 for the 
structure induced from the map (Æ,B,p) by the map f: A->B. 


According as (#,B,p) is a fibre-bundle, T-bundle or principal bundle, 
so is (Æ*, A, p*) ; in particular the atlases are related by 


TB*(a) = B(fa) ; 


it is in this way that a l'-equivalence-class of atlases for (E, B, p) determines 
one for (#*, A, p*); in the case of principal bundles we have 


Fey) = [F(e*) ly, 


iva. f is equivariant. 
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If EB is a RTCP, E=BXY , then so is #*; the twisting function is 
given by 
&* (a) = (ra). 
Now, let (#,B,p) be a principal T-bundle and U: A->B a homotopy; 
we write àf U =f;; (i=— 0,1), and denote by 
(fu fi) : (E; A, pi) mig (LB, p) 


the induced structures. 


For the next lemma notice that if a multiplication is defined amongst 
elements of complexes, then this implies cne between prisms. 


5.1. Lemma. There exists a homoicpy ‘ 


v: Es —> À 
such that 
DV == U Po, 
Na V exe fo, 
| V (esy) == (Veo) (ory) | | (e E Eo YE PL). 


Proof. This is proved exactly like IIL 3.2, except having “lifted” Y to 
= chosen e, € po™ (b), we define it on the rest of po*(b) by equivalence, 

, by F(esy} = (Ve) (oy) this is ee since pot(b) == er, as is 
ph A 


Now, let us suppose that (FE, B, p) is expressed as a RSTP BX TY with 
twisting function é Then 
AV (a, y) = (fia, 0 (a)y), 
where 6(a@) is defined by (A.V) (a, 1) = (f:2,0(@)). The function 8: A>T 
satisfies certain identities. 


5.2. PROPOSITION. Homotopic maps induce T-equivalent bundles from 
a given T-bundle. 


Proof. Take the given l-burdle in the form of a RTCP B x Y with 
twisting function é Let U: A->B be the — a and construct 
6: A—T as above. Then 


(a, y) — (a, 8(a) : y) 


gives the equivalence. Several verifications are left to the reader. ` 


nmt à 


> LE 


Pa 


\ 


\ 
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Notice that the proof only uses the fact that we have a RTOP; hence 
we see that any RTCP which has a contractible base-space is a product space ; 
in particular 


5.3. Proposition. Any RTOP is a fibre-bundle. 


Remark. A semi-regular TCP is a fibre-bundle provided it is a Kan 
fibre-map; we omit the somewhat complicated proof. 


For any group-complex T, the well-known “ W-construction” provides a 
classifying space W (T); we recall briefly the definition, which we modify by 
inverting the usual order of elements; this is done to assure operation on the 
right. 

Given T, we define the RTOP (W(T), W(T),p) as follows: 

Wo (T) mn T'o 
Wa (T) = Wa(T) X T'as 


and T4 acts on W,(T) by the definition 


(Yos Ys" sYa) Va (Yo Yas" © Yas Ya Y'a)» 
where yi € Diy Ya l'a 
The semisimplicial operators are defined as follows: se on Wo(I') = s on To. 
Now, let we W,(T) and y€ Teun, so that (w,y) € Wan(T); then we define 
inductively | 
ĝa (w, y) = w ` doy, 
| Biss (w, y) == (dw, Oury); 
` So(w, y) = (w, 1, Soy), 
Siua (W, y) = (SW, Siny). 


Next, we define W (T) as follows: _ 


W(t) consists of a single element denoted by [ ], 
Was (T) == Wa X To. 
Thus, if w€ W,(T), we denote by [w] the corresponding element of W,.,(T). 


We define p: W(T)—W(T) by p(w,y)=[w], py=[ ] if yer. 
Suitatle semisimplicial operators in W(T) are now easily written down; it 


turns out that W(T) = W(T)X T is a principal RTOP with twisting function 


É | Yos YL’; Ya] == Yg- 
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Now, let E—B KT be a principal RTOP with twisting function & We 

define the map | 
ke: Bo W(T) 
by 
kelb) = [E(0"06), (870d), E(D)] if bE By. 
5.4. Lemma. (i) kg ts a map. 
(ii) kg induces the given RTCP from (W(T), W{T),p). 
The verifications are straightforward. 


5.5. Proposition. The assignment —>kg set up a 1-1 relationship 
between homotopy-classes of maps B— W (T) and strong T-equivalence-classes 
of principal T-bundles with base-complex B. 


Proof. Homotopic maps induce equivalent bundles, by 5.8. It remains 
to prove the converse. Thus, let ko kı: B— W(T) be maps with induced 
structures (Ke, ke): (Ee B, p) > (W(T), W(T), p), e— 0, 1; and suppose there 
is a strong T-equivalence (k,1): (EL, B, po) > (En B, pr). 

Consider the maps ky, kak: E ~> W(T). We shall construct an equivariant 
‘homotopy connecting them; i.e., a homotopy 


V: Ky —? W(T) 
such that AV = ko, MLV = kk, 


V (eoy) = (F (e0) )ony- 


Suppose, inductively, V has been defined up to dimension n—1 and let 
€o € (Eo)n be some chosen element. An element F (e) satisfying the çon- 
ditions exists because W (T) has trivial homotopy-groups; we define V (ey) 
by the condition of equivariance. 


Now, we define a homotopy U: B—> W(T) by choosing for each b € E, 
an €€ (Ho), such that poeo==b; and take U(b)—pV(e); due to the 
condition of equivariance on V, U is well-defined. Now, 


AU (b) == pkey (eo) = Kopola = Kob, 
ALU (b) = pkk (e) = kipikeo = ki Pobo == kib, 
and thus U is the required homotopy. 


5.6. THEOREM. Let Y be a complex on which the group complex F 
operates effectively. The assignment to any map B— W(T) of the bundle 


N 


w pd 
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with fibre Y associated to the principai T-bundle over B induced from 
(W(T), W(T),p) is a 1-1 correspondence between homotopy-classes of maps 
B—W(T) and strong T-equivalence-classes of T-bundles with base B and 
fibre Y. - 


Notice, in particular, the special case obtained by putting Fr—A(Y), 
and replacing “T-bundle” by “bundle” “T-equivalence” by “ equivalence.” 
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Introduction. Singular integrals have been studied intermittently for 
over twenty years, on both Euclidean space and on manifolds, primarily by 
Giraud, Tricomi, Mihlin, Calderon and Zygmund, and Kohn. The work of 
the first three authors is summarized in [6]. Calderon and Zygmund have 
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considared these operators on the spaces LP(E,), (1< p<), Hy, being k- 
dimensional Euclidean space. In this case they have shown that singular 
integrals define bounded operators [1], that there is an approximate func- 
ticnal calculus for such operators resembling the Fourier transform apvaratus 
[2], and that they may be used to represent differential operators [2]. This 
representation has been used in solving uniqueness problems [3] and is likely 
to have further applications in differential equations. 


The present paper obtains for compact manifolds results like those in [2]. 
Kohn, in a paper with Spencer [5], has considered similar problems but is 
concerned mainly with the question of regularization, and the fitting of singu- 
lar integral operators into the formalism of differential geometry. Here the 
two main objectives are the formulation of the notion of a singular integral 
operator on a compact manifold, and the development of an approximate 
functional calculus (section II); and the construction of an isotropic first 
order differential operator on a compact, orientable Riemannian manifold M 
allowing the representation of differential operators on £?(M) (section IIT). 
Section I establishes the notation and contains the Euclidean results used in 
the later sections, as well as a few related results. In the construction in 
section III, singular integral operators are used to establish some facts about 
the Laplace operator on £?(M) previously given by Gaffney [4]. 

The results labeled “proposition ” are those that are easily accessible with 
the tools developed, but do not form part of the main argument. 

This paper is a revision of the author’s thesis of the same title submitted 
te MIT in 1958. Naturally it owes much to the supervisor, Professor Calderon, 
who suggested the general topic, the consideration of the distribution spaces, 
the present formulation of section II without a metric (considerably neater 
than the original form), and that the operators needed in section ITI.might 
be constructed by contour integration; and whose comments on earlier versions 
led to much improvement in the presentation. The author, on the other hand, 
is responsible for the actual proofs. 


I. 7 Miscellaneous Buclidean Results 


A. ‘Notation and preliminary definitions. Let W, be k-dimensional 
Euclidean space and a= (a,,- * +, a) a k-tuple of non-negative integers. If 


T= (Tu: + *,2,) is a point in Ep, then 2°=J[a% Let |e] = So and 
‘521 í 


are (ul). Then (0/dr)*—T]] (8/0r,)* = l*l/da,%- - Omer, f(a) 
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denotes (8/ðxr) f(x); so (1/a!)(2*)® is a*-8/(a—B)! if a = f for all t 
(a= B), and is 0 otherwise. The Taylor expansion becomes 


f(y) ne LS I) f(x) (#— 2) + Re, y). 


Here the remainder can be differentiated w:th respect to y as often as f can. 
The rule for differentiating products takes the form 


(GE frgeMaly(y'(a—y) D 


For a function f{x,y) on Hy X Er, f(x,y) denotes (8/0x2)%(8/dy) Ff (a, y). 
Differentiation of the Taylor expansion above shows that R@#)(2z,y) is 
O(jz—y|*rlerlsl) if |e) + | 8|Sn+1. 

Tf k is a complex function, h* is its conjugate; if H operates on a Banach 
space, H* is its adjoint. 

If B is a real number = 0, then [8] indicates either the greatest integer 
which is =, or a reference to the bibliography. A function f is in ©, if it 
and its derivatives of order <= n are continuous and bounded. A function 
is in Cg if it and its derivatives of order Æ [8] satisfy a uniform Hôlder 
condition of order 8 — [8]. 


Definition 1. A Cg” function homogeneous of degree n is a function 
hk(zx,z) on By X Hy satisfying: 
i) h(a,d2) =A h (2,2) for all z, all 2:40, and all A> 0. 
ii) For each v, h(x,z) is in Ce in |2| 21. 
iii) For each a, (0/82)"h (2,2) is in Cg on EX (|2| 21). 


iv) If n=—k, P h{x, z) do == 0, where do is the natural measure 
gizl 
on |z| =1. 


Condition (iv) may seem unnatural, Lut in this paper we shall always 
require it of homogeneous functions of degree —-k. It is justified to some 
extent by the following fact. | 


Lemma 1. If h(x,z) ts a Cg” functicn homogeneous of degree n, then — 
(6/02;)h(z,z) is a Cg® function homogenecus of degree n —1. 


Proof. The degree of homogeneity is =rivial. The only case that needs 
checking is n = 1— k; then we must show that h,(2,z) = (9/04)h(x,z) has 
mean value zero on |z| ==1. Let p(y) 1 où | z—y | <1, and vanish out- 
side a compact set. Then 
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S Gt /ouyi(ee—yay— tim fi (0 (Y)/04) 2 — nr 


=lim f a(y)ha(2,2—y) dy —lim Í $(y)h(2,2—y) ne do, 
€30 -yi TE 


6-90  lz-y 


where do is the measure on the unit sphere, y==x + eo, and y;==( Yi— Ts )/\y—z] 
is the 1-th direction cosine. The last limit is -f h(z,o)yido, where 3 is 
ths unit sphere. Then min ly RU; æ—y)dy must exist. But this is 


jæ-y > 


lim ful a—y)dy +f oues y)dy 


ero o/ 12|¢-yl>e 


—lim f (eo) do f Mawet _ flv 2—y)ay. 


€39 


This can have a limit only if the first term is zero, which proves Lemma 1. 

Homogeneous Cg” functions of degree ——k are the kernels of the Cg” 
singular integral operators studied by Calderon and Zygmund ([1] and [2]). 
A Cg” singular integral operator is any of the form 


Hf (2) =a(2)f (x) + lim $ _ ha e— nily) 


where h(z,z) is a Cg” function, homogeneous of degree — k, and a(s) is 
in Cg. The limit exists strongly for f in L?, 1<p<o [1]. In [2] the 
above authors develop an approximate functional calculus for such operators, 
and demonstrate a connection to differential equations. 

An important tool in this development is the expansion of k in spherical 
harmonics. Let Vun(z) (|2|==1) be a spherical harmonic of degree n, and 
let the set {1, Yun(z)} form a complete orthonormal basis of L? of the unit 
sphere in E}. Extend Y,, to |z|>0 by setting Yum(z) = Yum(z/|2|). 
Then if h(2,z) is a Cg” function homogeneous of degree — k, 


h(a, 2) = © anm (2) Y nm (2) | a if 


and the @,, and their derivatives of order < [8] are O(n") for every r > 0. 
The operators Tum are defined by 


Tumf (x) = lim Pam (@—9)F(y) dy, 


€->0 leony 
and the operator H is represented A the series H— a+ $ anmInm. The 
operators Tam correspond to multiplication of the Fourier transform by a 
bounded function, so that they commute with differentiation. It is noted that 
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the number of Yam for fixed n is O(n**), end the norm of Tnm on L? has a 
bound independent of n and m so that the series is norm convergent. 


(See [2].) 


B. The fractional integrals of M. Riesz in connection with singular 
integrals. In [7], M. Riesz constructs, among other things, a one-parameter 
group of (unbounded) operators I* defined for f in Ca with compact support 
in Æp. They satisfy the relations T? ==-— 24, where A is the Laplace operator 
on Es; and +6 — J®IB whenever the composition is defined. For «> 0, I“ 
is defined as 


I*f(2) = H(a,k)> $ f(w)|e—y ay, 


where H (a, k) = 2%*/?T(a/2)/P(¢(k—a)). For «<0, I*f(z) is defined 
by analytic continuation with respect to «. Since J“! is a square root of — å, 
it seems reasonable to show its relation tc the operator A defined in [2]; 
this operator is defined by A == t X, (0/0%m) Ra, where Em is the Riesz transform 
given by . 

Raf (2) —=—i(s)estim f (nyn) 2—9 | F(y)dy, $= 4 +1). 

e> a-y|>>e 

The Fourier transform of R, is %,/| «|, sc that the transform of A is |æ]. 
We show that (@/éz,,)J*==iR,, from which it follows that T =—=— A: 


A =i X (8/02m) Rin = 38/820) T = — TT = — I, 


To prove (0/ĝôzm)I* = iRm, let g and f be in C, and have compact support. 
Then 


— (g/dan Tf) =—H(1,8)* 0g (2) /Bm | F*(y)|2—y | dy de 
=— H7 *(y) lim ð Dm) | &— y | dad 
SPOS (09(x) fim) | 2—y ae dy 


= ODA f f(y) lim fi 92) (enyn) | @—y Pde dy 


-0 7 [pny 
+H f p(y) tim [9 (2) ym doe dys 
E90 of |g-y e 
here ym is the m-th direction cosine and do, the measure on the unit sphere, 


and v= y-er. Since y» has mean value D and g is in O,, the second limit 
in the last expression is zero, and —(0g/0m, IF) == (Rg, f), where 


Rg = (1—%)H(1, t) lim f g (T) (Em — Ym) | 2 —y PAS de = —iRng. 
€-70  lo-yl>e 


© 
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Hence —(@9/02,,, FF) = — i (Bmg, f) = (9 thf), which is what we were to 
show. 


C. The Green’s kernel of M— A, We calculate the Green’s kernel 
E\(|2z—y|) of A—A by setting r= |2—y|, Ex(|£—y |) =y(r). Then 
y satisfies | 


dr) + y) at) =0, > 0. 
Let 
k == 2v +2, A=p (Re(u) 20), y(r) =F (r). 


The equation for Y is r° Y” +-r¥’ — (v* + ru?) — 0, which has the singular 
solution Y(r) = AK,(pr), K a modified Bessel function of the second kind. 
If y is an integer, v = n, 


K, (2) =} È (—1)™(n—m—1) {ml (2/2) 27) 
+ (— 1)" $ (log (2/2) — (4)y(m +1) 
— (B)y (n-m +1) } (2/2) {m 1(n +m) D. 
If v is n+ 4, n an integer, then 
Ky (2) = (n/22)86* À (n +1) 1/{r1{n—r) 1(22)") 


([8], p. 80). We choose the constant À in order to have the Green’s function 
for A — À, and define 


(1) E (r) = Ar”K, (ur), where v= (4)k— 1, 


A = — (u/2V/r lop or A==—1/o, according as k >2 or k=2, and üx 18 
the area of the unit sphere in Ey. That this is indeed a Green’s kernel for 
A— à can be checked by applying Green’s formula to 


S, Palla —y |) (a—A)f (y)dy. 


From the series for K,, we get the following estimates for Fh: 


| dE) /dr — otr | SC | w]e? or C| wlogpr| in |ar| 1 
(2) according as k > 2% or k = 2, 


| d?#y/dr? —r-*(1— kjo | = C [uirtk in |ar| 1, 
a" EB) /dr® = A’r*-n-k 4. O (ré) (r->0) 
generally for fixed À. 
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For global estimates consider the integral representation of K,{z) ([8], 
p. 172): 


K,(2) =P HETA) (4e) | eredi 
1 
so that, replacing t by 1- t/pr, | 
Ey(r) = pC f ert (2 — 1) 7-4 dt = C'erret f et [i(t Our) J” dt, 
1 ð ‘ 


where C and C depend only on k. If we set 


NO f g-t- (4 -4 Bur) AEB dt 


with a= Ai, Re(u) = 0, we have 


dry /drn = f "etak — 8) = + (k — 2n — 1AE- (2p) (t-A 2prjak-2n-3) dt, 
8 


If n<A4(k—3), this is in absolute value <|u["P(|a|r), where P is a 
polynomial (depending on n and k) with positive coefficients. If & is odd, 
this holds for all n. 

If k is even, n = 4(k-—8), and ru =0 then | d*I,/dr"| does not exceed 


am fet [(k—8)- - - (b—2n—1) | A0-D(2 | u |)" (2 | p | rR" a 
É S Ar” (| p| re. 
These estimates lead immediately to 
| d Ey/dr | S | err |r Pi (| p| r) if n£<E(k—3) or kis odd; 
(3) any /drm | Seer Fn pr)it-dPpi ur) if n 4 (k—3) and p20, 


where P, is a polynomial with constant coefficients depending on k and n. 

We can use these kernels to construct aperators equivalent to the I* of 
the previous section for g = 0; this will motivate a similar construction on 
a Riemannian manifold to be given later. Let 85 0, & > 2, and 


Tp = (8 — A) =h f aea — S A) dA = h Í, A/P dÀ, 


where C is the path Re(A) = 8/2 traversed from top to bottom, and the cut 
for À"? is taken along AX=0. From the estimates (3), Ea is a bounded 
operator on L? (Es), and 


IIS f AO dr Sonam | Pew] armed <A aL 
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/ (Re(A) 20, k > 2) so the integral defining Ja” converges in norm if a > 0. 
Since F, = (A— À)", its Fourier transform is — (A+ |æ |?)~, and the trans- 
form of Ja” is 


Je (2) = Jp |z |2—8 +A) ide (| £ |3 +8), 


where the root is positive. Thus the Jẹ form a semi-group of bounded 
operators on L?, with Ja = (8—A)-. Js* converges strongly to the identity 
as œ — Q, since Ja converges boundedly to 1. 

We can eliminate the dependence of C on ê, for 0 <a <2, by trans- 
forming the contour into one surrounding the negative real axis. With 
this contour IT we can use the estimates (3) for k=2, and find again 
Js = (6 — A), Oa <2. 

Frcm the expression for Js, we see that if f has compact support and is 
continuous, Jstf converges uniformly to — Itf, where —J* is the inverse of A, 


discussed in the previous section. Thus z J N4#_)(r) dA = — H (1, k) tr, 
T 
or 


(4) i f “sE, (r) ds =—— H (1, k) ri, 


D. The distribution spaces in Er. The use of Banach space methods 
in partial differential equations leads naturally to the consideration of spaces 
of functions whose derivatives are functions in Z?, and to the duals of these 
spaces. | 


Definition 2. fisin LP (Ex) if f isin L°(#,) and, for every1—1,---,k 
there is a function f; in Z? such that for every ¢ in Ca with compact support 
— (f,6¢/0x:) = (fi, p) ; or (if p > 1), | (f,46/0u:)| SA ola g7 + p= 1. 

Then fi: = (6/0x:)f. f is in Lm? (m > 0) if f is in L, and all first order 
derivatives of f are in L,, :?. 

There is a topology in L,,? defined by the norm 


lf lm = Cal (9/8x)°f lp). 


The distribution space Lom” (m = 0,1 < p<) is the space of bounded. 
linear functionals on Lm, where p?+qt=1.. L= L4, (l<q<o). 

It is clear that Lm? C Lu, m=0,+1,+2,:--. Functions in Co 
with compact support are dense in Lm? for m = 0. (See e.g. [2], Lemma 1.) 
For m= 0, Lm? is closed under multiplication by bounded functions ¢ in 
Cm, with bounded derivatives, and | of |n = C(m)sup | (0/0xr)%¢ | || f lm for 
O<|a}<m. The same is true for m <0: if h is in Lm”, then oh is the 


9 
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linear functional on Lu defined by (#h.f) = (h,¢*f), where f is in Lum, : 
and (a,b) denotes the value of the functional a on the element b. hy==he 
on the compact set C if oh: = oh, for every ¢ in Cm with support in C. 

These spaces play a central role in tkis paper; the following facts about 
them will be used frequently. 


Remark (a). If H is a Cg” singular integral operator, then H and H* 
are bounded on Lm? for m & [8]; (0/t2,)H—H(0/ézr,) and (9/0x,)H* 
— H*(8/6x,) are bounded on La? for m < [8]. 


Proof. Write H=Dia;Ty. Since Ty commutes with differentiation, 
its norm on Lm? is bounded by that on Z?. Since aj; is in Cg it is also 
bounded on Lm? for mS [£]; and its norm is =C(m) sup |(4/dr) ay |. 

oS|alSm 


Since the supremum on the right is O(t) for every r, || T;;]] has a bound 
independent of + and 7, and the number of Ty for fixed 4 is O (1*2), the series 
for H can be summed to get | H [un <2, where | lmm is the norm of an 
operator from Lm? to Lm”. The same method applies to H* = > Tiyay”, 


(0/dx,) H — H(9/0x,) = È (Jayr) Tiy, and 
(0/0x,)H* — a+ (8/02, ) ES ` D's; (0aij/0Z,) ©, 


Remark (b). Let |E |; denote the norm of K as an operator from 
Ly? to Em’. Suppose | Ko: <C and | (0/d0,;)K — K(6/02;) linn <C for 
m <n, t==1,---,k. Then |E mm < A(m)C for m <n; all the C’s are 
the same, and A(m) depends only on m and p. 

The proof is by induction on m. If] is in Lm, 1=m <n, 


(0/8) Kf lm SS || K8f/0% || m + || (0-2) K — K (8/8) )f Ir 
S CA (m —1) | f/d [ma + Of le S CA(m—1) fm + CUT lm 
so | Kf mu S CA(m) Il F Une 


Remark (c). Let T be an operato: on Le for which (0/d2,)T and 
T(9/8x;) have some meaning. Then let 0;(7) = (0/dz;:)T —T(8/8x). If 
C,(T) can be similarly combined with differentiation, let C,C,(T) =Cj(C(T)) 
== Ci(C;(T)), and generally Ca(T) =C.%- - -C,2(T). Then if | Ce(T) loo 
<C forja] <n, |T lmm< CA(m) for m<n. | 

To see this, let (9/0x)*= (0/0ta)" > - (0/0tim) = Dı: * -Dm, and 
C’(T) = Ci (T). Then it can be shown By induction that . 


Dee lp eae 
pol R 
+ OKT) Dy -By Du -Da + 4 Cia - On (2) 5 


iSyv<cpsm 


; 
ra 


i 


SINGULAR INTEGRALS. | 667 


here D,- + -D,- -Pat D, indicates the product of all the D; except 
D, and D,. Thus if we assume that f is in Lm”, 


Dy: + -Dnlf= TDi + -Daf +++ `+ 00r + *Cn(T)f 
is in L*, and | Tf |m S CA (m) || f lm: | 

. Lemma 2. Let K(zx,y) be continuously differentiable for. x; 
[K(e9)|<de—y) with f éG)æ<C and g(e)—O(|e)) as 


|2|—>0; and let 


lim 1 f Æ(4, &) pe dos mn — E f Kanio a: 
ja-yl=e 60 Iiz-yi=e 


c->0 


T where y= (yi—m)/|y—zx| and the first limit exists uniformly in x, and 


|z| <C; and if H(a,y) stands for any of the kernels 0K (2,y)/0y, 
aK (2, y)/0x, OK (y,x)/dy:,, OK (Yy, 2) /0x;, let im f H(a,y)fly)dy exist 
€-30 «/ [z-y|>e 


uniformly in x for f in Cı with compact support, and converge strongly to a 
bounded operator on L?. Then 


C) (Ky) (0f/0y)dy—=—lim f (0E (a, 9) oy f(y) dy 
E->0 a7 |z-yl>e i 
+ H(æ)f(&), f in Ly 


(E) (7e) f K(ay)igdy—lim J (OK (2,y)/tu) fy) ay 
+ ki(z)f(2), f in Le 


e~>0 © | z-y|>€ 


—ki(y)f (y), fin Ly 


(it) f E (x,y) (8f/dx,)de—=—lim Í (aK (2, y) /8a,) f(z) de 


(iv)  (0/0y;) f K (a2, y)f (2) dz =m f | SEEN Os 


— ki(y)f(y), f in L. 
Proof. (i) Let f be in C, and have compact support. Then 


ia f ` Ka, y) (0f/ðy) dy 
J2~y|>e 


€>0 


—— lim Í (0K (2,y)/oy,) f(y) dy — lim f -K (x, y)f(y) y doy 
-yl>e e0 J |r-yize 


E> 0 le 


= — lim | (GK /oys) f(y) dy + ki(x) f(z). 


e>0 Îæ-" 
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The result then holds for f in L,” by approximation. 
(ii) Let g and f be in C, and have compact support. Then 


— (gs, Í K(ay)F(y)dy) = S f* (y) f (69/0) K* (x, y) dx dy 
= f PO im f g) OK*/am) da + k” (yg) Jay (by ED) 
—lim | J, EOE (01/00) dy de + f kefig(y)dy 


€ 0 


— f(a) (iim f FC) (OK /de dy + ki” (a) f* (2) Jda. 


Hence if f is in C, with compact support, ( K (2, y)f(y)dy has the (weak) 
a 


derivative given in (ii); the result holds again by approximation for f in Ñ. 
(iii) and (iv) follow from (i) and (ii; respectively. 


We introduce as a notational convenience (9/0; + 0/0y;) f(z, y) == 0f/ 5x: 
+ Of/dy:, and (9/6x + 0/dy) “f(x, y) = II (8/0x; + 8/6y:)*f (2, y). | 


Lemma 3. If K(x,y) has continuous derivatives up to and including 
order n for yx, and (0/ûx+0/0y)°K(x,y) satisfies for |a] <n all 
the conditions imposed on K in Lemma 2, and for every 1—1,: : -+,k, then 
IK mms < An, p)B and || E* [mr < Ain, p)B for m <n; B is an upper 
bound for the C of Lemma 2, || K |o: and || K* los. 

Proof. Let (0/dx;)K — K (0/dz;) = K;; by Lemma 2, K; is the operator 
with kernel (@/0z; + d/dy;) K (x,y) —K;(x,y). Then (4/02 + 0/0y)°K;(x, y) 
satisfies for | & | < n— 1 the conditions on E in Lemma 2. An easy induction 
then shows that for |æ | <n, Ca(K;) is the operator with kernel 


(0/da + 8/dy)*R;(z,y), and | Ca(K;) loo < B 


By Remark (c), || K lum < BA(m) for m<n. By Lemma 2, || K llo < B, 
so that Remark (b) gives | K |linmu <A(n, p)B for m <n. 

Since the conditions on the kernel of K* are the same as those on K, 
UK lmm < A(n, p)B for m <n. 


COROLLARY. Let H(x,z) be in C$® and homogeneous of degree 1—k 
in z; 0(x,y) be in Cg on Ex with | 0(x,y}| < (x — y), where ¢ is bounded 
and (z) —0 for |z| >R. Then if K is the operator with kernel 


(z, y) H(z, x— y), we have || K || mma < À and || EF [mu < À 
for m < [8]. 


Cr, 
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Proof. Let Ha(x,z) = (8/0x)°H(x,2). Then 


(0/dx + 0/dy)°6(2,y)H (x, s — y) 
= (0/0€)°6 (3 (E+ a), CE —n) A (2 (E+ 9), 9) 
= {a !/y (a —y) 1} (8/06) 0 (8 (€ +n), (Ea) (8/66) 
= X H (HE+ n)an) 
SC a a en red) 
Hence we need only show that if @(a,y) is in Cz, | 8(x,y)| < (x —4) | 
with bounded and of compact support, and if H(z,z) is in C,” and homo- 


geneous of degree 1— k in z, then 6H satisfies the conditions of Lemma 2. 
The first one is obvious. For the second, 


lime f 6(2,y)H(x,¢—y) ((yi—ai)/|y—2 |) doy 


e>0 le-y|=e 


lime f PRO RER (zi/| 2 |) do: = 0 (z£, x) J, Al doz. 
Rire gi=1 


e—û 


Tn the same way, 


ime f (9,2) (s5y—2) ((y—a)/| y—# |) dy 
rice J lesa dor | 

For the last condition we take as an example the kernel 

(0/x;) {0 (2, y) H (2, — y) }. 
Let 
Hi (2,2) = 0H (x, 2)/du;, H* (2,2) —0H(x,2)/0x, and Olr, y) = 80 (1x, y) 02. 
Then the limit that concerns us is 
Tim fan H (2,2) +8 (2,9) Hel, 2—9) Hi (y) dy 


+ lim {0 (x,y) — 0 (x, £) }H*(x,e—y) f(y) dy 
090 J ec<la-yl<R 


lim f 6(x, x) H'(,x—y) f(y) dy. 

630 u R>|e-y|>e 
The kernel in each of the first two integrals is dominated by y({a—y) for 
some y in Lt, so that they converge uniformly for bounded f, and define 
bounded operators on L”. The last operator is a truncated C° singular 
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integral operator, by Lemma 1, and it follows from the results in [1] that 
this is a bounded operator on L”. It converges uniformly for f in C, since 


lim o (z, N z—y)f(y)dy 


630 / R>|2-y|> 
== lim 6(x, 2%) H* (x, 2—y){fly) — f(x) say; 
e390  R>i\z-yl>e 


this integrand is dominated by a y(a—y) with y in ZA. 
PROPOSITION. LP is topologically isomorphic to Lm, 1< p<. 
Proof. The isomorphism is defined for m = 0 by 
G(f) = (—1tA) Z—A) "7, 


where A is as in section B above. We will prove that G maps Lm?” continuously 
into Lm”; one sees from the Fourier transforms that (J-+7A)@ and 
G(i++A) are the identity operators on Lm? and Ly? respectively. Since A 
and the Riesz transform À; commute with differentiation, and À; is bounded 
on Lm, (m= 0), A maps Ly? continuously into Lm? for m> 0, so that 
G is bounded from Lu to Lm”. 

We show that G is defined and continuous from Lm? into Lm? by proving 
that the Green’s function of A— 1 maps Lm? into Lmz”. The Green’s function 
is, from (1), #,({|e—y|) =Bla—y | #E z (|£—y]|). Let f be in D. 
Then by Lemma 2 


(0/82) (A —1) 7f = lim a f (B,/ox:) f(y) dy 


f(a) lime? f B((e—y|)ydo— | (08/2) f(y) dy, 
E> -Y| EE 
since E, (r) is O(r7*) and E, (r) == O (r>*). Then again 


(02/0x0z%;) (A — 1) F = lim f eae dx,0x;) f(y) dy 


Ep0 
— f(x) lim J | Ca doy. 
g->0 wy |=E 


Since 4 | c— y |/0x, = — (yi — z) /| y — 7 | = — y;, (2) shows that this last 
limit is (8&y/k)f (£). To show 6?2/,/0x,0x; is summable as required in Lemma 
2, write it as 


X (| £—y |) 40? | £ y |? */da,02; 
+X (| a—y|)P{Bi(|@—y|)——A|2—y |?*} 02E; 
+ {1—2X(|c— y |) } PH, ðt: t; 
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where X(t) =1 if ¿<1 and X(f)—0 if ¿>1. That the first term is 


~” summable is proved in [1], and the last two are in ZA, according to the 


estimates (2) and (3). 

This shows that (A—1)+ is bounded from L? to L. Since it com- 
mutes with differentiation, it is also bounded from Lm? to LP. 

This argument is not exactly right for k= 2, but the modifications are 
- trivial. | | 

Now that the proposition is proved for m = 0, it is seen to be true for 
all m. A consequence of this is that Lm? is isomorphic to L?, and hence 
reflexive, for o>p>1. 

Operators which add to the number of derivatives of a function in L? 
are in some sense “smoothing” operators. This can be made precise. 


Definition 3. T is smoothing of order n if T is a bounded transformation 
of Lm? into Law? for —n&m <n. Equivalently, T is defined on L’ and 
bounded from Lm? to Lmu? (OS: m<n)3 and T* is bounded from Lmt to 
Lt (OMEN). 

For example, the operator (I —1A) (J —A)~ of the previous proposition 
is smoothing of order n for every n. 


II. Singular Integral Operators on a Compact Manifold. 


Throughout this section, unless otherwise specified, M will denote a com- 
pact manifold of dimension k, class Cm (n=3). The singular integral 
operators will be characterized by their local behavior. ‘The conventions of 
tensor calculus will generally not be used. 


A. The functional spaces on M, We can define L,2(M) (l<p<a, 
r&n) as a topological vector space by using a partition of the identity on 
M in the form of a finite collection {¢;} of functions in C, satisfying 


i) $; = 0, >= l; 


li) the support of ¢; lies in the domain of a single coordinate system. 


With each #; we can associate a particular coordinate system xt. Then 
if f is a function defined almost everywhere in each coordinate domain, dif 
can be considered as a function of compact support in Ey. We say that f is 
in LP(M) i ‘pif isin LA (Ep) for each +. If | | denotes the norm on L? (Px), 
then we define a topology on L» (M) by the norm 


IF ln = (22 l ge” (8/3) f P). 
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When r—0, this is Z?(M,v), where v is the measure © didzi. The identi- 
fication of functionals on L? as functions in L4 can be made using the inner 
product given by this measure. P | 
It should be checked that the norms obtained with different coordinate 
systems and different {4} are all equivalent. Suppose first that x(£) is a 
coordinate change in U, the support of g; Then if f is in Lm? (in the é 


system), and |a| Sm, (0/dx)*f—=  cg(0/0E)*f, where the cg are bounded 
lelle] 
functions. Thus the norm from the x system is dominated by that of the é 


system ; and they are seen to be equivalent by reversing the roles of x and £. 

To show independence of the choice of {¢,}, we need only consider the case 

where the second system is of the form {dj} with D gy == ġa and using a 
j : 


single coordinate system in U; Then 
CE I qu (0/0) %f |2) = CE] pe (8/02) "F 17°. 
9J NX 


The distribution space L_,(M) is defined, as in the Euclidean case, to 
be the dual of £,?. It will be a corollary of some later results that these 
spaces are isomorphic to Z?(41), hence refexive, for 1 < p<. 

A smoothing operator of order m is an operator T on £°(M) such that 
T maps L continuously into Lpa? and T* maps L, continuously into Lpf 
for 0=r<m. T is such an operator if and only if, for every œ and y in C, 
with support in a single coordinate neighborhood, Ty, considered as an 
operator on L?(F;), is smoothing of order m. 


B. Singular integral operators on M and their symbols. 

Definition 4. An operator T defined on Z?(W) is of type Cg” (B Sn —1) 
if it satisfies 

i) for each ¢ and y in C, on M with disjoint (compact) support, Ty 
is completely continuous and smoothing of order [8] on all LAM), 1 < pmo; 


ii) for each ¢ and y in Ca with support in a common coordinate domain 
with coordinates z, ¢7y—¢Hy-+R, where H is a Euclidean Cg® singular 
integral operator | 


Hf(a)—a(a)f(e) +i f h(z,2—v)f(y)ay, 


and À is completely continuous and smoothing of order [8] on Lr(M), - 
l< pom. 
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Definition 5. The symbol of a Cg” operator T on M is the function on 
the cotangent bundle of M defined by 


(T) (p E&da) —a(a(p)) + lim f exp (iS fin) (oP) 


where a(x) and hk(x,n) are the functions in Definition 4, 7== (m,° © -> 7%); 
|n|? = S92, and p is in the common support of ¢ and y. 
The existence of such operators will be established in Theorem 2 below, 
and the independence of symbols and coordinate systems in ‘Theorem 1. 
Spherical harmonies provide a useful link between the operator T and 
its symbol o(f). If h(z,z) => Gum(r)Fam(z)|z|%, the Euclidean symbol . 


of the operator H — a + f h is 


a(z) +lim f exp (i X 2j6;)h (x, ¢) dé =a (0) + È dam (©) yn¥ nm(2), 
620 a elie 


wherein yn = iat T (n/2)/T(4{n + k}). For this see [2]. 
If H is the operator of Definition 4, then 


o(T) (p, È & dzi) =a (a (p)) + È anm(T(P) )yaY'um(é); 


where é is the point in #, with coordinates (€,,---,&). Thus the symbol 
of a Cg” operator is a function on the cotangent bundle which is homogeneous 
of degree zero on each cotangent space, and in Ce with respect to cosphere 
variables; and each derivative with respect to these variables is in Cg on the 
cosphere bundle. Such a function will be called a Cg* function on the co- 
sphere bundle CS (i). 


Lemma 4. If ẹpTy— pH y and ¢Ty— oH are both completely con- 
tinuous, then o(H;)(x(p),z)—0(H2)(xz(p),z) if p is in the common 
support of b and y. 


THEOREM 1. The symbol o(T) ts independent of the coordinates used 
to define at. 


Proof of Lemma 4. By our hypotheses, ¢(H,—H.)w is a completely 
continuous operator on L?(H#;,). Let U be the common support of ¢ and y 
(considered as a subset of #,). Let L*(U/) be the functions in Le (Ep) which 
vanish off U. Consider the vector space C of symbols of (Euclidean) C,° 
operators with the property that a(H)(x,2) vanishes off U, and H is com- 
pletely continuous on Le (U). We will see that o{@y(H,—H,)} is in O, and 
that C is trivial. 


First, let a(z) and b(x) have compact support, a(x) in C, and b(x) in C,; 
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and let h(av,z) be a Co” kernel. Then afx){b(r) —b(y)}h(z,z— 4) is 
uniformly O(|æ—yl|"#), hence defines a completely continuous operator 
 a(bH— Hb) on LP(U). But any b in C, can be approximated uniformly by 
functions in (,, so that a(bH — Hb) is approximated in norm by completely 
continuous operators if a(x) and b(x) are only continuous. Thus ¢y(H,— H3) 
= ¢(H,—H,)~+ ¢ {¥(H#i— Hz) — (Hı — H,)y} has a symbol in C. 

Now let Yam be a normalized spherical harmonic, and 


Pamf (x) = lim Paum(x—y)f(y) dy. 
le-yl>e 


€—> 0 x 

Then if o(H) isin C, K is a Co” operator, H = $, QamT nm K == À banl nm 
(the bam having support in U) and Hok is the Co” operator with symbol 
o(H)o(K), we have H oK = HK — $ Gan (Tambon— bvl nm) Ty. Then as 
in the previous paragraph a@nm(T nmbra — brnt nm) is completely continuous on 
LP{U), so that Hok is also. Thus C is closed under multiplication by Co” 
functions F(x, 2), homogeneous of degree zero in z, vanishing for + not in U. 

Now suppose F(%,2) is not identically zero in z, but F(x,z) is in C. 
Let 8(%0) —1, and 8 vanish outside a spherical neighborhood of x, in U, 
and F’(2,z) —060(x)F(x,2). Let u be a rotation of H, about x, and 
Fy (2, 2) = F’ (u (£), u (8o +2) — zo). Then F, is also clearly in C; and we 
can find finitely many u; so that G(a,z) = $ | Fu,(z,z)|? is bounded away 
from zero in a neighborhood of 2. Let a(x) be continuous and have 
support in this neighborhood. Then a(2)G(z,2)72;|z|* is in Co” and 
a(x) G (a, 2z)-*2; | 2/1 (2,2) =a(x)z |z |7 isin C. But z |z|- is the symbol 
of the Riesz transform R’; and so aR; is completely continuous on L*(U). 
Then œI => (ak; + >. a(ak;— Ra) HR; is completely continuous. This 
contradiction establishes Lemma 4. 

As a consequence, the H appearing in part (11) of Definition 4 is essen- 
tially unique. We need two more results to establish Theorem 1. 


LEMMA 5. Let h(x,z) be a Cg” function, homogeneous of degree — k, 
B = 0, and (x) a On change of coordinates. Let p*(a, y) == D{&(v) — &(y)}*, 


Hg (2) =f er dy, and Hef(x) =f. LC 2 —y)f (y) dy, 
g-y| >e play) >e 

f in LP(E,). Then Hf and Héf have limits Hf and H’f respectively, as 
e— 0, and H'f(x) —Hf(x) = D(x)f(x), where 


D(z) =- f h(x,z)logb(z,2)do and b(2,2) == lim t/p(a, 2+ tz). 
l#1=1 t>0 


D(a) is in Cra N Cg. 
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Proof. As ct 
b- (a, 2) = lim p? (z, z + tz) /f = lim B ( {é (2 + tz) —& (2) }/t)? 
= 2 {2 (0&;/0x;) (x) 2;}*, 


so 6(z,z) is in Cna. Now for f in C, with compact support 


i) Heje J h(a 2—y) Hy) —f@) ay 


|a-y| El 


+f(a) J T oe Diet Shey to dy. 


The first term is convergent and the limit of the first and last terms together 


is lim h(x,z—y)f{y)dy = Hf(x). To calculate the second, let b (e, z, z) 
€20 «/ |s-yl>e 


be defined for |2]—1 and small e by p(r,xæ<+zb(ex,z))—e; and let 
m (e, £) = mae b(e,v,z). Then 
z|=1 


m(e,æ) 
f h(z,e—y)dy= f f, h(a, tz) t dt do 
p(a.y)>e Jz|=1 J blera,2) 


=f k(a,2)log(m (6, x) /b(«, 2,2) do. 
fst 
Now 


lim b (e, z, 2) /e == lim b/p (£, x + zb) == b (x, 2), 
i € 0 b—0 i 

lim m (e, £)/b (e, £, z) = { max b (z, 2) }/b (2,2), 
and | LE 


lim h(2,2—y)dy = f h(x, z)log b (x, z)do = D(x). 
60 e pay) De Jeļ=2 
Hence (i) approaches the desired expression as e—> 0, pointwise and in 
Lr norm. The same result holds also for f in Z? by approximation, and 
Lemma 3 is proved. 


Note that b(zx,z) is even in z, so that if h(z,z) is odd in z, the method 
of summation is irrelevant. 


LEMMA 6. Let a(£) be a C, change of coordinates (n= 3) in a 
neighborhood U of Hy, Let x(&) =z, (y) =Y, ay == (00;/08;), A = (ay). 
Let h(x,z) be in Cg”, OS BSn—1, and homogeneous of degree —k. 
Then h(x,z— y) ==h(a,A(E—n)) + R(£n), where R(é,n) is uniformly 
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O(|é—q |t). If 1S8 Sn], then. jb (Ey (0) BE, 7) defines an operator 
which is smoothing of order [B] on L(U) for every pġ and w in Cr with 
support in U. 


Proof. By Taylors expansion, 
æ (1) ue Ne) (1/2!) tgs)? — Pilé a) 
== ti (é) + 2 ay (ns — és) — Qi(én) — Pilé n). 
P,(é, n) = O(| £— 7 |°) and any first order derivative of P,({é,y) is O(| &—7|?). 
Now let 


Q = {9:(6),° ° "y Gx (7) }, P = {P1 (£7), ` "Plé n) }, 
and h (a, z) == (0/02)*h (a, z). 
Then i 
h(z,z— y) =h (z, A (£—7) tQ +P) 
=—=h(2,A(E—n)) + P AE =4)) T 2 PRE A(Ë—7)) 


+A)? E (QEPE f ADN An) 
X {4 (E—y) + (0 + P)}) at 
= h (x, A(E—y)) + hi (éé — n) + Bil) + Relé n). 


Here h,(é,z) is homogeneous of degree 1— k, R, and R, are uniformly 
O(|é—7|**), and any first derivative of R, or R, is uniformly O (| §— 7 |?*). 
Then by Lemma 2 and the Corollary of Lemma 3, 


p(z) {hi (é é—n) + Bi (8,9) + RCE n) oy) = phy 


is a hounded operator from Z? to L,?. To show boundedness from Lm? to 
Lins? for m < [R], note that Ry measures the difference between 


lim o(x)h(z,c—y)e(y) f(y) dy and 


e0 A |g-y >e 


lim Ja et (£) )ho(é Ë— 7) (x(q) )f(n) det (024/0n;) dy 
+elz(é))y(s(£))D(é)f (E), 


where D(é) is in Cg as in Lemma 5. It is a trivial modification of 
Remark (a) that the difference between these two operators, pRy, satisfies 
|| (6/02;) pRy — p Ry (8/02;) [mm < C, and the same for the adjoint; then by 
Remark (b), || DAY memes <C and | p*h*h* limma <C for m< [B]. 
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Proof of Theorem 1. By Lemma 4, the operator H in Definition 4 is 
determined by the coordinate system. We call this the principal part of T 
in the coordinate system s. Let x(x*) be a Ca change of coordinates, 
cat) == 2, s(y*) =y. By Lemmas 5 and 6, writing v for det(ay), 


g 


Hf(2) =a(a)f (2) +lim f h(x e—y)f o) 
—a(2)f (2) —D(2)f(@) lim f h(o,2—y) f(y) dy 
60 © |o*-y*|>e 


—a(2)f(2)—D(a)f(2) + lim f NM At —y")) Ha" 


T 


+ Í h(a, A (2% —y*)) {o (y*) —o (2*) }f (y) dy* 


+ f R(a*, y*) f(y) v(y*) dy*. 


Since $(2*)h(x(2*), A(2* —y*)) {v(y*) —v(a*) }p(y*) = O(| 2% —y* |), 
it defines a completely continuous operator. Thus the principal part of T 
in the coordinate system z* is the operator 


Hf (2*) = a(2(2*) )f(a*) — D (e (2) )f(2*) 


Him f hlel), A (o* —y*) f(d". 
€ , 


e0 of [2*-y# 


If we use this to compute the symbol, letting X, dr; = > &;"da;*, n= A(n*), 
we find 


o(T) (p, È &i*dai*) —a(z(p)) —D(2(p)) 


+ lim exp{t È én" }h (e (p), An*)v(a*) dy” 


e>0 Y in*[>e 


—a—D+lim J exp{iXémyh(e(p)>0)ay 
€>0 igt >e 


=4— D + lim | SP Z Em) (elp) dr + D. 
E> 71.76€ 
This proves Theorem 1. 


THEOREM 2. The correspondence of singular integral operators of type 
Cg” with their symbols is a vector space homomorphism of the set of these 
operators onto the set of Cg” functions on CS(M). 


Proof. The only statement that needs to be proved is the fact that the 
homomorphism is onto. Let F#(p,£) be a Ca” function on CS(M). Let {¢;} 
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be a resolution of the identity as in section II-A above: Sidi(p) =1, OS ds, 
¢, is in C, and has support in a single coordinate neighborhood U4. Let y; —1 
on the support of p, and have support in U, and let y; be in Ca. Let x be a 
coordinate system in U, Then in terms of the basis {dz} we can write, 
with £= > édæ; on the left, é== (&,- - -,#) on the right, 


P(p,€) = a(p) +È bam (Pp) Fam (£). 
Let h(2, 2) = > bamyn *Ynm(2)| z |". Then set 


Tif (2) = (a) {a(2)f(@) + lim f Blr 2—v) u(y) f(y) dy}. 


The symbol of T, is then HF, and the symbol of $ T; is F. This proves 
Theorem 2. | 

Note that if Le is given the norm | f || = (> | of |P), then | & Tif | 
< AM | fi, where A is a constant depending on p, {di}, and the coordinate — 
systems chosen, and M is an upper bound for F and its derivatives of order 2k 
with respect to cosphere variables. (See [2], Theorem 3), 


C. Functional calculus of symbols. 


THEOREM 8. Let B1. Then i) tf T ts a Og” operator, so is T*, and 
o(T*) = of(T)*; ti) tf o(Ti)o(Te) ==o(T), then T—T,T, is completely 
continuous and smoothing of order [B]. 


Proof. Let v be the volume element used to define the correspondence 
between L4 and the dual of L2. Then (pTy)* == y*H** +- R* (see Definition 
4), and for f in LA, 


«BAS (2) =a" (2)f (2) + lim f 20A (yy —2) (y)dy. 
Now if h(a, 2) = Z amm (2) Yam(2)| 2% then 
o(T) (p, 2 édz:) =a (2 (p) ) + 3 dun (2 (p) )yn¥-nm(E) 
o(T)* == a* +S anm*yn Yam (£) = 08 + $ anm ynYnm(— É) 


(for Fam is odd when n is odd, and even when n is even). The singular 
kernel associated with this symbol and this coordinate system is 


and 


HAj(2) —a*(x)F(2) + lim f Beye) ay 


Thus it must be shown that 


lim $(a)(a)* f vai ly y— eyy) dy 
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differs by a completely continuous operator, smoothing of order [8], from 


p(z) tim fi h* (x,y —s)f(y)y (y)dy. This is done by reverting again to 
e>0 J |z-y|>e 

spherical harmonics and the operators Tam, as above. That ${cT'nm— Tame} 

is completely continuous is proved above. That it is smoothing for 8 > 1 is 

proved in [2], Theorem 5; Remarks (a) and (b) show it to be smoothing 

of order [8]. Assertion (i) is proved by noting that 


pl *y — boty I > }(Tambam™ ii Anm” Tam) Y. 


_ To prove the second assertion, let {¢;} be a resolution of the identity, 
with the support of ¢; in a coordinate neighborhood U; with coordinates zt. 
Let 4 have support in U, and 6;==1 on an open set containing the support 
of di; let y; have support in U; and y,==1 on an open set containing the 
support of & Then 


TT T= DUT — Tale) di + S(1— h) (T — TT 2) dr 


Now by Definition 4, (1—-w) Tẹ: is completely continuous and smoothing 
of order [8]. Also 


(1— u) TP dt (1 — pi) Tab ods + (1— yp) Ta (1 — 6) Todt 


Here (1—y,)7',6, and (1— 6;)T.¢; are completely continuous and smoothing 
of order [8] and Tog, and (1—y)T, preserve Lm”, m= [8]; thus 
(1— Ws) 21724; is completely continuous and smoothing of order [8]. Now 
palT — TiTa) bi == (Wil pi — WT 10:1 api) + yala (1 — 4) T 2d; Here the second 
term is handled as above, and the first is (modulo completely continuous 
operators smoothing of order [8]) WwHd:—wWiH10iHed:i, where H, H, and H, 
are Euclidean Cg” operators whose symbols, on the image of U;, are respec- 
tively o( 1), o(T;) and o(T.). They can be extended so that o(H) —0(H;)o(H;) 
and for some À, o(H,) (z, z) vanishes when |x| = R. But y(H— H,6,H,)# 
= p (H — H,H.2)d+WH,(1—6)H2d; For the first term we refer again 
to Theorem 5 of [2], and the complete continuity of a (Tamb —bTym). In the 
second term (1—-6;)Hed; is an operator with a bounded kernel in Cs, with 
bounded support in Fy X Ep. Such an operator is completely continuous and 
smoothing of order [£]. This proves Theorem 3. 

This shows that, if 8541, the Cp” operators form an algebra, and that 
æ is a homomorphism of this algebra onto the Cg” functions on CS (J). 


THEOREM 4, (Compare [2], Theorem 6). Let k>2 and B41. Let 
M be simply connected; or let CS(M) have a cross-section. Then ij o(T) 
is never zero, there is a Cg® operator T” which is invertible, and o (T) ==0 (T°). 
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Proof. Suppose M is simply connected and k > 2. Then CS(M) is 
simply connected, and if o(T) is never zero, we can define o(T)/* so that 
|1—o(T)| < e and the derivatives of order 2k of o(7')*/" with respect to 
cosphere variables are also bounded by e. Then by choosing n large enough, 
we can, by the comment after Theorem 2, find a Cg” operator S with symbol 
o(T')*/" satisfying || I—S || <4. Then S* is invertible and c(S") =o(T). 

If CS (M7) has a cross-section p: M —>CS(M), then 


{o(T) (p,¢(p)) }°o( 1) (p, €) 


has an n-th root G(p,é) approximating unity as above, so that G is the symbol 
of an invertible Cg” operator 8S. Then 7” —o(T') (p,¢(p))S* is invertible 
and o(T”)—o(T). This proves Theorem 4. 


COROLLARY. If M and T satisfy the hypotheses of Theorem 4, then the 
equation Tf = g ws equivalent to an equation of the form f+ Kf = g, where 
K is completely continuous. 


D. An example. Let M be a Ca Riemannian manifold with metric 
r(p,q), p and q in M; and let V be a Og vector field on M. Let p(t) be a 
real function which is identically 1 in a neighborhood of £—0, and vanishes 
outside a larger neighborhood, so that ¢(r)r? is a Ce function on M X M. 
Let v be the volume element on M associated with the metric r, and let 


Kf(p) =H (1,4) f o(r)r(p, q)'*f(q)dvg Then VK is a Cg” singular 


integral operator with symbol o( VK) (p, £) =1{V(p),é/|é|}, where 7 is 
considered as a mapping from M into the tangent bundle, | é| is the Rieman- 
nian length of the vector é in the cotangent bundle, and { , } indicates the 
bilinear form relating the tangent and the cotangent bundles. To show this, 
we need some facts about the metric r. 


Lemma Y. If r(z,y) wale, metric on Ex (7? (2, y) is in Cy on Hox), 
then, for every n and m, 
n-1 
mm (x,y) = 3 a(s, —y) + E(z, y), 


where a(%,2) = 4o (£, —2), a(x,2z) is in Co” and homogeneous of degree 
m +1; and any derivative of R(x,y) of order jn is O(|a—y |"). 


Corozzary. (0/dx + 4/0y)%r(x,y) = O(|x—y|) for every a. 


Proof of corollary. In Lemma 7 take m—1 and n==/a@|. Then 
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r(z,y) =J u(r, o —y) + R(a,y). I£ a(z, z) = (8/02) %a; (2,2), then 
(0/dx + 8/0y)°r(x, y) == È tia (2, 2) + (0/d0 + 0/0y)°R(z,y) =0 (| z —y |). 


Proof of the lemma. Let r’a(x,y) == (9/0y)%r*(x,y). Then 
n+l 
(s, y) = 2 ar) (y—2)*/a!+ P(x,y) 


n+1 
= A bhs, 2-9) + P(a,y); 


where ba(x, 2) = ba (x, —2), bi(z,2) is in Ca” and homogeneous of degree 1, 
and derivatives of P of order j S&S n +1 are O(|æ—yf"2-1)., Then 


n+i 
r(x, y) == bo? (a, r — y) {1 + Dd bib + Phr)". 

4=3 
| Using the Taylor expansion for (1--2)™? with n terms and remainder, 
we get r™(z,y) = S@(x,z—y) + R(x, y), as required in the lemma. 


n-i 
Now let r!-* (2, y) =E a(z, £x —y) -+ R(x,y), where n—-1= [8]. Then 
j=0 


the arguments of Lemmas 2 and 3 and their corollary show that 
p(z) (a/em) J $(7) a(x, —y) f(y) v(y) dy = (2) f (da0/8z:) fu dy; 


| the multiplication factor lim p (r)a (z, £ — y )yı do, is absent since to 
e>0 « [g-y]=e 
is even on | z— y |==e and y: is odd. In the same way, 


1ye) {4 (r)a(z,2—y)F(y)0(y) dy ls SO N Io 


for m < [£] and j = 1. Thus pde) Ÿ gr? -*fu dy is a Cp” operator if y 
isin Ce * 

It remains to calculate the symbol. Let the coordinates be geodesic at p, 
so that ao(z(p), z) ==|2|**, and the kernel of VK is 


Hy (p)6| c—y |**/d0,—= H (1—k)y(p) (m—y)/| my |e, 


But it has been shown that the transform of this operator kernel is (— 1)3é,/| £ |, 
(see IB), so that the symbol of w(0/02;)K is 


(— 1) #yés/| é| = (—1) 4p {8/32 é/| é |}, 


using again the fact that the coordinates are normal at p. 


10 
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A similar argument establishes V, Va J (r)r?-*f dv as a singular integral 


operator. 


III, Differential Operators and Singular Integral Operators. 


Our first goal is to develop a representation of an arbitrary differential 
operator on L? (M) in the form of a singular integral operator times a homo- 
geneous differential operator related to the Laplace operator. We begin by 
discussing the latter operator, using a parametrix as tool. M will be a 
compact orientable manifold of class C, (n= 4) and dimension k (k= 2) 
and with a Riemannian metric rip, q); 7?(p,q) is a Cn- function for small r. 


= A. The Laplace operator. Let A denote the Laplacian on M. For f 
in C, 
Af = (1/0) 2,(0/0y:) g*/0f/0y;, 

where vdy,: - - dy, is the volume element in terms of local coordinates, and 
gi are components of the metric tensor. A is a symmetric operator on its 
domain C», considered as a subspace of L? (M, v). Let A be the closure of A as 
an operator on L? (M), obtained by closing the graph of A in LP? (M) X L (M). 
f in L? is in D(A), the domain of A, if there is a sequence fa—> f such that 
fu X Afa—>f Xg, where fX g represents an element of L? X L (M). It is 
easy to sée that L? (M) is in D(A); for let f be in L? and have support in 
a single coordinate neighborhood (a harmless restriction). Then we can find 
a sequence of functions f, in C; such that f, and its derivatives approximate f 
in L (Erp), hence in ZL.2(M). (See, for instance, [2], Lemma 1.) Then 
both fn and Af, converge in L?(M). | 

A is symmetric, for (Af, g) =lim(4f,, gn) = im (Fn Agna) = (f, Ag), where 
fu and gn are in Cy. If d denotes the gradient operator and f is in Ca, then 
(Af; f) =—(df,df), so for f in Cy and A20, ((A—A)f,f) = (df, df) 
-+-r(f,f) 2A, f). In particular, all eigenvalues of A are non-positive real 
numbers; for if Ad ==Ad, then Alp, 6) ==A(d, p) + ((A—A)¢,¢) S0. We 
will show that A is self-adjoint, has domain L (M), and has pure point 
spectrum. The devices used will then be applied to the construction of A on 
the manifold. i 

Let (r) be identically 1 in r < 8, and vanish for r > À. Pick À so that 
for each p in M the set {q: r(p,q) < 28} is contained in a single Ca coordi- 
nate system. Let a (p,q) = (r (p, q)) Ea (r (p, 9)). 


C 


`, 
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Lemma 8. If À is not a negative real number and f is in L?(M), then 
af (P) = fap, a) F(q) dva is in L? (M). 


Proof. Let f and y have support in a single coordinate neighboraood. 
By Lemma 2 and the estimates (2), 


(6/0) f Y(t) d(T) Lr (r) f(y) v(y) dy ` 
— f (an) {y(2)4(r) Enr) f(y) o(y) dy; 
and 


(8? /Ax,82;) f wolf dv 


= lim | PE) {y(z)p(r)Ex(r)}f(y)v(y)dy 


e>0 2 joy 
—v(2)i(@)o(a)lim f (E 00) mt doy, 
if these limits exist as required by Lemma 2. But by (2) and Lemma 7, 
6B) /dx;,—= Ey (r) r/r = bi (z, —y) + O (| z—y |=), 


and ĝ8°En/ĝrðr; == bo (zr, £ —y) + 0(|r—y |7), where b,(x,2) (j =0,1) is 
homogeneous of degree j}— k in z; which proves Lemma 8. 


Lemma 9. If f is in L?, then 


(A—d)af(p) =f(p) + f Kap. a) f(g) ave 


where Ky(p,q) = (A—A)per(p, 9) for pq. Kalp, g) is O(|2—y |7). 
Proof. We show first the order of K,(p,q) by reference to coordinates 
geodesic, at q. In such a system x(q) —0, gi(0) — Sy, (ôg:5/0yx) (0) —0, 
(dv/0yx) (0) — 0, and r°(p,qg) =E z? (p). Thus 
Ah(z) =h(#)-O(1) + £ 6h/da,;-O(|c|) + E 0?h/dx02; : O(| x |?) 
| 42) 
-+ > 07h /da;?. 
Using this with the estimates (2), we see (A —A)pa (p, q) = O(| |? *). | 


Now from the form of the derivatives of af(v) obtained in the proof 
of Lemma 8 we get a 


1 
’ 
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(A—A)of = lim Í, AGN do 


T 


` — F(x) 0(2) $ gY (2) lim f (AB) /6x;) y doy. 
6-90 of |z-yÎ<e 


™~ 


By what we have just shown, the lim on the first integral on the right is 
€->0 


superfluous. To evaluate the function which multiplies f, let the coordinates 
be geodesic at v, so that v(x) —1, gË? (s) = dy, and 
OB, (r(x, y) ) (00; = ox tri "Or /0 = — 0 | e — y |b. 
Thus 
v ` gi lim (OL) T) yj? doy == — Wwy > y? doy amas —— 1, 
E90 «/ |æ-yl=e le-yl=e 
which proves the lemma. 


Now we show that for Re(à) = 0 and A sufficiently large, A—A has a 
kernel operator as its inverse. Choose N so that 


EXO (p,q) =f- f Ky (p: ps) Ea (Po P2) > © (pea, 9) dom ` © duos 


is bounded. Set 


N-1 > 
Falp, g) =X (—1)) | a (p, ps) Kx (Ps 9) dop 


(5) 
+ f e (P, Pr) f (Pr 9) Wps 


where K ® is the j-fold iterate of Ky. F(p, q) is a kernel defining a bounded 


operator on L?(M) if || f(-,q)ll2 is uniformly bounded. In the sense of 
operators, 


(A—A)Fy =I + (—1) "4K, + f + Kf, 


where Z is the identity, and f the operator with kernel f(p,q). Hence in 
order for F to be the Green’s kernel for A—A, it is necessary and sufficient 
that f satisfy 


(6) (1) SR + f+ Kyf—0. 


Now from the estimates (3) and the form of (A—A)« deduced in Lemma 9, 
a simple integration shows that ||| e ||] = c/| à |, and ||| Æx ||| Sc/|A|, where 
||| F ||| indicates the sup over 1& rÆ of the norm of the operator with 
kernel F(p, q) on Lr(M). For on each coordinate neighborhood these operators 
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are. dominated by convolution with a function whose norm in L*(E,) is 
bounded by c/|A|. Hence, for A= L, ||| K, ||| = 4 and 


(7) Fi a(1+È (—1)"Æ0), 


where the series of operators converges in norm, and the series of kernels 
converges uniformly in the manifold variables and in A> L. 


Proposition. The closure of the Laplacian on M is a self-adjoint operator 
with domain L°(M). It has pure point spectrum, lying on AS 0, with a 
limit only at œ. The eigenfunction span L? (21), and the eigenspace of À — 0 | 
consists of the constant functions. 


Proof. For f in L?, (A—L)F Lf =f; since A is symmetric, F;*(A — L)g 
==g for g in L. But for f in L*, Fif is in Lè, and Fif— F,*(A—L)F if 
= F,*f. Thus Fr is a Hermitian right and left inverse for A— L; since it is 
completely continuous, the eigenvalues for A—LZ have a limit only at œ, 
and the eigenfunctions span L'(M). If Ap—0, 0 = (Ad, pb) =-—— (dẹ, db), 
so that ¢ has zero (weak) derivatives, from which it can be shown that ¢ is 
constant. (We do not prove this, nor do we use the fact.) The statement 
about the domains follows from the fact that range of Fs C £.?(M)C domain 
of A—L C range of Fr. The first inclusion is from Lemma 8, the second 
from a previous remark, and the last from the fact that Fy is the inverse of 
A—L. | 

By assuming one more order of differentiability for M, we could show by 
this approach that the eigenfunctions of A are all in C,; for by iterating Fr, 
any function in L? can be mapped into 0a. 


B. A semi-group of operators associated with L—A&. From now on 
we will assume M to be a compact orientable Ce Riemannian manifold; every- 
thing could be done by assuming less, but the frequent statement of differen- 
tiability assumptions would be distracting. We denote by A the closed self- 
adjoint operator discussed in the previous section. e, Fy and K, are as above, 
but L is chosen so that ||] ea [|| <4 and ||| Ky ||| <4 for [aj ZL/2. 

As in the Euclidean case, we can define operators J* on M by a contour 
integral : | 


J* = (L — A) = Jya + A)"d2 


(8): - 
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where Ç is the path Re(A) = L/2 traversed from top fo bottom, and A4? 
is analytic except on AZ0. The integrand is a norm-continuous function 
of À: 

(9) Fyn — Py = Fy{(—A+A—A+ 1) Py — Iy = PAP ya: 


This with the fact that ||| F,||;=-O(1/A) shows that the integral converges 
in operator norm on every L9(M), 1S pesom, for Re(A) >0. Since the 
Fourier transform is not available to show the properties of this operator, 
we resort to a Banach algebra approach. 

Since FF, and E yE je = Fr, the algebra A of operators on 
L?(M) generated by the Fy (Re(A) 2/2) and J is commutative and self- 
adjoint, and isometric to its representing function algebra. Let M be a 
maximal ideal of A, and H (A1) = M(H) be the representing function of the 
element H of A. We show that 


(10) JM) = (~ Ër (M). 


From (9), Ê (M) ==0 if F,(M)=0, so for these M, (10) holds. 
Consider Ê (M) 40. For —A* not in the spectrum of Fe, Fra(M) 
— F,(M){1+aF,(M)}-, by (9). Now 


JAM) = xe : a2, (M) {1 +-APL(M)}" da. 


If we set u == 1/A, then p traverses a circle C’ counter-clockwise as À traverses 
C, and 


JEUN) —(—Fr(M)/2ni) f peu + Ês) Y° du LÉ CONS, 


since — F,(M ) is inside C’. Thus the J* form a semi-group of bounded 
operators on L?(M) with J? = (L—A)". 


C. Further analysis of f= Jt, and representation of vector fields. 
In this section it is shown that J —J? is a completely continuous operator 
and smoothing of all orders; and that for any Og vector field V, VJ is a Cg” 
singular integral operator. Finally, the representation of V,---V, as 
H(L—A)"”?, H a singular integral operator, is obtained. 

The first step is to change the contour of integration for J to a curve 
enclosing the negative real axis; this can be justified by considering the 
representing algebra of A, the separable Banach algebra with identity generated 
by the PF, for Re(A) =L/2. Then a change of variables allows us to write 
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Ten f SP. ds. 
0 


That J is completely continuous: follows from the fact that this integral can 
be considered as a strong vector-valued integral in the Banach space generated 


by the Fy for à= L/2, hence lies in that space of completely continuous 
operators. 


THEOREM 5. If V tsa Cg vector field then VJ is a Cg” singular integral 
operator with symbol 


o( Vd) (p,€) = (—1) {V, €/| é |). 


The theorem depends on some facts about the operators à and Ky. In 
what follows, || |» indicates the norm of an operator from Lm? to L,?. : 


1) |] Ve flamer << A(m) (220). A does not depend on À. 
ii) | Ey lmmex <B(m) (m= 0), B. independent of A.. 
iii) || Ky mm << B(m)/A (m= 0), B independent of a. 


Proof of (i). Let X(t)=1 for ¢<1,0 for ¢>1; and r?*(z,y) 
== b(a,c¢—y)-+R(z,y), where b(x,z) is the leading term of the expansion 
in Lemma 7; and let 67) (x, 2) /érOr;==by(z,z). Then by Lemma 8, 


(9/0x;) f W (Ge, /0a,) f dr 


£->0 


= lim 7 (9/60) (ptos) f(y) 0(y) dy —m(2) f(a), 


where m is independent of À. Let u — A} and dissect the above expression as 
follows : 


lim X (p| — y |) bis (x, e — y) f(y) v(y) dy 


e>0  |x~y/|>€ 


+ f X (u | o—y |) {by (2,2) — (0/0x;) (pen /Ba) } fu dy 


+f O—X(le—y |)}(8/0z;) (yotz) fo dy—m(2)f (2). 


That the first operator, acting on L’, has a norm with a bound independent 
of » is proved in [1]; the norm of the second is estimated by (2), indepen- 
dently of »; and the third is treated similarly by (3). 

Thus || Ve llo1 < C, where C is independent of A. . To complete the proof 
of (i), we refer to remarks (b) and (c) and Lemma 2. Let Ca be as in 
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Remark (c) (I-D), £ = (@,- - -,0%;+1,--+,@,). Then repeated application 
of Lemma 2 shows that Ca((0/02;)W(0/62;) e, — y (0/0x;) ea (8/3x;)) is the 
operator with kernel (8/ðx -+ 8/ðy)* (wodL)/0z;). But by the Corollary of 
Lemma 7 and the estimates (3), | (0/dx + 6/0y)*w0pEr/0xi | < Pn(pr) errik 
or < Pa(urjetrrik(prj-3, so that this operator has a norm which is O(1/z). 
Thus Remarks (b) and (c) show that || Vey |m m < A (m), with A independent 
of A. For (ii), | Æ llo,ı is found, by direct application of Lemma 2 and the 
estimates (3), to be O (à), and this is extended to || Ky ||m,m exactly as in 
(i). (iii) is proved simply by noting that 


| (8/0x + 8/ðy) Ky | < Pa(ur)e#rr?-* ( prjd- or < Pp(ur) etrr, 


and applying Remark (c). 
Now to prove the theorem, let [8] =^ and write 


Vd = (4) V J ds — (4) V fs ds— (4) V f(t (L+s) bers, ds 
iv) $A) EH) [anna de 
+T fre Kraemer de 
Now from (4) and the definition of es, 
(H) f stel (æy) )ds=— H (1, k) (Dre 
Fubini’s theorem shows that f s-4e, ds, considered as an operator integral, 


is the operator with kernel f Ses (r(x, y) )ds; thus the first term in (iv) is 
0 Z 


7 
—VH(1,k)*o(r)7**, which is the singular integral operator of example 
IID. In the other terms the differentiation may be carried under the integral 
and summation since the differentiated integral converges in operator norm: 


a (dg/ Ox}, f Èr Sera d 1480) ds) 
a: N AT f 
=y lim {— (09/02, > 2 Sn Žele K Las, ASn) À 
| i NM ae 
= lim (9, X > $n (0/021) eras, K Lren 0MASn ) 
= (9g, . > sè (0/024) eras K rag ds). 
. 0 ' 1 . = 


Now the second and third terms are bounded from Lan? to Lime” by (i). 
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The fourth term is also bounded from Lw? to Ln? by (i) and (ii). In the 
last term, l 


[Venere Jon S (I Vers E nes on) (l Krss lo.0) (I Kirs loo)” 
< A(n) (c/(L+s)) (4), 


by the choice of L, so that the integrated sum converges to an operator from 
L? to LP. This proves Theorem 5. 


Since for each vector field V in Ce, VJ is bounded from Ly? to Lm?, 
-J is smoothing of all orders. 


Lemma 10. If V ts a Cg vector field, VJ —JV is smoothing of order 
[8], of BAI. 


Proof. J == — H (1, k)>ġ(r)r* -+ & In Theorem 5 it was shown that 
VR was smoothing of order [8]. Similarly, RV is smoothing of order [£]. 
That the same is true of VE —KV, where K is the operator with kernel 
o(7)r**, is checked with the help of Lemma 7, Lemma 3, and the Corollary 
of the latter. 


Definition 6. For f in Ln”, m>1, Af—(L—A)Jf. 


If f is in Lm’, m > 1, Af—J(L—A)f, since J and LA commute. 
It is clear that A maps Lm? into Lm.?, and that J is its two-sided invezse. 


THEOREM 6. If B1 and Vi ts a Cga vector field, then Vi- -Vm 
== HA™, where H is a Cg” singular integral operator with symbol 


(—()" 1 (Vn, &/ EI}. 
Proof. Vi: ‘. 'V, = Ves ‘. * Va J” A" = (Vad) - a (Vad JA" 
n-i 
+2 Vi" ' Vil V jadi — FIV ja) IV jus’ ‘J VA” 


By Theorem 3 and Theorem 5 (V:/})- -> (Va) is a Cg” operator with the 
prescribed symbol. We show that 

> A LC V3 (V di — JIV,,) (TV ao) he S (IVa) 
maps Ly? into Lyi? by showing that V;.Ji—JiV;, maps Le? into Lu. 


This is done by Lemma 8 and the Soraia VI — JV = Era JV): 
This establishes Theorem 6. 
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THEOREM 7. The spaces Ly»? (1< p<) are topologically isomorphic. 
Any operator on M which is smoothing is also completely continuous. 


Proof. The first statement is proved with the isomorphism J and its 
inverse A. To prove the second, suppose T maps Z? into LP. Then AT is 
bounded, and T =JAT is completely continuous. 
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CHARACTERIZATIONS OF RIEMANN n-SPHERES.* 


By George F. Freeman and Cauan-CHix Hsrona.* 


Introduction. One of the most interesting classical results in differential 
geometry in the large is a theorem of Liebmann [14], which states that in 
ordinary Euclidean space F° a closed surface with constant Gaussian curvature 
is a sphere. For this theorem Hilbert ([8]; or [9], pp. 231-240) gave an 
ingenious proof, which has since superseded the original one given by Lieb- 
mann. It is also well known that in the space Æ a closed convex surface 
with constant mean curvature is a sphere. These theorems were extended by 
Süss [17] to convex hypersurfaces in a Euclidean space E” of dimension n = 3. 
Recently, Hsiung [10,11] and Aleksandrov [1,2] ? have further extended the 
results of Süss to hypersurfaces imbedded in a space Æ” as well as in an 
n-dimensional Riemannian manifold of constant Riemannian curvature. In 
Hsiung’s papers the hypersurfaces satisfy a condition weaker than convexity 
and are so called star-shaped, and in Aleksandrov’s the elementary symmetric 
functions of the principal curvatures of the hypersurfaces are replaced by 
some more general functions. The purpose of this paper is to use a new 
method to’ complete the latter case of Hsiung’s work and to further study a 
more general case in which hypersurfaces are imbedded in a general Rie- 
mannian manifold of dimension = 3. 


In §1, we first define the vector product of m—1 tangent vectors of a 
Riemannian manifold V™ of dimension m = 3 at a point P, and then introduce 
E. Cartan’s system of exterior differential forms for the manifold V™. 


In §2, from the system of exterior differential forms for the Riemannian 
manifold V” introduced in $1 we geometrically deduce a system for an n- 
dimensional submanifold V” of the manifold V”, where m>n==2. The 
first and second fundamental forms of the submanifold V” are obtained, and 
the generalized covariant differentiation is introduced. 


* Received November 28, 1958. l 
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As a special case of §1 and §2, the next section is devoted to the 
establishment of the fundamental formulas and definitions for a hypersurface 
V” imbedded in a Riemannian manifold V"*? of dimension n+1223. In 
particular, the definition of Riemann #-sphere is given, and a differential 
form concerning a general mean curvature Ma (æ—1,- - -,n) of the hyper- 
surface V” is derived by using the combined operator © of the vector product 
of tangent vectors of the manifold V*** and the exterior product of differ- 
entials (for this operator see, for instance, [12]). 

§4 contains the statements of two lemmas, which are fundamentally 
important in the proofs of our main theorems. 

Let V™*? be a Riemannian manifold of dimension n + 1 = 3 and constant 
Riemannian curvature such that there is a normal coordinate system S of 
Riemann at a fixed point O covering the whole manifold V™". In §5, we 
first derive x integral formulas for an orientable hypersurface V” of class CS 
with boundary V” of dimension n— 1 imbedded in the manifold V+, and 
then for a closed hypersurface V” to be a Riemann n-sphere we deduce some 
simple conditions on the mean curvatures Ma (@==-1,--+,n) of the hyper- 
surface V”. 

The objective of §6 is the same as that of $5, except that in §6 the 
Riemannian manifold V"** is a general cne instead of one with constant 
Riemannian curvature. However, not all results in §5 are special cases of 
those in § 6. 


1. Riemannian manifolds. Throughout this paper the ranges of indices 
are given as follows unless stated otherwise: 


134,56): °°SM, 
(1.1) 134,B,y,° Sn, 
n-+-1SA,B,C,---sm (m >n). 


We shall also follow the usual tensor convention that when the same letter 
appears in any term as a subscript and superscript, it is understood that this 
letter is summed for all the possible values. 

Let V” be a Riemannian manifold of dimension m = 3 and class CS, 
y? a set of local coordinates of a point P on the manifold V™, and aydytdy? 
the fundamental form of the manifold V”, where ay = a; and the matrix (ay) 
is positive definite so that the determinant | ay | =a is positive. 

Now let A, (r—1,: - -,m—1) be m-——1 tangent vectors of the manifold 
V™ at the point P, and let 4,4 (r—1,: - -+ ,m— 1) be the contravariant com- 
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ponents of the vector A, in the local coordinates y*,- --,y" of the point 
P. Let AX: `X Am denote the vector product of the m— 1 vectors 
A + *,Am+, which is defined to be the tangent of the manifold V™ at the 
point P whose j-th contravariant component is (see, for instance, Hsiung [11]) 


81? 5.) ena Sn? 


iA? Ait + * limda? 
(1.2) (41X -`X Ama) =(—1)" 4 Miia Qizda QimA 


Qi A ms* Bis A m1" ° * GimAm-1° 


where &;f are the Kronecker deltas.® Let I be a tangent vector of the manifold 


V™ at the point P with contravariant components Iè in y, © -,y". From 
the definition of the scalar product of any two vectors, A, and As, namely, 
(1. 3) Ar- As == ayjA,1A,/, 


it follows that the scalar product of the two vectors I and A, X -~ - X Ama 
is given by 


(1.4) I-A, X: . XK Ama = (— 1)" tai | I, A,,- r Amal 


where |1,4:,- : :, 4». is a determinant, the elements of each of whose 
columns are the contravariant components of the vector indicated. Thus from 
equation (1.4) it follows immediately that the vector A,X- ` -X Am: is 
' orthogonal to each of the m — 1 vectors A` - - Amt. 

Now consider a frame Pe,’ ` -@m, where e:,- - -,e, form an ordered set 
of m mutually orthogonal unit tangent vectors of the manifold V™ at a point 
P so that 
(1.5) ex ej = Anz Cre = Dis, 


where 8, are the Kronecker deltas. The position vector Y of the point P is 
defined to be the tangent vector of the manifold V™ at the point P whose . 
contravariant components are the local coordinates y*,- - -,y™ of the point P. 
Then we can write 


(1.6) dY = wte; 

(1. 7) de; == wij, 

where d denotes the exterior differentiation, and wt, w are Pfaffian forms in 
the y’s satisfying 

(1.8) of + ot = 0. 


l 3 The authors wish to thank Professor E. H. Cutler for some discussions about the 
form of the formula (1.2), 
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(3.20) Ragys = (QayQg5— QasQpy) + Rayny*oy* py? vy", 
(3. 21) Dog, y — Qay, 8 = — Brierly oy) py, 
where Rog s and Rue are Riemann symbols formed with the tensors gag and 
a; respectively. 

In particular, if the manifold V1 is of constant Riemannian curvature 
K, from the definition of the Riemannian curvature K it follows that 


(3.22) Rrijx =K (anjtir — Onx2;), 

and therefore equations (8.20) and (3.21) can be reduced to 
(3. 23) Ragys = (QeyQg5 — QasOgy) + K (GayJps— JosJ pr); 
(3. 24) Qeg,y — Qay,g = 0. 


Furthermore, substitution of equations (3.15), (3.20) and (3.24) in equation 
(3.19) and use of Qeg —Oge give immediately 


(3. 25) . Cn+1 ap — Enri ipa == opens, 
where 
(8.26) Vas = 9 (Rgoys — Brizy" pyt oy’ yy") = 0. 


Thus we obtain 


(8.27), Pen = Sas (da? À dat) nis = 0. | 
From equations (2.6) and (2.7) it is easily seen that the n principal 

curvatures kı’ + +, kn of the hypersurface V” at a point P are roots of the 

determinant equation 

(3.28) | bag — kõag | = 0. 

In other words, kı, > -,k, are the characteristic roots of the matrix (bag). 


The a-th mean curvature Ma of the hypersurface V” at the point P is defined 
by 


(3. 29) CMe == Sa (a==1,---,n), 


where Sq is the a-th elementary symmetric function of k’ - -,k,, and Ca” 
is a binomial coefficient. 

A principal minor of the matrix (bag) is a minor whose diagonal is a 
part of the main diagonal of the matrix (bag). From a theorem in linear 
algebra (see, for instance, [16], Chapter VII) it is known that the -th 
elementary symmetric function of the characteristic roots of the matrix (bag) 
is equal to the sum of all a-rowed principal minors of the matrix (bag). 
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Therefore Ca"M is equal to the sum of all a-rowed principal minors of the 
matrix (beg). In particular, we have 


nm 
(3. 80) nM, == > baa, 
azt 
(3.31) H= oalet 
(3.32) | nMn = > Be, 
, œ=1 


where B®“ is the cofactor of bee in the determinant b. 


We shall introduce the combined operator @ of the vector product X 
and the-exterior product A, as defined in the paper [12] for the case where 
the manifold V"** is a Euclidean space. 


Let A1,- > -,A™ be n tangent vectors of the manifold V™"* at a point P, 
and suppose that the components of each vector A% (a==1,--:,m) in the 
local coordinates y*,- - -,y* of the point P are differentiable functions of 
the n variables z',- - -,2". Combining the vector product of vectors and the 
exterior product of differentials, we can define the vector 


| (3.33) A1@:--@AÏGdAÏ#@: - -@ dAr 
== (AIX: ; ‘At CAES KX : X At, \dztin A: Fe A dat, 
(j=1,; í R). 


It is obvious that the vector (3.33) is independent of the order of the vectors 
‘GAs, RE dA*. 


From equations (1.6), (2.3), (8.2), (8.12) and (8.14) it is easy to 
obtain 


(3.34) AV Os -OAY nai SFG enas 
y —— 
N 
(3.35) dY O- + -@d¥ — Fadrs D: -QY o dr" 
Nene et 
n 


=n! (Ya X -XF »)de’A-- +A dat 


= nle, dA. 
Comparison of equation (3.34) with equation (3.35) yields immediately 
(3. 36) ` dÅ =A - - Av. 


Similarly, by means of equations (1.6), (1.7), (1.8), (2.3) and (2.5), 
we have 
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dY i ‘Oday © dena © i © denn 
Re ea  ), 
Th mmm & œ 
—(— natal B (he: Ouf. 
Ba << Ba-a 
Pn- << Én 


@ D Baa y2 CB ou © Dm ns © D Buya EBn) bd 


It is easily seen that in the last expression we need only to consider the terms, 
for which y,,- - *,ya take the values Ba," © ,8n, and therefore the sub- 
scripts of the 6’s will contain none of the values Ai,‘ ` `, n-a; as all other 
terms are zero. Making use of equations (8.12), (3.36) and the elementary 
identity Ca” == n!/[(m—a)!a!], we thus obtain . 
(3.37) GY B: -QAY © deni D * Oden, 
Neen enemy genet emt Se — 
n— a a 
== (1) (n — a)! a! (e XK" Xen) l A + : Ao”) 
[sum of all «-rowed principal minors of the matrix (bag) | 


= (—1)°n! Malna GA. 


A closed hypersurface V” in a Riemannian manifold Vr## of dimension 
n +128 is called a Riemann n-sphere if every point of the hypersurface V” 
is umbilical. Concerning umbilical points the following lemma is well known. 


LEMMA 3.1. A point P of a hypersurface V” imbedded in a Riemannian 


manifold V*" of dimension n +128 is umbilical if kı =' > == kn at the 
point P. 
Proof. It is well known that the principal curvatures k,- > -,k, of 


the hypersurface V* at the point P are the extremal values of the quantity k 
defined by 


k = (Qapq*g") /(gapq"q") 

at the point P for an arbitrary tangent vector q of the hypersurface V” with 
contravariant components g*. Thus the assumption that k, =: + == kn at 
the point P implies that the quantity k is independent of the vector g, 80 
that Qag == Cgap for all « and B at the point P, where c is a scalar invariant. 
Hence the point P of the hypersurface V” is umbilical (see, for instance, 
[5], p. 179). | 

Now consider, for example,‘ a three-dimensional Riemannian space V* 
with the fundamental form 


‘The authors are indebted to the referee for suggesting this example. 
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3 3 
ds? = ( Dy)? È dy’, 
A 4=1 j=l 


where c is a constant = 2. A: straightforward calculation shows thai the 
space V%, excluding the origin (0,0,0), is not of constant curvature and 
that every point of the surface in the space V? given by the parametric 
equations 


y? == sin T? cos T°, p= sin z* sin 2”, y? == COS a 


is umbilical. 


å. Lemmas, In this section we shall state two lemmas, which will be 
needed for later development. The proofs of the lemmas will be omitted here, 
but can be found in [7], pp. 52, 104, 105. 


LEMMA 4.1. Let S, be the r-th elementary symmetric function of n 
real nonzero numbers k, > -k,, and suppose that M, —1 and M,=—S,/C? 
for r==J,---,n. Then | 


(4.1) | MMi — UM? S90 (r==1,:--,n—1), 
where the equality for any value of r implies that kı => > = kp. 


Lemma 4.2. Let k.,:--,k,, M, and M, be defined as in Lemma 4.1. 
If My, > +,Ms, 1S s Sn, are positive, then 


(4.2) M, > Mè Z MaD- > MU (1SsSn), 


where the equality at any stage implies that ky ==: —k,. 


5. Riemann n-spheres on Riemannian manifolds of constant curva- 
ture. Let O be a point on a Riemannian manifold V** of dimension n + 1, 
and U a sufficiently small neighborhood of the point O on the manifold V*" 
such that in the neighborhood U there exists a unique geodesic p joining the 
point O to every point P of the neighborhood U. Let g:,° - +, gnu be n +1 
mutually orthogonal geodesics of the manifold V+ through the point O. 
Then the normal coordinates y*,- --,y"** of Riemann of the point P with 
respect to the geodesic frame Ogi: ` ‘Gui are defined by yi = scos(p, gi}, 
where (o,g) is the angle between the geodesic p and the geodesic g; at the 
point O, and s is the arc length from the point O to the point P along the 


oO n+1 _ e Saat 
geodesic p... It.is obvious that X còs? (p, g) 1. If on the manifold P» 
j=1 . ; 


there exists a unique geodesic arc with minimal length joining a fixed point 
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O to every point P, then we can have a normal coordinate system of Riemann 
at the fixed point O covering the whole manifold V”, 


THEOREM 5.1. Let Vi be a Riemannian manifold of dimension 
n+1Z38 and constant Riemannian curvature K such that there is a normal 
coordinate system S of Riemann at a fixed point O covering the whole manifold 
yu, Then for a closed orientable hypersurface V” of class C? imbedded in 
the manifold V"** 


(5.1) S Mord + f Map dA — 0 Co eee 
yr ya 


where | M, | is sufficiently large at least ai some points of the hypersurface V", 
and p is the scalar product of the unit normal vector e,,1 of the hypersurface 
Var at a point P and the position vector Y of the point P with respect to the 
coordinate system 8. 


Proof. We first consider an orientable hypersurface V” of class C° with 
boundary V1 of dimension n— 1 = 1 imbedded in the Riemannian manifold 
V"+1, and shall use the results of the preceding sections with the same notations 
except that here Y is the position vector of a point P on the hypersurface V” 
with respect to the fixed normal coordinate system S of Riemann. 

Applying the ordinary rules for differentiation of determinants and 
recalling that a can be regarded as a constant in generalized covariant differ- 
entiation, we obtain the differential form 
(5. 2) a[(— 1 }raë | ay, ene. dY, Y, Ens1s Cent tt, lens |] 

eee dre) Nilesh pus adh 
n— œ a— 1 
o 8—1 
n-a oo ey) 
= > [(—1)*a4 | d¥Y,- - -,dY, dY, dY, + +, dY, Y, Caer, dên’ ©, denn |] 
B=1 mes né as ns 
n — a g — 1 
+ (— 1)%-tai | Ent1 aY, sn" dY, des, ts Lens: | 
anne nn ane / Norme porn nm’ 
n — @ + L g — 1 
+ (—1)%a | F, dY,- - -,d@Y, dens’ © +, dens: | 
mn prmnnnnn emmener 
n — a a 
B—1 
aœ-1 Cop TI ed gee N 
+ 2 [(— 1)"ai | dY, >a dY, Y; En+19 denis re densis lens, densi; ones Oy dens I], 
B=1 ey aT a 
nN- & Œ A 


where a —1,: - :,n. By means of the equation d’Y 0 mentioned in §1 


yur 
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- and equation (3.27), it follows immediately that the first and fourth members 


on the right side of equation (5.2) vanish. We thus obtain, in consequence 
of equations (1.4) and (3.37), 


(5.3) d[(—1)"a8| dY,- - -,dY,Y, eny, denn * `, denn |] 
Gk Ge nl nn 


n— & a—1 
= (—1)* en: (dQ: -QAY Oden @- ` -@ denn) 
Ni ee Se 
n—a-+- 1 g= 1] 


+ (—1)**¥: (dY @- - -QAY Q den B` ` `Q dema) 
RES a A 
N, -— Q & 


= (—1)*n! (Mey dA + Map aA), 


where p= Y'en Integrating equation (5.3) over the hypersurface V* 
and applying Stokes’ Theorem to the left side of the equation, we arrive at 
the integral formulas | 


(5.4) f Ma dA + f Map dA 
yr ; yn 


= (1/n)) f | dY,- +, dY, Y, en denn ©; dena |, 
. yn-2 RP ned Se tren partners 
mn — a : æ-— 1 
(«= 1,- cn). 


In particular, when V” is closed, the right side of equation (5.4) vanishes, 
and hence we have the formulas (5.1). 


THEOREM 5.2. Let Vr (n= 2) be a hypersurface on a Riemannian 
manifold V™* satisfying the conditions of Theorem 5.1. Suppose that there 
exists an integer s, 1 S s & n — 1, such that M, > 0, and either p S — Ms1/ Ms 
or p Z — M;4/M, at all points of the hypersurface V”. Then V" is a Riemann 
n-sphere. 


Proof. Since M, > 0, the conditions p =— M,.,/M, and p= — Ms-1/ Ms 
are respectively equivalent to Map + Msı = 0 and Msp + M; 0. Equation 
(5.1) for æ =s, together with either of these two inequalities, implies that 
p=—M,.,/M,. Substituting this value of p in equation (5.1) for «=s +1, 
we obtain 


(5.5) f (1/M,) (M,?2—M,+Myn)dA =0. 
ya 


Due to the inequality (4.1) for r==s, the integrand on the left side of equation 
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(5.5) is nonnegative, and therefore equation (5.5) holds when and only when 
(5.6) ME — MaM gy = 0. 


From Lemma 4.1 it follows immediately that k ==: : == k, at all points of 
the hyersurface V", and by Lemma 3.1 we thus prove Theorem 5.2. 


THEOREM 5.3. Let Vr (n=2) be a hypersurface on a Riemannian 
manifold V”* satisfying the conditions of Theorem 5.1. Suppose that there 
exists an integer s, 1<s<n, such that at all points of the hypersurface V” 
the function p is of the same sign, M, > 0 for t==1,: - -,s, and M, is constant. 
Then the hypersurface V” is a Riemann n-sohere. 


Proof. Case 1. s< n. By the inequalities (4.1) for r==1,-- -,s and 
the assumption that M; > 0 for i= 1,: + -,s, we obtain : 


M,/M, = M/M, =: í Z Mon/Ms, 
and in particular 
(5.7) MM, Z Mon, 


where the equality implies that k, ==; > -== kp.. From equation (5.1) for 
æ— 1 and the assumptions that M, > 0 and p is of the same sign at all 
points of the hypersurface V?, it follows that p must be negative. Multiplying 
both sides of the inequality (5.7) by p, integrating over the hypersurface V”, 
and applying equation (5.1) for &==1 and g==s-+-1, we can readily obtain, 
in consequence of the assumption that M, is constant, 


— M, f is f M,Mgp da < f Henid, Í aA, 
ya ye ye ya 


from which it follows that 


(5.8) ( „OLM, Mapia =0. 


Due to the inequality (5.7) the integrand on the left side of equation (5.8) 
is nonpositive, and therefore M,M,—-M,..—0. From Lemma 4.1 it follows 
that kı =: - -= kn at all points of the hypersurface F”, and by Lemma 8.1 
Theorem 5.3 for s <n is therefore proved. 


Case 2. s==n. By using the assumption that M; > 0 for i==1,: -,n, 
from Lemma 4.2 we have the inequalities 


(59) . MEMS: - SM WOvS Mme, 


where € is a positive constant. By means of equation (5.1) for «==n and 
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the inequalities (5.9) we obtain 


(5.10) f M,p dA =— Mya dA S — cv f dA. 
y” y” y» 


On the other hand, making use of equation (5.1) for «== 1, the inequalities 
(5.9) and the fact that p < 0, we have 


(5.11) f Map dA = o" f M2/"p dA 
yn yn 


zoif Mypdd——or Í dd. 
ef Va y* 


Combination of (5.10) and (5.11) yields immediately 


(5.12) f (M,2/"—M,)p dA = 0. 
yn 


Due to the inequalities (5.9), the integrand on the left side of equation (5.12) 
is nonnegative, and therefore M,” == M,, which by Lemma 4.2 implies that 
kı ==: - -= kn at all points of the hypersurface V”. Hence the proof of 
Theorem 5.3 is complete by Lemma 3.1. 

In the case where V"* is a Euclidean space and V” is a convex hyper- 
surface of class C? instead of C%; the formulas (5.1) were obtained by 
Minkowski [15] for n= 2 and by Kubota [13] for a general n, Theorem 5.2 
with further restrictions that s—1 and the equality holds in the last con- 
ditions was obtained by Grotemeyer [6] for n=? and by Süss [18] for a 
general n, and Theorem 5.3 was obtained by Liebmann [14] for n=? and 
by Stiss [17] for a general n. 

By using different methods, Hsiung [11,10] obtained the formulas (5.1) 
for œ == 1, n and some special cases of Theorems 5.2 and 5.3; and also the 
formulas (5.1) for a==1,---,n, together with Theorems 5.2 and 5.3, in 
the case where V"** is a Euclidean space and the hypersurface V” is of class 
C? instead of C". The proofs of Theorems 5.2 and 5.3 here are essentially 
the same as those given by Hsiung in the second paper just mentioned. 


6. Riemann n-spheres on Riemannian manifolds of dimension 
n-+1=4, 


`” Trrorpm 6.1. Let Vi be a Riemannian manifold of dimension 
n-+-1223 such that there is a normal coordinate system S of Riemann at a 
fixed point O covering the whole manifold Vr#, Then for a closed orientable 
hypersurface V” of class CS imbedded in the manifold, Vr 
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(6. 1) f Mans dA + f Map dA =0, 
a. yn y” 


where | M, | is sufficiently large at least at some points of the hypersurface V”, 
a is an odd integer less than or equal to n, and p is defined as in Theorem 5.1. 


Proof. The proof of Theorem 6.1 is exactly the same as that of 
Theorem 5.1, except that this time « is an odd integer and the vanishing of 
the fourth member on the right side of equation (5.2) is due to the pair- 
wise cancellation of its terms. 

By using a different method, Hsiung [11] obtained the formula (6.1) 
for == 1 in the case where the hypersurface V” is of class C° instead of CS. 


THEOREM 6.2. Let V” (n=23) be a hypersurface on a Riemannian 
manifold Vi satisfying the conditions of Theorem 6.1. Suppose that 
there exists an odd integer s, 1 < s&n, such that M;>0 for 1—5, s— 1, 
s—2, and either p S— M/M; or p2—M,:/M, at all points of the 
hypersurface V”. Then V” is a Riemann n-sphere. 


Proof. By the same argument as in the proof of Theorem 5.2, equation 
(6.1) for «== s, together with either of the two inequalities Map -+ M,.=0 
and Mp + Ms = 0, implies that p——M,1/M,. Substituting this value 
of p in equation (6.1) for «=. s—2%, which is an odd integer by assumption, 
we obtain 


(6.2) f, (1/M,) (Me-sM,— M,-2M,1)dA = 0. 
yn 


Since M,.. and M,.. are positive, from inequalities (4.1) for r—s-—1 and 
r=s—2, we obtain 


(6.3) My-a/Mo2 E Mo2/Moa Z Miua/Ms 


from which it follows that M,.M,—M,.2M,.,=0. Thus the integrand on 


the left side of equation (6.2) is nonpositive, and the equality in (6.3) holds. 
From Lemma 4.1 it follows immediately that 4,—---==k, at all points 
of the hypersurface V", and by Lemma 3.1 Theorem 6.2 is therefore proved. 


THEOREM 6.3. Let V» (n= 3) be a hypersurface on a Riemannian 
manifold V"*" satisfying the conditions of Theorem 6.1. Suppose that there 
exists an odd integer s, 1 < s&n, such that at all points of the hypersurface 
V" the function p ts of the same sign, M: > 0 for t=1,-°-,s—1, and 
either M, or M, is constant. Then V” is a Riemann n-sphere. 
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Proof. Case 1. M,a is constant. Multiplying both sides of equation 
(6.1) for «1 by Mı and subtracting the resulting equation from equation 
(6.1) for æ ==s, we obtain 


(6.4) f (M,— M,M,.)p dA = 0. 
yr 
Since M,, M.,- - -, M; are assumed to be positive, the inequalities (4.1) for 
r==j,---,s—1 can be written together as 
(6.5) M, = M/M, = M/M Z - EE M/M 


from which it follows immediately that M, -—— M,M,, <0. On the other hand, 
by using equation (6.1) for a==1 and the assumptions that M, > O and p 
is of the same sign at all points of the hypersurface V”, it is easily seen that 
p is negative. Thus the integrand on the left side of equation (6.4) is non- 
negative, and the equality in (6.5) holds. From Lemma 4.1 it follows 
immediately that kı =- : -== kn at all points of the hypersurface V”, and 
therefore by Lemma 3.1 V” is a Riemann n-sphere. 


Case à. M, is constant. Since s is an odd integer and M;>0 for 
t==1,---,s—1, from Lemma 4.2 we have the inequalities 


(6. 6) M, = M, SS M. /(8-1) => MM == c, 


where c is a constant. By means of equation (6.1) for «==s and the 
inequalities (6.6) we obtain 


(6.7) f Mp dA == — f Mes As—ortf dA. 
y» a/ Yr yn 


- On the other hand, making use of equation (6.1) for «==1, the inequalities 
(6.6) and the fact that p < 0, we have 


(6. 8) f M;p då = cv f Msp dA 
y” y» 
> g f MipdA=—ce È dA. 
yn yr 
Combination of (6.7) and (6.8) yields immediately 
(6.9) uf (Mèi —M,)pdA = 0. 
yn 


Due to the inequalities (6.6), the integrand on the left side of equation (6.9) 
is nonnegative, and therefore M,'/* == M,, which by Lemma 4.2 implies that 
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kı ==: - -= kp at all points of the hypersurface V”. Using Lemma 3.1 we 


therefore complete the proof of Theorem 6. 3. 
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REPRESENTATIONS FOR COMPLETELY CONVEX FUNCTIONS.* 


By R. P. Boas, Jr. 


1. Introduction. Let f(x) be a completely convex function on [0,1], 
that is, an infinitely differentiable function such that (—-1)*f@") (s) = 0. 
Such a function is necesarily the restriction to [0,1] of an entire function 
of exponential type + [1], [3], [4], [5]. The most familiar completely convex 
function is sin rg. Wintner [6] recently established another necessary con- 
-dition for completely convex functions: if f is completely convex on [0,1], it 
can be written in the form f(z) —gq(coswv), where g(z) == (1—2?)ip(z), 


co À 
p(z) = > per, w= f u” da(u), and a(u) is nondecreasing. However, this 
r=0 -$ 


condition is not sufficient: as Wintner pointed out, the simplest choices of « 
(except «(w) = sgn u) fail to lead to completely convex f. 
I shall obtain a necessary and sufficient condition for an f of Wintner’s 
form to be completely convex. In the light of this condition, it is not sur- 
prising that simple choices of « fail to generate completely convex functions, 
-since it turns out that « must be, except for a possible jump at 0, absolutely 
continuous, with a derivative #(w) of the form 


${zloglu*(—1 + (1—vw?)#)]}(1—u?) 4, u<0; 
yilgi (1 + (1—wu?)#) 1} (1 — wv?) 4, u > 0, 
where b(t) and y(t) are themselves entire functions, of the form 


Sant) (2n)! 


with an = 0 and Sr "a, convergent. A perhaps simpler characterization of 
completely convex functions on [0,1] is by means of the integral representation 


(1) f(x) =sin rs: {e+ f~ (cosh at + cos rx) *(t) dt 
+ f (cosh at — cos rt) y(t) dt}, 


where c= 0 and ¢ and y are as specified in the preceding sentence. 
I am indebted to D. V. Widder for helpful discussions. 


* Received December 4, 1958. 
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2. The integral representation. If f(s) is completely convex in [0,1], 
there is a largest number c such that f(æ) — csin rx is also completely convex 
function g(x). Then f(r) —=csinrt + g(x), and g(x) is a minimal com- 
pletely convex function; that is, g(x) is completely convex, and no function 
g(x) —csin rt, c > 0, is completely convex. The results of the present paper > 
depend on the following known characterization [4] of minimal completely 
convex functions by their expansions in Lidstone series: f(s) is a minimal 
completely convex function on [0,1] if and only if 


(2) f(t) =È (mAn (2) + dadn(1—2)}, 


where (—1)"a,=0, (—1)"b,20 (in fact, ay==f@™(1), ba =fC™®(0)), 
and A,(z) is the polynomial of degree n which for 0 < x < 1 has the Fourier 
series 


(3) An (a) == arr (1) E (—1) 8-204 gin ra. 
k=l 


Suppose that f has the representation (2); it is known that the series 
converges for all complex values of x, uniformly on compact sets. Since we 
have [2] 


(4) —1(—1) "An (iy) = Syn?" 
and since (—1)"f@")(1) = 0, the convergence of the first part of (2) implies 


. that 


(5) > | f@)(1)| m?” converges 


and hence, since f(1—x) is a minimal completely convex function with f(x), 
that © | FCH (0)| m?” converges. 
Using the Fourier series (3), we now have, for 0 < x < 1, 


f(z) =2 5 (—1) FO") (1) att S (— 1) Hk gin krs 
n=0 k=l 


$235 (1) "f2" (0) 21S 2-1 sin bre 
n=0 | k=l 


| 


BCE (1O (1) È (1) (her) argir 
(6) +È (—1)70 (0) È (kx) amona) 

= 23S (—1) 77° (1)/ (2m)! E (yours f etree dé 
+È (170 (0)/(2n) LS oree f "eart at}, 
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D À erriten dt — S (2n) (kr) 
k=1 


kz=1 0 


converges for n > 0, so for n > 0 the integrals in (6) can be taken outside 
the sums over k. For n==0, we have by direct computation 


co 


p> gikre f, e-kart at — 2 (kr) etkre = — pl log{1 _— etra) 
and . 


dt D ettmerbre —— f (ert-irs — 1) dt =— r> log (1 — ere), 
0 


0 &=1 


so that the change of order of operations is also legitimate for n—0. Hence 
we have 


f(x) =2N{ 5 (—1) 7 (1) /(2n) TES (— 1)#teibre-krt gy 
n=0 0 &=1 
+È (—1)"f0(0)/(2n) 1 f Ten S otre dt), 
n=0 0 k=1 
(FC) =È (1) 7" (1) /(2n) 1 [ aerae + 1) dt 


+35 (— 1)" (0)/(2n) | f, mirte dt}. 
n=9 9 
Now | 


S| 60 (1)1/(n) f ereen at 
m=0 0 
converges by (5). Since |e-rla-t) 4.1 | > em#--1, 


e-T(iz-t) + 1 = dt 





5 | fe (1)|/ (2n) ! f gen 
n=0 : af 1 
converges; and 
Le) i 1 
>» | fe (1) |/ (2n) ! f {2n | e-m(tz-*) + 1 = at 
n=O Q 


converges (for fixed z) since the integrand is bounded. Thus in the first sum 
in (7) we can change the order of summation and integration, and similar 
considerations apply to the second sum. Put 


| (4) =È (—1) 470 (1) Fr (Bn) = ALFA + Ht) + F(A it), 
i HE) = È (DE (0) (2n) 1 HUF (it) +i). 


* 
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Then from (7) we obtain 
f(z) =f AO erto as att fy (flere 17 dt), 


(8) f(x) =sin rz: Cf. “¢ (t) [cosh rt + cos ræ] dt 
+f Y(t) [cosh ré — cos rz] > dt} 


(which we may recognize as the representation of f(z) by the Poisson integral 
for the strip 0 <æx< 1). Thus every minimal completely convex function 
has the representation (8). 

Conversely, if functions ¢(¢) and w(t) are defined by 


(9) p(t) — 2 dnt?*/ (2n) l y(t) se 2 Ent°*/(2n) i, 
with 4,20, 6,20, and E ran Siw °"b, convergent, and we define f(z) 
by (8) for 0 < 2 < 1, all our steps are reversible and lead to 

F(a) =F ((—1) "ann (2) + (—1) "nn (1—2)}, 


which is known to imply [4] that f(x) is a minimal completely convex 
function. 

Since every completely convex functicn differs from a minimal one by 
csin wz, we have proved the following theorem. 


THEOREM. A function f defined on OS 251 ts completely convex if 
and only if it has the form 


(10) f(a) —sinne- {e+ f e(t) [cosh wt + cos rs]! dt 
+ f mO [cosh xt — cos xt ]-? dt}, 


where c = 0, and ¢ and y are even entire functions of exponential type m with 
nonnegative Maclaurin coefficients. 


8. Wintner’s representation. The representation (10) can be trans- 
formed as follows. Expand cosh rt -+ cosre in powers of (cosa) /cosh zt, 
obtaining | 


f(z) =sin rc: cf $ (£) at (—1)* cos rx (cosh rt)-71 


+ fo p(t) dé È cost wa (cosh wt) 1-1). 
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Since ¢(t) and u(t) are O(ert), the two integrals are dominated by 


co = oe wt i 
> | cos" rx | f ert dt >) (ar) | cos’ rx |, 
af Q rz9 


r=% 


which converges for 0 < x <1. Hence we have 
f(x) = sin rge: { X (— 1)" cos" rx f (t) (cosh rt) > dé 
r=0 0 


4- > COs’ rT f y(t) (cosh rt)" dt}. 
r=0 «/ 0 


In the first integral put coshré——"u"t, in the second put coshri—u"; 
we obtain 


f (2) = rt sin ae { X cos" wa f | {4 cosh (— 1/u) }ur (1 — uw?) à du 
+ > cos” ne { wy {4 cosh (1/u) yw (1 —u?)3 du 


og 1 
= sin rv: D cos” rz f u"F (u)du, 
-1 


r=0 


where (in particular) F(u) 20. Thus if we put 
1 

(11) ftp = f ur F(u) du, 
-1 


P (z) igi 2 prt", 
q(2) = (1 — 2*)?p (z2), 
we have f(x) == q(coswz), which is Wintner’s result. However, we have not 


only this necessary condition, but also the necessary and sufficient condition 
that f has this form, where 


` F(u) = d{4 cosh? (— 1/u) }(1— wu )-4, w <0, 
F (u) = y{d cosh“ (1/u) } (1—u?)-à, u > 0, 


with @ and wy as in (9). To include completely convex functions that are 
not minimal, we have only to replace F(u)du in (11) by da(u), where 


a(u) — {F(t dt+ con. 
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EIGENFUNCTION EXPANSIONS FOR NON-SYMMETRIC 
PARTIAL DIFFERENTIAL OPERATORS, IIL* 


By Ferrx E. BRrowpeEr.* 


In two previous papers under the same title ([7], [8]), the writer has 
constructed a theory of eigenfunction expansions of a generalized Plancherel- 
Weyl type for general classes of realizations of a partial differential operator 
L on an open subset G of Æ”, the subnormal realizations in [7] and the 
decomposable realizations in [8]. These results were established without 
any restrictions upon G, the type of L, or on the smoothness or behaviour of 
the coefficients of L at the boundary of G or at infinity. Results of the same 
type were obtained for expansions in solutions of the equations (L —€B)u=0 
for positive differential operators B. 


It is the purpose of the present paper to extend and generalize these results 
in two separate directions. In the first place, it is very difficult to determine 
in any concrete case whether a particular realization of a partial differential 
operator under specific boundary conditions falls within either of the two 
classes which we have studied, except in the relatively simple case in which 
L is symmetric. For this reason, we have begun the study elsewhere ([5], 
[6], [9]) of the simplest of the basically non-symmetric cases, elliptic operators 
on unbounded domains under Dirichlet boundary conditions, but the results 
obtained at'this level of generality do not as yet permit us to apply the theory 
as previously constructed. On the other hand, for the regular case on a 
bounded domain, the completeness of the eigenfunctions of the Dirichlet 
problem was proved by the writer in [4] by a method which extends to the 
whole class of regular variational boundary-value problems. It is of interest, 
therefore, to obtain some results on the completeness of the eigenfunctions of 
L for L singular but elliptic, without any assumption on the boundedness or 
smoothness in the large of its coefficients. In section 1, we show that if f is a 
distribution with compact support in G and if L satisfies certain simple local 
conditions at each point of G, then the orthogonality of f to each eigenfun:tion : 


* Received December 29, 1958. 
* This paper was written while the writer held a National Science Foundation Senior 
Post-Doctoral Fellowship. 
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of arbitrary order of L on G implies that f—0. The equivalent and somewhat 
more intuitive dual form of this result is that the eigenfunctions of L are 
complete in C” (G). The proof combines a refinement of the author’s results 
in [4] with the Runge theorem for solutions of elliptic equations due to Lax 
[14] and Malgrange [15]. 

In section 2, we are concerned with another sort of extension of the 
eigenfunction expansion theory, the generalization of Bochner’s theorem to 
eigenfunction expansions. Next to the Piancherel theory, the theorem of 
Bochner-Herglotz, which asserts that a continuous function on Æt is positive 
definite if and only if it is the Fourier-Stieltjes transform of a positive finite 
measure, is probably the most often-applied result of classical Fourier analysis, 
and it is not surprising that its extension to the domain of eigenfunction expan- 
sions has attracted interest. (We remark thai the proof of the Bochner theorem 
generalized in a rather different way to a Banach algebra context is presented 
in [16].) A generalization of Bochner’s theorem to eigenfunction expansions 
for ordinary differential operators was given by M. Krein [13] in 1946, whose 
results also contained as a special case Bernstein’s theorem on the represen- 
tation of completely monotonic functions as Laplace-Stieltjes transforms of 
positive measures ([17], p. 160). More recently, Berezanski ([3], [4]) has 
given a proof of a similar theorem for elliptic differential operators from 
which the Bochner and Bernstein theorems follow as special cases. If L is 
a linear elliptic differential operator with smooth complex-valued coefficients 
on an open subset G of E”, L’ its formal adjoint, È the differential operator 
on G whose coefficients are the complex conjugates of those of L, a function 
y(z,y,r) on GX GX # is said to be an elementary kernel for L on G if 
for each fixed A in R*, y is positive definite on GX G and of class C" in x 
and y separately while Lay = yy = ày. In terms of the notion of elementary 
kernel, Berezanski’s theorem asserts that if K(x,y) is a continuous positive- 
definite function on G X G, then K(z,y) has a representation of the form 


(1) K (ay) = J (x, 7,x)4m (à) 


for some elementary kernel y and a positive finite measure m on R! if and 
only if 


@) Sf, Key) H(2) (Ha) (y) ae dy 
= f K (x,y) (TF) (x) 9 (y) dx dy, 
GXG 


for every pair of functions f and g in C,” (G), the family of infinitely differ- 
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entiable functions with compact support in G. In addition, he shows in 
[3] that y(x,y,A) may be written in the form Ð 4;(2,A)¢,;(y,A), where 
j 


(L-—M)ġ;=0. In section 2 below, using a different procedure from [2] 
and [8], we shall establish a similar theorem for the case when L is not 
necessarily elliptic. The eigenfunctions which we obtain (and the elementary 
kernel, as well) are not, except in the hypoelliptic case, differentiable functions, . 
but in contrast with the results for the Plancherel theory, they are locally 
integrable functions which are weak eigenfunctions and not distributions. We 
also obtain a similar representation theorem under more general hypotheses 
in terms of eigenfunctions with complex eigenvalues. 


1. Throughout this and the following section, we shall employ the nota- 
tion of [8]. 
Let L== © a(x) D* be a partial differential operator of order 2m 


[ee[ S20 


(m= 1), on an open subset G of the Euclidean n-space £*. We shall suppose 
for the sake of simplicity that the coefficients of L are infinite differentiable 
at each point of G, although the arguments which we put forward mey be 
carried through under rather mild local regularity assumptions, as the percep- 
tive reader will observe. We recall that L is elliptic at æ if the 2m-form 
h (2, é) = > Ga(x)é* > 0 for all real n-vectors EX 0. (Et (é)% <- (E,)%.) 


In the ae section, our basic assumptions on L are ellipticity at each 
point of G and uniqueness of the solution of the Cauchy problem in the small 
for (L’—£), where { is any complex number and L” is the adjoint differential 
operator to L, defined by L’ a 2 (——1)!*1D*(da(z)w). To be precise, the 

aj=2m 


second assumption may be formulated as follows: (U.C.P.S.): If G, is a 
connected open subset of G, a complex number, and u a function in C” (Go) 
such that (L’-—¢)u = 0, and if u is identically zero on an open subset of Go, 
then « is identically zero throughout Go. 


It follows from a classical argument of Holmgren (and also from the 
theorem that solutions of linear elliptic equations with analytic coefficients 
are analytic) that if L has coefficients which are real analytic functions in G, 
then (U.C. P.S.) holds. A more general result in the same direction follows 
from the recent work of Calderon [10], who has shown that if the charac- 
teristic form h(a, é) of L’ has simple characteristic roots in the complex domain 
with respect to every direction, then (U. C. P. 8.) holds. In particular, this 
assumption is valid for all second-order equations. (For the bibliography of 
the earlier work of Muller, Heinz, Hartman and Wintner, and Aronszajn on 
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the second-order case, we refer to [10].) Im the case of two independent 
variables, the result was obtained for all elliptic equations with similar restric- 
tions on characteristic roots by Carleman. The theorems due to Carleman and 
Calderon are valid under very mild differentiability assumptions on the coeff- 
cients, and therefore a fortiori under our present assumption. 

Under the assumption (U.C.P.8.) (restricted to £—0), Lax [14] and 
Malgrange [15] have established the following generalization of Runge’s 
theorem for solutions of elliptic equations: Suppose the uniqueness of the 
solution of the Cauchy problem in the small for the elliptic operator L’ and 
let Go be an open subset of G such that G—-G, has no compact components 
in G. Then if u is a solution of Lu=0 in-G, and K is a precompact open 
subset of Ge, u may be approximated in C® (K) by a solution v of Lv = 0 in G. 
(Theorem 6, p. 341 of [15].) 

The eigenfunctions of our partial differential operator L on G are defined 
as the solutions for some s > 0 and some complex ¢ of the equation (L—£)*u 
=-(}, Since we are assuming that the coefficients of L are infinitely differen- 
tiable and that L, and hence (— £)8, is elliptic, we may restrict our attention 
to eigenfunctions lying in C” (G). The order of an eigenfunction u is the 
least positive s for which there exists a complex ¢ with (L—£Tjsu—0. From 
the Lax-Malgrange generalization of the Runge theorem, we deduce the 
following result which will be useful in the proof of the main theorem of this 
section : 


Lemma 1. Let L be a linear elliptic differential operator on G with 
infinitely differentiable coefficients for which (U.C.P.8.) holds, G, an open 
subset of G such that G—G, has no compact components in G, K a pre- 
compact open subset of Go. If u ws an eigenfunction of order s of L with 
eigenvalue € on Go, then u may be approximated with arbitrary closeness in — 
Ce (K) by eigenfunctions v of L of order = s and eigenvalue £ on the larger 
domain G. 


Proof. Since (L— {)* is an elliptic differential operator, it suffices by 
the Runge theorem to show that if w is a solution of the equation ((L—£)*)’w 
== 0 in a connected open subset G, of G, and if w vanishes on an open subset 
of G,, then w vanishes identically on G,. We remark first that ((£—2£)*)’ 
== (L’—Z)*, Let w, = (L’—f)**w. Then w, is a solution of (L—T)w, 
== 0 in G@, which vanishes on an open subset of the connected open set Gh. 
By the assumption: (U.C.P.8.), w, must vanish everywhere on G;, i.e., 
(L —Z)*-1w = 0 in G,. Proceeding by induction, it follows that w — 0, and : 
the proof is complete. 


PA 
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Lemma 2. Let G be an open subset of Er, K a precompact subset of G. 
Then there exists a pre-compact open subset G of G which contains K for 
which G— G, has no compact components. 


Proof of Lemma 2. We may assume K compact. Let «> 0 be less than 
the positive distance from the compact set K to #"-—-G. For each x in K, 
let B(x) = {y: d(x,y) <e}. By compactness, K may be covered by a finite 
family {B,,---,B,} of these e-disks, each of which is contained in G, 
together with its closure. Let Gy = J B,. G is a pre-compact open subset 


of G. Let {C;} be the family of compact components of G—G,’. Each Cp 
is compact and open in G—G,’. (To verify the last fact, we need only show 
that G— Gy is locally connected. But G—cl(G,’) being an open subset of 
E” is locally connected, and a sufficiently small neighborhood in GG,’ of 
a-point on the boundary of Gp‘ is identical with a neighborhood of that point 
in H"—G,’, and the latter is locally connected.) Since G—G,’ is open in 
Er G, each C; is open in #”-——G,’, and hence, being compact, connected, 
and open in 47"— G,’, must be a component of #"—G,’. But the latter set 
has only a finite number of components, so that there are only finitely many 
C; and the distance from any C}; to the non-compact components of G— GY 
has a positive lower bound «,. If we set Go = Gy U U C; then G— G, has 


3 
no compact components and, since G, is bounded and its «-neighborhood is 
contained in @ for e, == min (e, e1), Go is a pre-compact subset of G which 
contains K. 

If G, is a pre-compact subset of G, the coefficients of our differential 
operator L have all their derivatives continuous and uniformly bounded on Go. 
If we consider the Dirichlet problem in the variational sense on Go, as in [4], 
for the elliptic operator L, it will be regular in the sense that if (¢,y) is the 
inner product in L?(G,), there exist co > 0, k= 0 such that for all ¢ in 
Ce (Go), (— 1)" Re( Ld, db) +k(4,6) = Go À (DB, DB). It follows that 


the generalized Friedrichs extension of the operator (L + (—-1)"kI) with 
domain C.” (Go) has a compact inverse R defined on the whole of L? (Go). 


Let Aon E 2 (— 1) #IDSDS8. Using the Fourier transform of tempered 
BlEm 


distributions, one may construct an elementary solution ¢om (x — y) for Aan 
on L?(#") which lies in C” off the diagonal and such that, if B is any disk 
containing the closure of Gp in its interior and «> 0, then for s and y in B, 
| Com(t— y)| SK{|e—y |e +1}. It follows by a standard argument 
that there exists a O” function r(x, y) on G X G, such that if u is a distribution 
solution of the equation domu—f for an integrable function on B, then 
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u(z) = f, Com(2@— yY) f(y) dy + J, r(z,y)u(y)dy, for almost all £ in Gy. , 
If R, is a bounded linear mapping of L?(G,) into itself such that A,Af =f, 
then on Go, (Rf) (x) == E(f) (x), where # is the integral operator with kernel 
Com(@—Yy) + (R,*)yr(2,y). If P is the projection mapping of L°(B) on 
[?(G,) obtained by restriction, it follows that for 2mj>n/2, (PRP)? 

= (PEP)i is an operator of Hilbert-Schmidt type. 


THEOREM 1. The eigenfunctions of the Dirichlet problem for L (1e. 
for the generalized Friedrichs extension of L restricted to C.”(Go)) on the 
‘relatively compact open subset G of G are complete in L* (Gy) and in C” (Go) 
in their respective topologies. 


Proof of Theorem 1. Completeness in L?(G,) will follow from the proof 
of Theorem 1 of [4] and the following lemma: 


Lemma 8. For sufficiently large j, more specifically 2mj > n/2, Ri is 
an operator of Hilbert-Schmidt type. 


Proof of Lemma 3. It follows from the argument of [4] that R = SR:, 
where 8 is a bounded operator in L*(G,) and À; in the inverse of 
(L,-+-(—1)*kI), with L, the Friedrichs extension of the symmetric part of 
L, taken as a semi-bounded operator with domain C.” (G). It suffices to 
show that #,/ is an operator of Hilbert-Schmidt class for 7 large. For then, 
by the minimax principle for the eigenvalues of a compact positive self- 
adjoint operator, the n-th eigenvalue (with repetitions for multiplicity) of 
BYR = h,*-S*-S-R, is less than | 8 ||? times the n-th eigenvalue in decreasing 
order of R,?. Since #,/ is of Hilbert-Schmidt type, Tr(#,74)<0, where 
Tr(T) is the trace of the compact positive operator T. It follows that 
Tr((R*R)i)<0. By a theorem of Ky Fan [12], it follows that Tr((&*)4R/) 
= Tr((R*R)i)<ow. Thus (#*)/ and hence also its adjoint A’ are operators 
of Hilbert-Schmidt type. | 

Let B be an open disk in Æ” containing the closure of G, in its interior. 
If Hm(Go) and H,,(B) are the spaces of functions on Ge and B respectively 
satisfying the m-th order null Dirichlet conditions in the variational sense, 
we may describe these spaces as the closures of 0.” (Go) and C.” (B) in 
the norm |f |m? == A. (DA, Df) associated with the inner product [f,gl» 


E- 2 (DFE, DËg). Th anion Hn(Go) may be taken as a closed subspace 


of Hm (B). If we define the Dirichlet form associated with (Z,-+(—-1kI) as 
Af, g) == Í, {(— Def + kf}9 de, it follows by integration by parts and the 
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Schwarz inequality that for a suitable positive constant co, d(f,f) = co | f ln’. 
Let R be the inverse of the Friedrichs extension of the differential operator 
> (—1)!8lD8( Deu). R, and R: are characterized, respectively, by the 


[Blam 
equations : 


d( Bf, p) = (—1)” (fp), p in Hn(Go); Rif € Hm (Go) 5 
[Rof olm= (f, $), pE Hn(B); Rif € Hm (B). 
It follows that for f in H(G), 


(— 1)" (Rif, f) =d (Bf, Rif) = sup{| d( Raf, p) |7- dlp, p) *: 6 € Ce (Go) } 
== sup{| (f, p) | d(p, 4): pE Co (Go) } 
S sup{] (f, p) | co? | b Im: pE Ce” (Go) } 
= Co sup{|[ Ref, p]m |7: | A lm”: pE Co” (Go) } 
S co 7[ Ref, Rof |m = Co (Raf, f). 


This last chain of inequalities yields the conclusion that in the Hilbert 
space L7(G,), we have 0 (—1)"AR; = cyt(PR,;P). But by the remarks 
preceeding Theorem 1, for 2mj> 1/2, (PEP)! is an operator of Hilbert- 
Schmidt type. Hence so is R7, and the lemma is proved. 


Proof of Theorem 1 continued. To complete the proof, we must show 
that the eigenfunctions of L under null Dirichlet conditions of order m are 
dense in C” (Go). It suffices to show, for any y in C.” (G), a non-negative 
integer fọ and a compact subset K of Go, that y can be approximated by a 
linear combination of eigenfunctions of L in CÆ(K). Let f be an integer 
such that 2mj > n/2 -+ j It is a standard result of the theory of elliptic 
equations (see for example the writer’s paper in the Annals of Mathematics 
Study, No. 33, Princeton, 1954) that À? for such j is a bounded linear mapping 
of L(G) into Ch{K). Let p= (L-+ (—1)"kI)iy. Since ¢ lies in L*(G)), 
there exists a finite family of eigenfunctions {u,} of the Dirichlet problem for 
L on G, such that | d— Su, re, <e For each eigenvalue ¢ of L, 


4 (—1)™k. If u is an eigenfunction of order = s with eigenvalue £, then 
u == (L+(—1)"k7)/v, where v is a finite sum of eigenfunctions with eigen- 
value & of order & s. Indeed let V, be the finite subspace of L? (Ga) spanned 
by the eigenfunctions of L with eigenvalue ¢ of order & s. Then L mans V, 
into itself, and (L—€I)#(V,) == {0}. Thus £ is the only point in the 
spectrum of L on Va, and (L -+-(—-1)™kI)-* is well-defined and maps F, 
onto itself. Iterating 7 times, we obtain our previous observation. It fellows 
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that for each u,, there exists a finite sum v, of eigenfunctions of L with the 
same eigenvalue such that (L+(—1)"kl}u. =u. But then 


y — D 0r = Ri (p — Zu). 
By our previous remark, 


sup eg! P*O — = vr) (x)| S Max | $ — 2 Ur | z260) = Ma,xe. 


If we now choose € sufficiently small and a corersponding set of eigen- 
functions {ur}, we may make any finite number of the bounds Mare arbi- 
trarily small. 


THEOREM 2. Let L be an elliptic differential operator with infinitely 
differentiable coefficients in the interior of an open set G of Er and satisfying 
the (U.C.P.8.) property above. Then the eigenfunctions of L on G are 
dense in C” (G). Dually, if w is a distribution with compact support in G 
such that w(u) —0 for all eigenfunctions u of L on G, then w =Q. 


Proof of Theorem 2. Since Ce” (G) is dense in C” (G), it suffices to 
approximate y in C,*(G@), uniformly with all derivatives up to some given 
order on a compact set K. By Lemma 2, there exists a pre-compact open 
subset G, of G containing K and such that G— Ge, has no compact components. 
Since K is a compact subset of Go, by Theorem 1 we can approximate ÿ in 
Ce” (Go) by a finite sum of eigenfunctions uw. of L on Go. But by Lemma 1, 
each of these eigenfunctions can be approximated with arbitrary accuracy in 
C°(K) by an eigenfunction u,’ of L on G, since G—G, has no compact 
components. Combining these approximations, the theorem is proved. 


2. The present section is concerned, as we have remarked in the Intro- 
duction, with the proof of an extension of Gochner’s theorem to eigenfunction 
expanstions for a partial differential operator L, not necessarily elliptic, on 
_an open subset G of En. 

Let L be of order r (r=1), LE 2 da(s) D", We shall assume once 
| Sy 


more that the coefficients of L are infinitely differentiable at each point of G. 
The adjoint operator L’ is defined by L’ E 2 (—1)i*ID*(da(x)u), and È 
is the operator obtained from L by taking the complex conjugates of the 
coefficients. 

Let K (xz, y) be a continuous function on GX G. The function K is said 
to be positive definite if for every finite set {z,,- - *, £s} of points of G and 


a corresponding set of complex numbers {£:,: - -,£&,}, we have 
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(3) > K (xj, cx) éir = 0. 
= 1 


‘If K is positive definite, the inner product defined by 


(4) oo = f, Kaew tle)gw)aedy 


for f and g in Ce” (Go), defines a semi-norm | f |x = <f, f>? on Ce” (Go), since 
by (3), <f f> 20, and by standard arguments, | <f,9> | Æ | f læ’ || g [x and 
FF + gx = IF l+ |g lx. 

Let N be the linear subset of C.*(G@) of those f for which] f [lz == 0. 
Since <f,h>==0 for f in N and h in C.” (G), the inner product <—,—> is 
defined on the equivalence classes of C.” (G) modulo N and yields a pre- 
Hilbert space structure on C,"(G@)/N. Let the Hilbert space H be the com- 
pletion of C.” (G)/N with respect to ||- |x. 

Suppose that we are given a linear endomorphism 7, of C.” (G) and 
another linear endomorphism Tož of C.” (G) which is adjoint to T, with 
respect to the K-inner product, 1.e., 


(5) To f, 9> = <f, To*9> 


for all f and g in C.” (G). Then for fE N, (5) implies that <Tof, g> =Q for 
all g in Ce” (G), i.e., Tof E N. Thus T(N)CN, T#(N)CN. As a result 
T, and T,” induce linear endomorphisms of C,°(G)/N. We denote these 
endomorphisms by T and T* and consider them as linear transformations 
defined on the dense subset C.” (G)/N of H and with range in H. If we 
denote the inner product in H by <-,->, then (5) implies that 


(6) (Tu, v> = <u, Toy; u,v€ D(T) = D(TF). 


Definition 1. Tẹ is said to be symmetric with respect to K if we may ` 
choose 7T',# = Ti. 


In particular, the partial differential operator Z’ is symmetric with respect 
to K if and only if it satisfies the condition (2) given in the Introduction. 


Definition 2. Th is said to be subnormal if there exists a Hilbert space | 
H, containing H as a closed subspace and a normal operator T, in H, such 
that: TET. 


Definition 3. If u is a locally integrable function on G, then u is said 
to be an eigenfunction of Tọ’, the dual.of Tẹ with eigenvalue €, a complex 
number, if 
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(7) f(a) (Ten) (a) de— Ef u(x) f(x) de 
for all f in 0,” (G). | | 


Remark. In the present section, we consider only eigenfunctions of 
order one in the sense of section 1 of the present paper, or [8]. Further, 
while we allow eigenfunctions in the distribution sense, we restrict ourselves 
to locally integrable functions instead of allowing general distributions. 


Definition 4. If y(x,y,A) is a function on G X G X F* integrable on 
compact subsets of G X G for each À in #1, then y is said to be an elementary 
kernel for T, on G if for each pair f and g in C,*(G), 


(8): Je. JOLA TA (@)9(y) de dy 
= {vex Df(e) (Log) (y) de dy 
X G 
a Í y(z,y,A)f (2) (y) de dy. 
GXG 


BJ en aa, 


for all À in Ff’. 
(To obtain a corresponding definition for complex eigenvalues ¿, we 


replace equation (8), by two equations, 


(8), fa Jn (TA) (way) de dy 

>i Í, | fev OE @ gy) ae dy 
and 
(8), | { Ue ub) (a) (Tag) de dy 


=g f yn DFE) de dy.) 


THEOREM 3. Let K(x,y) be a continuous function on GX G, Toa 
continuous linear endomorphism of C.” (G). Then K is positive definite on 
G and T, is symmetric with respect to K if and only if there exist a positive 
finite Borel measure m on R, an elementary kernel w(z,y,A) for T, on G, 
and a (possibly infinite) sequence {j(z,A)} of eigenfunctions of the dual 
of To on G with eigenvalue À for each À in R> such that: 


(a) | y(x, y, À) ts measurable on GBX G X R with respect to the measure 


BIGENFUNCTION EXPANSION, 725 


(dx: dy: m(dx)). Each $; is measurable on G X F with respect to dx: m(dx). 
For each if | d;(2,A)|?m(da) is bounded a.e. on every compact subset 
Ri 


C of G, and we have 


(9) Bese. up.cec J | #4(%A)[?m(dr) <0, 
In addition, 
(10) soupe f [y(2, y, A)| m(drA) <. 
(b) There exists the representation 
ÿ (x, y, À) = 2 dis, A) PIYA), 


the sum being absolutely convergent outside a set of dx: dy:m(dA\) measure 
null on GX GX Rt, and convergent in LA(m) uniformly for x and y in any 
compact subset of G. 


(c) For almost all x and y in G, 


Kay) = f v(eyrrm(dr) f gleaaa), 


each integral and the sum being uniformly absolutely convergent a.e. on every 
compact subset of GX G. 


(d) If C isa compact subset of G, d, tts distance from E” — G, h an 
element of Er with |h| < do, then 


S58. sup. eg f lbe +) — b(a) |è m(da) —ro(h) <o, 
where ro(h) >0 as h— 0. 


THEOREM 4. Let L be a partial differential operator with infinitely 
differentiable coefficients in G and with the property that for each À in Rè, 
every distribution solution of (L—AI)¢=—0 is an infinitely differentiable 
function. If To = 1 satisfies the conditions of Theorem 1, 1. e., is symmetric 
with respect to a continuous positive definite function K on GX G, then the 
elementary kernel w(x,y,r) may be chosen infinitely differentiable in GX G 
for each x, each of the eigenfunctions d;(x, À) may be chosen infinitely difer- 
entiable in G for each À in Bt, Lay = Ly = ày, Ld; == Ad; for all À In this 
case, 
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(11) y (x, y, À) = 2 bis, A) :(9; À), 


the sum converging uniformly for x and y in any compact subset of G for 
each À in Rt. For fixed À in Æ and y in G, the right-hand side of (11) 
converges to y in O” (G) as a function of x in G. Similarly, for fixed À in Bt 
and x in G, the right-hand side of (11) converges to y in C° (G) as a 
function of y in G. | 


TuroremM 5. If K is a continuous positive definite function on G and 
T is subnormal with respect to K, then one may obtain a representation of K 
by a positive measure m on C1, a complex eiementary kernel y (s, y, £) for To 
on G, and a sequence of eigenfunctions {4;(2,£)} of the dual of T, with 
complex eigenvalues, for which conclusions (a)-(d) of Theorem 1 are satisfied 
with all integrations in m(d£) being taken over the complex plane C1. 


Proof of Theorem 8. The fact that conditions (a), (b), (c), and (d) 
taken together imply that K is continuous and positive definite and that T, 
is symmetric with respect to K, follows by an elementary computation. We 
shall, therefore, restrict ourselves to the proof thaï, if K is continuous in 
GX G and positive definite, and if T, is symmetric with respect to K, then 
conditions (a), (b), (c), and (d) must hold. 

If To is symmetric with respect to K, the corresponding operator T in 
the Hilbert space H, defined earlier in this section, is a densely defined sym- 
metric operator in H. By a theorem of Neumark ([1]), there exists a Hilbert 
space H, containing H as a closed subspace and a self-adjoint operator T, 
in H, whose restriction to D(T,)M H contains the operator T. Let {F} be 
the spectral family of T, in H,. If u is any element of H,, the cyclic sub- 
space generated by u with respect to {F} is defined as the subspace of H, 
spanned by the elements #(9)u, where S runs over the Borel subsets of At. 
‘It follows by a simple argument (see Lemma 3 of [7]) that it is possible to 
choose H, and T, such that H, is the direct sum of a countable family of 
orthogonal cyclic subspaces H; corresponding to a sequence of elements {u;} 
of H,. Let m;(S) = <E (Syu; u>, and set 
(12) m(S) = Z 2m; (8) 

j 
for any Borel set S of RB}. | 

By a standard argument of the spectral theory of self-adjoint operators, 
there exists an unitary mapping U; of H; onto L? (m;), where for a bounded 
function ¢ on R, U;1(c) = $e dEyu;. Further, if P, is the orthogonal 


wool 
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projection of H, on its closed subspace H; P;(D(T,))} =D(T:)NH;. For 
u in D(T,), PjTwu—T,Py, while (U;P;T yu) (A) —A(U;P;u) (A) a.e. In my 
for each u in D(T,). | 

By the definition (12) of the measure m, m; is absolutely continuous with 
respect to m. If h; is the Radon-Nikodym derivative of m; with respect to m, 
h; is defined a.e. in m and h;=0. For c in L*(m,), put Sjc—hjfe. Then, 
S; is an isometric mapping of L?(m;) into L?(m), and (8;U;P;T,w) (à) 
== A(S;U;P u) (A) a.e. in m for each u in D(T,). 

Let À be the mapping of C,*(G) into H which sends a function f into 
its equivalence class in C,*(G)/N, where the latter is considered as a subset 
of H. If C is a fixed open subset precompact in G, then for fe C.” (C), 


fl f EEE) de dy Sa {I flac} 


where ac? is the upper bound of | K(z,y)| on CXC. 
We complete our notational definitions by setting 


(13) Qf = S,U ;P Bf, fe Ce” (4G). 
Q; maps O.” (G) into L? (m). 
Since H, = $, © H; U; is unitary, and S; is isometric, we have 
j 


(14) > | Qf lren? = || RF le S ae? {|| f lc}, fe Ce” (C). 


By continuity, Q; may be extended from the dense subset Ce” (C) of 
£*(C) to a bounded linear transformation from L!(C) to L?(m) with the 
same bound. By a theorem of Dunford and Pettis [11], every bounded 
linear transformation on Q; from Z1(C) into L?(m) has an integral represen- 
tation of the form 


(15) (Qi) (A) = f pi(2,A)f (2) de, fe (C), 


where $;(z,A) is a measurable function on C X R! with respect to the measure 
de-m(dX), and a.e. in G, 


(16) f | $A)? m(dr) S dos 


where bg,; is the norm of Q; as a mapping from L*(C) into L°(m). By (14), 
>> bo, =< ao’, 1. e., 
3 


17 . SUD. | 2 < uè. 
(17) 2185 UP seo [| #58) m(dÀ) = ac 


728 FELIX E. BROWLER. 


We now remark that if C C Ci, where C, is another precompact open 
subset of G, then the #/(x, À) defined for C, by the same procedure coincide 
on C X R1 with ¢;(z,A) except on a set of dx:m(dA) measure zero. Since 
G is the union of an increasing sequence of pre-compact subsets, we mar 
define ¢;(z,A) on GX R! uniquely up to a set of dz:m(dà) measure zero 
and satisfying (14) for every f in C.” (G), and all the other conditions on 
every compact subset C of G. 


If fe 0.7 (G4), 
(Q;Tof) (A) = (S;U,P;RT of) (A) = (S;U,P,TR) (A) 
= (S;U;T,P;Rf) (A) = A(S;U;P;Rf) (A) =A(Qif) (A) 


a.e. in m. Thus for each f in Ce®° (G), there exists an m-null set zf) such 
that for à € k! — r (f), 


(18) J HENTA (ads — à f s(t XF (a) de 


By an elementary proof given in [8], thre exists a dense denumerable 
set {fx} in C (G). Let np =T (fx), m= |)ri Then for A€ kt— r, it 
i 


follows from the continuity of T, as an endomorphism of C,” (GŒ), that (18) 
holds for all f in C.” (G). If we set ¢;(z,A) — 0 for AE + and all z in G, 
the change in 4; affects its value only on an (dx-:m(dA) )-null set and leaves 
the measurability properties and the previously discussed properties of the ¢; 
unaltered. After the change, (18) holds for all f in Ce” (G) and all A in $à, 
i.e j(%,A) is an eigenfunction of the dual of T, with eigenvalue A in the 
sense of Definition 3 for every À. 


Let (aA) = 3] #(@ AI av(@A) = E lé(& al" By (17) 


(19) ess. SUP. foc gn (x, A)m(daA) = ac’. 
T R1 


Since gy is a monotone non-decreasing sequence of nonnegative functions 
converging everywhere to g as N — œ, it follows that q is a measurable func- 
tion on GX kt with respect to dx: m(dA), finite a.e. with respect to that 
measure, for which 


(20) ess, sup. S q(x, A)m (dà) = ac? 
RI 


for every precompact open subset C of G. 
Let yy(z,4, à) = È px, À)#;(7,À). By the Schwarz inequality 
JEN 


N 


ae 
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| Yy (2, y; À) — War (2, Y, À) | = | gw (2, À) — qu (2, À) |è- | qu (Y, À) — Qu (y, À) j. 


It follows that yy (z, y, à) converges to a function y(x, y, A), measurable with 
respect to dz- dy:m(dà) on GX G X F and satisfying the inequality. 


ps AE [gls a): EA). 


If C is a precompact subset of G, let W; be a null set in C such that for 
zin C— N; 


(21) : 





J lolz aylem(dr) S bof. 


On the complement of the null set N = |] N;, the series 
j 


> f 14ra m(a) 
is convergent, and 
N N 
$ sup ey f loea) emaa) S Ÿ do 
j=M Rt 3=M 
with the terms on the right going to zero as M and Nc. But, 
N * 
f laza — qu(s à) |? m (da) = f elama), 
Rt jM Y RI 
implies, then, that qy(z,') converges to a limit in Z?(m) uniformly for x 


in N. This limit must obviously be g(z,-°) since gy(x, À) converges to g(a, À) 
for every v and A. Turning to wy, we see that 


iE Ya(z, Y» À) de Ya(z, Ys A)| m(dd) = [ fi gaz, À) RE qarT, A)|? m(dà)] 
Lf laxo A) aly, Dm (ANT, 
showing that wn (2, Y, `) converges to a limit in Li (m) uniformly for + and y 
in N. This limit must be y(x, y, -) a.e. on G X G, since yy (a, y, À) converges 


to y(x, Y, à) on GX GX RF. We have, in addition, 


(22) ess. SUP. eg im W(2, y, A) m(drA) <. 


Let f and g be arbitrary elements of C,” (G). It follows from the above 


- inequalities that 


: | TNE | Ya (a, y, À) — (2, Y, À)| $ | T of (x) | i g (y)! dx dy m(dà) 


13 
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.goes to zero as N —o. It follows that there exists a null set r;, with respect 
to m on R? and a subsequence {Nz} such that 


x 
as k—>oo for \€ R—7,,. Similarly (possibly choosing a subsequence), 
Ja | y (2,9, A) — yy (2Y A)|- | f(£)|: | Tog (y) | dx dy — 0 


for À in the complement of another m-null set a's, which we may assume the 
same as the first. Finally, we may assume (again possibly enlarging the 
m-null set ryg) that for the subsequence Ny, 


Jo JERN EnA IAE g(a) | de dy > 0 as k—>oo. 
Thus we have 
[We wrTof(a)g(y)de dy lime J yw. (as45a)Tof (2) g (y) de dy 
GXG GXG 
= À lim, f wy, (eV, A) F(@) g (y) da dy =à f Y(T, y, A)f (£) 9 (y) dx dy, 
Gx@ GxG 
for À outside myg By a similar argument, 
Ê way arto) (Fag) (de dy à f v(zyrdflag(y) de dy, 
GxG GxG 
for À in the complement of rsg. Let f and g run independently through a 
dense denumerable set {f+} in C° (G), and let r be the union of a corre- 


sponding sequence of m-null sets z;,. In the complement of +, we have by a 
simple continuity argument, 


fle aa) (Tof) (2) 9 (y) de dy 
GX G 
(23) = fo 2 Nie) (Toa) (y) de dy 


=a f Wary adf(a)g(y)ae dy, 


for all f and g in C.” (G). If we set Y(T 9, À) —=0on0 GX GX xr, which is 
a null set with respect to dx: dy: m(dA), none of our previous conclusions are 
disturbed, and the equality (23) will hold after the change for all À in BY. 
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It then follows that y(z,y,A) is an elementary kernel for T in the sense of 
Definition 4. 
If we set S(x, y) -=f y(x, y, A) m (da), the inequality (22) implies that 
Ri 4 


S(z,y) is essentially bounded on every compact subset of GX G. By an 
elementary analytical argument, 


S(x,y) =E f gelam), 
j “Ri 


with each integral, as well as the sum, being uniformly absolutely convergent 
a.e. on each compact subset of G X G. To complete the verification of con- 
dition (a) of Theorem 1, we must show that S(x,y) —K(x,y) a.e. on 
GX G. Let f and g be two elements of C° (G). By the Fubini theorem, 


f S(ay)f@) gly) de dy 
7 GXG : 


—limy 5 f Cf ee artlede)-( fd araay) 


JEN 
=X f OP) OQ) (A) m (ad) = Rf, Bg 


But by the definition of the K-inner product, 


Bf, Bgy = f E (2 y)f (e) (y) de dy. 


Since the finite linear combinations of products f(r)9(y) with f and g 
in Ce” (G) are dense in L?(C X C) for combat subsets C of G, and since both 
K (x,y) and S(x,y) are essentially uniformly bounded on any compact subset 
of G X G, the equality, 


J [K (zx, y) —S8 (2, y) f(x) Gly) dx dy — 0 
GXG 


for all f and g in C,*(G), implies that K (z, y) = 8 (x,y) a.e. in GX G. 


To complete the proof of Theorem 3, we must establish (d). Let C be a 
compact subset of G, dé its distance from E” — G, h in E” with |h | =d < do. 
The translation mapping Taf (x) =f(s—h) is a continuous linear mapping 

S of Ce”? (C) into Ce” (G). For f in Ce” (C), we have 
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PET — Ri = f Een eh) —F(@) (yh) Fy) Nee dy 


= f (K(et hy +h) +K (29) Ke +hy) 
—K (x,y + 6) If (2) f(y) dx dy 
S sup, emo E(t hyth) +K(s,y) 
—K(a+hy)—K(ay+h)| IF za, 
where Nz(C) is the set of points at distance at most d from C. 
If we set ro(h) equal to the supremum term in the last inequality, we have 


| QP af— Af eam? = te(h) IT Irc. 


By our previous remarks, however, 
(OTEA (0) = f ge (a) (2) lx 


= Í. [g(a + h, à) — q (7, A) ]f (2) de. 
It follows from the Dunford-Pettis theorem that 


Ÿ ess. sup. all | g(a +h) — p(z) |? m (dd) S rolh), 
1 2 R1 


while the fact that ro(h) — 0 follows from the continuity of K and the pre- 
compactness of Na(C). 

Thus the proof of Theorem 3 is complete. Note that if T, == L’, where L 
is a partial differential operator on G, then the eigenfunctions of the dual of 
To are precisely the eigenfunctions of L, locally integrable solutions of 
(L—AI)u=0 with differentiation taken in the distribution sense. 


Proof of Theorem 4. If every locally integrable solution of (L—AI)u == 0, 
for a fixed A, lies in C” (G), then the identity mapping J of the space of such 
solutions, with the inductive limit topology induced by the L? (C)-rorm for 
compact subsets C of €, into C” (G), is a closed linear mapping from an LF- 
space into an F-space. Applying the closed graph theorem, which is an easy 
consequence of the closed graph theorem for mappings of F-spaces, J is con- 
tinuous. Thus, given a compact subset C of G and an integer 7 = 0, there is 
a compact subset C, of G and a constant kp; such that 


(24) | Deu(a)| S fi utx)| dz, ze CO, 


for every locally integrable weak solution u of (L— M)u = 0. 


N 
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Consider the N-th partial sum #x(x,y, À) of (11). Since by the hypo- 


thesis of the present theorem, #;(*, À) for each fixed à is essentially in C°” (G), 


we may assume that each ¢;(-,A) is actually in C” (G) by replacing its value 
at each point æ of G by the limit of its average on a family of spheres 
shrinking down to the point. The resulting function differs from the original 
ġ; only on a null-set in G X R*. In particular, each yy is infinitely differen- 
tiable on G X G for each fixed A in Æ. By (24) and the finiteness a.e. of 
g(æ, À), using the argument of the proof of Theorem 3, it follows that except 
on a m-null set r in F}, 


(25) 2 Di, a) ff <0 
j£ 
uniformly, for each fixed A in Æ —vr, for « in any compact subset C of G. 


We may replace ¢;(z,A) by zero on GX ~ without affecting any of its 
essential properties and assume that (25) holds for all A. It follows by an 
elementary estimation that D,*D,'wy (x, y, A) converges for each fixed A in R! 
and every g and 6, uniformly on compact subsets of G X G. Consequer:tly, 
w(x, y, A), for fixed À in Ft, lies in C° (G X G), and the other conclusions 
of Theorem 4 follow. 

The proof of Theorem 5 is essentially identical with that of Theorem 3, 
except that at the very beginning, the extension T, of T to the larger Hilbert 
space H, is normal, rather than self-adjoint. The only change that this 
necessitates is that all integrations in the spectral parameter must be taken 
over the complex plane instead of the real line Kè. 


VALE UNIVERSITY. 
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NUMERICAL EQUIVALENCE AND THE ZETA-FUNCTION OF A 
VARIETY.” 


By J. H. Sampson and G. WASHNITZER.f 


To Professor Zariski on his sixtieth birthday. 


Introduction. One of the important problems of abstract algebraic 
geometry is to prove that there is a finite base for the group M (V) of numerical 
equivalence classes of cycles on a variety V. It is known that the subgroup 
of N(V) consisting of classes of divisors on V is finitely generated. That 
follows from the theorem of Néron-Severi [5], which shows that the group 
of algebraic equivalence classes of divisors on V is finitely generated. In 
characteristic zero it is a consequence of topological considerations that N (V) 
is finitely generated ; but in characteristic p >< 0 very little is known in general 
about that group. 

Given a non-singular projective variety V defined over a finite field with 
q elements, we establish here a connection between the theory of the base of 
N(V XV) and the Weil zeta-function Z(u) of V: The assumption that 
nN(V XV) (or a suitable part of it) is finitely generated permits us to deduce 
that dlogZ(u)/du is a rational function of u. The proof is contained in 
$$ 1-5. It is closely bound up with the graphs in V X V of the g’-th power 
mappings of V onto itself. 

Assuming that dlog Z(u)/du is rational, but without any reference to 
the theory of the base, we show in § 6 that this function has only simple poles. 
(To establish the rationality of Z(w) one would have to show that the residues 
at those poles are rational integers.) The argument of 86 is based on 
properties of power series with integral coefficients. It is possible to reach 
the same conclusion (in a more conceptual way) by an analysis of the algebraic 
structure of the ring of correspondences of V, again invoking the theory of the 
base. That argument will be presented at a later time. 

In §7 we verify Weil’s conjectured functional equation for Z(u). It is 
a straightforward consequence of the canonical involution of V X V. Finally, 


* Received January 30, 1959. 
t The authors were supported in part by a grant from the National Science 
Foundation. 
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in §8 we sketch a sheaf-theoretic formulation of the argument of §§ 2-5. 
That formulation immediately sugegsts a number of generalizations, of which 
only bare mention is made here. 


1, The zeta-function of a variety. Let V” be a non-singular projective 
variety defined over a finite field K, containing q elements. For yv==1, 2,3, 
etc. let K, denote the unique extension of K, in the universal domain con- 
taining q” elements. Let N, denote the number of points on V which are 
rational over K,, and let D, denote the number of positive zero-cycles of 
degree yv on V which are rational over K,. We shall be concerned with the 
functions À 


(1) Bu) = SN, Z(u) =È Dw Ti: 


They are related by the equation? 
(2) dlog Z(u)/du = (u). 


2. Some preliminaries. 


PROPOSITION 1. Let U, W be non-singular projectwe varieties (complete), 
and let f be a regular rational transformation of U into W, with graph F in 
UXW. Let X be a U-cycle and Y a W-cycle such that XX W,F,U XY 
intersect properly and such that (X XW): F and F-(U XY) are defined. 
Then ° 


(3) AFP) = F(X) F. 


Proof. Suppose first dim X = dim W. The cycle Q =(XXW)-F-(UXY) 
is defined, and therefore Z = X-pry[#-(U X F)] is defined and equal to 
pru(Q) [F-VII, Th. 10, 16]. By definition, Z—X-f1(Y). Further, 
(ZX W)-F is defined and equal to Q [F-VII, Th. 17, Cor. 3]. Then 
FAT (P)) =f (2) =prw(Q) = pro {[P: (X X W)]:(U XF)}, which in 
turn is prwlF- (X X W)]-Y =f(X)-Y [F-VII, Th. 16]. If dim X > dim W, 
then both sides of (8) must be zero, from dimensional considerations. 


Remark. In calculations with rational, algebraic or numerical equivalence 


+H(u) and Z(u) were introduced by Weil in C. A., II° partie, §§ IV-V, for curves, 
and in fll} for arbitrary dimension +. See also V. A., § IX, No. 69 and [12]. 

? Proved for curves in C. A., II* partie, Nos. 18, 19, 20. That demonstration holds 
mutatis mutandis for any dimension r. 

3 Notation essentially as in V.A., §1, No. 3: f(X) = prif: {XX W)] ant 
AY) = pro[F: (U x Y)], ete. 
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classes of cycles it is always possible to find representative cycles for which 
the conditions of Proposition 1 are fulfilled, in virtue of results of W.-L. Chow 
[2, Lemma 2, Corollary 4, § 4 and Lemma 4, §6]. Hence formula (3) is of 
unrestricted validity when applied to such equivalence classes. 


Proposition 2. Let U, W, f be as in Proposition 1, with f now assumed 
purely inseparable and one-to-one. Let Y be a subvariety of W. Then the 
cycle f-1(Y) is always defined. K being a field of definition for f and Y, 
let y be a generic point of Y over K, and let y’ be the unique point of U such 
that f(y’) =y. If K is perfect, then y has a locus Y’ over K, and 
FF) —n¥’, where n= (deg f)/[K (y): K(y)]. 


Proof. F being the graph of f, one easily. sees that every point of 
Fa(U X Y) must be a specialization of (y’,y) over K. Hence the first point. 
Since f(y’) =y, we have K(y’,y) =K (y), which, by assumption, is a purely 
inseparable extension of K(y). Consequently the ideal determined by y’ over 
the algebraic closure of K has a basis with coefficients in a purely inseparable 
extension of K. If K is perfect, then K(y’) must be a regular extension. 
Thus (y’,y) has a locus over K, which must be precisely FN (U X FY); and 
y has a locus over K which is simply the projection of FN (UX Y) on U. 
Therefore f2(Y)==pryo[F:(U X Y)|]=-=nY’, where n is the intersection 
multiplicity of F, U X F. 

To calculate n, let Z be any subvariety of U. Then the cycle f(Z) 
= pry[F: (Z X W)] is always defined, clearly. The cycle Z' =F. (Z X W) 
is a variety [F-VII, Th. 17]. Denote its projection on W by Z”. Then by 
definition f (Z) = [Z : Z”]Z”. Taking Z = Y’ we see that Z’ is the locus of 
(y’,y) over K. Consequently f(¥’) = [K (y): K(y)]-Y. But from formula 
(3), with X =U, we have f(f*(¥Y))—f(U)-Y = (degf)-Y¥, whence 
n-f(P") = (deg f) F, or finally n- [E (y): K(y)] — deg f. 


3. The transformation %. Returning now to the variety of $1, we 
introduce the mapping ¢@ of V X V onto itself defined for any point (u,v) 
of FX V by o(u, v) = (u3, v), where u-> ut is the g-th power mapping of V 
onto itself.* I.e. œ is the product of the g-th power mapping of V on the 
first factor of V X V and of the identity mapping on the second factor. ¢ is 
a regular rational one-to-one mapping of V X V onto itself, defined over K, ; it 
has degree q7”. Denoting the v-th iterate of ¢ by œ”, we have d’(u, v) = (u?, v). 


‘Tf V is a subvariety of a projective space P™, with a specified system of homo- 
geneous coordinates in P™, and if the point u has coordinates ta` ` <, Um, then ut denotes 
the point with coordinates uo,’ - -,%,%. Similarly, u” has coordinates wg”, © ° >, Um” 
(» = 1, 2, 3, etc.). Cf. K-VII § 2. 


738 J. H, SAMPSON AND G, WASHNITZER. 


In addition to $ we shall require the mapping o of V X V defined by 
o(u,v) = (v, u) and also the g-th power mapping of V X V onto itself, 
denoted by r: r(u,v) = (u%,v%). Both o and r are purely inseparable regular 
rational transformations defined over K,, and of course o is biregular. 6, o 
and r are related by the identities 


(4) co = 1, opro =T, 
and more generally 
(4) opo” = 1’, 


"a 


where 1 is the identity mapping of V X V and where ¢’, r” are the v-fold 
iterates of œ, t. 


4. The diagonal cycle. Now let A, denote the diagonal in V X F. 
From Proposition 2 it follows at once that the cycle® A, = ġġ” (Ao) is defined 
and is a subvariety of V X V having K, as a field of definition (y==1, 2, 3, 
etc.). It is moreover a non-singular subvariety of V X V, as follows from the 
Jacobian criterion. The intersection set A, D A, (v > 0) consists precisely of 
the points of A, which are rational over K,. The number of those points is 
therefore N, (cf. $ 1 above). It is quickly seen that A, and A, are transversal 
at each point of intersection (v>0). Therefore 


(5) Ny, == deg (A; ` Ag) (v==1,2,3,- > -). 


Now let h (V X V) denote the group of numerical equivalence classes of 
cycles on V X V (cf. Weil, F-IX, 87); 1"(V X V) will stand for the sub- 
group consisting of classes of dimension r. Let 5, denote the numerical equiv- 
alence class of the cycle A, (r= 0, 1,2,: : -). The 5, are of course elements 
of N*(V X V). Indicating the canonical scalar product in N"(V X V) by 
the symbol <r, 9>, we have from (5) 


(6) Ny = dy, D> (y= 1,2,3,° +), 


Each of the mappings ¢”, e, t” induces an endomorphism of A (V X V) 
which preserves codimension. Those endomerphisms will be called ¢?*, o*, 7”* 
respectively. To describe them unambiguously, consider the mapping ¢: 
Let x be any numerical equivalence class, X a representative cycle. Then 
b'(X) is defined, by Proposition 2, and by definition 4*(r) denotes its 
numerical equivalence class. Analogous definitions for ¢’*, o*, r’*. (In this 


5 p- (An) naturally stands for (@»)-"(A,). We mention that, for the immediate 
purpose, we could equally well use the direct image cycle ¢”(A)). From $ 2 above one 
easily verifies that p” (A) == ¢(9¢"(A,)). 
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sonnection see Chow [2], §6, especially Theorem 4.) It is clear from the 
definitions that | | 


(7) Dy = $”* (Do) 

and 

(8) prt (D) (y-fold iterate of *). 
Hence 

(9) . N, = <$"* (bo), Bo> = < ($*)” (Do), Do»: 


Remark. In the expressions above it will be convenient to allow y to take 
on the value zero. By ¢° or (¢*)° we understand the identity endomorphism 
of 2(V XV). The number N, defined by (6) or (9) for y—0 is the self- 
intersection number of the diagonal Ao, hence the Euler-Poincaré characteristic 
of V. We shall also denote it by x(V). 


5, The rationality of (u). As explained in the Introduction, our 
results concerning the zeta-function of V are based on a certain assumption 
concerning the group A (V XV). We now introduce that assumption ex- 
plicitly. Write 0’,—o*(d,) (v—=1,2,---), where, as above, o* is the 
involution of N (V X V) induced by the mapping øo. Of course 0’) == Do. 
Let G denote the subgroup of Nr(V X F) generated by the classes ® 5, and 0’, 
(v= 0,1,2,- °°). 


HypotuHesis. It will henceforth be supposed that the group G is finitely 
generated.” 


Consider now the mapping r#, which has degree qg?"*. Applying Proposi- 
tion 2 we find at once that r#(A,) ==q"#A,. Similarly, writing A’, —o7*(A,) 
(so that A’, is a representative cycle of 0’,), we have r#(A’,) = q'#A’,. 
Therefore 
(10) THE == (7*) e = QT X identity in G. 


Again from Proposition 2 we obtain ¢*(A’,) = g'A’,1 (v > 0) ; and of course 
p* (Ay) = Apn Therefore ¢* maps G into itself. Since o*o* = identity, o* 
also maps Ģ into itself. In what follows we shall be concerned solely with 
the action of ¢* and o* in G. 

The group N (V X V) is free from torsion. Therefore, because of our 
hypothesis, G must be a free group, say of rank p. The endomorphism 4* 


° The classes >’, are included in G to ensure that o* maps G into itself. They will 
not play an essential rôle until No. 7 below. 

7 For r= 1 the finiteness is an immediate consequence of the Severi-Néron theory 
of the base (Néron [5], § 11, Theorem 2). 
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must consequently satisfy its characteristic equation. I.e., there exist rational 
integers €,,- ` -,@p such that 


(11) ($8) CINE H epl g*) = 0 in G 
for every v= p.2 From (9) we obtain 
(12) Ny + eN ya tH + epN rp = 0 (=p), 


which is a linear difference equation for the numbers N, (v= 0). The 
rationality of the function @(u) defined by (1) is an immediate consequence | 
of (12). 


6. The functional form of ®@ (u). We now show that the rationality 
of @(w) implies that it has simple poles. The argument of this section is 
based on certain properties of power series with integral coefficients; it is 
independent of the finiteness assumption made in § 5 above. 

Let us temporarily write $, (u) for (uw). If we now replace the ground 
field K, by one of the extensions Ka, then @,(u) is replaced by the corres- 
ponding function (cf. $1) 


Bu) = SN yw laissé): 


pol 


wit 
From (2) it follows that exp{ d P,(u)du} is a power series with integral 


coefficients, being the zeta-function of the variety V with reference to Ky. 
The hypotheses of the following theorem are therefore satisfied by @(u): 


THEOREM 1. Let R(x) == $, a,” be a power series with integral coefi- 
3 pol ^5 
cients which represents a rational function of « For h—1,2,3, etc. set 


Rift) = D a,,2""1, and suppose that for each h the function exp{ f “Ra(2)dz} 
o 


prt 
has a representation as a power series in x with integral coefficients. Then 
K(x) has a partial fraction decomposition of the form 


fi(@) = y:/(1— a) +: + ye/(1— tT), 


where A, ``, Qs and yus’ + +, Ya are algebraic numbers. The a, must in fact 
be algebraic integers. 


Proof. First we recall that the rationality of R(x) == 2,(z) implies 
that the coefficients a, satisfy a linear difference equation for all large v. 


8 One could equally well use the minimal equation of ¢* in G. 
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I.e., there exists a relation of the form ¢ a, ++ - - + Cpayp = 0 for all large v, 
where Co, C1,‘ * *, Cp are fixed rational integers. (We assume that p has the 
minimum possible value.) If the c; are relatively prime and ©, > 0, then it is 
rather easily seen that Co = 1, since the a, are all integers. Hence, our relation 
has the form ap + casa + + ++ Cpdyp=0. Let a,: + -,a, be the distinct 
roots of the equation é°-+-c,é*1-+----+-ep9==0. The a; are thus algebraic 
integers. Now by solving the difference equation above (for large v), we can 
reconstruct the function R(x), apart from a polynomial. It is readily seen 
that &(z) must have a partial fraction decomposition of the form 


(13) R(x) = 2y;/(1—at)" + P(e), 


where the «; are as above (but possibly repeated for several exponents mi), 
where the y; are algebraic numbers, and where P(r) is a polynomial with 
integral coefficients. 

Consider now the integral power series 


exp{ f E(x) dx} —exp{ > (a/v) av") = i exp{ (a,/v)x’}. 


Let p be any prime. From the infinite product expansion it is easily seen that 
the coefficient of æ? in the power series expansion is (a,?/p!) + (a/p) +Q, 
where Q is a rational number whose denominator does not contain p. Then, 
since p!@ is an integer, so is (p—1)!Q. Consequently, a? + (py —1)!a,==0 
(mod p), whence a,==a, (mod p) (congruences of Wilson and Fermat). The 
same argument applied to A,(xz) instead of R(x) yields 


(14) Ar, = üp (mod p) 
for all primes p and all h — 1,2,3, etc. 


We now compute the coefficients of x*-? and w+ from (13). For g- 
we obtain 


(15) 2 yam (mz +1): - - (my + h—2)/(h—1)!+ daa, 


where 6, _, is the coefficient of z+ in the polynomial P(x). For all large p 
the coefficient of x? js 


(16) D yarim (m; +1): + + (my + hp—2)/(hp—1)!. 


Now, for h < p, (kp— 1)! contains the factor p** but not p}. Ifl<m <p, 
then the product m(m-+1)- > -(m-+-hp—2) contains the factor p*. Thus 


GY) mm; 4-1) + > (m;+ hp —2)/(hp —1)! 
‘==0 (modp) for p>>0, m1. 


74.2 J. H. SAMPSON AND G. WASHNITZER. 


Let E be the number field generated by the numbers a, y} Let p be a 
prime ideal in Æ of degree 1 with associated rational prime p, assumed large. 
By Fermat’s theorem we have aj? = (a,;')p=eaj* (modp). Hence from 
(16), which is equal to a, for large p, we obtain 


np =. >: yaj (mod p) 
(m;=1) 


for all primes p of degree 1 with large Np= p (the sum is to be extended 
over all terms for which m; = 1). From this fact and from (14), (15) there 
follows 
(18) E yy tng (my 1) + + + (my +h—2)/(h—1) + Bas 
(m >1) 
=Q (modp), 


the sum being over all terms for which m; œ> 1. Since this congruence holds 
for infinitely many primes p,° we conclude that the left member of (18) 
is equal to zero for all h. But the left member of (18) is precisely the con- 
tribution to the coefficient a, of z** in E{s) from the terms 


(19) 2 ¥i/(1—aje)™ + P(x) 
(m>) 


in the partial fraction decomposition (13). The contribution of (19) to R(z) 
is therefore zero, which proves Theorem 1. 


Solving (12) for the N, and applying Theorem 1, we find that @(u) 
must have the form 


(20) Du) = Bi0/(1— au) +> + Bre /(1— au), 
where now @,° > `, æ, are the distinct roots of the equation 
(21) TP +. eth He + ++ ep === 0, 


the e; being as in (11) and (12). The B; are algebraic numbers which must 
satisfy the relation 


t 
(22) | Ny = 2 Ba 
3— 
for all y==0,1,2, ete. We note in particular that 
(23) X(V)=No= Bi +: + Br. 


The zeta-function itself must have the form 
t 
(24) Zu) = TT (1 — au), 
j=l 


° See e.g., Hecke [3], Satz. 126, p. 165. Š 
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suitable branches being chosen if the B; are not rational integers. They pre- 
sumably are. We note that 


(25) — N,s=N,, (modp) 


for v= 1,2,3, ete. and all rational primes p, as follows from (14). : 


7. The functional equation of Z(u). We return now to the group G 
defined in §5 and to the endomorphisms ¢* and o*. From (4) and (10? 
there follow the relations 


in G. 


(26) . oto =— identity 


Po *pYo* == q" X identity 
. The calculations we are about to make are somewhat more perspicuous in 
terms of matrices. Let us therefore choose a base gı,’ - -,g, for G and put 


p 
| #*(a:) = À tg; 
en \ (= 1 +p), 
i o* (gi) = 2 $1495 
j= 


the ay and sy being rational integers. Write A (on). S == (sy). The 
relations (26) then become 


(28) 


2 — 
S =I (I = p X p unit matrix). 


(854)? = qI 
From this one concludes easily 

(28°) © (847)? a= grt (v=0,1,2, > =), 
"which is just (4’) in G 


Remark. As mentioned earlier, for curves (r == 1) the group T14#(V X V) is 
finitely generated. If in this case we take for G the entire group N(Y Xx V), 
then our preceding calculations remain valid, except possibly (10), since 
nNi(V X V) may not possess a base consisting of classes which are razional 
over K. If it does, however, then from (28) there results (det A)? = 9, 
where p is the Picard number of Vt X V+. Since A is an integral matrix, p 
must be even if q is an odd power of a prime. Then whether or not V+ X V* 
has a base for divisors rational over K,, 1t follows that p > 3 whenever q is an 
odd power of a prime. 


Resuming the general argument, we wish to consider the characteristic 
polynomial f(z) of the matrix A. Of course f(x) == 2? + est -4 > Les, 
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the coefficients e; being as in (11), (12), (21). We have f(x) = det(xzl — À) 
== det[S(aJ—A)S], since (det S)*=-1. Hence 


f(a) = det(al — SAS) = det (z1 — grA*) 


== (—1) (det A)~tx? det((qt/a) I — A), 
by (28). Thus | 


(29) f(x) = ep af (q"/x). 


Again let gı, > -, a, be the distinct roots of (21)—i. e., the distinct roots 
of f(z). For each a; the quantity g'/« must also be a root of f(z), by (29).?° 
: Call it au, so that 1—> st designates a permutation of 1,- : -,¢ of period 2. 

Referring now to the numbers B:,: - -, 6; introduced in (20), (22), it 
is important to show that Ba = 6; for each 1. To prove this, write the diagonal 
class D, in terms of the base g:,-- -,Qp. Say do = Cid ++ * *+ Cpp. Since 
o* (Do) == dg, we have 


p 

(30) À CS = C (j= 1, +p). 
Let the coefficients of A” be denoted by a;. Then from (9) we obtain 
(31) Ny = CDn, do> age Citij P CnC Dir Be- 


Since o is a biregular birational transformation it is clear that 


Ns ae (Dr do 5. <a* (d,), o*(Do)> = CD» Do; 


and so 
N = 5 AGIR ECS Qx>. 


From (287), A*S = g""SA. Therefore the last equation can be written 
Ny = GP Los nEn Ox>- 

Using (30) we obtain 

(32) Ny = GP? E aty 0-8 Ge 


Let us now define NV, for v< 0 by means of the difference equation (12). 
Tt is clear that the values so obtained for N_,, N-e, etc.. must be the same as 
the values calculated from (31) by putting v == — 1, — 2, etc. Referring to 
(32) we conclude that 
(33) N,=q'N_, (v== 0, 1, 2, etc.) 


Now from (22) we have (for any value of v) 


1 Each a, is thus an algebraic integer that divides some power of the field 
characteristic. 
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t 
Ny y= > Bia” = X, Big" / Qa = QD Biter. 
in 
From (33), 
N, = gr? > Bia’. 


Therefore, $ (8ı— Bs)ac”==0 for all v. Since the o are distinct, we con- 
clude that Bi Ba. Now from (20), 
t 


(u) = È Biu/(1— au), 


i=l 
: Hence 


&(1/qru) = F Bin/ (1 — / q'u) 
i == > Biai/(1—1/agtt) == — D, hitita / (1 — agit). 


Since Aidsi = q", Bi== Pa, this becomes 
&(1/q'u) =— qu È Bi/ (1 — aw) 
= — qru? $ Biai/ (1 — au) — gu d Bi. 
From (23) we have $, B—»(V). Hence 
(34) &(1/qru) = — qui bu) — qu x(V). 


Let us now assume that the 8, are rational integers, which of course 
must be the case if Z(u) is a rational function. From (24) and the pre- 
ceding calculations we derive the functional equation 


(35) Z(1/q'u) = (— 1) (TT a+) ux (u). 


If no a is equal to g’/*, then by putting w= gq?” in (35) we find 
[Loti (—-1)*g"*/* (y—x(V)). Moreover in this case y(V) must be even, 
because the B; occur in equal pairs. It is easy to see that even if some a is 
equal to g’/*, say &, == q", we must nonetheless have [TI af — grx/*, if we 
continue with our assumption that the B; are rational integers. For a,- - -,@; 
must occur in pairs @, ai, and we have aPtafet = (ox) 85 = grft The 
assertion follows easily. Hence, if the £; are integers we obtain the following 
equation for Z(u): 


(36) Z(1/qru) = (—1)xgx ux: Z (u) (x==x(V)). 


This agrees precisely with the form predicted by Weil [11], save that Weil’s 
“ factor + 1 is here found to be (—1}x. 


8. À sheaf-theoretic formulation. In the framework of sheaf theory 


14 


we 
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the foregoing discussion assumes a rather different aspect, of which we shall 
now give a brief account. Needless to say, the finiteness assumption made in 
§ 5 cannot be circumvented. It takes on here a slight different form, relating 
to the Chern classes of the sheaves involved. In order to avail ourselves of 
Serre’s sheaf theory we shall now take as ground field the algebraic closure K 
of the field Kı. All functions are supposed to be rational over K. 

Let © denote the sheaf of local rings on V X V, and let @, denote the 
sheaf of local rings of the subvariety A,, extended by zero to all of V X V. 
From results of Serre [7, No. 55, Lemme 2, Corollaire] and from standard 
theorems of homological algebra (Cartan-Hilenberg [1], Proposition 4.3, p. 
151; Theorem 6.1’, p. 157) it follows that there exists a resolution of Oy 
(== @a,) consisting of locally free sheaves €; on V X V (7—1,: - -,r) and 
homomorphisms such that the sequence 


(37) 09> €, 9 Es: DE — O — Oo 0 


is exact. In fact, for j < r, €; can be taken to be a direct sum of locally free 
sheaves of dimension 1. 

Now for any coherent sheaf ¥ on V X V we can form the reciprocal 
image sheaf 40 == 6-”(F) with respect to the regular mapping ¢”. Viz., for 
any point (u,v) write œ” (u,v) = (u,v), w =u”, Then the stalk of FO) 
at (u,v) is defined to be 6 (u,v) Qo” F two), meaning the tensor product over 
O (uv), Where Qiu») is regarded as Ôw,» -module via pb”. This operation is 
fully described in [6]. We have ¢”(@) —@, and it is readily seen that 
€, — @ induces a homomorphism ¢7*(€,) > 6”"(G), i.e, E,%)— 0, with the 
property that the image of €, in @ is precisely the sheaf of ideals of the 
subvariety Ay. Thus by taking reciprocal images of (37) we obtain for each 
v à sequence 


(38) 0> EP > EM EM G > G0. 


This sequence is exact. The proof can be outlined as follows (we take y==1 
for simplicity of notation): At any point (u,u) of A, we can find generators 
&,,: ° °,& for the ideal p of Ay in O uu) which form a subset of a regular 
system of parameters at (u,u) and which are such that their transforms 
é = o* (é), +, &/—=o*(&) by ġ form 2 subset of a regular system of 
parameters at (ul/ 4) and generate the ideal p’ of A, in @,a/ey). The 
corresponding Koszul resolutions of p and p’ are exact (Cartan-Hilenberg [1], 
Proposition 4.8, p. 151), and it is readily seen that the reciprocal image 


operation ¢* simply transforms the Koszul resolution of p into the Koszul - 


resolution of p’. Thus we conclude that Tor,(6,@.) ==0 for h=1, where 


N 


A 


ZETA-FUNCTION OF A VARIETY. YAY 


again we mean that @ at (w/%,u) and Ôo at (u,u) are both regarded as 
Ô (u,u)-modules, the former by means of ¢. The exactness of (38) then 
follows at once from the definition of the torsion functor. 

Now from @, and @, form the ordinary tensor product over @ (v > 0). 
At any of the N, points on A, N A, the stalk of this sheaf is isomorphic to K, 
because A, and A, are transversal at each point of intersection. Therefore 
we have 


(39) N, = x(6,®@ 6) (» = 1, 2, 3,- , = Jie 


where for any coherent sheaf # on V X V we understand 
X(f) =$ (—1) "dime Hn(V X V, F). 
m= 


We require now the fact that Tor (@,, Oo) —0 for h>0. This is 
easily established from the transversality of A,, Ay by means of a Koszul 
resolution at any point of intersection. Consequently the tensor product, 
over @, of the two complexes (37), (38) is an acyclic resolution of 0, © Ôo. 
From the familiar properties of the Euler-Poincaré characteristic we arrive 
at the formula 


(40) Ny=  (—1) (E0 Go £) C >0), 


ty 


where we understand €,”) == €, = @. We can then write 


(u) = x N yur? == = Pi (u), 


where 
(41) dylu) = (—1) Sy (V X V, E0 Qo E;) w, 
pol 


Under the assumption of a finite base for numerical equivalence it is 
possible to prove a general result which yields the rationality of the above 
functions Pa (u) as a special case: Let X be a non-singular projective variety 
(over a field of arbitrary characteristic) ; let y: X— X be a regular mapping 


of X into itself; and let F, 9 be locally free sheaves defined on X. Consider 
the function 


A(u) = S CE, FM SOR) wt, 
pod 


where # is the reciprocal image of ¥ with respect to the v-th iterate y” 
of y. Then, under the assumption of a finite base, it can be proved that A (u) 
is a rational function of u. This follows quickly with the aid of Hirzebruch’s 
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formula for the Huler-Poincaré characteristic of a locally free sheaf.1! It is 
probable that appropriate generalizations of Weil’s conjectures could be made 
for Au). 

Finally, there are some special cases where the rationality of A(u) depends 
merely upon the existence of a finite base for numerical equivalence of divisors 
on X-—-for example, when either F or $& is the sheaf of cross sections of a 
vector bundle whose structure group can be reduced to the group of triangular 
matrices. 
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ON RAMIFICATION THEORY IN NOETHERIAN RINGS.* : 


By M. AUSLANDER and D. A. BUCHSBAUM. 


Introduction. The purpose of this paper is to give a fairly general 
ramification theory for noetherian rings. To illustrate the types of results 
obtained let us assume that S$ is a noetherian ring and À is a subring of S 
such that the kernel 9 of the mapping ¢: 8 @gS->S8 defined by ¢(t@ y) = zy 
is a finitely generated ideal in SWS. In $2 we show that S is an unramified 
extension of À (see $ 1 for definition) if and only if S is a projectice S @p S- 
module, or equivalently, if and only if 9 is a direct summand of S@28S. 
From this it follows that if $s/e—= (7), where À is the annihilator of à 
in S@S, then a prime iceal $ in S is ramified if and only if it contains Ss/r. 
We call s/n the homological different of S over R. 

The main object of § 3 is to show that if # is a noetherian integrally closed 
domain with field of quotients K, L a finite field extension of K and S an 
integral extension of À in L, then Gsyr is contained in Osyr, where Dsyr is 
the usual different defined using the trace mapping on L. There are examples 
which show that Qs/re z= Ds/r in general. However, in the case that S is 
R-projective, we have that Ssyr— Dsyr. As an application we prove that if 
R is a regular local ring of dimension less than or equal to two and L is a 
separable field extension, then S is unramified over À if and only if each 
minimal prime ideal is unramified over R. This result has been obtained 
independently by J.-P. Serre (unpublished) and has been used by M. Nagata 
to prove the theorem in general i.e. for regular local rings of arbitrary 
dimension [7]. 

§ 4 is devoted to showing that under various conditions if § is unramified 
over À, then § is Z-projective. For instance, this is the case if R is a 
noetherian, integrally closed domain and 8 is an integral extension of R in a 
finite, separable field extension of the field of quotients of R. 

§ 5 is devoted to certain homological considerations and is the only place 
in the paper where any homology theory is used. Perhaps the most striking 
result obtained here is that if S is unramified over À and R-projective and T 


* Received October 20, 1958. 
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is a regular ring of finite Krull dimension (i.e. T is a noetherian ring and 
every local ring of T is a regular local ring) containing R, then S@zT is 
regular if it is noetherian. . 

It has recently been brought to our attention that E. Noether had con- 
sidered the ideals 9, N and gır from a somewhat different point of view 
in [5]. 


1. Notation and terminology. All rings to be considered in this paper 
will be assumed commutative with identity element and all modules will be 
unitary. A ring 8 together with a ring homomorphism f: R— 8S such that 
f(1) — 1 will be called an R-algebra. Ideals in S will be denoted by capital 
German letters and ideals in R by lower case German letters. If YW is an ideal 
in S, then we call the ideal f(X) in À the contraction of À and denote it 
. by YAR. We shall consider R/A N E to be a subring of S/Y, the identifica- 
tion being given by the monomorphism induced by f. If s€ R, then we denote 
f(z) in S by x, provided there is no danger of confusion. Thus if a is an 
ideal in À, we shall denote the ideal S-f(a) by S-a. It is clear that 
(S-a)N È contains a. 

A subset U of a ring is called a multiplicative system if a) whenever w 
and U, are in U, the product w,u, is in U, and b) 0 is not in U; 1 is in U. 
The only multiplicative systems in R that we shall consider are those that 
do not meet the kernel of f. Suppose U is a multiplicative system in À and 
U’ is a multiplicative system in S containing U (i.e. U” contains f(U)). 
Then f: R->S induces a homomorphism F: Ry— Sy which makes Sy an 
Ry-algebra. In particular, if P is a prime ideal in § and p = $N R, then Sg 
is an Ry-algebra and R,/phy is a subfield of Sy/PBSg. 

We define the A-algebra S° to be the ring S@2$8 with the mapping of 
R into S¢ being given by r—r@1. 6° is called the enveloping algebra of 
the R-algebra S. The map ¢: S¢->S defined by 6(4@y) == czy is an R- 
algebra epimorphism. Thus all S-modules may be considered as S*-modules. 
The kernel of + will be denoted by % which is the ideal generated by 
{1@zx—zx@1}, and the annihilator of $ will be denoted by M. If U is 
a multiplicative system, we denote by U@U the multiplicative system in S¢ 
consisting of all elements of the form u, ® u, where ti, vu. are in U. The map 
(ST)°— (S*)y@v defined by s/u, Q y/uz> x @y/u Qu: is an R-algebra 
isomorphism which we shall use to identify these algebras. If # is an S- 
module, then fy = Hy@y. Finally, if V is a multiplicative system in Æ such 
that V is contained in U, then Sy We So = Sy Sn, Sov. 

A prime ideal $ in the R-algebra § is said to be unramified if p= ROY 
has the- following properties: | 
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a) psp Psg; 
b) Sp/pSm is a separable field extension of Ry/pRy.? 
The R-algebra S is said to be unramified if 


a) every prime ideal in S is unramified; 


b) for each prime ideal p in À there are only a finite number of prime 
ideals P in S such that p— BN R. 


In other words, S is unramified if and only if given any prime ideal p 
in À which is the contraction of a prime ideal in S and U = R — p, then 
Su/pSy is a separable Ry/pHy-algebra. 


2. Ramification criteria. 


Lemma 2.1. If S is an R-algebra, the following statements are 
equivalent : | 


a) S is S-projective; 

b) the exact sequence 0 — gs 50 splits; 

c) there is an element z in S° such that 2(1@zx) —2(T@1) for all 
TES, and ¢(z) —1; 

d) (7) =. 


Further, tif R is a field, then S ts Se-projective if and only if S isa 
separable R-algebra. 


Proof. Clearly a) implies b). If b} holds, there is an S-homomorphism 
p: S-> 8° such that op is the identity. Let z—p(1). It is easy to see that 
z is the desired element to make c) hold, so b) implies ec). 

Now suppose that c) is true. Then z is in À so that (UN) contains 
p(z)—1. Hence (1) =—S8. Thus c) implies d). 

If d) holds, there is a z in Tl such that ¢(z)==1. Define p: S— 8° 
by p(s) = sz. Since z is in 7, p is an S*-homomorphism so that b) holds. 
Clearly b) implies a) so that d) implies a). 

The last statement in the theorem is found in [6, Theorem 1]. 


PROPOSITION 2.2. If the R-algebra S is 8*-projective, then S is 
unramified. | 


>If R is a field, an R-algebra S is said to be separable if S is a finite-dimensional 
R-algebra which is a direct-sum of separable field extensions of R. 
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Proof. We must show that if p is any prime ideal in È where p =$ N E 
for some prime p CS and U = R— p, then Sy/pSz is a separable Ry/pRy- 
algebra. Since Ry/pRy is a field, we need only show that Sy/pSy is 
Su/pSc È So/pSa-projective, where the tensor product is taken over Ry/pRy. 

Since § is S*-projective, there is a z in 8? such that (z) —1 and 
z(a#@1)==2(1@-a) for all re S. We also have the commutative diagram 


f g 
S Br S —> Sy Bra Su — T/VI uy Bro So/PS8u 
‘| d g p” 
S —— Sy —— Sz/bS 


where the maps are the obvious ones. Let z” ==gf(z). Then it is clear that ` 
@’(2’) —1 and that z” is in the annihilator of the kernel of ¢”. But since 
Su/pSy Sz, So/PS vo = So/pSa r Su/pSu (where F= Ry/pRu) we have by 
2.1 that S is unramified. 


‘Proposition 2.3. Let R be an integral domain with field of quotients K. 
If S is an R-algebra such that 8 is Se-projective, then S@rK is a separable 
K-algebra. In particular, if S ts an integral domain, then tts pee of quotients 
is a separable field extension of K. 


Proof. It is easy to see that condition c) of 2.1 holds for the K-algebra 
Sr K since it holds for 8. If § is an integral domain, then S rK is also 
and is therefore the field of quotients of S&S. Hence the second part of the 
proposition is true. 


PROPOSITION 2.4. Let N be a noetherian ring which is an R-algebra such 
that every maximal ideal in S ts unramified. Then any R-derivation D of 8 
into a finitely generated S-module E is zero. 


Proof. Let Ÿ be a maximal ideal of S and m—MN R. Denote by Em 
the Sm-module E s Sm and by Dm: Sm— Em the derivation induced by 
D: 8 E. 

Since WM is unramified, we have mSm = MSm. Since D is a derivation 
over R, Dm is a derivation over Rm so that Dm(mSm) is contained in 
mEm=MEm. Therefore Dm induces a derivation 


Öm: Sx/MS8n—> Em/MEm 


over Rm/MEm. But since Pt is unramified, Sm/MSm is a separable extension 
of Rm/mRm so that Dm=0. Hence Dm(Sm) is contained in MEm. 
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Iterating this argument, we have that Dm(Sm) is contained in N Di*im = 0 
so that Dm = 0. 

Since Dm= 0 for every maximal ideal M of S, it follows easily that 
D=0. 


THEOREM 2.5. Let S be a noetherian R-algebra such that $ is a 
finitely generated ideal in S°. Then the following statements are equivalent: 


a) WS ws S*-projectwe ; 
b) S is unramified; 
c) Every maximal ideal in S ts unramified ; 


d) Every R-derivation of S into a finitely generated S-module is zero. 


Proof. We have already shown in 2.2 that a) implies b) and clearly b) 
implies c). Proposition 2.4 shows that c) implies d). Hence we neea only 
prove that d) implies a). 

To show that 9 is Se-projective, it suffices to show that the exact sequence 


(1) 0—> $ = S> 8> 0 
splits. 


Observe first that for any S-module #, Homs( $/ 9°, E) is isomerphic 
to the group of F-derivations of S into E. Letting E = 9/9°— 8 Os $, 
and observing that 9/9? is a finitely generated S-module (since 9 is assumed 
to be finitely S°-generated), we have Homs($/9*, 9/4?) —0 and hence 
ÿ/#—0, ie f= 9”. Since 9 is finitely generated, there is a y in J 
such that z= yor for each-r€ À. 

Now define a map p: S¢-» 9 by letting p(1) yo. Then for all ze 9, 

‘we have p(x) =ap(1) —ay,==2. Thus the sequence (1) above splits and 
we are done. 


Lemma 2.6. Let X be a ring, E a finitely generated S-module, and X 
the annthilator of E. If U isa multiplicative system in S, then the annthilator 
in Sy of Ey 18 Wy. 


Proof. It is obvious that Au is contained in the anmhilator of Ey. 
Suppose, then, that (s/u)Ex==0. Let Æ be generated by e,: + *, €n. Then 
Hy is also generated by e,,- - >, €n and we have (s/u)e; — 0 for t=1,--: -,n. 
But then there is a uw’ in U such that w’se; — 0 for 41, - -n so that w’s 
, isin Y. Hence s is in My and so is s/u. 
| We now define the homological different of the R-algebra S to be the 
ideal ¢(71) in S, and denote it by Gar. 
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THEOREM 2.7. Let S be a noetherian R-algebra such that Q in S° is a 
finitely generated ideal. A prime ideal $ in S is unramified tf and only if $ 
does not contain sg pr. 

Proof. Let $ be a prime ideal in 8, p=BN#k, U = 8 — $, V = R — p. 
Then Sy is an Ry-algebra, (S*) v@au= Su Or Su = Sy Or, Su, the kernel of 
map $: Sy Su is $u@v,and Nugs is the annihilator of fugo. More- 
over, Sy is a noetherian Ry-algebra and fogu is a finitely generated ideal 
in (Su)*. 

Suppose P does not contain Sgr. Then (Gs/ru == Su (lve) 
and so, by 2.1, Sy is (Sy)*-projective. But then, by 2.5, Sy is an unramified 
R -algebra. It is thus easy to see that $$ is unramified. 

Now suppose that $8 is unramified. Then Sy is unramified over Ry 
and again by 2.5 (since Sy is the only maximal ideal in Sy), Su is (Sy)*- 
projective. Thus by 2.1, d(Nr@v)=—Sy. Since (Mug) = (Gaz) v, 
we have (Ssyr)o = Su which implies that $ does not contain §g;p. 


COROLLARY 2.8. Let R be an integral domain with field of quotients K. 
If S is a noetherian R-algebra such that À is a finitely generated ideal in S°, 
and NORK is not a separable K-algebra, then every prime ideal in S is 
ramified. ni 


Lemma 2.9. If S is a noetherian ring, and E ws a finitely generated 
S-module, then () (N DE) —0, where M runs through all maximal ideals 
Mm 4 


of S. 
Proof. Let e be an element of f) ({]®%tÆ), and let Y be the annihilator 
M è 


of e. If e540, then Y is a proper ideal of S and so is contained in some 
maximal ideal M. Since e is in [|] YVE, there is an m in M such that 
(1—-m)e—0 . However, (1-—m}) is not in X so that e must be zero. 


Proposition 2.10. Let S be a noetherian R-algebra, and 9 finitely 
generated in Se. Then S is unramified if and only if fer every maximal ideal 
W of S every R-derivation D: 8 — 8/M is zero. 


Proof. Proposition 2.4 shows us that if S is unramified then every R- 
derivation D: S>S/M is zero. To prove the converse, it is sufficient (by 
2.5) to show that every #-derivation D: S— E is zero, where # is any finitely 
generated S-module. 


If D: §— E is an R-derivation, E finitely generated, and M a maximal 
ideal of S, then E/ME is a finite-dimensional vector space over S/M and 
so the derivation D: S->H/MH is zero, where D is the composition 
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D 
S——>E-—E/ME. Therefore D(S) is contained in ME. Iterating this (i.e. 
observing that WMIE/ME is a finite-dimensional vector space over 8/M) 
we see that D(S) is contained in f} ME. Since this is so for all maximal 
ideals M of S, we have D(S) is contained in e (NME) =0 (by 2.9). 
Hence D = 0. 


Proposition 2.11. Let S and T be R-algebras such that § —Ker 


(S¢——> 8) is finitely generated in S¢ and S is noetherian. If S is unramified, 
then S Or T is unramified as a T-algebra. If, further, T is unramified, then 
S BrT is unramified as an R-algebra. 


Proof. Since Ş is unramified, we have by 2.5 that the exact sequence 
0-> J>S°> 80 
splits. Therefore the sequence 
0 — $ Or T ->L OrzT>SOrT0 


is exact and splits. But S° 8r T = (S@rT)@r(S BrT) = (rT)? as a 
T-algebra. Hence 8 rT is (S Qpr T) -projective. Thus, by 2.2, it follows 
that S @rT is an unramified T-algebra. 


If; in addition, T is an unramified R-algebra, then it easily follows from 
the fact that S rT is an unramified T-algebra, that S @x T is an unramified 
R-algebra. 


3. The homological different and different. Throughout this section, 
R will be an integral domain with field of quotients K, L a finite-dimensional 
K-algebra, and S a subring of L containing À such that Sr K =L. We 
shall denote Homg(S, R) by S* and Homg(L, K)by L*. 


We define the map r: S r S— Homg(S*,S) to be r(x @ y) (f) af (y) 
for fin 8*. By [8; VI, 5.2] if 8 is a projective and finitely generated R- 
module, then r is an isomorphism. In particular, o: L'@x L— Homxg (L*, L) 
which is similarly defined, is an isomorphism. 


Since S Or K == L, every element of S* is uniquely extendable to an 
element of L*. If S* generates all of L* over K, then we have a natural 
map p: Homr(S*, S) — Homg(L*,L). ‘We therefore obtain the following 
diagram which is easily shown to be commutative: 
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Homs(S*, 8) — Homz(L* L) 


-1 


T p o 
S @r S — Homp(S*, 8) —> Homg (L*, L) —> Lg L 
$ | | + 
§ bh. 


If f is in Hom,(L*, L), it can be seen by standard techniques of linear 
algebra that ¢’o"(f) —f(Tr), where Tr: LK is the trace map. 
An explicit description of p and of bots can be given as follows: let 


ul,- - -,v" be elements of S* which form a basis for L* over K. Then for 
f in Homr(S*,S8) we have p(f) defined by p(f) (vt) —f(vi). If we let 
Vi’ * ` Un be the basis of L over K dual to vt, - : ,v* and set vj, == Uj/T 


with u; in S, ro in À (using the fact that S@xK == L), we can easily see 
that every element s of § can be written s== È ru with r; in À and that 
Tr(7,S) is contained in Æ. Thus if we let T”: S— À be the restriction of 
rolr to S, we have for f in Homs(S*,8) that d’otp(f) = (1/7) f(T’). If 
Tr(S) were contained in À (e.g. if S were integral over R) then ¢’a*p(f) 
==f(Tr’) where Ty’ is the restriction of Tr to S. 

We now define the complementary module, Csyr, and the different, Ds r, 
as follows: 

Csyr = {x in L/Tr(xS) is contained in À} 


Dsyr = {x in L/xGs,r is contained in S}. 


From the above remarks, we can see that d'otb(Hom;(S*, S)) is contained 
in Osyr. For suppose æ is in Csyr and f is in Homg(S*,S). Then 
al (1/ro) f(T’) |] = «(p(f) (Tr)) =p(f)(Trox), where Troz: LK is 
defined by Troz(y) —Tr(zy) for y in L. Since Troz restricted to S maps 
S into R, p(f) (Troe) is in S. Therefore 2-¢’op(f) is in S for all + in 
Cyr. 
Now let us make Homr(S*,S) an S*module by defining (r@y)f(g) 
==2:f(goy) for +, y in S, f in Homp(S*,S), g in S*. Then r is an S°- 
homomorphism. Furthermore, Homg(8*,S) is equal to the set of all f in 
Homer(S*, 8) such that 9f==0. Thus, since M — annihilator of Ẹ in Se, 
we have +(7l) is contained in Homs(S*, 8). 
We can go even a little further. Let 


OW = Ker(§ Dr I> L@gL—S@xn8 @nK), 
and let @ in S¢ be the annihilator of 9/94 (W is obviously contained in }). 
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Since % is the torsion submodule of $° (as an A-module), and since S is 
torsion-free as an R-module, r(w) —0 for all w in W. Thus, if a is in Q, 
we have af is contained in W and 0=7r(a}) =r(a)}. Thus by the 
remark above r(a) is in Homs(S*,S) which implies that r((@) is contained 
in Homg(S*, S). 

Combining all the above remarks, and resorting to the commutative 
diagram above, we have shown 


PROPOSITION 8.1. Let R be an integral domain with field of quouents . 
K, La finite-dimensional K-algebra, and S a subring of L containing R such 
that S Qr K =L and S* rK =L*. Then if Q is the annihilator of 9/H, 
(A) is contained in Dsyr. In particular, $syr is contained in Dsyr. 


Proposition 3.2. Let R, K, L and K be as in 3.1 and in adaïtion 
assume L is a field. Then L is a separable extension of K tf and only if 
sır 0 (i.e. N is not contained in 9). 


Proof. If L is not separable, the trace map is identically zero, so that 
for all f in Homg(S8*, S), p(f) (Tr) =0. Since sır =p (N) = do pr (TN) 
and (h) is contained in Homg(S*,S), we have s/e =Q. 

If L is separable, the exact sequence 


0 — F—L@rL—L—0 


splits. However, L =S rK, Lgr L =S rK, and y= § rK. Thus 
the annihilator N’ of J’ is N rK (by 2.6), and N’ is not contained in W. 
Therefore N is not contained in $ and s/z 0. 


PROPOSITION 3.3. Let R be an integrally closed integral domain with 
field of quotients K, L a separable K-algebra; and S a subring of L containing 
R which is integral over R and such that X Ər K =L. Then Homs(S*,S) 
is isomorphic to Dsyr under the map f—>f(Tr). If S is a projective, finitely 
generated R-module, then Gsyr = Dsyr. | 


Proof. Since L is a separable K-algebra, the map L— L* given by 
z—>'Trog is an isomorphism. Under this isomorphism, Cs/r is mapped 
onto S*. Thus Homs(S*, S) = Homs(Cs/r, S) and this latter module is 
isomorphic to Dsyr. The composite isomorphism is the one described above, 
namely f—f(Tr) (Tr is here restricted to S). Furthermore, by standard 
arguments, it is easy to see that S* pr K — L* so that all our previous dis- 
cussion (including commutative diagram) holds. Moreover, if S is finitely 
generated over R and R-projective, then r is an isomorphism, W —0, and 
T(N) = Homs(S*, S). Thus in this case Sgr = Dsyr. 
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Throughout the rest of this section we shall denote the Æ-module 
Homz(Æ,R) by #*, where E is an arbitrary R-module. 


Proposition 8.4 Let R be a noetherian domain such that every proper 
principal ideal is unmixed (e.g. R is integrally closed). Let A be a finitely 
generated R-module such that A — A**, and B a finitely generated torsion-free 
R-module containing A such that B/A is a non-trivial torsion module. Then 
a(B/A) is unmized of rank one (a(B/A) is the annikilator of B/A in R)’ 


Proof. Let b:,: - :,b; be generators of B. Then «(B/A) = {r in R/rb; 
is in A for i—1,: - -,t}==Mai, where q= {r in R/rb, is in A}. Thus if 
each a; is unmixed of rank one, then so is a(B/A). We may therefore suppose 
that B == A+ Rb, b not in À, and B/A is a torsion module. 

Observe next that if k is in A*, then k can be extended to a map 
h: A@rK—K. Moreover, if v in A@rK is such thet h(x) —0 for all h 
in A*, then —0, As a result, we have that r is in a(B/A) if and only if 
rh(b) —h(rb) is in À for all k in A*. For if r is in a(B/A), then rb is in 
À so that h(rb) ==h (rb) is in R. Conversely, if (rb) is in R for all h in A*, 
then the map A*— R given by h->h(7b) is an element of A**— A so that 
h(rb) h(a.) for some a, in A and all k in A*. Thus #(rb— a) — 0 for 
all h in A* and by the above remarks, rb==a) i.e. r is in a(B/A). 

Since A* is finitely generated, say by fi,- + -,h,. we see that a(B/A) 
== {rin R/h;(rb) is in R for i==1,: + n}. Let R;(b) —u;/v. Then r is 
in a(B/A) if and only if r is in N (v) : u; i.e. a(B/A) =N (v): uw. Now by 
assumption on À, (v) is an unmixed ideal of rank one so that (v): u; is also. 
Thus a(B/A) is unmixed of rank one. 


COROLLARY 3.5. Let R be an integrally closed noetherian integral domain 
with field of quotients K, L a separable field extension of K, and S the integral 
closure of Rin L. Then if DsyrÆS, Dsyr must be of rank one. 


This follows from 3.4 by letting R==A—S and B == Esg,r and observing 
that Dsyr=a(gr/S). 2 


PROPOSITION 3.6. With R, K, L and S as above, we have Dar =K tf 
and only if every minimal prime ideal of Ñ is unramijied. 


Proof. By 2.7, every minimal prime ideal of S is unramified if and only 
if rank Gsyr is greater than one. Since Dg,r contains Sg,z, we have that 
if every minimal prime is unramified, then Ds,» has rank greater than one. 
Thus, by 3. 5, Ds/r = 5. 


* We would like to thank O. Goldman for suggesting this proposition to us. 
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Conversely, let Ds/r— S, P be a minimal prime of S, and p—BN K. 
Then p is a minimal prime of R and Ry is a regular local ring of dimension 
one. Since Sp is a finitely generated, torsion-free Ry-module, Sy is R--free. 
We have by 3.3 that §s,/n,—=Dsyry But it is easily seen that Ss,/r, 
i == Gsyr Qg Sy and Day /Ry == Dsyr ®g Sy. Therefore ‘Bap/mp == Sp and thus $B i 1f 
unramified. 


COROLLARY 8.7. Let R, K, S and L be as in 3.5 and assume further 
that S is R-projective. Then S is unramified if and only if every minimal 
prime ideal of S is unramified. 


Proof. Since S is R-projective and finitely generated, we have Os;r 
== Os;r. Furthermore, § is unramified if and only if Ss;r==-S (by 2.5). 
Thus 3.6 implies 3.7. 

The following theorem has also been obtained independently by Serre. 


THEOREM 8.8. Let R be a regular local ring of dimension less than or 
equal to two, and let K, 8S, and L be as above. Then S is unramified if and 
only if every minimal prime ideal of S is unramified. 


Proof. We need only show that S is R-projective, for then we may 
apply 3.7. However, by [2,2.10] it is sufficient to show that § is a Macaulay 
ring (S is semi-local). Since dim § = 2, and since S is integrally closed, we 
have that every principal ideal of S is unmixed and that every ideal of rank 
two that is generated by two elements is unmixed. Hence § is Macaulay and 
therefore Æ-projective. 


4, On being free. Throughout this section, # will be an integrally 
closed local domain with maximal ideal m and field of quotients K. The 
residue class field R/m will be denoted by F. 


ProposiTion 4.1. Let L be a separable K-algebra and S an integral 
extension of E in L such that 8 Or K = L and is unramified. Then Dsyr = Ñ. 


Proof. Since § is unramified, s/p = S. However, since Gs/r is con- 
tained in Dg;r, we have Dsyr = S. 


Lemma 4.2. Let S be an fi-algebra containing R which is torsion-free 
over R and such that 


a) S ts finitely generated over R, 
b) there is an element t in S/mS such that S/mS = Fit]. 


If @ in & is such that 0—t under the natural map S—S/mS, then 


# 
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S==R[@] and {1,0,---,0"*} is a free basis for S over R (where 
n= [S/mS: FI). 


Proof. Since S/m8 = F[t], we have that {1,7,- - -,¢%*} is a basis for 
S/mS over F. Since R is a local ring, this implies that {1,6,- - +, 071} 
generates S over À and is a minimal generating set for & over Æ. Also, since 
R is integrally closed, we know that the minimal polynomial f in K{a] for 
6 has its coefficients in À. We will show that degree f==n, hence that 
{1, 0,---,6"*} is a basis for K[6] over K. This will imply that {1, 6,---,6"*} 
is a free basis for S over R. 

Let F in F[X] be the corresponding polynomial of f. Then f(t) —0 
so that deg fz=n. On the other hand, since 9" is in §, we have 0” Sn n 
r; in È. Therefore deg f = n and we are done. | 

PROPOSITION 4.3. Let § be a torsion-free R-algebra containing R which 
is unramified and finitely generated over R. Then 8 is a free R-module on n 
generators (where n—[S/mS: F]). Moreover, of L is the full ring of 
quotients of S, [L: K] =n and S ts integrally closed in L. 


Proof. Let us assume first that F is an infinite field. Then it is well 
known [4] that S/mS==F[¢]. Thus, by 4.2, we have that S is R-free with 
basis {1,6,- - +, 6%}. 

Now suppose F is finite. Let X be an indeterminate, and consider the 
local domain R[X ]me— Æ’, where m* is the extension of m to R[X]. The 
maximal ideal m’ of R’ is R'm* and R’/n’ = P == F(X). ER is integrally 
closed since #[X] is and rings of quotients of integrally closed rings are 
integrally closed. 

We now have R’ contained in 8’, where S’=S[X]m, S a finitely 
generated torsion-free Æ’-module, and [9’/m’S’: F] =n. If we show that 
S” is unramified over À”, and use the fact that F” is infinite, we will have that 
D is a free #’-module on n generators. This will imply that S is R-free on 
n generators for if s,,- - -,Sm is a minimal generating set for S over R, it is 
also one for S’ over À”, hence a free basis for 9’ over Æ’ and therefore a free 
basis for 8 over À, with m =n. 


Since S is unramified, S is S*-projective so that the exact sequence 
0 $> S> 8—0 
splits. Therefore, the exact sequence 


0 — FOrR — Se Og R -> HOr R 0 
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splits. Since S’=S[X] Bex, K = 8 Or (R[X] Sru À) = SRE and 
(S’) == F Qr F == N Qr R, we see that S’ is (8’)*-projective and therefore 
S’ is unramified over À’, This then shows that S is R-free on n generators. 
The rest of the proposition follows from standard arguments [4]. 


THEOREM 4.4. Let R be a noetherian integral domain (not necessarily 
local) with field of quotients K, and L a separable K-algebra. If S ws an 
unramified integral extension of R in L such that KBr K =L, then S is 
R-projective. 


Proof. By standard localization arguments, this result follows from 4. 3. 


Proposition 4.5. Let S be a local ring containing R which is unramified 
and finitely generated over R. Then K is KR-free. 


Proof. ` Since S is unramified, Sg E is a separable K-algebra. Let 
S’=Im(S—S@rK). Then S is torsion-free and finitely generated over K, 
and we have the exact sequence 


(E) 0>t(S) > S-> 8’ 0, 


where #(S) is the #-torsion submodule of S, and is finitely generated over R. 
If we can show that ¢(S)/mt(S) —0, we will have ¢(S)=<0. Therefore 
Sz 8’ and so § will be torsion-free, hence free (by 4.3). Since § is 
unramified, S/mS is a field and therefore the map S/mS — &’/m8’, being an 
epimorphism, must be an isomorphism. Moreover, S/mS is a separable exten- 
sion of F so that S’/mS’ is also. Hence S’ is unramified (by 2.5 it is sufficient 
to test ramification of 8’ by its unique maximal ideal) and by 4.3 is free over 
fh. Therefore the sequence (E) splits over À so that the sequence 


0 -> i(8)/mi (8) > 8/mS — 8’/mS’ > 0 


is exact. Since S/mS = &’/mS’, we have ¢(S)/mt(S) = 0, hence £(S) —0 
and S =S. 


PROPOSITION 4.6. Lei R be analytically normal (i.e. R, the completion 
of R, is also an integrally closed local domain) and let S be a ring containing 
E which is unramified and finitely generated over R. Then Ñ is R-free. 


Proof. Sm is the radical of S, so that § contains Ê and 8 is a finitely 
generated R-module. Now S=S,+--:--+9, (direct sum), where each S 
is à local ring which is an R-algebra. In fact, each S; contains a copy of Ê. 
It can also be easily seen that each S; is an unramified R-algebra (since & is 
unramified over R). Therefore, by 4.5, each S; is free over À, which implies 


15 
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that § is R-free. Since & is finitely generated over R, $ being R-free implies 
that S is R-free [1, Theorem 3.2]. 


Since an integrally closed geometric local ring is. analytically normal, 
we see that an unramified integral, finitely generated extension ring S of an 
integrally closed geometric local ring R is R-free. Hence if R is a normal 
affine ring (not necessarily local), S is R-projective. | 


Lemma 4.7. Let R be a noetherian ring (not necessarily an integrally 
closed local domain) and let & be a ring containing E which is finitely 
generated as an R-module. If S is R-proïective, then R is a direct summand 
of S as an R-module. | 


Proof. From the exact sequence 
| 0 K—S-—S$S/kR— 0 


it is clearly sufficient to prove that S/F is R-projective. Let m be a maximal 
ideal of À. Then the exact sequence 


0 —> Ra Sn—> (S/R) m— 0 


splits since Sm is a. projective (hence free) Ay-module, and 1 is part of a 
free basis for Sm over Rm. Therefore (S/R)m is free for every maximal 
ideal m and so by [8, VII, Exercise 11] S/R is R-projective. 


PROPOSITION 4.8. Let RCS CT be noetherian rings with T a finitely 
generated projectwe unramified K-algebra. Then S is unramified over R af 
and only if T is S-projective.. | | 


Proof. Suppose T is S-projective. Then we have the commutative 
diagram 


S @rS— TORT 


| | 


S — T. 


Since T is S-projective, T pr T is 8 @r S-projective, and 8 is a direct summand 
of T as an S- hence also as an S &prS-module. But T is T 8p T-projective 
since T' is an unramified R-algebra. Hence 8 is S Qpr 8-projective. 

By [3, IX, Proposition 2.3] (letting A =T = S, A =£, 3 = R, B=T) 
we have that since § is 8 pg S-projective (being unramified) and T is. R- 
projective, then T is S-projective. 
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5. Ramification and homology. 


Proposition 5.1. Let 8 and T be R-algebras such that K is R-projective 
and § is Se-projective. If E is an S @r T-module, then hdsg,r E = hdr E 
and thus gl. dim S @r T'S gl. dim T. 


Further, if S is R-free, then gl. dim S Br T —gl. dim T. 
Proof. By [8; XVI, sec. 4] we have the spectral sequence 
H? (8, Extir(E,C)) => Exts@,r(E,C), 
`P 


where C is an S ®r T-module. Since 5 is $*-projective, this spectral sequence 
collapses to H°? (8, Ext”r(E,C)) = Ext*s@,7(H,C).. From the fact that C 
is an arbitrary S @z T-module, it follows that hds@,r E S hdr E. 


But considering S Qr T as a T-algebra, we have by [3; XVI, Exercise 5] 
that 


hdr E = hdrS Or T + hds@,? E. 


Since § is R-projective, it follows that § Qr T is T-projective. Therefore 
hdrS Or T = 0 and thus hdr E <= hds@,r E, which gives the desired equality. 


From the fact that hds@,r E = hdr E for arbitrary S @x T-modules Æ 
it follows that gl. dim S ®r T S gl. dim T. Further, if § is R-free and A is 
a T-module, then hdrA —hdrS @r À since S Qr E is a direct sum of copies 
of ‘A. But hdrS @r A —hds@,rS SrA by the previous arguments. Thus 
hdrA =hd7S rA, which means that gl. dim T = gl. dim S Qr T. 


‘Coronary 5.2. Let S and T be noetherian R-algebras such that 8 is 
unramified and R-projectwe and À is a finitely generated ideal in Se. If T 
is a regular ring of finite (Krull) dimension and BrT is noetherian, then 
S@rT ts a regular ring of (Krull) dimension less than or equal to that of T. 


Further, if s is R-free (e.g. R a local ring) then the dimensions of 
S ©r T and T are equal. 


Proof. By 2.8 we have that 8 is Se-projective. Since T is a regular 
ring of finite dimension, we have by [1, Corollary 4.8] that gl. dim T <‘o. 
Therefore it follows from 5.1 that gl. dim S 8r T S gl. dim T, which means 
that SORT is a regular ring of dimension less than or equal to that of T. 
The rest of the corollary follows from the fact that if gl.dimS SrT 
== gl. dim T, then the dimensions of S®zT and T are equal. 


PROPOSITION 5.3. Let S be an R-algebra, where R is an integral domain 


764 M. AUSLANDER AND D. A. BUCHSBAUM. 


with field of quotients K such that 8° is noetherian and 0 < [Sr E: K] <a. 
Then hds@,sS = 0 Or ©. 


Proof. First we observe that hdgeS =hdz-Ll where L=—S@RK and 
Le = (Sr K) Ər (DrK). Since [L: K] <æ, it is well known that if 
L is not a separable K-algebra, then hdreL =œ. Thus we may assume that 
L is a separable K-algebra. Further, let us assume that 8 is not S®-projective. 
Therefore we have that § 4 (0) and the ideal generated by 9 and Tt is not Se. 
By 2.6 we know that N kr K is the annihilator: of the kernel of Le L. 
From the fact that L is a separable K-algebra we know that hdz:L = 0 and 
hence by 2.1 N rK (0). Therefore N (0) and thus Ẹ consists 
entirely of zero divisors in 8°. | 

Let Mm be a maximal ideal in 8° containing 9 and N. Then the 
ideal Ọm in the local ring S*%, is not zero and consists entirely of zero- 
divisors. Therefore we conclude from the exact sequence 


0 Im (S°)m > Sim 0 


that the annihilator of Sm as an (S°)}yn-module is not zero and consists entirely 
of zero-divisors. Hence by [2, 6.2] we have that the hd ge) m Sm=. Since 
hdgeS = hd se), Sm: we have that hdgeS = ©, 


Appendix. 


PROPOSITION A.1. Let R be a noetherian ring and T an R-algebra 
which is a finitely generated module. If 8, and S, are unramified subalgebras 
of T, then the subalgebra generated by S, and S, is an unramified R-algebra. 
Thus T contains an unramified R-algebra, which contains all the unramified 
R-subalgebras of T. 


Proof. By 2.11 we know that §,@g8, is an unramified R-algebra. 
Therefore Im (S: 8 S,— T) is an unramified Æ-subalgebra of T, which estab- 
lishes the first part of the proposition. The second part follows from the 
chain conditions in T. 

We next observe that Proposition 4.5 is true without assuming that S is 
a local ring. As in the proof of Proposition 4. 5, it suffices to show that #(S), 
the torsion submodule of S, is zero. 

Since S is unramified, S@pK is a separable K-algebra. Let 9’ 
=Im(S->S@K). Then S is a torsion-free R-algebra which is unramified 
since it is the image of an unramified R-algebra. Since ¢(S) is a finitely 
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generated R-torsion module, there is a non-zero x in È such that æt(S) — 0. 
Now let Dt be a maximal ideal in S. Then ¢(S) C M for if not, we have that 
Sm andt(S)m == z(Sm) — 0 which is impossible. 

Since S is R-projective, we have that 


0 #(8)/mt(S) > S/mS— 8’/mS’ — 0 
is exact. Thus 


O— (¢(S)/mt(S))m— (8’/mS)m— (8’/m8’) m — 0 


is exact. Since both S and 8’ are unramified, the map (S/mS)m — (S’/m8’)m 
— 0 is a field epimorphism, hence an isomorphism. Thus (¢(8)/mt(S))m 
==0 for all maximal ideals M of S which implies that ¢(8)/mt(S) — 0. 
Hence ¢(S) —0, which means that S = S’ and thus we are done. . 


Proposition A.2. Let RCSCT be noëtherian, integrally closed 
domains such that T s a finitely generated R-module. Then T is unramified 
over R if and only if T is unramified over S and S is unramified over R. 


Proof. Suppose T is unramified over R. Then T is unramified over S. 
Since S is integrally closed we know by Proposition 4. 6, that T is S-projective. 
Thus the result follows from Proposition 4. 8. 
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ON THE 14-TH PROBLEM OF HILBERT.** 


To Professor Oscar Zariski on his siatieth birthday. 


By MasayosHi NAGATA. 


The following problem is known as the 14-th problem of Hilbert: 


Let k be a field and let x,,: * -,æ, be algebraically independent elements 
over k. Let K bea subfield of k(2,,- - +,%,) containing k. Is k[a,,- - -,x,| 
NK finitely generated over k? 


The purpose of the present paper is to answer the question in the 
negative by giving a counter-example. In fact, we shall give a counter-example 
to the following restricted case, which was the original question of Hilbert, 
and which we shall call the original 14-th problem: 


Let G be a subgroup of the full linear group of k[t: * -,2%,] and let o 
be the set of elements of kla,,: * -,æ,] which are invariant under G. Is o 
finitely generated over k? 


We shall note that the construction of our example is independent of the 
characteristic (and k may be the field of complex numbers). 

In § 1, we shall pass in review the history of the 14-th problem of Hilbert 
and shall state remaining problems concerning it. In § 2, we shall construct 
a counter-example and in §3, we shall prove a lemma on plane curves which 
we need for the construction of our counter-example. | 


1. The history. The 14-th problem of Hilbert is one of the problems 


offered by Hilbert at the International Congress in Paris (1900) and pub- 
lished in Archiv f. Math. u. Phys. (1901) (see [1]). | 

It seems to the writer that no contribution to the problem was made 
until 1953 when Zariski proved that the answer of the 14-th problem of 
Hilbert is affirmative if dim K = 2 (under the notation stated in the intro- 
duction). Zariski proved, in fact, a more general result that the following 
problem, which we shall call the generalized 14-th problem, has affirmative 
answer if dim K <2: | | 


* Received January 5, 1959. | i 
1 The work was supported by a research grant of the National Science Foundation. 
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Let o be a normal affine ring over a field k and let K be a subfield of 
the function field of o containing k. Is oN K an affine ring? (See [2].) 


In 1956, the writer gave another proof of the result of Zariski stated 
above, including the case where o is a normal affine ring over a ground ring 
(see [31). | 

In 1957, Rees gave a counter-example to the generalized 14-th problem 
in the case where dim K —3. But, the field of quotients of oN K in his 
example contains the function field of a non-singular cubic curve (on a 
projective plane) and therefore his example cannot be a counter-example to 
the 14-th problem of Hilbert. (See [4].) 

In 1958, the writer found at first a counter-example to the 14-th problem 
and then another example which is a counter-example to the original 14-th 
problem. This second example was announced at the International Congress 
in Edinburgh (1958) (see [5]). ‘hough the first example is in the case 
where dim K = 4, in the second example dim K is equal to 13. Then the 
writer noticed that the first example is also a counter-example to the original 
14-th problem (and the example will be stated in the present paper). 

_ By virtue of our example, the following two problems will be the remaining 
problems concerning the 14-th problem of Hilbert: 


PROBLEM 1. Let o be a normal affine ring over a ground field k and 
let G be a group of automorphisms of o over k. Find good sufficient conditions 
for the pair o and G so that the set of elements of o which are invariant under 
G forms an affine ring over k. 


PROBLEM 2: In the 14-th problem of Hilbert, assume that dim K = 3. 
What is the answer in this case? 


2 The construction of the example. Let P,,- --,P, be independent 
generic points of the projective plane S over the prime field x of an arbitrary 
characteristic. We choose r so that the following is true: 


: (*) If a curve C of degree d goes through every Pı with multiplicity 
at least m (> 0), then d/m is greater than Vr. 


The existence of such an r will be proved in § 3. 
. The above assumption implies the following (cf. [5]): 
Let p; be the homogeneous prime ideal of P; in a homogeneous coordinate 
ring © = k[z,y,z] of S over a ground field k, over which the P; are rational. 
Set Am = N pı” for every natural number m. Then 


Lemma 1. For any natural number m, there exists a natural number 
n such that an" =< Gnn- 
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Proof. Since the virtual dimension of the system of plane curves of 
degree d which go through every P; with multiplicity at least m is equal to 
(d? + 3d—rm? —rm)/2, we see that limdega,/m = Vr* By the assump- 


tion (*), we have lim deg am/m ==r. Since dega,/m > Vr, we see that for 
a sufficiently large n, deg Amn 7€ dég am” (== n-degan), which proves the 
lemma. | 

Now we shall construct the example. Let ay {1—1,2,8; 3=—=1,- : :,r) 
be algebraically independent elements over the prime field and let k be a 
field containing all the a; Then the points P == (Gi, Qiz, dig) are independent 
generic points of the projective plane S over w and they are rational over k. 


Let tu cte Yi, * +, Yr be algebraically independent elements over k. 
Let V* be the vector space of dimension r over k and let V be the subspace 
of V* of dimension r—3 which is orthogonal to the vectors (au,- ` `, Gir) 


(i—1,2,3). Let G be the set of linear transformations o of k[t: © -,2,, 
Yi" © t Yr] such that i) o(y:) = cy; with c€ k such that c,---c-—=-1 and 
ii) ou) = c(i + biyi) with (b,,:--,b,) € V (and with the same c as in 
i)). Then | | 


THEOREM. The set o of elements of k[t," © -,æ,, ya, * Yr] which are 
invariant under G is not finitely generated over k. 


Set t= Yi © Yr, U= t/Yy Vi = TU; and w= Z agv, We shall show at 
first the following 


LEMMA 2. 0 = k[t" : -,2,9," - +, Yr] (wi, We, Ws, t). 


Proof. It is sufficient to prove that the invariant subfield of Figure 
Yi © +, Yr) under G is k(W, Wz, Wa, t). Let o be an arbitrary element of G; 
let c; and b; be as above for this e. o(t)—=c,:-:ct—t, hence ¢ is in- 
variant under G. o(w;) = Bay (cm, + biyi) tery; = Ww; + X aibit — w, hence 
le (W, Wa, Ws, t) 18 contained in the invariant subfield. Since a; are independent 


over Rs k(t" j *, Tr Yis” , Yr) = k (w, Wa, Ws, Lis” * "sors Yi,’ y Sp) and G 
is a group of linear transformation of kw, Wo, Was tast ©, Er Yay? * 5 Yr]: 
a(w;) =w; of(y:) = cy, with GEk such that c°--c—1 and o(2;) 


== Ci (z; -+ by) (for 124) with b€ k. Let G be the set of o in G which 
have c all equal to 1. Then we see that the invariant subfield for @ is 
He (Wy, We, Ws; Yas * *,Yr). G operates on kl wi, Wa, Ws, ¥1,° * - ,y,] as the group 
of linear transformations o of the following type: o(w;) = w; and o(y) = cy; 
-with & € k such that c-> ‘Cp== 1. Since t= y y, 


2 deg Am denotes the minimum of deg f (f € an). 
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l (Wis We, Was by Ya 7, Yr) = k (wy, We, Ws, Yay" © > Yr) 


and G operates on klw, 42, Ws, t,Y2,° * *, Yr] as the set G* of linear trans- 
formations o of the following type: o(w;) =w;, o(t) =t, o(y) = ciy; with 
arbitrary non-zero element c; in k for 1222 and we see that the invariant 
subfield for G*, hence for G too, is &(w, Ws, Ws, t), which proves the lemma. 

Since w,, Wz W, are algebraically independent over k, we can regard 
klw We, Ws] as a homogeneous coordinate ring of the projective plane S, 
setting == W, Y==W2, Z== W3. Then, using the notations at the beginning 
of this section, 


Lemma 3. o is the set of elements of the form Zant” (finite sum) 
such that i) a, € © and ii) tf n> 0, then an € ay. 


Proof. Since aj are independent over m, we have k[v,,- - -,v,| 
== k[ wi, We, Ws, Va, * *, Ur], Which shows that 


k[t "ts Tr Yr * “s Yrs 1/41,° ° "> 1/47] 
= Wy, Woy Way La, ` "5 Ers Yis ` 7 "3 Yr 1/Yr;° ` ", 1/yr]. 


The intersection of this last ring with (W1, Wa, Ws, ¥1," °°; Yr) 18 equal to 
KfW, We, Wa, Yas" * “3 Yr L/ Ya © *,1/yr]. The intersection of this last ring 
with £(w:,w:,w:,t) is equal to k| w, Wz, Ws, t,1/t]. Hence, by virtue of 
Lemma 2, we see that o is contained in klw, Wa, Ws, t,1/t]. Since 
© = k[ w, W2, w3], we have 


(1) Any element of o can be expressed in the form Zant” (finite sum) 
with ay € §. 

Let b; be the valuation ring klz’ + +, 2, 415° - +, Yr] (yj, and let Vi be 
the normalized valuation defined by b; Then o is contained in every bj. 


(2) An element f of S has value not less than m (> 0) under V: if 
. and only if FE py (=p). 


Proof. p: is generated by Z= Gui — Gus and Zi == sie — Gris 
Obviously Vi(z) == Vi(z,) —1. Furthermore, we see easily that z/t and 
z/t are algebraically independent modulo the maximal ideal ny of p; over 
k(w,modulom,). Therefore 2;/2’;modulom, is transcendental over k(ws 
modulom,). Hence §[2:/2i]n, (mn S[zi/2,4]) is a valuation ring 
dominated by b;. Therefore (2) is proved easily. 

Furthermore, by the algebraic independence of z;/t and 7,:/t modulo m; 
stated above, we have _ 


(3) If nE Q, then Vi(Sa,t-") — min Vi(ait"), provided that the 
summation ts a finite sum. 
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Now we shall prove Lemma 3. If 4€ a, then a, is divisible by i” in 
k[ay,° + -,2,%," °°, Yr] and therefore any element of the form 3a,¢* 
(finite sum), with a, € & such that if n > 0 then an € an is in o. Conversely, 
if c is an element of o, then c = $ at” (finite sum) with a, € © by (1) above. 
Since o is contained in every b, Vi(c) 20 for any 7. Therefore, by .(2) and 
(3), we see that if n > 0 then a,€a,. Thus Lemma 3 is proved. 

By virtue of Lemmas 1 and 3, in order to prove Theorem, it is sufficient 
to prove the following 


LEMMA 4. Let by, bo: + - be a sequence of ideals in an integral domain 
8 such that (i) bia C Dand (ii). bb; Ch: Let t be a transcendental element 
over 8. Then the set 8’ of elements of the form Zb? (finite sum) with 
b; € 8 such that if j> 0 then b;€ b; forms an integral domain. If 8’ is finitely 
generated over 8, then there exists an integer m such that bm! = bm for every 
natural number 1.5 


Proof. It is obvious that 8’ is an integral domain. Assume that 8’ is 
finitely generated over 8. Then there exists an s such that 8’ is generated 
by ¢ and elements of the form btt with 0 <1& s, b,€ b. Let n be an 
arbitrary natural number. Since, for any element bn €E bra, bnt” is in 8’, we 
have 6, C36,%- - -$.% where the summation runs over all such that 
So;°j—n. Set =s! and s’=— ss’. We consider the case where n= s”. 
Since Yo; =n = 3”, there exists a 7 such that ojt} = s.. Then ba: + - 6,7 
axe D/P e B+ + + By eas Bor) foin. e e D Coby Be. It follows that 
On C bb, + and therefore 


If n= 8”, then On == by Dry. 


Now we consider the case where n is an arbitrary multiple of s”: n= 971. 
Then the above result shows that Barı = byt Ypy. Hence by; C bort, whence 
berr == bar}. This proves Lemma 4 with m = 57, 





Remark. We can prove Theorem without proving Lemma 4, by the same 
method as in [5]. l 


3. The existence of r. 


Proposition. If r ts the square of a natural number s not less than 4, 
then r satisfies the requirement in $ 1. 


Proof. (i) The case where r is odd: Set s = (s + 1)/2 and let Cs Cy, 
C’; be independent generic curves of degree s, s’, s’ respectively. Let P1,---; Ps 


3 This lemma was substantially proved by Rees [4]. 
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be s points among Cs°C’;. Then the P; are independent generic points of 
the projective plane over 7(C,). Let P*,,- - -,P*, be independent generic 
points of C, over +(C,), let C*; and C*’, be most general curves of degree s’ 
going through the P*;, and let Q*1,- © °, Q*-s be such that 


CE y ` Cs om X P a + 3,t-9/20%, Ce 5 Ce =% P "i + Ztr-842) ied %4. 
We consider a specialization 
(Px: + +, Pa Cx, Ce) > (Pur, +, P*a Ce, CV) 


over 7(C,). We take .Q1,°-°,Qre so that (1) 3,0 979,CC,-C,, 
Serre QC O'y: Ca and (2) the Q; are specialized to the Q*; by the 
specialization considered above. 

= Assume now that for an m there exists a curve of degree sm which goes 
through each of given r (==s*) independent generic points of the projective 
plane $ with multiplicity at least m. Then we see that there exists a curve 
E of degree sm which goes through the Q; and the P; with multiplicity at 
least m. Assume that Æ does not contain Cy as a component. Then C'E 
contains S mP; -+ 3,¢-8)/2mQ; Since deg Cy: # = ss’m—s(s-+1)m/2, we 
have Cy: H==3mP,-+ 3,0 8/*mQ; Since s= 5, # = 3, hence Cy is of 
positive genus. Since the P; are independent generic points of Cy over 
a(Cs, Q1,° © *>Q(r-sy/2), We have a contradiction by. the following obvious 


Lemma 5. If C is a plane curve of positive genus and tf Ri, -,R, 
are points of C such that some of the R; are independent generic points of O 
over a field of definition of C and the other Rs, then for any natural numbers 
C15° * +, Cn, there exists no curve whose intersection with C is equal to & oh. 


Therefore E must contain Cy as a component. Similarly, E must cortain 
Cy as a component. Then, specializing E — Cy — CO's over the specialization 
we considered above, we see the existence of a curve E* of degree s(m—1)—1 
which goes through the P*; with multiplicity at least m—-2 and the Q*; 
with multiplicity at least m—1. Hence, if m ==1, we have a contradiction. 
. We shall use the induction on m. Assume that #* does not contain C, as a 
component. Then C,°EÆ* contains 3(m—2)P*,+ 3(m—1)Q*;. By the 
equality of the degrees, we have C, E* = 3 (m— 2) P*, + 3(m—1)Q*;. 
Since C,(Cy -+ Ce) = 3 2P*;-+ 3 Q*;, we have C,: ((m—1)(Cu + 0’) — E*) 
== mP*,, which gives a contradiction by Lemma 5. Thus #* must contain 
Cs as a component and we have a contradiction by induction on m. 


(ii) The case where r is even. Set s = (s+2)/2 and let Oz Cy, Cy > 
be independent generic curves of degree s, s’, s’ respectively. Let P,,: © -, Pas 
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z 


be 2s points among (,--C’,. Then we take independent generic points 
P*,,- - +, P*a of C over (0s). Then we prove the assertion by the same 
way, as in (i) and we omit the detail (cf. [5]).- 


Remark. In order to satisty the requirement in §1 for r, r must be 
greater than 9. 


Proof. If r—1 or 2, then there is a line going through Pi; if r= 3, 
the sum of 3 lines going through two of the P, gives a counter-example to 
the requirement; if r==4 or 5, then there is a conic going through the P;; 
if r == 6, the sum of 6 conics going through 5 of the P; gives a counter-example ; 
if r= 7, sum of 7 cubics each of which has a double point at one of the P; 
and goes through all the P, gives a counter-example; ii r= 8, the sum of 8 
curves of degree 6 each of which has a triple point at one of the P; and has 
double points at all the other P; gives a counter-example; if r— 9, then there 
is a cubic going through all the P; 


The writer has the following conjecture: 


CONJECTURE. For the requirement in §1 for r, it will be enough for r 
to be greater than 9. 


HARVARD UNIVERSITY AND KYOTO UNIVERSITY. 
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A NOTE ON OBSTRUCTIONS AND CHARACTERISTIC CLASSES.* 


By MICHEL A. KERVAIRE. 


The present paper is a generalization of [7]. Relations will be established. 
between the obstructions associated with cross-sections in a stable U(n), SO(n) 
or Sp(n)-bundle over a complex K and the- characteristic classes of such 
bundles. 

In the U(n)-case, we obtain as a corollary a theorem of F. Peterson [10] 
stating that a U(n)-bundle over a torsion free complex K of dimension = 2n 
is trivial if and only if the Chern classes of the bundle vanish. 

A similar statement in the SO(n) or Sp(n) case, involving the Pontryagin, 
resp. symplectic Pontryagin classes, would be wrong. In case of an SO(n) 
[resp. Sp(n) | bundle there are obstructions in H****(K;Z,) and H+? (K ; Za) 
[resp. H+ (K ; Z2) and H®**(K;Z,)| which are not expressible in terms of 
characteristic classes of the bundle (see Lemma 4.3 for a precise statement). 
The information about these obstructions is still very poor. 

In [10], F. Peterson deduces his theorem from a computation of the 
Postnikov decomposition of Bum. We proceed the other way around and 
obtain the Postnikov decomposition of But, Bso) and Bspin) in the ‘stable 
range from the main lemma (Lemma 1.1). 

I am indebted to J. Milnor, B. Eckmann and A. Borel for their sugges- 
tions during the preparation of this paper. 


1. Let G be one of the groups U(n), SO(n) or Sp(n). Let £ be a stable 
principal G-bundle over a CW-complex Æ (stability means that the homotopy 
groups agi(G) are stable for g Sdim K). Assume that é admits a cross- 
section f over the (g—1)-skeleton K@-) of K. Take q to be even —2r if 
G==U(n) and q divisible by 4, q = 4k, if G= SO(n) or Sp(n). Ther, by 
[4]. wq-1(G) =Z in all cases. The obstruction class o (é, f) € HI(K 3 ¢1(G)) 
to extending f over the g-skeleton can be regarded up to sign as an integer 
class. Denote by ¢,(&), px(€), ex(£) the Chern class, the Pontryagin or the 
symplectic Pontryagin class? of £ in dimension q according as G =U (n), 
SO(n) or Sp(n) respectively. 


* Received October 5, 1958. 
1 See [3], 9.6, for the definition. 
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Lemma 1.1. The characteristic classes c-(é), palé), ex(é) are given by 


the. formulae a 


(i) O al) == (r—1) !10(8 f) if G—U(n), 
(ii) pu(é) = (2 —1)!a,0(6, f) if G=SO(n),: 
(iii) ex(E) — (2k — 1)! bo (& f) if G==Sp(n), 


where, as in [6], ar’ br ==? and a, 1s equal to 1 for k even and to 2 for k odd. 


Proof. Let G=U(n). Denote by & the associated bundle with fibre 
Wan- == U(n)/U(r—1). Let q: U(n)—U(n)/U(r—1) be the natural 
projection and g the induced map of the total space of € into the total spacé 
of €. The map f — g'of is a cross-section of & restricted to the (¢—1)- 
skeleton. Denote by qu: mora(U(1)) — mor: (Wanmrs1) and 


Qux H?" (E 3 mors (U(n) ) ) — H” (K; T'or-1 (Wyn-rs1)) 


the homomorphisms induced by g. Clearly, q,,..0(é, f) = 0(£,f”)—= the obstruc- 
tion to extending f over the 2r-skeleton. In other words ¢,,0(& f) = c (£). 
Identifying ma- (U(n)) and r>1(Wynr1) With Z (disregarding signs), we 
have d4,¥== (r—1)!wu for any u€ H*(K;Z) because g, maps a generator 
of rer (U(n)) onto (r—1)! times a generator of ar: ( Wynrs1) according 
to [5]. Thus Cr (É) = Qxx0 (6,7) = + (r —1)!0(& f). 

The proofs of (ii) and (iii) are entirely similar and are left to the reader 
(compare also [9]). | 


2. As a corollary we obtain the 


Turorem 2.1 (F. Peterson). Let é be a U(n)-bundle over a complex 
K with dim K = 2n and assume that H**(K;2) has no torsion except possibly 
prime to (r—1)! for r=1,2,---. Then é is trivial if and only if the 
Chern classes ¢,,‘ ` *,Cy vanish. 


Proof. Half of the statement is trivial. We prove that £ is the product 
bundle provided c,(é) == 0, ¢2(&) = 0,: + -,¢n(€)==0 by stepwise extension 
of a cross-section in the associated principal bundle ép. | 

If f is a cross-section in ép restricted to K@™” and q is odd, there is no 
obstruction to extending f to K@ since wo;(U(n)) —0 for i<in by [4]. 
Let q be even: g==2r. Then by Lemma 1.1 the obstruction class o(é,f) 
satisfies the identity c, == +(r—1)!0(é,j). Under the assumptions of the 
theorem this implies o(£,f) —0. It follows (see [11], 34.2) that f | K@» 
is extendable over K@. This proves the theorem by induction on g. 


Cai 
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Some information on the obstructions arising in the SO(n) and Sp(n) 
‘cases is given in Lemmas 4.1 and 4.2 below. We need a preliminary lemma. 


3. Let G be any Lie group_and H a closed subgroup of G such that 
the sequence | 


a Vy, 
(3.1) 0 ra (G/H) —> raoa (H) — T41 (G6) > 0 


is exact for some g (here i, is induced by the inclusion 4: H—> G). Assume 
that the G-bundle é over the complex K admits a cross-section f over the 
(q— 1)-skeleton. Let o(é, f) € H9(K;xr1(G)) be the obstruction class to 
extending f over K@. We want to compute 8*o(£, f), where $* is the boundary 
homomorphism 8*: H9(K ; nqa (C)) > H (K 32_(G/H)) of the cohomology 
exact sequence associated with the coefficient sequence (3.1). (Compare 
Steenrod [11], 38. 5.) 


Let £ be the associated bundle with fibre G/H. The cross-section f 
induces a cross-section f of & restricted to the (g—1)-skeleton. 


Lemma 3.2. Under the above exactness assumption of (8.1), the cross- 
section F is always extendable to a cross-section F of & restricted to KG). 
Let o(&, F’) € AH (K 32q(G/H)) be the obstruction class to extending F” 
over K€, Then 8*0(é,f) =0 (8, P)... 


Proof. Let p:r31(G)—73:1(G/H) be induced by the projection 
G— G/H, and p}: ZUK 329¢4(G)) > Z4(K ;rq1(G/H)) be the homomor- 
phism induced by the coefficient homomorphism p. Let 2€ o(é,f) be the 
obstruction cocycle to extending f over K@ and 2 be the obstruction cocycle 
to extending f over K@. We have p,z—7 and since p is zero, it follows 
z —=0. In other words, f can be extended to a cross-section F” of & restricted 
to K@, The map F: K@- > E’, where W is the total space of & induces over 
K® an H-bundle n (F is the quotient of the total space E of £ by the action 
of H as a subgroup of G). fy(x) = (x, f(x)) for se K@™ defines a cross- 
section of y restricted to K@) (compare Steenrod [11], 10.2). Let 
Un € Z1(K@ 5 rga (H)) be the obstruction cocycle to extending fy over K@ 
and let uc C4(K;r41(H)) be defined by u[r]—w,[r] for every g-cell 
rTEKO CK. Clearly, igatu =z, where ts: CK 3 rga (E) > CUK 3 r1(G)) 
is induced by t4: 23g.(H) > 2¢4(G). .The assertion of the lemma can be 
stated as a 


(3. 3) du 0,7, 


| where 0,: Z4#1(K 3 1q(G/H) ) — Z (K ; ro 1(H)) is induced by 0: r4(G/H) 
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— 7421 (H), and 2’ is the obstruction to extending F” over K@). (Compare 
Steenrod [11], 38.5 formula (8).) 

Let $: B™—> K be the attaching map of a (¢g-+1)-cell e of K, and 
denote by œ the restriction of ® to the boundary 82 of Bet. Then 
F” og: SY— E’ induces over 84 an H-bundle whose characteristic map x = Aa 
is the image of the element & € ma (E) represented by F” o œ under the boundary 


# 
operator A: #749(#°)—7321(H) of the homctopy sequence of H— E —— F. 
Since F0 (81) C p(B), where p is the projection p: F ->K of the bundle 
£, F’og as a map in p> (BY represents an element of r,(@/H) which is 
equal to [ol]. Thus 7’,(2’[o]) —«, where 7’: G/H — E is the inclusion of 
the fibre. On the other hand y is equal to u| #82]. Consider the commutative 
diagram 


0 
ra (G/H) ——> rq (H) 
yx 
aq( E) ——> mq (H) 


induced by the bundle map 


G —— E 


ne, | 
| CA} 
We have 
sulo] == ul ps1] = Aa = Aj’, (2 To]) = 0, (2’[o]) = (042) [e]. 


Since this is true for any (q-+1)-cell e, the proof of (3.3) is complete. 


4, We apply this to the cases G = SO (2n) and G— Spin), H=U(n). 


Lema 4.1. Let the stable principal SO(2n)-bundle £ admit a cross- 
section f over the (8s-+-1)-skeleton Ks) of the base complex K. Let 
o(&,f) € H®***(K;Z.) be the obstruction class (compare Bott [4]). The 
induced cross-section F of the associated bundle £ with fibre SO(2n)/U(n) 
restricied to KO) is extendable over K2 to a cross-section F’. One has 
Bo(é,f) =+0(8,F"); where B is the Bockstein operation and o(f,F’) is 
the obstruction class to extending P over Ks), 


Proof. Take G = SO (2n) and H =U (n) in Lemma 3.2. The sequence 
0 —> rues (SO (2n) /U (n) ) — mses (U (n) ) — rss (SO (20) ) > 0 


m 
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is exact and reads 0 —> Z —> Z —> Z,—> 0. (Compare Bott [4].) The associated 
coboundary homomorphism §* is 8 by definition. Similarly, 


Lemma 4.2. Let the stable principal Sp(n)-bundle & admit a cross- 
section f over the (88+ 5)-skeleton of the base complex K. Denote by 
o(é,f) € H856(K;Z,) the obstruction class. f induces a cross-section f of 
the associated bundle & with fibre Sp(n)/U(n) restricted to K), Then 
f is extendable over the (8s+6)-skeleton. Let F’ be an extension and 
o(é, F’) € H8**7"(K;2) the obstruction class (up to sign). We have 
Bo(é,f) = + o (f, F). 


Proof. The sequence n; 
O — rsa (Sp(n)/U(n)) — rsss (U (1) ) — rssus(Sp(n))—>0 


is exact and reads 0 —> Z—>Z—Z:,—>0. (Compare Bott [41.) 

Next we show that the Stiefel-Whitney class w, of an SO(n)-bundle £ is 
in general independent of the obstruction to extending over K™ a cross- 
section of é restricted to K@). In fact: 


Lemma 4.3. If there exists a cross-section of the SO(n)-bundle é 
restricted to the (q—1)-skeleton of the base complex K, q > 0 and q2, 
4, 8, then the Stiefel-Whitney class wy of & ts zero. 


Proof. Let o(é f) be the cohomology class of the obstruction to extending 
the given cross-section f over the g-skeleton, Let p: SO(n) — Vanon 
= ŞO (n)/SO(q—1) be the natural projection, and 


Pa: maa (SO (n) ) — ro ( Vnmng)» 
Pax: HI(K 5771 (SO (n))) > H&K ; 792 Vun-gs1)) 


the induced homomorphisms. Clearly, n,40(6,f) =w The lemma follows 
from the fact that pẹ is zero provided g342,4,8. This is trivial for g=3, 
5, 6, 7 modulo 8 (r41 (50 (n) ) is zero in these cases by [4]). It is also trivial 
for q= 1 mod 8 since ro (SO (n) ) —0 and wa,(SO(n)) = Zo, wae(Van-ss) SZ 
fors>0. For g==2mod 8, p, — 0 follows easily from considering the homo- 
topy exact sequence of SO(n)/SO(q—1). For q==4mod8, p,—0 was 
stated and proved in [6], Lemma 3. The case g==0mod8 will be treated in 
a forth coming paper [8].? 

Using the Lemma 1.1 above, we obtain the k-invariants of the classifying 
spaces Buyin), Bsainy, Bsptny in the stable range. (For the k-invariants of 


3 ; è 
* (Added in proof) p, = 0 also follows from comparison with p’,: m,3(SO(q)) 
> Tg-a (697) as in the proof of Lemma 6. 4 below. 


16 
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Buin, compare F. Peterson [10]). We need a few probably well known 
lemmas about k-invariants which we derive in the next section. 


5. Let X be a simply connected space and X, D X such that 
(i) (Xq,X) isa relative CW-complex (compare G. W. Whitehead [12]), 
(ii) m(X9)—0 for g <1, 

(iti) a(X) ~ai(X,) for +S q under inclusion. 


Then, w;(X,,X) 0 for 1< q +1 and since 7,(X) —0 by assumption, it 
follows from the relative Hurewicz theorem that H,(X,, X) — 0 fort q +1, 
and Trou (X) ro (Vo À) = Agie(Xq,X). It follows that He? (Xg X 5 naa) 
== Hom(H,.:(%,, X); Tı) contains a fundamental class u (mo denotes 
mgl X) for brevity). 


Lemma 5.1. a*u== krt? ¢ Har? (Xara) is the (q+R)-dimensional k- 
invariant of X, where a*: H* (Xp X img) > H* (Xg; rga) 18 induced by the 
inclusion a: (Xy 0) — (Xp X). 


In fact the lemma is a special case of the following definition of the 
characteristic class. 

Let p: E—> B be a fibering with q-connected fibre F, and let 4: F—.# 
be the inclusion of the fibre. Assume that E (and thus also B} is simply 
connected. By the homotopy exact sequence, py: mi(E)—>m(B) is an iso- 
morphism for +2 q, and py: mqu(E) > aqi(B) is surjective. Therefore, 
oi (B’, E) — 0 fori q +1, where B’ is the mapping cylinder of p (B and B’ 
have the same homotopy type). Since 7,(Æ) —0, it follows H;(B’, E) —0 
for +S q + 1, and moo (B', E) = Hoe (B’,#). Thus H (B’, E35 aq. (B’, E)) 
== Hom (Hy.2.(B’, E), 2¢-2.(B’, #)) contains a fundamental class u. 


Define a homomorphism ¢: m(F)—ru (B, E) for every t as follows: 
If f: St» F represents a class a € r;(F), the formula 


F (x,t) = (f(«),#), 


sigil defines a mapping of the cone over 8? into B’. The boundary of 
this cone is mapped into F C E. Let da be the class of F in 7:,,(B’, E). 


Lemma 5.1’. œ ts an isomorphisin, and pce == a*u, where dy 18 induced 
by the coeficient homomorphism à: mga (E) > 7q12(B’, E); ¢ is the charac- 
teristic class and a* is induced by the inclusion (B’,0) C (BF). 


Proof. Consider the diagram 
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ts 
mia (B) —>nien(B,P)—> m) nE) —> mi BF) 
id. Dy $ id. | Dx 
Px Qs. a’ Px 


mal) — ma(B) — tin (B’", E) — i (4) — 7(B). 


It is easily seen from the definition of @ that commutativity holds in each 
square. Since p, is an isomorphism, œ is an isomorphism by the 5-Lemma. 

Let y: Hi(F) > Hi (B’, E) be defined similarly to ¢. The cycle z being 
a representative of a class £€ Hi(F), wf is the class in H;,,(B’,#) of the 
cone over z in B’, regarded as a cycle modulo Æ. Clearly, the following 
diagram is commutative: 


â in 
His (E) —> Hin (E,F) —> Hi(F) —SH;(E)—H,(E,F) 


id. Px Y id. Dx 
- Ox, a’ 
Hin(L) —> H,,(B) — Hin (B, E) —>H,(E) —> H,(B). 
It follows by a standard argument that the dual diagram with coefficient 
group m(F) =r; (B’, E), identified by D: 7;(#) — r;.:(B",Æ), is also com- 
mutative. In particular, 


Ô 
H (E, F ; rq) == H (F ; mgn) 


p” w* 


X 


a 
HH (Bsa) <— Ht? (B’, Bs mu) | 


is commutative (2.1 denotes mga (F) identified with rg, (B, E) by D). Since 
c is characterized by p*c = èv, where v is the fundamental class in H4*(F ; mou), 
it remains only to prove that y*w—v. This is obvious, and the proof of 
Lemma 5.1’ is complete. | 

Consider the cohomology exact sequence 

a* 

D HM (X 941) —> HA (Xy X jirga) — Ht? (Kaj mq) >" 
Clearly, § annihilates every decomposable element of H%*(X 3x41). 

In fact, if c€ H%*(X 329.1) is any class, 6¢ as a homomorphism of mga © 
Into mgs is given by 


(5.2) dc[a] — ac, for every æ € mo, 


where a*: H%*(X 3 mq) > HU (9% ;2g,,) is induced by any map 91 —> X 
representing a, and H (8%; ma) is identified with mg. 
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6. As an application of Lemma 1.1 and the preceding remarks, we 
obtain : 


THEOREM 6.1. Let X == By tn) and West = ngn { Buin) ) Srl U (n) À: 
Then, for i< n, we have ki? =-0, and Lx, may be taken equal to Xn. 
HS XL os Stone) = HS (Xon) 18 a finite cyclic group: of order 1! 
generated by the k-invariant k?ts, 


THEOREM 6.2. Let X = Bsorn) and Fou = Tor (Bsacny ) = To (SO (n)). 
Then, in the stable range, kti ==0, k8t+*=-0, h8t+=—0. One can take 
Aaja = Xan Asi = Xsis =Asig. The k-invariants kti, kèit, kett are 
different from zero. Specifically, we have exact sequences 


11, 


: ae 
(6. 2”) O—> Zora 103 —> A (Xaar) > A(X maj) — 0 


which split for 7223. The k-invariant kit ts the image under a* of a 
generator of Zi2i-1)ta,. For j==1 or 2, kt can be halved and $k can be 
chosen so as to project onto Wt e HA X 5a4;). Similarly, the sequences 
a* j 
0 —> Za — HeH (X ai; rai) > HE XY yngi) -> 0, 


a” 
0 —> Z, —> H813 (Xani 5 Weise) —> Fe (X 5 Tat:2) — 0, 


(6.2) 


are exact and split. kèt, resp. kè are the images under a* of the generator 
of Lz. (ra; ~ Z, Weisd ps Ti: = Lo; by [4] J 

THEOREM 6.3. Let X = Bspin) and mors == To (Bsp) Z mr Spin) ). 
Then, in the stable range, kti == 0, Ket? —0, hei a—0, One can take 


Xai =La Xesus = Aging = Xe The other k-invariants are non-zero. 
Precisely, / 


H (Xs) Z Zim generated by ktit, 
Hei- (X si-4; Z2) © Za generated by kei? 
- | HAE Xe: Z) © Z, generated by keia, 
Proof of Theorem 6.1. The first assertion is trivial since meni (Bum) == 0 


fori <n. Consider the cohomology exact sequence 


a 
a 


Ô 
H(X) -— H?n (Xaa, X) —> H(X pia )— 243 ( X) 


with coefficients in moiso(X) =Z. Since H*(X) = Zfc,- - -, en], deg c;== 2j 
(see [2], Theorem 21.3), we have H? (X) —0 and H*#?(X) is the direct 
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sum Of (1 ED copies of Z, where m(t+ 1) is the number of partitions of 
t+1. By (5.2) and Lemma (1.1), 8 is zero on the decomposable elements 
and cı = + t!:u, where u is the fundamental class in H?***(Xoi1,X) ZZ. 
It follows that H?***(X.4,) is cyclic of order i!, generated by a*u = ktts, 


Proof of Theorem 6.2. The first assertions are trivial since w,j-2(SO(n) ), 
mes(SO(n)) and w-3(S@(n)) are zero in the stable range (see [4]). Con- 
sider the cohomology exact sequence. 

a* a 


8 
H4(X) —> H (Xa X) —> H (X pa) > H(X) — 


with coefficients in r4;(Bsotm) Z2. Since H* (Bso; R) = R[ pu't; Peth 
H* (Bso) ; Z2) = Zaf W2" © +; Wn], and Bsom) has no other torsion than 2- 
torsion (see [3], Appendix IL), every class c€ H*(Bsoiny) with degs< n 
can be written in the form c == P (pu: `, pr) + BQ (uw, - * ,w,), where B is 
the Bockstein homomorphism and P, Q are polynomials. Hence, 8: H(X) 
—> H(X aj- £) kills every element except possibly p; It follows from 
(5.2) and Lemma (1.1) that 8p; = + (27 —1)!a; u, where u € H(X -1 X) 
is the fundamental class. If ce H(X), it has the form Be, with 
CE HS(X;Z,). Thus c= 0, except possibly if c= Bwa = Ws and then 
SY Wapa == Biwa. Since by (5.2) way is the 45-dimensional Stiefel-Whitney 
class of the SO(n)-bundle induced over S*/ by a map S#— Bson) repre- 
senting a generator of ma (Bsoin ) © Z, we obtain information about êw, from 
the following lemma: 


Lemma 6.4. Let £ be the stable SO(n)-bundle induced over S* by a 
map representing a generator of ma (Bsoim) ~ 2. The Strefel-Whitney class 
waj(€) E H*7(8*7;Z2,) ZZ, is different from zero if and only tf S* is 
parallelizable. (Compare Bott and Milnor [5].) 

Since S*-1 is parallelizable only for j ==1,2 (see [5] or [6]), it follows 
that for 7= 3, the sequence 


wet ala 


a? 
0 Zepu ——> H9 (Xi) > H9 (X) 30, 
is exact. In order to show that the sequence splits, consider the diagram 


Ô a" 
H(X) = HHH (Xai A) —> HY (Xi) mB YX) 


Px x | by | 
ô 


oe 


a 
H Ai (X) — H (Xio À) —> HS (Xa) > HX) 
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where H,* is the cohomology with coefficients in Z, and ¢,, is induced by the 
coefficient epimorphism ¢: Z—> Z, Since ġąu 40 and à kills decomposable 
elements in H,*/(X), it follows that ¢,k*7**—0 if and only if dw. 40. 
Hence, by Lemma 6.4 above, k*/** cannot be halved unless 7-1 or 2. Since 
H(X; Z) is the direct sum of copies of Z,, it follows that every element 
== 0 in H+ (X ; Z) is the image of an element of order two in H*/**(X4;,52). 
Thus (6.2’) splits for 7 = 8. 

Now, let 7-1 or 2. Since S* and S& are parallelizable, it follows that 
$w,5£0, 8v,540. Thus kë and k° can be halved. Consider first the case 
j—1: The sequence we are interested in reads 

a* 


ÿ 
H*(X) > H(X, X) —> HS(X,) > H5 (X) —- + - 


Since H®(Bso(n)) ~ 42 generated by Ws, the only possible value of the pro- 
jection in H*(X) of kë is W,;. ‘Therefore, Ÿ is trivial also in this case and 
exactness of (6.2’) holds for j== 1. 

Let 7==2. Consider the sequence 


a* 5: ed 


ò p° 5 
H*(X) —> B? (X, X) —> E(X) — E(X) — -- 


H? (Bso) ~ Z: + 2: + Z, generated by v: Ws, (W:)* and Wa. Let h be an 
element in H° (X) such that 22 == 49%, Claim: p*h == Wy -+ ap,W; + B(W:)5, 
where g and 8 are remainders mod 2 depending on the choice of h. This is 
equivalent to proving p*h4ap,W;-+ B(W3)*. Since p* is an isomorphism 
in dimensions < 8, there exist classes p^, W’s, W’s whose projection under p* 
are p1, Ws, Wa. Thns av’,W’, + 8(W’s)*€ H°(X-) is an element of order 2 
whose image by p* is ap, W, ~+- B(W.)3. If p*h were equal to ap,W; + B(W3)', 
we would get an element h’ == h—ap’,W’,—8(W’;)* with the properties 
p*h’ = 0 and 2h’ —k*®. Such an element however does not exist. Tt follows 
from p*h— W,- decomposable elements, that 83W ==0. Hence (6.2’) is 
seen to be exact in any case. 

To obtain the exaciness of (6.2”), consider the cohomology sequence 

Ô a p* à 
HBits-1 (X) ——» f[sire (X sirs-2 X) ——> ff Sits (X sis) sy Fp 8148 (X) ins 

with coefficients in mgis-2(SO(n)) = Z for s—2 or 3. 

We have to prove that ê and & are zero. Since § and & kill decomposable 
elements, it suffices to prove dwWaus = 0, Waiz = 0, VWs 0, Swans = 0. 
The first two assertions follow from (5.2), by which 


Baise ELISS (X Sirsa) À 3 Z) Z he 
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is the value o*wei.,1[S8t?-*] of the (81-+-s—1)-th Stiefel-Whitney class of 
the SO(n)-bundle over S**s-+ induced by a map representing the generator 
@ Of mstrs-+1(Bsoiny) ~ Zo. Since such a Stiefel-Whitney class vanishes, it 
follows that 8Wsus = 0. To prove à Weirg == 0, observe that 


Weise = Ñ G Wri for iZ 1, and wens = SP Wsu? 
(see Wu Wen-Tsiin [13] and Borel [1]). It follows that 
8 Weng == 8 So Wa: == NSW — 0, and similarly Wars = 0. 

The splitting of (6.2) is trivial since every element in H®**? (X ateo; 42) 
has order two. 

It remains to prove Lemma 6.4. Let # be the associated bundle with 
fibre Vi n-sj == SO(n) /SO(47 —1), and let 

Pa: HY (S 5 7471 (SO (n))) — H (894 5 Tag (Vase) ) 


be induced by p: aaj1(SO(n)) —rara( Vans). Identifying H#(S#; 
wyj-1(SO(n))) with r:5:(SO(n))}, we clearly have pga = w(£), where g 
is a generator of 1,5:(SO(n)). Since ra (Vans) © Ze, it follows that 
w, (é) is different from zero if and only if p: ry71(SO(n)) > wap (Van n-ajer) 
is surjective. The commutative diagram 

msj- (SO (47) ) > maj-a (S0 (n)) 


, 


p p 
Raj- ( GATE ) > Taj- ( Vanaja ) 


shows that p is surjectice if and only if p’ is; in other words, if and only if 
S*5- is parallelizable. 


Remark. The proof in [6] can be improved by using the above diagram 
from which Lemma 2 of [6] follows immediately. 


Proof of Theorem 6.3. Let X = Bs,(n. Again the first statements of 
the theorem follow trivially from the results of [e 


Consider the exact sequence 
5 a* 
H(X) — HA (Xa L) —> HI (Xi) > HS (YX) 
with integer coefficients (r,,(X) =Z by [4]). 
Since H*(Bspin);Z) = Z[K:,: - -,K,], degK;—4j, it follows that 
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Ha (ZX) — 0, and the multiples of K; are the only non-decomposable elements 
of H(X). By (5.2) and Lemma 1.1, 


OK; = (27 —1)!b;- u, 


where u is the fundamenial class in H(X, XZ) = Z. 


It follows that H***(X,4;-,) is cyclic of order (27——1)!}; generated by 
k#i#1, The assertions about ki- and kt? are trivial. 


BATTELLE MEMORIAL INSTITUTE, GENEVA. 
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NORMALITY IN SUBSETS OF PRODUCT SPACES.* 


By H. H. Corson. 


1. Introduction. This is a study of the topological properties of some 
of the subsets of what will be called a 3-product. For the purposes of this 
introduction it will be enough to define a S-product of-copies Hy of the real 
line where a is in an uncountable index set A. This is the subset X of the 
full product of the R, which consists of those points which have at most a 
countable number of non-zero coordinates. The main properties of these 
spaces are, loosely speaking, strong types of normality and weak types of 
separability. For instance, it is proved that 3 is not only normal but that 
the collection of all the neighborhoods of the diagonal in 3X 3 forms a 
uniformity for 3. The space 3 is not paracompact or separable although 
each metric space which is the continuous image of $, or is a closed subset 
of 3, is separable. Moreover, $ has a dense subset which is the union of a 
countable number of compact spaces. 

As applications of these theorems, two counterexamples are constructed. 
First, a normal space is constructed whose real-compactification is not normal. 
(See Section 3 for the definition of real-compactification.) This question has 
been asked in a preliminary version of a book by L. Gilman and M. Jerison, 
and has also been considered elsewhere. Second, it is shown that a space F, 
which was first defined by A. H. Stone (see Section 4) has the property that 
‘the collection of all the neighborhoods of the diagonal in Fe X Fe forms a 
complete uniformity for Fo, but Fe is not paracompact. This answers in the 
negative a conjecture of Kelley’s [9, pages 208-209]. (It is stated that a 
counterexample had been constructed, but an error was found during a seminar 
at Purdue.) 

% is also proved to have the following additional properties. It is a 
C(X) for a Lindelöf space X, where C(X) is the collection of continuous 
real functions on Æ ‘under either the simple topology or the compact open 
topology—these topologies being the same for this X. Every metric space 
can be imbedded as a subspace of some X-product of real lines. However, it 
is shown that % has a non-normal subset. 


* Received December 29, 1958. 
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Perhaps it is best to mention that in the literature there are a few cases 
of results on S-products of compact spaces Xa, a€ À. These are defined by 
specifying that one point in each XY, is to be 0, and then imitating the above 
definition of the =-product of real lines. These results also follow from the 
theorems in this paper. However, the reader will see that, for the applications 
which were described above, it is essential that one consider a -product of 
non-compact spaces. For the theorems that remain true, most of the proofs 
given here can be simplified if X, is compact for each a. 

Certain conventions will be followed throughout. A topological space will 
be a completely regular, Hausdorff space. For a subset F of a topological 
space X, F- will be the closure of F in X, while W will be the complement 
of F in X. 

Finally, some comments of J. R. Isbell are gratefully acknowledged. 


2. Normality of S-products. Although a X-product of real lines was 
defined in the introduction, it will be possibly usually to deal with a larger 
class of spaces. These are defined as follows. 


Definition. For a collection {X,:a€ A} of topological spaces, let 
P=P{X,:a€ A} be the topological product of the Xe. Then a 3-product 
of the Æa is a subset X of P with the property that there exists p = (pa) € P 
such that q = (qa) € X if and only if qa >£ Pa for at most a countable number 
of a€ A. Such a point p is called the base point of this S-product. 

Perhaps it is best to point out immediately that one X-product of the 
Xa may be different from another if the base point is changed. For instance, 
suppose that each X, is a copy of the unit interval [0,1], plus an isolated 
point cog, and let A be uncountable. Then the 3-product with p= («,) 
as the base point is not homeomorphic to that with p’== (0,) as the base 
point. In fact, the first space has a point (the base point) whose component 
is just a single point, while the second X-product has no such point. 

It will now be proved that a S-product of complete, separable metric 
spaces is normal. The following lemma will be used in the proof, but first 
some terminology is needed. | 

Let {H,: s€ 8} be a collection of subsets of a topological space X, and 
let U be an open subset of X. It will be said that {H,: s€ S} can be separated 
in U if there is a disjoint collection of open sets {U,: s€ S} such that 
UNH, CU, for all ses. 


Lemma 1. Let H, and H, be two subsets of the product of a topological 
space Y with a metric space M, and suppose U is an open cover of M. If H, 
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and H, can be separated in each Y XU, UCU, then H, and Hz can be 
separated in Y X M. 


Proof. A. H. Stone has proved in [12] that each metric space is para- 
compact. That is, for each open cover U of M there is a locally ‘inite 
refinement Ÿ of U. More explicitly, Ÿ has the property that each V € VY is 
contained in some U € U, and each vE M has a neighborhood that meets only 
a finite number of VEY. Since M is normal, one may even choose V such 
that the closure of each V € 9 is contained in some VEY. Let Y be such 
a refinement for the U in the statement of Lemma 1. | 

For each VE 4) there are open sets V, and Y, in Y X V such that 
HN(FXV)C Vi, t—=1 or 2, and Vin Veo. This is true since H, and 
H., can be separated in each Y X U, and hence in Y X V. Since V- C U for 
some UEU, one may even assume that Vy N He=VeNHi:—¢. Let 
Si—U{Vi: Ve Y}, i= 1,2. Define Ti = 8, S27”, and T;=— 8, N 8,7”. Since 
T, and T, are open and disjoint, all that is left to prove is that H, C T, and 
He Te 

Let h€ H,, then h = (y, m), where y€ Y and me M. Choose a neighbor- 
hood N of m such that N meets only a finite number of V € Y. Then Y X N 
is a neighborhood of h which meets only a finite number of Y X V, and hence 
only a finite number of V.. Let W be this finite collection of V}. Recall 
that Vo N H,==¢ for each VE Y. Hence (UWY N(Y XN) is a neigkbor- 
hood of A which meets none of the F.. It follows that H, C 7,, and a similar 
argument shows that H: C T. 


Remark. Jemma 1 is true for paracompact M, as the proof shows, or 
more generally for a normal space M and a locally finite cover UW of M. 
Moreover, if a discrete collection of closed sets {H,: s€ S} is substituted for 
H, Hz, Lemma 1 is still true. Almost the same proof may be used to show 
this. 


THEOREM 1. A 3-product of complete metric spaces is normal. 


Proof. Let {M,:a€ A} be a collection of complete metric spaces with pa 
being a metric on M, for which Ma is complete. For each finite subset # of 
A, let Pp-=P{M,:a€ F}. The metric pr on a subspace of such a Pr will 
always be taken to be pr(a, y) == Sup{pa(To, Ya): @€ F}. Henceforth the sub- 
scripts on the p will be omitted. Also, denote the X-product of the M, by X, 
where the base point of $ is p = (pa). 

Let H, and H, be subsets of $ which cannot be separated in S. It will 
be shown that there are sequences {h;:} and {k;} with h€ H,, ki€ H., and 
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with {h,} and {kı} converging to the same point in 3. Hence H, and H, 
cannot be closed, disjoint subsets of 3, and the theorem will follow. . 

Obviously H, and H, are not empty since they cannot be separated. ` Let 
z, be any point in H,; then there is a countable set of indices C, such that 
(21)a= Pa if a¢ Cı. Arrange C, in a simple sequence. F, will be a finite 
set of indices which includes the first member of Ci. Put S = 3. 

Suppose n quadruples (z, C;,¥;,8;) have been chosen with the following 
properties: q; E€ H, for odd 1, and 2,€ H; ior even 4 Hach C; is a countable 
set of indices which includes all q€ A such that (2%)e Pe Hach C; is 
arranged in a simple sequence. F, is a finite set of indices which contains 
F,U:--UF,, as well as the first à elements of each C; ji. Each S; for 
2 <=t=n is contained in S; for 71, and S, satisfies the following condition. 
If m; is the natural projection of X onto Pr, then there is a sphere 7; of © 
radius 1/t in Pr,, such that Sı =m" (T:). Moreover, assume that H, and 
H, cannot be separated in S, and that z;€ 84, The quadruple for n + 1 can 
be chosen as follows. o 

Let U be the covering of M —r,( 9.) by spheres of radius 1/(n + 1). 
It is easily seen that 9, is homeomorphic to the topological product of M 
with some topological space, and that M is a metric space. Hence by Lemma 1 
there is a sphere Tan in U such that H, and H, cannot be separated in 
Sn == nn (Tan), because H, and H, cannot be separated in Sa. In particular, 
H, N San and Ha N Si, are not empty, so one may choose Ln, € H if n +1 
is odd or Zu € H, if n+1iseven. Cy, and Pa are chosen in the obvious 
way. 

Let {hi} = {x;: 7 is odd}, and {k;} = {z;: 7 is even}; it will be shown 
that {hi} and {k,} converge to the same point in 3. However, this is equiv- 
alent to showing that {z;} converges. In order to establish this last state- 
ment, let a be an element of A, but a not in any C: In this case (ti)o = Pa 
for allt. If a€ C, for some 1, then a € F, for all n sufficiently large. By the 
definition of the metric on Pr, and by the choice of a, p((21)o, (&i)e) < 1/7 
for all » sufficiently large and for all & and 7 greater than n. Hence {(2;)¢} 
is a Cauchy sequence in Ma, and it follows that {x;} converges to some x, € P, 
the product of the Ma. But 2 € X since C = U {C;: +=1, 2,- : +} is count- 
able, and the proof is complete. 

COROLLARY 1. The product of a countable number of X-products of 


complete metric spaces is normal and countably paracompact. 


Proof. Let X denote this product, and let J be the unit interval. By 
[5] it is sufficient to prove that X X I is normal. However, it is obvious 
that X X I is simply another 3-product of complete metric spaces. 
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Remark. E. Michael has pointed out to me that the proof of Theorem 1 
may be used, almost as it stands, to show that 3 is collectionwise normal. 
That is, a discrete collection of closed subsets of $ may be separated in 3. 
The remark following. Lemma 1 was inserted for this reason. Some of 
Michael’s observations have been incorporated into the proofs of Lemma 1 
and Theorem 1 so that the statement made above would be easy to verify. 
However, if each of the metric spaces is also separable, it is proved in Section 
4 that X has even stronger properties. 


3. The real-compactification of a S-product. First, a definition and 
some results given in [8] will be reviewed. “ Real-compact” is the same as 
“Q” in the sense of Hewitt. Specifically, X is real-compact if it has the 
property that, whenever there is a topological space Y and a homeomorphism 
f.o? X into a dense subset of Y such that every continuous real function on 
f(X) can be extended to Y, then f(X)—Y. It is proved in [8] that each 
separable metric space is real-compact, and that a product of real-compact 
spaces is real-compact.: It is also shown that each topological space X can 
be imbedded as a dense subspace of a real-compact space vX in such a way 
that each continuous real function on X can be extended to vX. Morecver, 
vX is unique up to a homeomorphism, and vX is called the real-compactifica- 
tion of X. 

In the present section, v% is determined for some 3-products. 


THEOREM 2. If P is the product of separable metric spaces {M,: a € A}, 
and if 3 is a X-product of the Ma, then P = v3. 


Proof.. By the above remarks P is real compact. $ is dense in P. 
Hence, by the uniqueness of v3, it suffices to prove that every continuous 
real function on $ can be extended to P. 

If Č is a subset of A, let ag be the natural projection from P to 
Po=P{M,: a€ C}. Speaking loosely, Mazur has proved in [10] that if f 
is any continuous real function on %, then there is a countable set C contained 
in A and a continuous real function g on Pg such that f= gro. In fact, 
3 is a subset of P which is invariant under projection in Mazur’s terminology, 
and all such subsets of P are shown by him to have the above property. It is 
obvious from this that every continuous real function on $ can be extended 
to P. l 

However, Mazur proves more than is asserted above. He is forced for 
this reason to assume that, if 8 is the cardinality of A, then N is less than 
the first inaccessible cardinal. (See [10] for the definition of this.) This 
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restriction on A may be avoided here as follows. Bockstein proved in [2] 
that, given any two disjoint open set U, and Uz in P, there is a countable 
subset D of A and disjoint open sets V, and V, in Pp such that rp(Ui) C Vi, 
i==1,2. His proof may be used to demonstrate the same statement for 3. 
Since every continuous real function on X is determined by a countable 
number of pairs of disjoint open sets in 2, it follows that f= gro for some 
` countable C C A. This completes the proof of Theorem 2. 


COROLLARY 2. There is a normal space Z whose real compactification 
vs is not normal. 


Proof. Let 3 be as in Theorem 2 with A uncountable and with each Ma 
complete but not compact. Then by Theorem 1, 3 is normal. By Theorem 2, 
P=v3. By a result of A. H. Stone’s, P is not normal [12]. (A proof that 
P is not normal is also given in Section 4.) 


4. The neighborhoods of the diagonal in Æ X Sa. Section 2 contains 
all the positive results that I know on S-products of spaces which are complete 
metric but not necessarily separable. If each of the factors is separable, how- 
ever, we have the following theorem. 


THEOREM 8. Let = be a S-product of complete separable metric spaces 
{Ma: a€ A}. Then the family of neighborhoods of the diagonal in SX & is 
a uniform structure for X. 


Proof. Let A be the diagonal in 3 X 3 and U be a fixed neighborhood 
of A. It is sufficient to Gnd a metric space M and a function ¢ from $ onto 
M such that { (x,y): p(p(æ),b(y)) <1} CU. (pis the metric in M.) 

Some preliminary construction is needed. First observe that Corollary 1 
implies that 3 X % is normal. A being closed in 3 X 3%, there is a continuous 
function f from ¥ X 3 to the unit interval such that f(A) =O and F(U’) ==1. 
It is easy to see that Z3 X 3% is a S-product of {Me X Ne: a€ A}, where Ma 
is homeomorphic to NV, for all a€ A. In the proof of Theorem 2 it has been 
shown that there is a countable subset C © A such that f = gro, where wo is 
the projection onto Po—P{MX Nag: a€C} and g is a continuous real 
function on Po. Let To= P{M,: a€ C}. Clearly, To X To may be identi- 
fied with Po. Denote by Ag the diagonal in ToX To. One see that 
Ac =rco{A). Let Ue = { (2,4) € To X To: g(a, y) <1}. 

The existence of ọ and M can new be proved as follows. All the 
neighborhoods of Ag in To X To do form a uniformity for To, since To is 
metric and hence paracompact [9, Theorem 5.27]. It follows that there is 
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a metric space M and a continuous function o from To to M such that, 
in To X To, {(a,y): p(oc(z), bo(y)) <1} C Uo. Define ¢ to be pooc, where 
og is the projection from = to Te. 

It will be proved that ¢ has the required property. Let (x,y) € 3X 
such that p(¢(z),¢(y))<1. Then p(¢o(oo(z)), do(ooly))<1, so 
(oc(x),00(y)) € Uo by selection of ġo. Hence f(z,y) =gro(t,y) <1 by 
the choice of Uo, and it follows that (x,y) € U since f is equal to 1 on V’. 


COROLLARY 8. À X-product of complete separable metric spaces is 
collectionwise normal. (See remarks at the end of Section 2 for the definition 
of collectionwise normality.) 


Procf. It is proved in [8] that collectionwise normality is implied by 
the property that all the neighborhoods of the diagonal is a uniformity. 


The proof of Theorem 3 implies the following additional fact which will 
be needed. 


COROLLARY 4. If X is a metric space and also a continuous image of a 
S-produci of complete separable metric spaces, then X 1s separable. 


Proof. X is paracompact, since it is metric. Hence for each open cover 
V of X there is a neighborhood U of the diagonal in X X X such that 
{U (z): £E X} refines V [9; Theorem 5.28]. If f is a continuous function 
which maps X onto X, then U,==(fX/f)7(U) is a neighborhood of the 
diagonal in 3X 3%. By the proof of Theorem 3 there is a function ¢ from Z$ 
to a metric space M such that {(2,y): p(¢(2),¢(y))<1} CU, However, 
this M is a separable metric space since it is the image of the separable 
space Te. Hence there is a countable subset {y;} of % such that 
{Uo (y:i): t= 1,2, : -} covers X. It follows that {U(f(yi)): t= 1,2, °°} > 
covers Y, and hence Y has a countable subcover. 


Note. There is another proof of Corollary 4 which shows that it remains 
true for any dense subset of a full product of separable metric spaces. 


It is interesting to note that Bockstein’s theorem can be used to give a 
new proof of the theorem [12] that P, the product of an uncountable number 
of non-compact metric spaces, is not normal. The first part of Stone’s proof 
goes as follows. First note that P has a closed subset P, which is homeo- 
morphic to the product of an uncountable number of copies of the integers. 
Hence it is enough to show that Po = P{J,: a€ A} is not normal, where J, 
is a copy of the integers. Stone then defines two closed subsets F, and F 
of Po, where F; is the set of p in Pe, such that, for any given integer ni, 
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i—0 or 1, pg==n for at most one a€ A. It is possible to show very quickly 
that F, and F, cannot be separated in Pe. In fact, if F, and F, could be 
separated, then there would be a countable subset C C A such that rc(F,) and 
rc(F.) could be separated in Po = P{Ja: a E C}, because of Bockstein’s theorem 
[2]. However, given a O == {a;: 7—1,2,---}, the point p= (pa) € Pe, 
where pe, = 3, is in me(Po)N rc(Fi). 

On the other hand, Fe as a topological space has some interesting prop- 
erties itself. In fact, it is a counterexample to the conjecture of Kelley’s 
mentioned in the introduction. 


THEOREM 4 F, has the property that the collection W of all the 
neighborhoods of the diagonal in FoX F, forms a complete uniformity far 
F, However, Fo ts not paracompact. 


Proof. Using the notation introduced above, Fo is a closed subset of Po, 
and hence of 3, the X-product of the Ja. Since Z has the property that the 
collection of all the neighborhoods of the diagonal forms a uniformity, so 
does each closed subset. (More generally, it is easy to prove that this 
property is inherited by closed subsets.) Moreover, F, is closed in Py, and 
P, is complete in the product uniform structure. Hence F's is complete in 
some uniform structure. Consequently F, is complete in its strongest uniform 
structure % [9, problem 6.L(a)]. 

In order to show that F, is not paracompact, notice the following facts. 
Since % is collectionwise normal by Corollary 3, then each continuous func- 
tion from the closed subset F, of 3 to a Banach space extends to 3 [6]. 
By Corollary 4, every continuous image M of X, where M is metrizable, is 
separable. Thus the same is true of Fe, since it is well known that each 
metric space can be imbedded in a Banach space. If Fy were paracompact, 
then for each open cover 9) there would be a neighborhood U of the diagonal 
in Fo X Fa such that {U(x): xe Fy} refines Y [9; Theorem 5.28]. But 
each such U is a member of the strongest uniformity for Fo. Hence there is 
a metric space M which is the continuous image of F, under ¢, and such that 
{(2,¥): p((z),¢(y))<1} CU. Since M must be separable, % has a 
countable subcover. Hence it follows that if F, were paracompact, then it 
would be Lindelöf, However, consider the open cover of & by sets of the 
form Va = {pE 3: pa=0}. Then Y—4{V,:a€ A} covers & and hence F4. 
If {Va,: t==1,2,---} is a countable subset of Y, then the point p = (pa) € Fo 
is not in any Fap +==1,2,- >, where Pa = 0, if a34 and pa, =i. Therefore 
V has no countable subcover, Fo is not Lindelöf, and hence Fy is not para- 
compact. 
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Remark. Since F is closed in %,.Corollary 1 implies that F, is also 
countably paracompact. 


There is another corollary to Theorem 8, which is a known result. 
If 3 is a non-trivial S-product and AX is any compactification of $, then 
=> AX is not normal. It suffices to prove this in the case where each factor 
of 3 is a space with exactly two points. However, since the collection cf all 
the neighborhoods of the diagonal is a uniformity for %, if 3 X AS were 
normal then 3 would be paracompact [4]. Almost the same proof which 
was used to prove that Fo is not paracompact may be applied to show that X 
is not paracompact. 

It follows from the above remark that a X-product of compact spaces 
need not be normal. However, it is known and easily proved that such 3 
are countably compact in this case. As for metric spaces which are not 
complete, I do not know if a =-product of copies of the rational numbers is 
normal. 


5. Metrizable subsets of Æ-products. %-products are ordinarily not 
metrizable or even paracompact, as was mentioned in the introduction. How- 
ever, the following is true. 


PROPOSITION 1. Every metric space can be imbedded as a subspace of 
a %-product of copies of the unit interval. 


= Proof. If M is a metric space, it is shown in [1] that there are a count- 
able number of collections Q, of open sets such that U{Q;: i= 1,2,- +} is 
a basis for M and such that each (isa discrete collection. (The latter means 
that each point of Af is contained in an open set which meets at most one 
member of (:.) For each i and each A in Q; one may choose a countable 
collection of open sets Ba such that By C A and A == U{B,: n=1,2,: - +}. 
For each B let fs be a continuous function from M to the unit interval 
such that fp(m) —1 if m€B and fe(m) —0 if m is not in the A which 
corresponds to B. For each B let Ip be a copy of the unit interval, and let 
3 be the X product of the Iz, where the base point is the point which has 
every coordinate equal to zero. Let œ be the function from M to X defined 
by (¢(m))a=fa(m). It follows from [9, Lemma 4.5] that is a homeo- 

= morphism, which completes the proof. 


Remark. On the other hand, if M is a metric space which is a closed 
subspace of a S-product of unit intervals, then M must be separable. This 
follows from the results i in Section 4. 
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6. Non-normal subspaces of Æ-products. Although it has been shown 
that S-products have many normal subspaces, and although more normal sub- 
spaces will be exhibited presently, it is nevertheless true that every non-trivial 
S-product has a subset which is not normal. This is easily demonstrated 
using the next two lemmas. 


Lemma 2. If X is normal and if A ts a subspace of X such that each 
continuous real function on X is bounded on A, then every sequence in A` 
has a cluster point. 


Lemma 2 is known and easily proved. Lemma 3 is due to Melvin 
Henriksen [7]. | 


LemMA 3. Let À be a subspace of X such that every continuous real 
function on A can be extended to X. Then for sE À, every continuous real 
function on À — {x} can be extended to X — {x}. 


PROPOSITION 2. Let 3 be a S-product of uncountably many spaces, each 
having more than one point. Then Z has a non-normal subset. 


“Proof. By hypothesis, each factor Xa of X has a two-point subset Ya. 
Assume that if p== (pa) is the base point of & then pa€ Yq. It will be 
proved that % has a non-normal subset, where X, is the %-product of the Y, 
with p as base point. Since X, C 3, Proposition 2 will follow. 

Let Py be the full product of the Fa, then P)==v%_. by Theorem 2. 
Choose some point g€ Poe which is not in %. Since every continuous real 
function on %» can be extended uniquely to Peo, P,—{q} has the same 
property with respect to Po. That is, Po ==v(P)»—{q}). But P, is compact, 
therefore every continuous function on Pa— {q} is bounded. Also, Py may 
be considered to be a topological group and is consequently homogeneous. 
Hence every continuous function on P,— {x} is bounded for all z in Pe. 

Let x, be a fixed point of 3. Lemma 3 implies that each continuous 
real function on %)— {£} can be extended to P,—— {w!}. Hence all con- 
tinuous functions on Xo— {£o} are bounded, since P,— {x,} has been shown 
to have this property. However, %,— {2%} contains a sequence with no 
cluster point. To define this sequence, let x; be a point in 3— {fo} suck 
that (%;)¢5£ (to), for exactly one a. A countable number of distinct a; has 
no cluster point. By Lemma 2, %)—~ {£o} is not normal. 


7. A dense Lindelöf subspace of Æ. Suppose % is a XS-product o2 
{Ma: a € A} with base point p— (pa). Then a o-product of the Af, is the 
set of q= (ga) € À such that qa > pa for at most a finite number of a. If e 
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is such a o-product, then o == U{o;: 1==0,1,2,° +}, where oi is the set of 
q = (qa) € o such that ga po for at most t of the a € À. 


Lemma 4. If M and each M, are separable metric, then oX M is 
Lindelof. i 


Proof. The proof is by induction. It is trivial for t==0, so suppose 
that the statement is true for on. Let @ be an open cover of opu X M. In 
order to show that there is a countable subcover of @, it may be assumed 
that each member of @ is a member of the usual product basis for open sets 
in ona X M. Since M is separable metric there is a countable subset of Ọ, 
say {O,;:1—1,2,- - -}, which covers p X M, where p is the base point. Since 
each O; is a member of the basis, there is a finite subset F; of A, a neighbor- 
hood Vat of Pa in Ma for each a € Fa and V* open in M such that 


Ove Vi X P{Vai: a€ Fi} X P(M: a Fi}. 


Let Gyt == Vi X (VY X P{Ma: ab} for each bE F;; then Gt is homeo- 
morphic to V X(V) X on. Since (Vat) X Vi is separable metric, Gi is 
covered by a countable number of elements of @. However, 


ona X M = (UO: i=1,2, © })U (U{Ghi: DE Fy i— 1,2," -°}). 


Hence @ has a countable subcover. 

Lemma 4 is related to a problem of Michael’s [11]. He asks if the 
product of a paracompact space and a metric space is paracompact, but it is 
even known of the product of a Lindelöf space and a separable metric space 
is paracompact. 


PROPOSITION 8. The o-product of separable metric spaces is Dindelöf. 
Hence each Z-product of separable metric spaces has a dense Lindelöf subspace. 


Proof. e= U {o;: i=1,2,: >}. By Lemma 4, o; X M is Lindelôf if 
M has only one point. Hence o; is Lindelöf, and the union of a countable 
number of Lindelöf spaces is Lindelöf. 


8. Æ-products of real lines. 


PROPOSITION 4. Let M, be homeomorphic to the real line for each a € À. 
Then o, the o-product of the M,, 1s the union of a countable number of 
compact sets 


Proof. Define (o;); to be the set of p= (pa) € o; such that | pa] Sj 


for each a€ A. It will suffice to show that (o;); is compact for each i and j. 
However, it is easy to see that (o;); is closed in the full product P{N,: a€ A}, 
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where NW, is the closed interval [— j,j] contained in Ma. Hence (0); is 
compact. 


PROPOSITION 5. Let X be a X-product of copies of the real line. Then 
3 is homeomorphic to C(X), all the continuous real function on a Lindelöf 
space X, where C(X) has either the simple topology or the compact open 
topology—these topologies being the same for this X. 


Proof. Let the points in X be the index set A together with a point 
called co. A basis for the open sets in X is defined as follows. Each point 
of A is open, and complements (in X) of countable subsets of A are open. 
It is easy to see that 3 is homeomorphic to Co(X), the functions in C(X) 
which vanish at œ. However, U(X) is homeomorphic to C$(X) X À, where 
E is the real line, which is in turn homeomorphic to X X KR. If A is infinite, 
then 3 X À is homeomorphic to %, while the proposition is obvious if A is 
finite. 
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ERRATA TO OUR PAPER “LOCAL UNIQUENESS, ETC.” * 
| (this Journal, vol. 80, pp. 421-430.) 


By FRED BRAUER and SHLOMO STERNBERG. 


A number of errors occur in our paper which we should like to rectify. 
In Theorem 1 we give a uniqueness criterion which we state is sufficiently 
general so as not to imply the convergence of successive approximations. We 
show this in Section 4 by giving the Müller example as an instance of a dif- 
ferential equation which satisfies our criterion but for which the successive 
approximations do not converge. The statement is true but the proof that 
we give there does not make any sense. The argument should proceed as 
follows. We first prove that our criterion implies the following well known 
lemma. 


Let fix,t) be a continuous function which is monotone non-increasing 
in x for all OStsa. Then the differential equation dx/dt = is t), 
z(0} —0 has unique solution on OLIS a. 


The proof of this lemma is obtained by taking V (e,t) to be 2. Then 
(4) becomes 


2 (£— Y) [f (z, t) — f(y, t)] = w(V, t) 


which is satisfied with w—0. Since the Müller example satisfies the hypo- 
theses of the lemma, we are done. It may be of some interest that the above 
criterion is a consequence of our theorem. It is not a consequence of Kamke’s 
~“ allgemeine Hindeutigkeitssatz.” 

The results of Section 6, where we attempt to impose additional conditions 
to guarantee the convergence of successive approximations contain errors of a 
more serious nature. Qur proof of Theorem 4 is incomplete, and it is not 
clear at the moment whether or not the theorem is true. The conclusion is 
correct if one imposes the additional hypothesis that V obeys the inequality 
V(e+y,max(t,, t2)) SV (x, t,) + V(2,t,). Even so, the monotonicity con- 
dition on w(r,t) seems to be indispensable. 

We should like to thank Professors J. Dieudonné, P. Hartman, and J. P. 
LaSalle for calling these errors to our attention. 
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THEORY OF INFINITE DERIVATIVES*: 


By Leon EHRENPREIS. 


Introduction. We shall study here an extension of the theory of dis- 
tributions of L. Schwartz (see Schwartz [1]) so as to include linear functions 
on spaces of analytic functions. Such an extension has been discussed from 
a different point of view in Ehrenpreis [1], [2]. The main viewpoint of the 
present paper is the following: Let R denote the real axis, and let a= {aj} 
be a sequence of complex numbers. We shall say that the indefinitely differ- 
entiable function f on R is in the domain of (d/dx)® if the series 


> 4; (d*f/dr*) 


converges in a certain sense. We say that the continuous function g on À is 
in the domain of Xe if the series 


2 mag (x) 


converges in a suitable sense. The Fourier transform (formally) maps the 
set cf functions in the domain of (d/dx)* onto the set of functions in the 
domain of X", 

Now, let À be a class of sequences of complex numbers. Call K the 
space of functions which are in the domain of (d/dx)s for all a € A, so K is 
a space of analytic or quasi-analytic or non quasi-analytic functions. Call ZL 
the space of functions in the domain of Xe for all a€ A, so L is a space of © 
functions which have a certain growth property at infinity. Then the Fourier 
transform (formally) maps K onto L. Thus, we have a characterization 
of the Fourier transform of classes of analytic or quasi-analytic or non-quasi- 
analytic functions. Conversely, the above provides a method of characterizing 
the Fourier transform of spaces of functions determined by growth conditions. 

By means of the operators (d/dx)®, X*, we give natural topologies to 
the spaces K, L. K’, the dual of K, is a space of continuous linear functions 
on a space of analytic or quasi-analytic or non quasi-analytic functions. In 
general, the space D of Schwartz (see Schwartz [1]) is not dense in K, so 
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that K’ cannot be identified with a space of distributions. In particular, 
there will not, in general, exist partitions of unity in K (or K’). However, 
for most of the applications of our theory to partial differential equations and 
to integral equations, we do not need to use partitions of unity, but rather 
the most important object to be studied is the Fourier transform of K’; our 
theory is developed specifically for this purpose. 

There are two essential parts to our paper. Part I deals with spaces 
which are defined by both growth conditions at infinity and regularity. We ` 
study some of the subspaces of the space D of Schwartz [1] which are of 
importance in refined studies of hyperbolic partial differential equations and 
integral equations (see Ehrenpreis [10]). For these spaces we discuss 
explicitly the Fourier transform. 

In part II we are concerned with spaces which are defined only by regu- 
larity conditions. We study the space of functions analytic on an arbitrary 
set in the plane. A topology for these spaces of analytic functions has already ` 
been given by Van Hove (see Van Hove [1], Waelbroeck [1]) but, except for 
some special cases, we do not know whether or not our topology is the same 
as the Van Hove topology. 

Our notations and proofs cover only the case of dimension one, but i is 
easy to extend the methods to higher dimensions. In particular, we are able 
to give a natural definition to the Fourier transform on an analytic variety 
imbedded in euclidean space. 


I. Spaces of infinitely differentiable functions. Let À denote the 
real axis, and let a = {a,} be a sequence of complex numbers. We shall say, 
that the function f on À is in the domain of De if f lies in the space 3 of 
Schwartz (see Schwartz [1]) and if, for any k, the series X a;(d‘/dax+) X*f 
converge in the space 3, where X is the function on R: X (x) =x. If this 
is the case we set Def = S'a;(dt/dxt)f. We say that g is in the domain of 
Xes if gE 3 and for any k the series }a,X*g™ converges in d. If this is 
the case, we set X°g — S'a;Xig? The existence of a non-zero function g in 
the domain of Ye (and hence also of De) is clearly equivalent to the ae 
of a(z) = 2 aya! at z= 0. 


2 We have used the space À as the base space in our definition of infinite differen- 
tiation and infinite multiplication because we shall be most concerned with studying the 
behavior of functions in the domains of X° and D° under Fourier transform, and the 
Fourier transform is a topological isomorphism of 3 onto g (see Schwartz [1]). 
Actually, later on, we shall consider other types of infinite differential operator in which, 
for example, the use of the space ø in the definition of D* is replaced by that of the 
space € of Schwartz (see Schwartz [1]). 
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When we speak of a class C of sequences, we shall mean a class of 
sequences b == {bı} o of complex numbers such that all sequences in which 
all but a finite number of terms are different from zero belong to C. Let 
T= Qa; Cat - *, La, Dat ++, where the 0, and L; are classes of sequences. 
The space Sr is defined as consisting of all functions f with the following 
property: For any r = 1, let a; be a sequence in O; and b; a sequence in Ly for 
i= 1,2,: - -,r; then f is in the domain of #rDar- - - XapDua. By the linearity 
of Xe and Do we see that Sr (which we shall usually denote by § if no 
confusion is possible) is a vector space over the complex numbers, which may, 
of course, be reduced to {0}. In & we introduce a locally convex topology 
by means of the semi-norms 


Ve,d,c’,d" $01, 0g, s Gr, Dp de, +, Dr (f) 


= sup | ((4°/dæ) XX" Der: « + ¥aD% (de /de)X*F) (2) | 


for all positive integers r,c,d,c’,d’ and all sequence a€ C; and b,€ LZ, for 
t=], 2, -+,r. Since all sequences in which only a finite number of non- 
zero terms appear belong to each C; and L; it is immediate that & is Haus- 
dorf. On the other hand, & need not be metrizable as a later example will 
show. 


PROPOSITION 1. Suppose the sets Lj, C; have the property that, if the 
sequence {a} belongs to any of them, then so does {am} whenever | «| =1 
for alll. Suppose that for every k, {Orta} € L; (or Cj) whenever {m} € L; 
(or C;). Then & is complete. 


Proof. Let Q be any operator of the form X" Ds. - -X"D", where, for 
each j, bf E Lj af € C, and let f lie in the closure of $ ; we must show that f 
is in the domain of Q. An easy induction reduces the general case to the 
cases where r—1 and either D% or X—identity. By Fourier transform 
we may assume that D? == identity. Then we can find functions fi in the 
domain of X® such that {Xf} converges in the topology of ð, and, for 
any 1= 0. XF —> Xf in the topology of 3. Let bi {bz}, b= {| bx |}, 
b’ = {(—1)*| b|}. By our hypotheses, we may assume that {Xtff} and 
{XÀ fi} converge in the topology of S. Let 


Bz) =$ |br| z2,  B'(2) = | by | (— 2). 


We claim first that Bf and B’f are bounded functions on Æ. To see this, we 

n know that {Bf/} converges uniformly on R. For any v€ R, we must have 

B (a) f? (<) > B(x) f(x) because fi (£) — f(x). Since {B(x)fi(x)} converges 
uniformly on R, it follows that B(z)f(x) is uniformly bounded on R. 
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Call B(z) = $ | b1|| 8:| 24, where à C: =1(14-1)/2 so 51/8 Ko, 
Bt (2) =D | 08,|(—1)'z". So Af and p*f are bounded on Æ (and even lie 
in 3). Then since the coefficients of B are bounded, we can find an M so 
that for all «= 0, and all 1, 


| bof (+) LS a | B(2)f (z) |; 


that is 
| byt (a) | = AL /8. 


This means that $, b'f (x) converges uniformly for vÈ 0 (and similarly 
for £0). Thus, È bıX'f converges uniformly on &. 

Now, for any k, we must show that $, b,(d*/da*) (Xf) converges uni- 
formly on R. We use induction on k; for k — 0, the result is proven above. 
Assume k > 0 and that the result. is proven for derivatives of lower order. 
Then we have 

2 bı(d*/da*) Xf = X brp X fO, 


where bp = Cp ?b Now, for each v, {bP} = {bup p} € LA, Thus, by the result 
for k=1, 2 bp Pf) converges uniformly on R. Thus, X b,(d*/da*)X¥ 


converges cae on À. 
By similar reasoning we find that, for any r=20, k= 0, 


2(L + a") b? (dk/da*) (XF) 


converges uniformly on R. This implies that $, byx!f converges in 3. This 
means that f is in the domain of Q and so concludes the proof of Proposition 1. 


Problem. Is it true that, for the space 3, the condition > A: converges 
in 3 implies, for any k, $ | (d*/de*)h,| converges uniformly on R? If this 
is the case, then the additional hpothesis {Ozta} € L; (or C;) is not necessary 
as is easily seen. 

The space Sr (or §) is defined as consisting of all functions in the 
domain of D*X%r. --DxX% for any positive integer r and any sequences 
ME Ci, bE La for i= 1,2,---,r. It is clear that ÿ isa vector space over 
the complex numbers. The topology of & is defined by means of the semi- 
norms 


Ue, d,e’,d’ biba ++, Dr, au ae, “". Oe (f) 


= | sup ( (de/d) XD Xt. - - DaX (de/d) XEF) (x) | 


for fE G, all positive integers 7, c, d, c’, d’ and all a€ Ci, b€ L; for i= 1,2, 
‘,7. Itis clear that, given any T, we can find a IY and a T” so that 
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$ r= Gr, Gr — Sr. Thus, the same remarks on the topology of the space 
& apply to the space &. 


ih 


PROPOSITION 2, -G is a Montel space, that is, the closed bounded sets of 
G are compact. 


Proof. For every fE & we associate the system {Qf}, Q being any 
operator of the form X*Do - - -X4Du for a,€ Ci, 0,€ Li. The set of these 
systems {Qf} for f€ & may be thought of as a vector space V of continuous 
mappings of R into a space W which is a Cartesian product of the complex 
plane with itself a certain (in general, a non-denumerable) number of times. 
Now, if V is given the topology of uniform convergence on Æ (that is, a 
fundamental system of neighborhoods of zero in V consists of those sets NV 
for which we can find a neighborhood M of zero in W so that N consists of 
those g € V with g(x) € M for all zE E) then it is easily seen that f— {Qf} 
is a topological isomorphism of @ onto FV. 

Let B be a bounded set in V. Then it is immediate that the set 
{(d/dz) Qf} for {Qf}EB is again bounded in B. This implies that 
æ—> {(Qf)(x)} are, for s€ À, equicontinuous maps of À into W. Thus, by 
the theorem of Ascoli (see Bourbaki [1]) B is relatively compact (that is, 
the closure of B is compact) in V. Thus, V and hence & is a Montel space. 

By similar reasoning, we could show that $ is even a Schwartz space 
(see Grothendieck [1]). 

By dx we shall denote the usual Lebesgue measure on À divided by Rar. 
Then we define the Fourier transform ¥ on & by 


(F (f)) (x) = Sf (y)exp(— tay) dy 


for any fE G, €.#, where unless otherwise specified, all integration will be 
taken over R. It is clear that the above integral converges uniformly for 
zE R and, in fact, we can easily verify from the theory of integration (see 
Bourbaki [2]) and the fact that the Fourier transform is a topological iso- 
morphism of d onto 3: 


THEOREM 1. § is a topological isomorphism of & onto ÿ. 


We shall usually use lower case letters for elements of & and the corres- 
ponding upper case letter for their Fourier transforms. 

Let A be a topological vector space (by “vector space,” we shall always 
mean “vector space over the complex numbers”); by A’ we denote the dual 
of A with the topology of uniform convergence on the compact sets of A. 
In case that A is a Montel space, this topology is the same as that of uniform 
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convergence on the bounded sets of A. For a’€ A’, a€ A, we shall usually 
write a’-a for a’(a). | 

Let B be another topological vector space and. L: A->B a continuous 
linear or anti-linear map. Then we define the adjoint L’ of L (see Ehrenpreis 
[6]) as the continuous linear (anti-linear) map of B’— A’ by 

L’y’-a==0'-La for L linear 
Ib -a=b -La for L anti-linear 
for any a€ À, b’€ B’, where for any complex C, C is its conjugate. 

The elements of Y’ (or $’) are called hyperdistributions. If Q is any 
operator of the form X* Dor. - -X4D% with a;€ Ca bjE L;, then Q may he 
thought of as defining the continuous lienar map f— Qf of 8d. By Q 
we denote the adjoint of this map. 

Let us denote by Z the Banach space of functions which are continuous 
and bounded on À and zero at infinity with the norm | f | na |f(æ)| 


for fE Z. We call an element of Z’ a bounded measure. Any u € Z’ may be 
identified with the hyperdistribution (which we again denote by u): f— ff du. 


PROPOSITION 8. For any 8 € Y’, we can find a finite sequence of bounded 


measures Ur, * *,Us and a corresponding sequence of operators Qu- * +, Qs 
of the form X°rDer- - -XuDa with a€ Cy, BE Ly such that 
(1) S= X Qi. 


Proof. S is bounded on some neighborhood of zero in $. Thus we can 
find operators Q1,- > -,;@s of the form as described above such that the con- 
ditions f € G, max | (Qf) (x)| 1 imply | S-f|<1. We may clearly suppose, 

week 


without loss in generality, that Q- is the identity operator. 

To each fE & we associate the system {Q,f}. Then f—> {Q.f} is a linear 
one-one map of § onto a set Y which is a vector subspace of Zs! (the cartesian. 
product of Z with itself s times). Let us give Z* the topology of a cartesian 
product space, and Y the topology induced by Z5. Then the formula 


L- {Qf} =8-f 
defines L as a continuous linear function on Y. Thus, by the Hahn-Banach 
theorem, L can be extended to a continuous linear function T on Z°. Since 
the dual of a cartesian product is the direct sum of the duals, and since the 


dual of Z is the space of bounded measures, we can find bounded measures 
Uy, * +, Us, 80 that, for any {v:} € Ze, 


T- {o} =Smy(%)- 
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In particular, for f € &, 

S-f=L- {QF} 
=T: {Qf} 
= Qu Qif 


which is the desired result. 


By c we denote the map of >’: cf- g= ff(x)g(x)dæ for any 
f,g€G@. The map { is defined similarly for the space ÿ. It is clear that 
‘c and f are continuous. Moreover, for any f€ &, hE, th:-h>O and 
cf-f> 0 so that c and { are one-one. 


Proposition 4. ¢(%) is dense in 9’. 


Proof. It is sufficient to show that every element of 4” which is zero 
on c(&) is zero on 4’. Let them LE &” be zero on ¢(%). By the thecrem 
of Mackey and Arens (see Mackey [1], [2], Arens [1], Dieudonné and 
Schwartz [1]), there is a g€ G so that, for any SES, LS—6-g. In 
particular, 0—L(cg) =cg: g= [|g(z)[?dz. Thus, g—0 which means 
L= 0; this is what was to be proven. 

Let us denote by § the adjoint of F1 By the usual Plancherel theorem 
(see Titchmarsh [2]), for any f,g € $, 


cf G—=cf-g = IFF G. 


Thus, 4 cf==f4¢f which makes it natural to call $ the Fourier transform 
on &’. (In the terminology of Ehrenpreis [6], # is (c,l) unitary.) From 
Theorem, 1, we deduce immediately | 


THEOREM 2 § is a topological isomorphism of & onto &’. In fact, 


Fg, 


We shall need several lemmas for the following examples; the first lemma 
is due to Poincaré [1]. 


Lemma 1. Let f be any continuous function on k. Then there exists 
an entire function h such that h(x) = | f(x)| for all ze R. 


Proof. Lemma 1 will be proven if we can show the following: Given any 
sequence {@,} of positive numbers, we can find a sequence {hn} of non- 
negative numbers so that h(z) = Dh,z?" is entire and h(j) = a; for all 7. 
Let us consider the function A(z) — $, a,(2/n), where the even integers bẹ 
are chosen so large that h is entire. It is readily verified that this can be done. 
Then A has the desired properties and Lemma 1 is proven. 
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Lemma 2. Let a= {a;} be an infinite sequence with the property that 
ia; = 0 for all j; set a’ = {a/}, where af = (—1)4a; Suppose that f is in 
the domain of D+, and 


| ((d*/da*) Def) (2) <1/16(1-+-2%) for k—0,1,2. 


for all x € R with a similar inequality for D*f in place of Df. Then we also 
have | qf (s)| S1 for all j, and all ze R. 


Proof. If F denotes the inverse Fourier transform of f, then by our 
hypotheses we have for all x € & 


| S| a; | 7 (x) | S1/4(1 + 2°) 
and 
| S| a; | (—1) 4 (s)| S 1/4(14 2°). 
Thus, for any z€ À, and any 7, 
| aa!F(e)| S1/4(1+0°). 
This gives immediately the desired result. 


Definition. For any sequence a= {aj} for which no a;=0, we call 
a == {1/j!a;} the polar sequence of a. If h is an analytic function at 0, 
h(z) = Dhjzi, with no h;—0, then h*(z) == $ 2//h,j! is called the polar 
polar function of h (if it is analytic at 0). 


Lemma 3. Given any entire function h, where h(z) = D> h;#, there exists 
an entire function W with h’(z) = Dhj2', where, for each j, hy 20, and 
hj Z |h;|, and the polar function h’* of kh’ is entire. 


Proof. For each 720, set kj — sup | hs |; it is clear that {k;} is 


monotonically decreasing and that K(z) == > kzz is entire. Next, define 
hj = max(kj,1/C(j/2)). Then clearly Af 2 |h;| for all 7. Moreover, 
hj* =1(j/2)/7!; it follows easily that both h’ and h’* are entire. 


Lemma 4. Let f be any continuous function on R such that, for each 
c> 0 we can find n > 0 with elel < nf (£) for all ce R. Then we can find 
an entire function h such that the polar function h* of h is entire and such 
that 

| h(x) for x=0 
= = 
(2) = h(—a) for x0. 

Proof. We may clearly assume that f is monotonically increasing for 

a= 0, f(x) =f(— v), and that f(x) Z e* for all x. For each integer 7 > 1, . 
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we choose a positive number e, such that f(x) = 2e'* for v= e. (The exis- 
tence of such an e; is guaranteed by the hypotheses of Lemma 4.) Next, for 
each 1 > 1 we choose a positive integer d; such that 


>, ligt /7! <elt-a/gt for TZE Cte 
JE 


(The existence of d is obvious.) We define A(z) = D h;zf by: hy = 17/7! for 
1 = dy dı + 1,- i *, um m 1, where d, — 0. 

It is clear that for any l the series Sh;| |/ converges uniformly for 
|e] Sen so that h(z) ==> hj2i is entire. That h* is entire is obvious. 
Finally, for any l> 1, if er, ae, (where e, —0) 

| h(x) |S Dhy |e] 
SÈ 1) epit+ E D k |e |g 
jb: kal fede 
< elle LS e-e] /2k 
= 2 
< 2e-Dlal 
= f (erm) 
S f(z). 
This completes the proof of Lemma 4. 


Lemma 5. Let {a;} be a sequence of complex numbers such that Y ajz 
is an entire function and Va; = 0 for all j; let fE 8. Suppose that 


max (1 +- 27) | Daf (x) | SB, max (1+ 2?)| S(—1)fafO (x) | S4 
and 


max (1-4-04)| Day (x) |S}, max (1-+2*)| B(—1)/af(2)| <4, 


where we assume that the series >; af, > (— 1) Jaf, E af, S(—1)1f6+2) 
converge in 3. Then we have 


max >) | af(r)| <1. 
æeR 


- Proof. Call A(z) —Yl|a;l|zi and A’ (z) = X (— 1)? |a;] z. Then our 
hypotheses imply that 


| A (a) F(2x)| S 4, |A(x)e?F(r)1 Sh, 
| A’ (2) F(x)| <4, |A (2) PF (r)i S4, 
for any x€ R. Thus, 
(1+ 2*)4(|2|)| F(s) S51 
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for all v€ R. This means that. 
max(1+-2*)3 [as] |e PES 
Now, we clearly have, for any yE À, 


[FOE fl aR (a) | de 
so that 
Y | af(y)| SD] a;| f | oF (x)| de 
== (> | aciF (x) | dx 
S f(1+2)"dx 
<1 
because dx is the usual Lebesgue measure divided by (2r)?. The interchange 


of summation and integration above is justied because all the terms are 
positive. 


Remark. It is very curious that we need the Fourier transform to prove 
Lemma 5. Actually, it should be possible to give a direct proof of the lemma 
without using Fourier transform, but we have not been able to accomplish 
this. 


Lemma 6. Let l<1 and let 8 be any positive function on R such that 
for all «> 0, B(x) == O(exp(|a|"*)). Then we can find an entire function 
B of order 1 such that B(z) has positive Taylor coefficients at zero, B(0) 1, 
and B(x) = B(x) for x=0, and if B(x) =$ dja’, then jb; SS bja 


Proof. Let n be the smallest integer == 1 so that [+ 1/no < 1. Choose 
C= 1 so that 


B(x) SCL#/T(j/(l+1/m) +1) for 220. 


(For the existence of C and the other constants to be defined below, cf. Lemma 
13 below.) For each n= no, we define dẹ as the smallest number Æ 1 (and 
= dy, for n > na) for which 


B(x) SZ a/r(ÿ/(+1/n) +1) for e=d,—1. 


Next we define en, as any number = 1 for which 
COS a/0(j/(U4-1/mo) +1) 2 8(2) for oS dager 
j=0 


We set 
by = C/T (}/ + 1/00) +1) for 7=0,1,- - +, eng 
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Suppose that e, and b; have been defined for je, with the property 
that bai = B(x) for OSe2Sdy.. Then we choose 4,1 as any integer 
j=0 


> e, for which 


Soe Š oe G/(l+1/(0+1)) +1) =le) 
7=8 Ent 
for OS t dn Then we define 


bj—1/T(j/(1+1/(n +1)) +1) for j= ent 1, + +) ena 


It is readily verified that B(s) == > bæ? has the desired properties. 

We shall now give several examples of spaces &. By use of Theorem 1, 
we shall thus be able to characterize the Fourier transforms of certain classes 
of functions. The simple direct method of characterizing the Fourier trans- 
forms of the spaces in Examples 1-6 (and in more general cases) is also 
carried out in Hérmander [1]. However, this method does not seem strong 
enough to obtain the topology of D’ in Example 1. 


Example 1. We choose for L, the class of all sequences {a;} for which 
> a;2/ defines an entire function, i.e. aq;= O(k) for all k>0. We take 
C1, Cost : “Lo, Las, * * as the trivial class, that is, the class consisting of all 
finite sequences. A function fE 3 will belong to & if and only if Sa,XIfM 
converges in ð for any {a;} € L:, and any l Such is clearly the case if f is 
of compact carrier, which means that f is in the space D of Schwartz (see 
Schwartz [1]). On the other hand, if f € 9 then the product fg is bounded 
on À for any entire function g. It follows easily from this that f is of compact 
carrier. Thus, the elements of & and D are the same. 


TsEorEM'3. With the choice C; L; above, the topology of & is the 
same as that of Dp (see Ehrenpreis [3], [4]). 


Proof. For any integer s = 0, denote by De the space of all functions 
of compact carrier on À which are s times continuously differentiable; e is 
given the usual topology (see Ehrenpreis [3], Schwartz [1]). By definition, 
a set V in Dp is a neighborhood of zero in Dp if and only if, for some s = 0, 
N is the intersection with ® with a neighborhood of zero in D*. It is readily 
veriñed that the topology of D! can be described as follows: A fundamental 
system of neighborhoods of zero in De consists of those set N for which we 
can find a continuous function À on R so that N consists of all f€ D* which 
satisfy . 

(2) max _|h(2)f(2)| S1. 
8 


@€R,0Srs 
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Now (see Lemma 1), given any continuous function k on À we can find 
an entire function? p on R such that, for all v€ R, |k(x)|S p(x). Thus, 
for a fundamental system of neighborhoods of zero in Ds, it is sufficient to 
use only entire functions for A in (2). Theorem 1 results immediately. 

It follows from this and the theorem of Paley and Wiener (see Schwartz 
[1], Hhrenpreis [1], [3], Paley and Wiener [1]) that 4 consists of all entire 
functions of exponential type which are in 3. We shall now give an inde- 
pendent proof of this fact: 


THEOREM 4. With the choice of C;, L; as above, & consists of all entire 
functions of exponential type which are in à. 


Proof. First, let FE $; by Theorem 1, F is the Fourier transform of 
some fE $. Since f is of compact carrier, it follows meote that F is 
an entire function of exponential type in d. 

We shall, however, give proofs of this fact which is independent of the 
Fourier transform. This depends on the following proposition: Let F be any 
function which is indefinitely differentiable on R and for which Sia,F“ (s) 
converges uniformly for & in any compact set of À whenever {a;} € L; then 
F is an entire function of exponential type. For, if we choose {a;} = {1/73}, 
then it follows that, given any finite interval J C R, we can find an M>0 
so that, for all x € J, and all 7, 


(3) | FO (2) |< Mj! 


Relation’ (3) implies easily (see Mandelbrojt [2]) that F is analytic on R. 
We claim that, for some 7>0, F)(0) =O(V). For, assume this is 
is not the case; then we can find an infinite sequence of increasing indices 7; 
so that, for all 7, 
| Prd (0) | jr, 
Define | 


„_ {it Er, 
= }0 otherwise. 


Then clearly {b,} € La, but 
X br | Pe) (0) = ©. 
This contradiction shows that F#9(0)—O(1) for some 1>0. Since F is 


3 More precisely, we can find a function p on R which ean be extended to an entire 
function, However, when speaking of analytic functions, we shall use the unprecise 
language of not distinguishing between an analytic function and its restriction to R, 
unless some possible confusion could result, 
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analytic on À, it follows immediately that F is an entire function of expo- 
nential type. l 

Conversely, let F be an entire function of exponential type SI in S. 
By a result of Phragmén and Lindelöf (see Titchmarsh [1], Schwartz [3]), 
exp(il-)F is bounded in the upper half plane by M = max | F (x)|, where 


exp{a-) is the function æ—>exp(ax), and exp(—-il-)F is bounded in the 
lower half plane by M. For any s€ R, by Cauchy’s formula, 


21% 


(4) F (x) =; J Pe e?it dg 


w 27 
a f P (ei) 6-240 dp 4 1. J P (ei) e8 dg. 
The first integral in (4), in modulus, does not exceed 
Kig F 
3 (TM | exp(—de#) | d9 — (M/2n) f exp (lsin 0) dð. 
r Q 0 
Similarly, 


| 5 fF (eye dé | = (M/2r) f exp(—isin 6) dð. 

Since, clearly, | “ 
f exp (I sin 6) = fa (— I sin 4) d8 S ze’, 

we have, for any € R, 
(5) | F’(a)| S Met. 
By iteration, for any n and any z€ R, 
(6) | FO (r)| S Me™, 
Hence, by the above-stated Phragmén-Lindelôf theorem, for any z with 
| A (2)| S1, and any n, (A(z) denotes the imaginary part of z) 
(7) | PFO (z)| S Mek, 


It results immediately from (Y) that, for any sequence {an} € In, 
nl (z) converges uniformly for | &(z)| 1. Now, for any {an} € La, 
we have 


(8) S ay2F (2) = ZPA (2) + San (FX) (2), 


where an == (n+1)au, as follows from the commutation relation between 
multiplication by X and (d/dx)i: 


(FX)O — XFO — jFG-1) 


812 LEON EHRENPREIS. 


which is easily proved by induction. Now, for {an} € Lı {a,’} is again in Li; 
moreover, FX is again an entire function of exponential type in d. It 
follows from (8) and our previous remarks that Da,z#®(2) converges 
uniformly for | &(z)| S1. By iteration, for any j, SanziF™(z) converges 
uniformly in | &(z)| 1. By Cauchy’s formula, this implies that, for any j 
and any k, 3\((d*/dz*)a,X/F™) (x) converges uniformly in À. By the 
definition of the topology of 3 it follows that X anf) converges in 3. This 
completes of the proof of Theorem 4. 

The topology of 4 — Ê p is described in Ehrenpreis [3]. We give here 
first another expression for the topology of D p and we show later that the two 
topologies are the same. 


THEOREM 5. Let a be any sequence such that A(z) = J, ajz? and 
A*(z) = D a*jai define entire functions of greater than exponential type; 
assume in addition that va;> 0 for all j. Let r be an integer and consider 
the set of FE Dr which satisfy, for s,k,o0=0,1,2,° + :,r 


Aliy) for y2=0 


8 < 
(3) maz (P(E 4 iy) for Eo, 


where y = À (z). Then the sets N form a fundamental system of neighbor- 
hoods of zero in Dr. 


Proof. The fact that A*(z) is an entire function means that, for any 1, 
| a; | = 1/7! for all but a finite number of l. This means that the sets N 
defined above have the property that, for any F€ D p, there is a ¢ > 0 such 
that cFEN. From this we deduce easily that the sets N define a locally 
convex topology on the set of functions cf D p. 

That each N is a neighborhcod of zero in D p follows immediately from 
the fact that (see Lemma 2 above) conditions (9) are implied by 


(10) max |(d/dxr) D*X*F (x) | S 1/16 (1 +27) 
eek 


for p—0, 1,2 and k = 0,1,2, -,7. 

To conclude the proof of Theorem 5 we must show that, for M | any 
neighborhood of zero in Ÿr, there exists an N as above with N CM. We 
may suppose that M is defined by an entire function H(z) = €, h;zi and an 
integer r so that M consists of all F € ÿ r such that, 


(11) max | (de/de*) X*D' ZF (s)| S1 


for k,s,p=0,1,2,---,%. 


INFINITE DERIVATIVES. 813 


For each integer 1 > 0 we choose a positive number c, so that c = 3, 
Ci < Cus, and 
melfet 1/2". 


Next we define the function g on the imaginary axis by g (iy) =g (— iy) =e? 
for aH 12y E cm- 1—e (for some e> 0) and g is so defined as to be 
continuous and monotonic. 

By Lemma 4 we can find an entire function H whose polar function H* 
is entire such that H (iy) has positive coefficients in its Taylor expansion and 
H (iy) S g(iy) for all y. Call Ne the set of FE Dr for which 


(12) sup |(d*/de*)X°F («) |< H (i |y |)/16(1 +2) (2r)! 
Jayy 


for s, p = 0, 1,2,- - -,2r. By Cauchy’s formula, for any F € N,, F(z) = È f, 
we have 


4Cyt 
L'AIR RS (a)de | [hy | 
ĉj- ‘ 
< || ei/ciir! 
< 1/2r!, 
Thus, (D*F) (0) S1/(2r)!. Similarly, for any z with A (z)| EL 1, we have 
| DF (2)| 5 1/(2r)!. Applying the above to X?F in place of F (p==0, 1,2, 
- 2r) we deduce that | D'X?F(2)| =1/(2r)! for p= 0,1,2, - -,2r, and 
for | d(z)| 1. 
For k==0,1,2,---,7 let a = {af} be defined by 
aff (GL) (G2) i (GF -+B) ajar. 
For each k==0,1,2,- > -,r we determine a set Ny as above corresponding to 


the sequerce ax just as the set No was determined corresponding to the 
sequence @==a@°. Then, by the above and induction on (8) it follows that 


MD (HAA) NoNA/s7*)NiN: + +N (1/7r)N;). 


This completes the proof of Theorem 5. 


As an immediate consequence of Theorem 5, Lemma 4, and Cauchy’s 
formula, we have ‘ 


COROLLARY. Let g be any continuous function on R such that, for every 
c= 0, we can find an n > 0 such that elel <yg(x) for all ce R. Let r be 
an integer and call N the set of FE Dr which satisfy 


(12) max |#F(s)] = f(y) 
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for all y and for p—0,1,2,- + -,r. Then the sets N form a fundamental 
system of neighborhoods of zero in Dr. 


Remark. From the above Corollary it follows easily that the topology of 
Dr described above is the same as that described in Ehrenpreis [3]. 


Ezample 2. Let l be a positive number. L, consists of all sequences 
{an} for which there is an e > 0 so that © anz” is analytic in the circle, center 
origin, radius Le Da, Last © *,C:,C:,° © + are defined to be the trivial sets. 
It is easily seen that & is just the space D, (see Ehrenpreis [1], [3], Schwartz 
[1]) of indefinitely differentiable functions which vanish for |s| 27. The 
topology of $% is the same as that of D,; this is a metrizable space in which 
a sequence {f;} converges to zero if and only if, for any k, f{® (x) — 0 uni- 
formly for x € R. 

Thus, Ẹ is the space Ê, of all entire functions of exponential type =1 
which are in ð (see Ehrenpreis [1], [3]). A sequence {F} converges to 
zero in D, if and only if, for any k, (1-+|2|*)Fi(z)—>0 uniformly in 
| X(z)| 1. The method of proof of Theorem 4 is not quite strong enough 
to establish this characterization of ĝ independently of the method of Ehren- 
preis [3]. However, it was shown by Bernstein (see Schaeffer [1]) that the 
mequality (5) can be improved to 


(5°) |#(v)|S MI for all z€ R 


where, as in (5), F is an entire function of exponential type </ which is 
bounded by M on R. Using (5’) instead of (5) we can prove the above 
characterization of & by the method of proof of Theorem 4. The direct 
description of the topology of 9; can also be obtained by use of (a simplified 
form of) the method of proof of Theorem 5. 

Example 2 provides us with an example in which the space 9 is metrizable 
(although this situation does not seem to occur. often). , 


Example 3. Let 1 be a positive number. ZL, consists of all sequences 
{a} for which X anz” is analytic on the open circle, center origin, radius Z. 
lig, Da, © +, Os, C2,- © + are the trivial sets. 

The methods used to determine the spaces &, 9 are exactly the same as 
in Example 1. We can show that 4 consists of all indefinitely differentiable 
functions which vanish outside of some compact subset of the interval 
[—1<æ<1]. The space $ is topologically isomorphic to the space Dr; 
the isomorphism can be given, e.g, by FE Ge he Dr where 


ee for |s| <1 
he for ja | Zl. 
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Example 4. Let lbe a positive number. L, consists of all sequences 
{a} for which | $ ajz |—O(etll), or, what is the same thing, aj== O(l/j!). 
Lo, La, - -,C1,C2,- © - are defined to consists of the finite sequences only. 

It is readily verified that 4 is the space of all functions f € À for which 
exp(1-)f and exp(—1J-)f are again in d. $ is a metrizable space; a sequence 
{fa} converges to zero in $ if and only if 


exp(l-)f—0 in 3, exp(—tI-)f-0in ð. 


% consists of all functions F which are analytic in the strip —1 < A(z) <1 
and continuous on the boundary with the additional properties 


(a) Whenever —?csSl, the function +— F(x+ic) lies in S. 
‘(b) The set {&— F(s +ic)}.xes is bounded in S. 


(By use of a generalization of the Phragmén-Lindelof principle, it follows 
that conditions (a) and (b) are implied by much less stringent conditions 
on F; see Ehrenpreis [2].) A sequence {F,} converges to zero in ÿ if and 
only if, for any integer r, the sequences z— F,(x + il) converge to zero in ð. 
This example as well as Example 5 below have also been considered by 
Schwartz [5] and Lions [1]. 

The proof of the above statements about the characterization and topology 
of & can be proven in a simple manner by use of the Fourier transform. 
Thus, any FE % is the Fourier transform of an fE & from which it follows 
immediately that F satisfies conditions (a) and (b) above. On the ozher 
hand, if F satisfies conditions (a) and (b), then, if f denotes the inverse 
Fourier transform of F, we have by Cauchy’s theorem, 


f(z) met [Ur ayer dt 
f(a) =e (FC ie dt. 


It follows from the fact that the Fourier transform is a topological iso- 
morphism of 3 onto 3 that fE $. By similar methods we can verify the 
above statement on the topology of ÿ. 

We can also give direct proofs of the characterization of $ and its 
topology without use of the Fourier transform. | 


Example 5 . Let l be a positive number. L, consists of all sequences 


R 
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{as} for which A(z) == $ azz? is an entire function of exponential type =, 
that is, for every « > 0, A(z) =O(eelel)- This is the same as saying that 


(13) lim sup (log (j! | a, |)/j) = 1081. 


We write K, for & and K for &. 
We have 


THEOREM 6. fE Kı 1f and only if, for each r we can find an e>0 
such that FO (s) = 0 (e921), 


COROLLARY. A function F on R is in Ky if and only if, for each integer 
n, we can find an e, > 0 so that Z"F is bounded and analytic in the strip 
|A (2)| Sl + en 

The above Corollary can be deduced easily from eon 6 by means 
of the Fourier transform ; a direct proof can also be given. 


Example 6. Let lbe a positive number. L, consists of all sequences {a;} 
for which A(z) = $ az’ is an entire function of order <1, that is, for every 
«> 0, A(z) = O(exp(|2|**)). This is the same as saying (see Titchmarsh 
[1], p. 253) that 
(16) lim inf (log (1/| a; |)/jlog j) = 1/1. 


We shall write @: for % and Gi for Ê. 


THEOREM 7. Let FE à ; a necessary and sufficient condition that JE Cy 
as: For each k we can find an 7 > 0 such that 


f(x) = O(exp(— | z |=). 


Proof. The sufficiency of the condition is readily verified; we proceed 
to the necessity. Let f€ (1 and assume that, for some k and for no 7 > 0 is 
f® (a) = 0 (exp(—| z|). We suppose that k==0; the general case is 
handled similarly. 

By our assumption, for any n > 0 we can find a point c,€ R such that 
f (Cn) = exp(—| cn |1”), and the |c,|—>00. We shall construct a function 
H which is an entire function of order J and such that H (6n) = exp(| Cn |1). 
Thus, if H(z) = >\h,2/, it is clear that f is not in the domain of #?. 

The construction of H proceeds along essentially the same lines as the 
proof of Lemma 1. We assume that all the ¢, are positive and that 
1 < Cn < Cry for all n; the general case is easily reduced to this case or to 
the case where all c, are negative and 1 > €, > Cru for all n, which is handled 
similarly. We set 


an H (2) = Z exp (0%) (2/0) 
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where the integers e, will be chosen so that H is an entire function of order {. 
Since H (c,) > exp(c,#*/#), this will complete our proof. By (17) H will be 
of order = Z if 


(18)  log(Cn®/eXxp (Cn ™™) ) /e, log en =1/(1+1/n) —e for all n, 
where e, —> 0. The left side of (18) is 
Len log Cn — cn 1/1] /en log €n = log c/log en — Cn?!” /€n log en. 


We choose en = [c,'/"] where, for s€ R, [s] is the greatest integer =x. 
We may clearly assume that the c, are so chosen that e, < en, for all n. 
Then the left side of (18) is 21/(1-+1/n) —e, where we may choose 
En = Cn + 1/6n log €n so that e, — 0. This completes the construction of H and 
so completes the proof of Theorem 7. 

Theorem 7 shows that the space in Hxample 6 is the same as a space 
considered by Gelfand and Silov [1]. 

We can also prove, either directly or by means of Fourier transform, 


Tesorem 8. Let 121 and let F be an entire function in 9. A 
necessary and sufficient condition that FE Cl, is: For any integer n=) we 
can find an yf > 0 so that 


(19) sup | 2%F(2)| = O(exp(|y|"#)), 
I (ry 
where V is the conjugate exponent of 1, i.e. 1/I-+1/ =1. 


THEOREM 9. Let h be any continuous positive function on R such that, 
for every e> 0, exp(— |s|") — O(h(x)); let m be an integer. Cail N 
_ the set of f€ À, which satisfy, for all sE R, 


(22) | (s)| S h(x) for k==0,1,2,---,m. 
Then these sets N form a fundamental system of neighborhoods of zero in A, 


TuroreM 10. Let 1=1; let g be any continuous function on R such 
that, for every e > 0, exp(| e|") =O(g(x)); let m be a positive integer. 
Call M the set of FE Qi such that 


(24) Sup | #F (z)| & g (4) for k==0,1,- >m. 
Say 
Then the sets M form a fundamental system of neighborhoods of zero in Cy. 


Example %, non quasi-analytic classes. Up to now, we considered spaces 
& and ĝ for which only one of the Ci, L; was non-trivial. For the next 
example, we choose L, as consisting of all sequences {a;} for which Sia,’ is 
an entire function. C, consists of all sequences {b;} such that Sib, is an 
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entire function of order 1, where 1<1 is fixed. OC; and L; for 7>1 are 
defined to be trivial sets. We write h for % and LE for ĝ. 

The space $; consists of those functions f of compact carrier which 
satisfy 
(27) . FO (x) = O(kV") uniformly in x 


for some I’ >1. This follows readily from equation (16). Thus, if 121, 
f would have to be analytic, so $, would consist of {0} only. If/ <1, it is 
well-known (see Paley and Wiener [1], Mandelbrojt [2]) that $: is non- 
empty. We shall see later that, in fact, 9, is dense in D. 
For the use of the spaces 9; in partial differential equations, see e.g. 
Ehrenpreis [7], [10], [11], [12], Hôrmander [1], [3], Friedman [1]. 
Using Theorem 4 and methods similar to the above, we can deduce 


THEOREM 11. 9, consists of all entire functions F of exponential type 
which satisfy . 

(28) _ F(s) = 0 (exp (— | z |*)) 
for some q> 0.. 

We can now prove | 

THEOREM 12. For any l <1, 9, is dense in D. 

Proof. It follows from the above Theorem 11 that 9, is an (algebraic) 
ideal in D under convolution. Moreover, since $, is non empty, we can find 
a function fE $; which is not identically zero. Then if ¢ is any zero of P 
with order 7, it follows from Theorem 11 that F(2)/(z— c)" is again in $i 
Thus, the (algebraic) ideal g, has no common zeros. It follows from the 
fundamental theorem of mean periodic: functions (see Schwartz [4], Ehren- 
preis [5]) that $: is dense in D, which is the desired result. 

Remark. By a similar method we could show that $, is dense in 9, 
whenever 1 >I’. 

We consider first the topology of 9,: 


THEOREM 13. Let y be any continuous positive function on C such 
that, for any €, k, we have (z= z -+ iy) 


(29) exp(—]a|**+kly |) =O(y(a, y)), 


and y 8 the product of a function of x by a eee of y. Let N be the 
set of FE 4, which satisfy 


| F(z)|Sy(z) for all 2€ C. 


Then these sets N form a fundamental system of neighborhoods of zero in Îi, 
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Proof. Let us note the following: A set MC 4, is a neighborhood of 
zero if and only if we can find a neighborhood of zero P in Dp and entire 
functions B, Ba- © +, B, of order ! such that M consists of all Fé J, for 
which B;F € P for j==1,2,---+,7. This follows readily from the definition 
of the topologies of Dy and J, by means of infinite derivatives. 

Now, by Theorem 5, there are a continuous function A on Æ and an 
integer s so that P consists of all G€ Dr which satisfy (z = 7% + iy) 

| [#6 (2)[£ 4 (y) 


for p—1,2,: - :,s, and for all 2€ C'; À is a positive function with the 
property that exp(k|y|)—0(4(y)) for all k. Thus FE 9, is in M if and 
only if, for 7==1,2,:--,7, p== 1,2, - *,s, we have 
(30) | °By(z) F(z)| SA (y) 
for all 2€ C. 

Let us set 


a(w) = max |#B;(z)|, 
J=1,2, ey r MOL, 2, 8, le|=2w 


so æ is of order l, that is, a(w) =-O(exp(|w]|**)) for every e> 0. We 
define 


(31) y(z) =4 (4) / + a(f y DIL + «(fx |). 
Then it is readily verified that y satisfies the hypotheses of Theorem 18. 

If FE $ satisfies | #(z)|Sy(z) for all z, then we have, for any j, p, 

| eB; (2) F(2)| S| 2B;(2) A/B +a DIE +alle]. 
Now, either | y| or |s| is =4$ |2! so that 
| B,(2)|/L1 + ay I(t +alle] 
Thus the condition | F(:)| Z-y(z) implies 
|2B;(2)F(2)|= 4 (y) 

for p==1,2,- < :,s, j—1,2,- - -,r and all y. This means that Fe M. 

We have shown that every neighborhood of zero in ÿ contains a set N 
as described in the statement of our theorem. It remains to show that these 


sets N are neighborhoods of zero in J; To this end, let y be any function 
satisfying (81). We set . 


(82) B(x) == (2,0). 
Then it follows from (31) that, for any «> 0, 


(33) exp(—|2|**) = O(8(x)). 
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Next, we choose a fixed 7 > 0 so that L4- <1. We set 

(34) _ A(2y) =y(0,y)exp(—| 3y |). 

It is clear that, for any k, | 
exp(k | y |) = 0 (4 (y)). 


We may assume, without any loss in generality, that 8 is even and mono- 
tonically decreasing and that A is even and monotonically increasing. 

Next (see (83) and Lemma 6 above), we choose an entire function B of 
order } such that B (z + 1) has positive Taylor coefficients at zero, B(—1)= 1, 
and B(x) =1/8(¢-+1), for e=—1, and | B(x)/B(x—1)| is bounded for 
z=0. Let M be the set of FE 9, which satisfy | | 


|F(2)B(2)| S44),  |FG)B(—-2)|£<4(y), 


for all z= g + iy; by what we have said above, M is a neighborhood of zero 
in 9. We claim that, for a suitable choice of c > 0, cM CN. 

For this purpose, we have to note that the function B could be modified 
slightly so that we can assume that B is large in some angular sector con- 
taining the positive real axis. For, we can easily extend Lemma 13 below 
so as to mawe an inequality like (70): 


(70) a|RQ(G)| S |R exp(2")| = 2 | RO (22)| 


hold in a sufficiently small angular sector containing the positive real axis. 
(R denotes the real part.) Then the proof of Lemma 6 can be modifiec to 
show (using the minimum modulus theorem 5 of [5] to handle small values 
of æ) that we can assume B has the property stated in: | 


Lemma 7. We can find a constant d so that, given any Yo we can find 
ay’ lying between y, and 2y, such that for any «= 0, 


(35) B(s + iy’) = dexp(—|y’ |)/8(2). 

Moreover 

(36) B(s + iy) = dexp(—|y’|)|B(z—1)|. 
Thus, any F'€ M satisfies, for « = 0, 

(37) | F(s +iy)| S4 (y)/| B (e + iy’) | 


S dd (y’) 8 (w)exp(|y’ |) 
S dd (Ryo) B(x) exp (| 8% |) 
il dy (a, Yo) . 


INFINITE DERIVATIVES. 821 


Now, inequality (87) is not good enough because it is only proven for 
some y lying between y and 2yo. In order to complete the proof of our 
theorem, we consider B(z—1y)#(2) instead of F(z). We have, for all 
x= 0, (see Lemma 8 below) by Lemma 7, 


(38) | Be + ty’ — ty.) Fe + iy)] S B(æ)exp(| y — yo |)| F(@ + ty’)| 
S B(æ)exp(| yo |)| F(t + ty’) | 
< (1/d)(B(2)/| B(@—1)|)exp(| yo |) 2yoexp(| 2yo |. 
By Lemma 8 below, | B(x)/B(a—1)| Se for all vÆ 0. Thus, 


(39) | B(x + iy’ — iyo) F(x + ty’) | S (e/d)exp (| 8yo |) A (Ro) 


for all v = 0 and similarly for all «0. Similarly, we can find a y” lying 
between —-y, and — 2y, for which an inequality similar to (39) holds. 
Thus, by the maximum modulus theorem applied to the strip lying between 
y and y”, we have 


(40) | B(| 2 |) F(x + iyo)| S (e/d)exp(| 8yo |) A (240); 
or 
| E (£ + tyo) |S (e/d)exp(| 8yo |)A (240) /B(| #1) 
= (e/d) exp (| 3yo |) A (2y0) 8 (2) 
= (e/d)y(x, Yo). 


Thus, if we choose c== d/e, we have cFE N. This proves that cM C N which 
concludes the proof of Theorem 13. 
We have used in the proof of Theorem 13 


Lemma 8. Let B, n be as above; then we have 
|B(x+7y)|=B(z)exp(| y |) 
for all z = — 1 and all y (real or complex). 
Proof. We write B(2) = 2 b;(£o +1). Then if zo =—1, the Taylor 
coefficients of B at £o are 
(41) by. (zo) = (1/k!) 2IG—1): ` + (J— ke) (zo +1) 77b; 
By our construction of B (see Lemma 6), we know that, for all 7, we have 


Im = bya, so that 7(4—1) = (j — k) b; S bjr This gives, by (41), 


bu (0) S (1/41) S brato +1) — B (20) 
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because all the b; are positive. Thus, for «= — 1, 


(42) |B(c+-y)|SB(e+|y|) 
= 2 be) | y |F 
<B(«) X |y |*/k! 
= elvlB(x). 

This is the desired result. 


The topology of 9, is very closely related to that of Dy. In fact, 
we have 


Tasorem 14. The topology of 91 can be described as follows: 


(1) Let a(z) — Ya; be an entire function of order l, and let b be an 
entire function. Let N be the set of FE 9, for which 


(43) max |b(2)| E | o/9(#)| £1. 


Then the sets N form a fundamental system of neighborhoods of zero in À: 


(2) Let c= {c;} be any sequence of positive numbers such that, for 
any V > 1, we have 
(44) © P= 0 (u). 


Let e be an entire function, and let M be the set of FE $, which satisfy, 
for all xE R, 


(45) [FP (2)| S g | e(2)]. 


Then these sets M constitute a fundamental systems of neighborhoods of zero 
in Je 


Proof. (1) It is easily seen from the definitions that every neighborhood 
of zero in h is contained in some N. Thus, we have to show that the sets V 
are neighborhoods of zero. This is not at all obvious because the topology 
of 9, is defined in terms of sums whereas the sets N are described in terms 
of absolute values. 

To prove Theorem 14 we use our previous Theorem 13 on the charac- 
terization of the Fourier transform ĝa. We want to produce a neighborhhod 
of zero N’ in 9, such that for any F € N’, we have FEN. 

For j == 0,1,2,-- -, let ¢; = | a; |, so {e;} is montonically decreasing 


and J, e;z/ is an entire function e of a l We set yi (2) = [1+ e(|2|)]7. 
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We define y:(y) as follows: y2(0) =1. For each j > 0, let 7’ == 7’(7) >0 
be so chosen that exp(47’) = max b (a) ; then set ye(- 7’) —exp(7). The 
See 


definition of y is completed by requiring that y be continuous and monotonic. 
Set 


(46) y (2) =y (&@) y2(y) (1 +). 
Let N’ be the set of FE 9, for which | F(z)|Sy(z) for all 2€ C. By 
Theorem 13, N° is a neighborhood of zero in $; We shall produce a ¢>0 


so that FE N’ implies cfe N. 
Let FEN’. Then for t= 0, 


Saf (Sa [AP (z)exp (ite) de | 


si if zP (a) exp (itz) de | 
Z Jey F (24+) 


SEI a; | ae oF |? | #(z)| exp(— tř ([t] +1))dz 
S exp(— ty’([#] +1)) otre |a; | |2 | | F(2)| de 
S exp(— ¢j’([#] +3) e(| z |)y(z)dz 


Jii ({t]+1) 


£ exp(—#ÿ([41 +) f e(le +7) E] +1) 2°77 de 


Sopi DF (LA + DGFT +1) f oll a rea) ae 
because we can assume, by modifying e if necessary that (see Lemma 8) 
e(.«|+ ||) Se(|z|)exp(|@]), where we have written [t] for the greatest 
Integer St. 

Now, we have, by definition, 


ya (J'TE + 1) =exp[((4] —2)ÿ (LI +1] 
so that 


o expl—(¢—1) 7 (T1 +1) Jp (ÿTé +11) S exp(—ÿ' (TT + 1)) 
Æ[ max [b(s)|[* 
RESES | 
= be 
Moreover, we have fe(|x|)y:(æ) (1 La) 1. Thus, 


(47) » Zl af (t)| Ss] b(t) [> 
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if ¢>1. À similar argument applies if ¢<—1. Moreover, for any t we 
have 


SE | af (t)| =E | a; fo F (w)exp (itz) de |< fe(|e|)| F(æ)| dz 
S fe(|2|)y(2) A +2): 


<1, 
It follows that [max | b(t) |] € N, which is the desired result. 
He | À 


(2) The equivalence of (1) and (2) is readily verified. 


Eemark. It has been necessary to use the Fourier transform to prove 
Theorem 14. A direct proof of this theorem is undoubtedly very difficult 
to obtain. 

Besides being useful in the study of differential equations and elliptic 
operators (see Ehrenpreis [7] and [10]), the spaces 4, exhibit a remarkable 
property as topological vector spaces: Let us denote, for any ¢>0, by $r 
the space for all fE 9, such that f(x) —0 if |æ[ >t. We give Qt the 
topology induced from 9; We call A the topology of the inductive limit of 
the spaces if for ¢ integral, so A is another topology on 9; (see Dieudonné 
and Schwartz [1]. Strictly speaking, only the inductive limit of Frechet 
spaces is defined in Dieudonné and Schwartz [1], but the definitions do not 
require the Frechet property.) We shall show that the topology À is the same 
as that of fı Note that the analogous property does not hold for the space 
D, namely, the topologices of D and Dp are different. 

First we need 


Lemma 9. For any 1 < 1, we can find a sequence of non-negatwe func- 
tions hy€ J, such that 

a) carrierh; C[ÿ —1£Zæ<%# +1] for some 9’, and for at most 3 
values of j does carrier h; intersect [ÿ —1<x<7 +1]. 

b) For any s€ R, Dh;(x) —1. 


Proof. Let 

_ fexp(—zx7) if z>0 
We want to obtain bounds on the derivatives of f, (The f, are clearly 
indefinitely differentiable.) First we compute the maximum of x”f,(x). 
Differentiating we obtain, for z > 0, 

— ra exp(—a?) + pat? exp(—z2?) =0 
D— re = 0, g == (p/r)"8, 

Thus the maximum of +'f,(æ) is (r/p)**exp(—r/p). 
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Now, the k-th derivative of fp is. a sum of terms of the form e;x-ff, (x), 
where j=1(p-+1) + (k—1) for some 1k, and then 


GE [Ip +1) + (—1) ff" (p +1) 
Thus, using the above, we find that 


max e;fp (2) S (p-+-1)'(Ip+k)/p+kl 
S (p +1) (lp + bye 
= (p +1)! (kp + k)" 
<= ( p + 1.) SeighO+4/2) 


because 1%. Since the number of terms e,f;(7) is 2%, we see that 


(49) max | fp (2) |S 2*(p + 1) hears, 
æerR 


Now we use (49) ; it follows that if X a,27 is an entire function of order 
<1, then afp (x) will converge uniformly for s€ R if p>1(1—l). 

By forming products, translates, and integrals of the fp we can easily 
construct functions satisfying the hypotheses of Lemma 9. 

Now we wish to describe the topology A explicitly: 


wa 


Proposition 5. Let {a*(z)} — {5 az} be a sequence of entire func- 
tions of order 1. Let N be the set of FE 9, which satisfy 
(50) max >| aff(c)| 1. 
K-18 |2]2$k+1 


Then these sets N form a fundamental system of neighborhoods of zero for x. 


Proof. It follows immediately from Theorem 14 that VN $y is a 
neighborhood of zero in $," for all r; since N is convex, N is a neighborhood 
of zero for A. Conversely, let M be a convex neighborhood of zero in Qr. We 
can assume that we can find an entire function of order 1, br(z) = > brz, 
so that M7 contains the set of fe $r with 


max | > bff (s)| & 1. 
eeR : i 


Let us note the following: For any fE 9, and any k, fr= hf (where 
the Ax are as in Lemma 9) is again in 9; Moreover, we can write, for any 
TER, | 

| È bi fx (2) = Z by (fhr)? (x) 
= 2b;#(z)f9 (>), 


where for each s we have Sb;"*(x)zf is an entire function of order <1 and, 
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moreover, if cj" == max | brž (x)|; then $ cj *2 is an entire function of order 
ae h ` 


<1. For each r only a finite number of k have the property that the carrier 
of k meets [—r—lS¢Sr-+1]; we define c” as the maximum of c¥ 
over these k, so ©.c;'zi is an entire function of order = 1. 
We define N as the set of f € 9 for which 
(51) sup S| ef fM(e)| = 875, 
| r-138|2|Sr+2 

We claim that N C M. For any FEN write f= Sfx, where fy = hf. Let 
r be so chosen that carrier hy C[] s] =r -+ 1]; by our construction there are 
at most 3r values of k corresponding to any value of r. Next we have, if 
|2|Sr+1, 7 

| E brf” (x) | S È | OF (>) | 

Sd | erf (s)| 


ggr, 


Thus, 3"3f € Mr C M. Since M is convex, we have f== > fe M. Thus 
(finite) 
N C M which is the desired result. 


THEOREM 15. The topology À is the same as that of 9. ` 


Proof. Since the topologies induced by {4 and À on ge are, for any T, 
just the topology of J, it follows from the definition of an inductive limit 
(see Dieudonné and Schwartz [1]) that the topology À is stronger than that 
of 9. (This also follows immediately from Proposition 5.) 

Let N be a neighborhood of zero for A; by Proposition 5 we can find 
entire functions a*(z) — >, ařzi of order <1 so that N contains the set of 
fE $i for which 

max $ |a (s)| 1. 
k-15|a|Ek+1 
We define the sequence {bn} as follows: ba = 1, 6,=exp[—-(1—/?) log n] for 
n= 1,2,- - m4, where n, = 1 is so chosen that | a |S exp(—(1—/*) log 7) 
whenever £2 and jÆ n, Suppose that 6, has been defined for nS np, 
where p = 1, and n,=p. Then we set 


bn = exp(—(1—I?*)) for n= my + 1, Mp + 2,° "Nous 


where np, > n is so chosen that | af | Sexp[—(/—/**)] whenever k£<p+2 
and j Æ np. It is clear that the numbers np can be found and, moreover, 
that > b;zi is an entire function of order l. | 

_ Now, we have, for any k, | af] = b; for all but a finite number of j. 
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Thus, we can find a constant cs > 0 with ¢,|aj*|<b, for all j. Call M the 

set of f€ 9, which satisfy, for all k, 

(52) max >| bf@(r)| S cy. 
K-18 |¢|Sh+1 


By Theorem 14, M is a neighborhood of zero in M; we claim that M CN. 
Let fE M, then if &—1<|x|=k+1, 


S| apf (2)| € (1/0) Z | dF (x)| 


<1 
because of (52). Thus fE N, which concludes the proof of Theorem 15. 


Example 7’. We choose C, as the set of all sequences {4,} for which 
an = 0 (*/T (rn) ) for some e> 0. L, consists of all sequences {bn} such 
that X b,z" is an entire function. We define C; and L; to be trivial for j > 1. 
We denote the space & obtained by +D. The spaces ,M play an important 
role in the study of elliptic operators and Cauchy’s problem in partial differ- 
ential equation (see Ehrenpreis [7], [10]). 

By using methods similar (and, in fact, simpler) than those employed 
in the proof of Theorems 11 and 13, we can deduce 


Tauorem 11’. ,D consists of all functions F of exponential type which 
satisfy for some A > 0, 
(28) ` [F(æ)[—=0(exp(—41]z|")), 
where 77 == 1/1. 

THrorem 13’, Let y be any continuous positive function on C such 
that for ail A > 0 and some k we have (z= z -+ iy) 
(29) exp(—A |x|" +k |y |) = 0 (l2) 
and y 1s the product of a function of « by a function of y. Let N be the 
set of FE,D which satisfy 

| F(z)|Sy(2) for all ze 0. 


Then these sets N form a fundamental system of neighborhoods of zero in ,D”. 


II. Infinite derivatives for €. By € we denote the space of all 
indefinitely differentiable functions on Æ with the Schwartz topology (see 
Schwartz [1]): € is metrizeable; a sequence {f/} converges to zero in € if 
and only if the ff and all their derivatives converge to zero uniformly on 
every compact set of R. 
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Now, the space 3, which played a fundamental role in Chapter I, was 
defined by both regularity conditions and growth conditions at infinity. In 
contrast to this, the space € is defined solely in terms of regularity conditions. 
Thus, only the operator d/dx will be used to define the spaces of functions 
which we consider here, while only the operator X will be needed to define 
the space of Fourier transforms. 

Let a= {a;} be a sequence of complex numbers. We say that fE € is 
in the domain of De (for the space €) if X af converges in the space € 
and if, moreover, for each k > 0 we have >| a;fÜ*®(x)| converges uniformly 
for z in any compact set of R; when no confusion can arise, we shall merely 
state that f is in the domain of De, and we set Def = X, qf. 

Let A be a class of sequences {a;}. We define the space P to consist of 
all FE € which are in the domain of De for all ac A. The topology of P is 
defined by the semi-norms 


(53) sup I | aif (2)| 


for K any compact set in À and {a;} any sequence in A and any integer k = 0 


Remark. P may not be Hausdorf even if A is non-empty. E.g. A 
consists of the single sequence: a@=0, a,—1, a4;—0 for 7>0. Then 
f(x) — is not separated from 0. The results of the theory of mean-periodic 
functions (see Schwartz [4], Ehrenpreis [5]) seem to indicate that if all 
the functions È ajz/==a(z) for {a;} € A are entire functions, then P will be 
Hausdorf if, for any {a;} € A, the sequence {a,/} also lies in A where {a/} 
is obtained from {a;} by some small deformation. will not be Hausdorf 
if the a(z) have a common zero 2, for then exp(zx) will satisfy D*exp (zx) 


== 0 for all a € A, and thus cannot be separated from 0. š 
Problem. Can we replace the semi-norms in (53) by the semi-norms 
(54) sup | Z afl (x) | = sup | Df (x)| ? 
vek eek 


This problem seems to be very difficult. In particular, I do not know whether 
or not the semi-norms (54) lead to a complete space. 

The set A will be called admissible if every finite sequence belongs to A. 
It is readily verified that the corresponding space P is always Hausdorf if A 
is admissible. We shall assume in the following that any set of sequences A 
that we consider is admissible. A will be called trivial if it consists exactly 
of all finite sequences; in this case P = €. 


PROPOSITION 6. P s a complete locally conver Hausdorf topological 
vector space. 
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Proof. Everything is obvious except the completeness of P. Let ¢ be 
a Cauchy filter base in ® ; since the topology of P is stronger than that 
of €, # converges to some element fE €, We claim that fE P and œ con- 
verges to f in the topology of P. 

We know that for any compact set K C R, for fa€ D, fe—>f, we have 
> . d,(d*ja/dx") (x)| converges uniformly for all œ and for s€ K; we claim 
it converges to $ | an(d"f/da") (s)|. If we write ba" (z) == anfa™ (x), and 
b"(z) = a,f™(e), then the above is the statement that the conditions 
ba” (£) —>b*(x) uniformly for s€ K, $, |ba”(x)| converges uniformly for 


all & and for vE K, imply $ | b"(2)| <% and S |bat(x)| converges to | | 


> |b"(x)| uniformly for se K. This is seen as follows: 
Given any no however large, we can find a cofinal set of a for which 
| ba” (£) — b” (x)| S 1/n for n& n, and all se K. Thus, 


3 | b*(2)| S E | ba" (2)| + F | bar (2) — b” (2)| 
S1+ 3 | ba" (2)| 
= const., 


where the constant is independent of np. 

Finally, it-is immediate that > | an((d"fa/dx") (x) — (d"f/dx"(x))| 
—>(. A similar argument works for the derivatives of f and gives our result. 

In dealing with the Fourier transform, it is best to consider the Fourier 
transform of P” which is the dual of P with the topology of uniform con- 
vergence on the bounded sets of P. For the Fourier transform of P” is, in 
general, a space of entire functions which can be described explicitly in many 
cases (compare Ehrenpreis [1], [3], and [8]). In fact, in many cases we 
get again a space which can be described by infinite derivatives. 

We shall now consider several examples of spaces ®. 


Hypothesis I. (a). The sequence {a;} belongs to A if a(z) == È azi 
is an entire function of exponential type. 


(8) If {a;} € A and c;=— O(1 + pi) for some p, then CS cayi} is 
in A for any l whenever 0m nj. 


(y). For any fE P, the series  fU)X1/j! converges to f in the topology 
of P. 


From Hypothesis I (a) it follows easily that all the functions in P are 
entire functions. Moreover, the topology of P is stronger than the topology 
of the space & of entire functions on the complex plane (see Ehrenpreis [5]). 
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Now, for any S€ P’, we define the Fourier transform T == #(S) as the 
formal power series T(z) = D Ti, where Tj==S-#X1/j!. In most cases T 
will be an analytic function. We denote by P’ the space of Fourier trans- 
forms of P’ with the topology to make ¥ a topological isomorphism. 

For any set A of sequences we denote by A~ the set of all sequences 
{b;} such that > | bja;| <œ for all {a;} € A. It is clear that A is always 
admissible. 


THEOREM 16. Let A satisfy Hypothesis I. Then the space P’ is the 
space of infinitely differentiable functions defined by the operators D? for 
be At. 


Proof. First we note that, for any b == {b;} € A, we have {b,(1 + 77) X9} 


is bounded in the topology of P. For, given ary {a;} € A and any interval 
[—l=2¢l1] in À, (1221), we have 


ae [A+ 7?) yb; | æ | | == (1-4 7?) | ajb; | V. 


Now, by Hypothesis I(8), w= (1+ 77} | aja | U/l} is ace in A, 
so that 


J 
sup cent + 7?) bX?) 1} (x) | £ 2 (1+ PY] bail | 


+ * + j L2 
== j! | b | (E 7) È | apa | Ti! 
mm | ba; | qi. 


Now, by hypothesis, | bja/| is bounded in j. Thus, 
eup | [D9 (b;X/4!)] (a) | S const. / (1 + 7?) 
el=t . 


which is the desired result. | | 

It follows that, for any SE P’, {S- (1 + )bAiXT/i0 == (1 + DGT} 
is a bounded set of complex numbers. Thus, $ | },7';| <œ. It is also clear 
from the above that >) | b;T;] is uniformly bounded for T in any bounded 
set of À”. 

Conversely, suppose that T has the property that $ | b;T;| <œ for any 
{b;} € A; we want to show that TE D’. For any fE P, write f(z) = $ fher, 
where, by hypothesis, the series converges to f in the topology of #. Then 
we define S by S-f== Di fn»Tn(—i)"m!. We must show, of course, that this 
series converges. But we know that >| a,f,n!| converges for any {a,} € A, 
by the definition of ®. 


Lemma 10. (A*)*CA for any admissible A. 
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Lemma 10 is an immediate consequence of the definitions. 

From Lemma 10, it follows that {(—-1)17,} € À, and this implies that 
f— D fala(—1i}n! defines a continuous linear function L on P. It is clear 
‘that the Fourier transform of L is just T, and this completes the proof of 
Theorem 16. | 

We have still to prove the statement in the theorem about the topology 
of $’, but this can be accomplished by the above methods. 

We want to use our theory of infinite derivatives to describe the topology 
of functions which are analytic on an arbitrary set B in the complex plene. 
The method is easily extended to sets in complex affine space of n dimensions. 
Now, if B is open, the compact-open topology is obviously the most natural 
one. For a more general class of B, a natural topology has been constructed 
by Van Hove (see Van Hove [1], Waelbroeck [1], Grothendieck [1], [2], 
Kothe [2]). This is defined as follows: Let Bı: +, Brn: + : be a sequence 
of open neighborhoods of B with B;,, C B;, OB;—B and each B consists of 
only a finite number of connected components each of which meets B. Let 
H (B;) denote the space of functions which are analytic on B; with the 
compact-open topology. Then we define 9(B) as the inductive limit of the 
spaces H(B;) (see Kôthe [1]), that is, fE N(B) means that f is analytic 
on some neighborhood of B. &(B) is given the strongest locally convex 
topology which makes the natural maps 9 (B;) > % (B) continuous. 

Our definition of the topology by means of infinite derivatives is superior 
to the Van Hove topology because it is intrinsic, that is, it is defined in 
terms of the set alone without using the fact that it is a subset of the complex 
plane. Because of this, we are able to use our methods to define the topolegy 
on the real analytic functions on a real analytic manifold (with singularities). 
In addition, our method leads to the definition of the Fourier transform on 
these spaces. We hope to discuss these notions in detail in a future publication. 

We shall change our previous notations slightly for convenience: We 
denote by € the space of indefinitely differentiable functions in the complex 
z= g -+ iy plane with the Schwartz topology (Schwartz [1]). For B any 
subset of the plane, let B denote the closure of B. We also define A = {an} 
such that | 
(54) a, = O(e/n!) for any «> 0. 


Definition. Two functions which are analytic on a neighborhood of B 
are called equivalent if they coincide on a neighborhood of B. An equivalence 
class of functions analytie on neighborhoods of B is called an analytic function 
on B. 

We have the obvious 


à 
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Lemma 11. Let fı and fz be equivalent functions which are analytic 
on B. Then for any n and any %€ B, 


(d"f,/dz") (20) = (d"f2/da*) (20). 
Thus we can make the following 


Definition. N(B) is the space of analytic functions on B. A funda- 
mental system of neighborhoods N of zero in (B) is defined as follows: 
Let K be a compact subset of B and let {a} € A. Then N consists of all 
fE N(B) which satisfy 


(55) max > | anf™(2)! S1. 
zEK 


| ee 


PROPOSITION 7. The following three topologies on the set of functions 
of H(B) are equivalent: — 

1. The topology of 94 (B). 

2. The topology defined by the semi-norms 

max an | f(z) | 

for {an} € À. m 

3. The topology defined by the semt-norms 

2 an max | f(z) | 

for {an} € A. | 


Proof. It is clear that of the three topologies, 3 is the strongest and 2 
is the weakest; thus we have to show that 2 is stronger than 3. Now, if 
{an} € A, then so is {a,n?}. Thus, if b > 0 is properly chosen, any f€ H(B) 
which satisfies max (a@,n*)|f™(z)| S1 must satisfy Sa, max | f™(z)| <b. 

& ‘ z 


Thus Proposition 7 is proven. 
PROPOSITION 8. Assume B possesses the following topological properties: 
1. Every connected component of B is open in B. 


2. Every connected component of B is analytically arcwise connected, 
that is, any two points belonging to the same component can be joined by a 
real analytic curve in B. 


3. For each z€ B let U(z) be an apen set in the complex plane. Then 
we can find a collection of sets {Ua} which are open in the complex plane 


“ 
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and cover B such that site Ua is contained in some U (2) and, moreover, 
if Ua N Ue ep, BN Uan Uw Æ o. 

Then X (B) isa complete, Hausdorf, locally c convex topological algebra. 
If Bis opens then the topology of H(B) is the compact-open topology.. 


. Remark. Hypothesis 2 can be weakened to: Any two points in the 
same component can be joined by a piecewise analytic: curve in B, and the 
proof is essentially the same as that given below. However, I do not know 
of Proposition 8 is true for an arbitrary set B. 


Proof. It is clear that (BY is a locally convex Hausdorf topological 
vector space. To show the completeness of (B) we need the following 


Lemma 12. Let f*(z) =F (f%,/n!) 2 be a formal power series with the 
property that > | f nan | are uniformly bounded in a whenever a, = 0 Se: 
for any e> 0. Then all fe (2) are analytic in à fixed neighborhood of z —0 


Proof of Lemma. Assume that f% is not analytic in a fixed neighborhood 
of z—0. Then we can find an infinite sequence of positive numbers nj;—> 00 - 
and a sequence {a;} such that 


| fn, | yl in. 
Now, let 
PER re when n= n; 
. 0 otherwise. 


Cleariy a, = O(e"/n!) for any e > 0, but 


> | On Fn, | = > | fn, | /n;! 
=> D l==00. 


This concludes the proof of the lemma. 


Proof of Proposition continued: Let {f*} be a Cauchy filter base in Œ(B); 
then f* clearly converges to a function f which is continuous on B and is 
analytic at each interior point of B. For each n we define the continuous 
function f,(z) = lim (d*/dz") f(z). For each z€ B we claim that the formal 
power series D f,(2))(2— 2%)" converges in the neighborhood of 2). For 
simplicity of notation we assume that z.==-0. Now, reasoning as in the proof 
of Proposition 6 we deduce that S| f,(0)a,|<oo whenever {a,}€ A. By 
Lemma 12 we see that S'f,(0)2" is analytic in the neighborhood of z—0. 

Now, we have difficulty in constructing the limit of f* because N(z,) and 
N(z) may overlap without X f,(20)(z—2%)" and Dfa(zi)(z—2z,)" being 
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equal in the intersection. However, by a simple argument we can show that 
we can choose neighborhoods N’ (z) C N(z) for any z€ B with the additional 
property that N’(z.)MN’(2:) is empty if zo and z, do not belong to the 
same connected component of B; namely, we just make sure that N’(z) is 
contained in the circle, center z, radius less tha none-third the distance from 
z to the complement in B of the connected component of B containing z. 
The positivity of this distance is a result of the fact that z cannot be a 
limit point of points of B which do not lie in the same conected component, 
since the components are assumed to be open. By our assumptions on B 
we may also assume that N’(z) have the property that if N’(z)N N (7) D 
then BN N’(z)N N’(2’) Ad. (Of course, N’(z) are open in the complex 
plane and cover B but N’(2) are defined only for some z.) 

Call N == oN) and define g on N by g(2) = Difn(2o) (2—20)"/n! 

RE 


for z€ N (za). We have three things to show: a. g—f on B. b. g is well- 
defined. c. g is analytic on N. 


Proof of a. Let 2,€ B, then z belongs to some N’ (zo). If zı = Z, then 
certainly f(z.) —g(#.). If 2,542, then by construction there exists a real 
analytic curve T lying in B and joining z, and zo. It is a simple matter using 
integration on T to show that f is an indefinitely differentiable function on T 
and for all n we have f,(z) == (d"/dz")f(z) for z€ T, where d*/dz"f is defined 
by using difference quotients on T only; thet is, 


(df/dz) (z2) = ee (f (22) — F (2) )/ (22— 2). 


tal 

Moreover, since T is compact, the definition of our topology shows that 
for any {an} €A we must have >! |a,f,(z)| uniformly bounded for 2€ T. 
Lemma 12 then tells us that there is a 6>0 so that all the power series 
> fn(Z) (7 —z)"/n! converge uniformly for | 7 —z:|< 6 and for z€ r. We 
now apply Pringsheim’s theorem (see Mandelbrojt [2]): This tells us that f 
is real analytic on I. (Strictly speaking, Pringsheim’s theorem is proven 
only for T a segment of the real axis, but there is no difficulty in extending 
the proof to any real analytic curve.) 

Now, it is clear that g and f both have all their derivatives equal at zo. 
Thus, since g and f are real analytic on T they are equal for all points of T. 
Thus, g(z:) —f(z) which is the desired result. 


Proof of b. Let Zo, 2’ be points in B such that N’(4) N N’(#/) is not 
empty. Then by construction, BNN (2) NN’ (a’) ~¢, so let 4€B 
NN’ (zo) N N’(4/). ‘Then we can join z; to z and z, with analytic arcs 
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Ty, I, respectively. By a. above, Cf,(2o) (2—20)"/n! is equal to f on 

(T, UT.) (z0) ON’ (27) and so is also equal to J, fh(20) (2 —2)*/n!. 

Since IUT, is an arc and N’(z) MN’(2’) is open, the two functions 
> fn (20) (z— 20 )"/n! and DS fn (Zo) (2—20)"/n! 

must be equal on N’ (zo) ON’ (z). This proves that g is well defined. 


Proof of e. This is clear from the definition. 


It remains to show that f* converges to f in the topology of ¥ (B) but 
this is clear. Thus, 9{(B) is complete. 
We show next that ¥ (B) is a topological algebra. This follows with- 
out difficulty from Leibnitz’s formula for the derivative of a product: 
(d*/da") (fh) == X, CpfOner”, 
fn 
Thus, if a, = 0, 


San | (d"/da") (fh) | <5 D anC;" [fO | | }(n-3) | 


=F Lay | 7 | 180 | 
j K 


(56) 


Let us note that for b; = 0, 
(Eb fO |) (Eb, | AM | =E bbr | fO | [AO |. 
pk 
Thus we can make the left side of (56) small if we make aj.,C** <= bb, for 
appropriate {b;}. 
Now, Gae = O(e*/(7-+%)!) for any e>0. Thus 


QC = O (PEG + EY (GLE) Ith!) 


(57) 7 
= OL (/j!) (é/#1)] 


for any e > 0. 
Using (57) we define {b;} as follows: Let L == max(j!a, 1). For each 
LZ 1, let pı be chosen so large that a; K(1/1)*(1/j!) for jÆ p. Define 


b; = IÈ (1/1) (1/7!) for prj < pus Then (56) and (5%) show that the 
conditions 


max È | bof (s)| S1, max >) [bkt <1 
zeK æeX 
imply | 
max 3 | aj(fh) (2)| 51 
æ € 
which proves that Y (B) is a topological algebra. 
If B is open, then the topology of (B) is the compact-open topology 
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as is readily verified by means of Cauchy’s integral. This nee the proof 
of Proposition 7. 


In general, we do not know if the topology of Y (B) is the same as the 
Van Hove topology; we shall give some examples later in which the two 
topologies are the same. 


Proposrrion 9. Let h be a complex analytic mapping of B-into By, 
that is, h€ H(B) and h(B)CB,. Define h*: H(B,)—H(B) by h*(f) (x) 
—=f(h(z)). Then h* is a continuous linear map. 


Proof. h* is clearly linear so we need verify re zero only. Let K be a 
compact #4 in B; since h is continuous, h(K)} is compact. Let {a;} be a 
sequence satisfying (54); let N be the set of gE H(B) which satisfy 


(58) max Sa; | g(x) | £1. 
zek 


Then we want to find a sequence {b;} satisfying (54) such that f € H(B:), 


(59) . max $h | f(2)| <1 
veéhn(K) 
should imply A*fE N. 
The sequence {b;} can be constructed by a method which is essentially 


the same as the classical proofs by power series methods that an analytic 
function of an analytic function is analytic. We shall omit the details. . 


We wish to give some examples: 


Example 1. Functions analytic at the origin. We denote the space of 
functions analytic at the origin by @. We show that the topology of @ is 
the same as that of Van Hove. Let {a,} be a sequence of positive numbers 
such that a,—=O(e"/n') for any «> 0, and let N be the set of fE @ satis- 
fying >| a,f™(0)|1. Suppose there exists a sequence {ng} with no =—0 
so that 


(58) == 299g"/n!bg for Mga SEn < ng gal. 
We can write 


(59) f(e) =Z afla), 


where f(x) =29 2 fas"; the series on the right clearly converges in a 


neighborhood of nies Moreover, we have for DE: Zr, 
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ngl 
fala) E2 E | fa] am 
O nng 
figi 
= ba Z | fa | dan! 
NERT- 


= ba 2 | fn | ayn! 
n=0 


— ba 210 (0) | an 
ba. 


IIA 


Thes, | fg(v)| Sb, for |x| Sq". 

Now, suppose we start with a closed convex neighborhood N of zero in 
#8 in the Van Hove topology. Then for each q > 0 there is a b, > 0 so that 
B contains the set of f which are analytic in | z | & q% and satisfy | f(x) | <b, 
for |z|=g* We can clearly choose a sequence {ng} so that if we 
‘define a, by (58), then a,—O(e"/n!) for any «>0. (It suffices to take 
nai >> 2%," for all g>1.) Thus the neighborhood M of zero in @ defined 
by Sa, | f(0)| 1 has, by the above, the following property: each f€ M 


can be written in the form D 2"2f,, where f,€ @. It is readily verified that 
q=i 


the series >) 2-¢f, converges in the topology of Van Hove. Since æ is closed 
and convex by construction, this means that f€ N which proves Proposition 9. 
The topology of @ is the same as the Van Hove topology. 


Example 2. Functions analytic in the closed unit disc. Let us denote 
by K the unit disc, that is, the set of x with |#|=1. 


THEOREM 17. The following three topologies on H(K) are equivalent: 
(1) The topology of #(K). 
(2) The Van Hove topology on K. 


(3) The topology defined by the semi-norms $, bn | f™(0)|, where {b;} 
as a sequence of positive numbers satisfying ba = O((1 + €)"/n!) for any e > 0. 


Proof. Exactly as in the proof of the previous Proposition 9 we can 
show that the topology described in (3) is stronger than the Van Hove 
topology. | | 

if U is any open set containing K and if 8 is bounded in &(U), then 
B is clearly bounded in the topology (3). Thus, by general properties of the 
Van Hove topology, the toplogoy (2) is stronger than (3); hence, the 
topologies (2) and (3) are the same. 
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On the other hand, the Van Hove topology is stronger than the topology 
of Y(K); Theorem 7 will thus be proven if we can show that topology (1) 
is stronger than (3). Now, for any function fE #(K), f defines a function 
in La of the unit circle. We have clearly (normalizing the measure so the 
unit circle gets measure 1) ` 


(60) Lf IF (e) |? do]? = max | f(z) |. 
By Parseval’s theorem the left side of (60) is > [fn | Thus we see that 
(61) a |f(e)| 2 [È | fa FÉ. 


By Schwart’s inequality, S| fa |/ (1 4 n?) S const [> | fa |?]8% Combining 
this with (61) we deduce 


(62) max | {(2}| = const Z | fn (/(1 + n?). 


Now, let {a,} be a given sequence satisfying a, = O(e"/n!) for all « > 0. 
We consider the set of f for which X a;max | f# (s)| 1. For each 7 we 
: zeK 


have by (62) 


max | f(2)| = const E | fa (nt/(1+n) (n— 1 


Thus, 
12 ZaZlfnin/(i+n)(n—;)! 
i} nes 
= Dien] fn | n! = > cn | f(0)| 
say, where 
(63) Cn = (1+ n?)* Sa/(n—j)!. 
jon 


The binomial expansion (1 + e)” == Y'aîn!/jl(n — j)! shows that 
jan 


Cx~=O((1+.6)"/n!) for all e> 0. 


We are not finished, however! Given a sequence {b,} satisfying 
b,==O((1+ )"/n!) for all «>0 we have to produce a sequence {an} 
satisfying d,—O(1-+-«)"/n!) for all e>0 so that for the corresponding 
sequence {cn} we have D, © cn. The construction of {an} is as follows: For 
each g = 1 we define an integer dg: dg = 1 is defined so that for n= d, we 
have 6,5 (1+ 1/q)*/n!(1-++-n?). d, is defined to be zero. We may clearly 
assume that 6, =1/n!(1-+-n*) for all n. Then we define 


(64) Q,==g"/n! for dya En < dy 
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For n= dy we have by (64), an= q". Thus, for n= ds 
Gen +n?) Zai/(n—j) 
= nl(1t my ri/(n—j)!i! 
= (14+) 1/9)" 
= On. 
This completes the proof of Theorem 17. 


Example 3. Functions analytic on the unit circle. We denote by K the 
unit circle, i.e. the boundary of K. Then we have 


THEOREM 18, The following topologies on A (K ) are equivalent: 
{11 The topology of Y(K). 
(21 The Van Hove topology on K. 


(3) The topology defined by the semi-norms 


© bn | fal, where h= f FO dé 


and where {b,} is a sequence of positive numbers satisfying ba = O(1 +e)" 
for any e > 0. 


The proof is similar to the proof of the previous theorem and so will 
be omitted. 


Similar results apply to the annuli 
a<|e| 1, ¢S|\e¢| 51,25 |¢| <1 


for any a with OSa<1. Now, by Proposition 9 our topology is invariant 
under conformal mappings which are real analytic on that part of the 
boundary of K which is in K; the same is true of the Van Hove topology 
(see Waelbruck [1]). Thus, the topology of (B) is the same as the Van 
Hove topology for B in case B is obtained from a domain of genus zero with 
real analytic boundary by adding certain parts of the boundary. 

We do not know of any similar results for domains of genus > 1. 


We conclude this section with a different application of the theory of 
infinite derivatives. This application is of great importance in obtaining 
very deep results on Cauchy’s problem (see Ehrenpreis [10]). 
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For each r with 1Sr<oo.we define ,€ as the space of all fE € for 
which the series $, a,f™ converges in the space € whenever - 
(65) dy O(e/T(rm)) for some € > 0. 
The topology of ,€ is defined by means of the semi-norms $; an max | f(a) | 
2ek 


for K a compact set in À and {a,} as above. The spaces ,€ are easily shown 
to be complete topological vector spaces which are Schwartz spaces (hence 
reflexive). .€ is the space of entire functions and we shall write € — „€. 
It is readily verified that ,€ is metrizable. For r5<1 the spaces ,€ bear the 
same relation to ,® that the space € does to the space D. | 

€ is the dual of €, ,€’ is the Fourier transform of ,€’ , as described 
above. For any 8 €,€’, the Fourier transform (8S) is the function 


F (S) (2) —S-exp(iz:) 
for z€ C. It is easily seen that #(S) is an entire function of exponential 
type. . | 


THEOREM 19. ,€’ consists of all entire functions F of exponential type 
which satisfy, for some A, 


(66) | F(2)| = O(| P(2)| exp[A | Rz |" + | T(z) (I, 
where P is any polynomial, and where 1’ 1s defined by 
(67) . t = 1/r for ro, 6° ==0. 


The topology of „ê is defined as follows: Let H(z) be a positive continuous 
function on C such that all B>0 


(68) exp[B| Re |” + |I(2) |] = 0 (H (2)). 
Let Ny be the set of FE ,Ë" for which 
|E (2)| S A(z) 


forall z€ C. Then the sets Ny form a fundamental system of neighborhoods 
of zero in ,€’. 


Proof. Let SEE’. Now, if a, are positive numbers satisfying 
an = O(e"/T' (rn) ) for some € > 0, then we have 


È, an | (d"/da")exp (iz: x) | = | exp (iz: x) | E an | (iz)* | 


(69) 
= exp(|2||A&(z)|) Sa, ||. 
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Now, | 
È an | 2 |" S const X e | z |"/T (rn +1) 
== const $, (e | z |)"/T (rn + 1). 
m Q (e | 7 |), 
where 


Q(2) =E e/t). | 
For z = 0, Q(z) behaves like exp(z”). This can be seen as follows: 


eo 


exp(a") = D z't/n! 


n=0 i 
-5 a" /T'(rm + 1). 
LEMMA 18. For x = 1 we have 
(70) aQ (2) S exp(2") S $O (22) 
for somé constants a, B which depend only on T. 


Proof of Lemma. We write first 


exp(2") = Sen (a), 


where 

| {{n+1r]-1 | o. 

(70) e(z)=— a a/l, 
j={nr] 


where [y] is the greatest integer Sy. Then for z=1, [nr] Sj 
<= [(n+1)r] —1 we have 
| yi r’ < ginti)rr’ come, ptl 
while | | 
je (er) : 


ZT(nr) 
=0((n+1L)r+1)/((n+1)r)™. 
Thus, for v = 1, we have 


— en (2) = (+ 1am ((n + 1)r)"2/P((n-+ 1)r +1) : 
| | SS Ba(èz)"*/T((n + 1)r +1). | 
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Thus, . 
exp (2") = È en(x) 
<= BD (22)*/T (nr +1) 
== BY (27). 
To prove the first inequality in (70), write 


exp(a") = È e'n (T), 


where 
{{n+2)r] 
eale) = $ ai fj! 
j=[nr]+1 
and 


[r] 
e'o (2) = Bair /jl. 
‘ j=0 
For [nr] +1 Sj [(n+1)r] (n> 0) we have 
git’ = grrr’ — g” 
while 
jiET((n+1)r+1) 
S ((n + 1)r) "T (nr +1). 
Thus, 
exp(a") = > e'a (2) 


= (r-+2) Dar((n- 1)r)74/P (ar +1) 
= aS (2/2)*/0 (nr + 1) 


= aQ (zx), 
which is the desired result. 


Proof of Theorem continued. Since the cases r—1,co are known (see 
Ehrenpreis [8]), we may assume r4l1,oo. Let V be any neighborhood of 
zero in ,€ on which S is bounded. By definition, there exist sequences 
{an*} k= 1,2,: - -,l of positive numbers with a,*=O(e"/I'(rn)) for some 
e>0O and p>O so that N contains the set of f¢€,€ which satisfy 
max 3 dnt [fm (x)| <1. Our above calculations show that for some A > 0 
z|=?p 


we have 
exp(—A(| Rz |” + | Iz|)exp(iz:‘) EN 
for all complex numbers z. It follows immediately that ¥(S) satisfies (66). 
To prove that, conversely, any F satisfying (66) hes in ,€”, we need the 
following lemma which can be proved in a manner similar to the proof of the 
corresponding result for the space € (see Ehrenpreis [1]): - 


à 
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Lemma 14. For rs41, ,€" consists of all S€,D’ for which the con- 
volution S*fe,D for any fe, D. Consider ,€ as a space of continuous 
linear maps (under convolution) of ,D into rD. Then the topology of € 
is the compact-open topology for this set of maps. 


` Now, it follows from Theorem 11’ that any function F satisfying (66) 
has the property that FG € „Ô whenever G@€,D. The fact that f € -€’ results 
from this by a simple argument (see the analogous argument in Ehrenpreis 
[1]). 

Next, let Nx be a set as described in the statement of Theorem 16, 
where H satisfies (68). We want to show that Ny is a neighborhood of zero 
in oe By a result of Grothendieck [1], we! is bornologic so it is sufficient 
to prove that Vy swallows every bounded set, i.e., if B is bounded in „ê then 
for some a > 0 we have aB C Ny. This is proven by essentially the same 
argument as that used to prove that each FE,’ satisfies (66). 

The fact that the sets Ny form a fundamental system of neighborhoods 
of zero in Ê’ is proven in essentially the same way as the corresponding 
result for the case r==œ (see Ehrenpreis [8]). 


III. General remarks. 


1. Let us consider, instead of the spaces ,€, the spaces of functions 
f¢ € for which the series $, af converges in € whenever 


(?1) an= 0 (/T(rn}) for all e > 0. 


We give this space the usual topology and we obtain a topological vector 
space "€. In particular, € is the space of real analytic functions &. It 
seems to be a difficult task to describe the topology of the Fourier transform 
ré’ of tae dual of “€. One of the main difficulties is that no analog of 
Lemma 14 is possible for €. On the other hand, a result Polya (see VI. 
Bernstein [1]) shows that €’ consists of all entire functions of exponential 
type which are O(exp(e|2|)) on the real axis for any «> 0. 


2. A very difficult problem connected with the theory of infinite deriva- 
tives is the following: What kinds of conditions are necessary on the sets 
C;, L; in order that the space & should not be reduced to {0}. This problem 
is closely connected to the problems of the minimum modulus and quasi- 
analytic classes. Cf. Example 7 and Beurling [1].) 
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ON THE HILBERT-SIEGEL MODULAR SPACE.* 


By WALTER L. Bary, JR} 


Introduction. Let ©, be the space of complex, symmetric, n X n matrices 
Z == X 4-1Y with positive definite imaginary part Y, Y 550, and let 
SP =n X +X ©, be the product of p replicas of ©, Let Sp(n, E) 
be the group of 23n X 2n real symplectic matrices. Then Sp(n, £) is naturally 
homomorphic to a transitive group of complex analytic transformations of ©,, 
and therefore (Sp(n, R))? is (homomorphic to) a transitive group of complex 
analytic transformations of (G,)?. Let Ý be a totally real algebraic number 
field of (absolute) degree p and let o be the ring of integers in f. The group 
Sp(n,f) of points in Sp(n, £) having coordinates in f can be imbedded in 
(Sp(n, R))® by 

a: M— (M%,-. - -, Me), 


where o, = identity, o2,- ' ',o, are the distinct isomorphisms of f into R. The 
group Lanp —4(Sp(n,t)) is everywhere dense in the Lie group (Sp(n, A) }?, 
and therefore the orbit of any point of G,? under I,,,* is everywhere dense 
in ©,?. Let Sp(n,o) be the subgroup of Sp(n,f) consisting of those M with 
coordinates in o such that det M — 1 and put T,,.—1(Sp(n,o)). Then Tn» 
acts in a properly discontinuous manner on ©,? and is known as the Hilbert- 
Siegel modular group [10]. The quotient space (G,)?/Tn,p, denoted by Ver, 
has finite volume with respect to the invariant measure on (©,)?. The same 
thing will be true of any subgroup I,,,’ of Ty,p* commensurable with l'os. 
We note in passing that if y€ T,,*, then y“I,,,y is commensurable with I,,». 
When no confusion can arise, we shall denote T'y,p*, Lun and Typ’ by Lu, Ta; 
and I,’ respectively, or still more simply by T*, T, and I”. The main purpose 
of our paper will be to show that each of the quotient spaces (G,?)/I” can be 
compactified to a normal general analytic space, isomorphic to-a projective 
variety. With a few important exceptions, our procf is quite similar to the 
treatment of the Siegel modular group (p==1) [12], and therefore we shall 
in many cases simply refer the reader to [12] for the more or less formal 


* Received January 9, 1959. 
f This work was done while the author was an Alfred P. Sloan Research Fellow. 
f The author wishes to express his thanks to T. I. Bartha for valuable criticism. 
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details of proofs, reserving our efforts for concentration on those aspects 
which apparently cannot be lifted trivially from the case of the Siegel modular 
group, p = i. | 

We note here that the set of abelian varieties whose multiplication ring 
is an order in Ÿ may be identified (non-canonically) with (©,)? (see [10, : 
pp. 36-42]). Itis this point of view that has motivated the approach in [10]. 
However, we shall not pursue this interesting fact any further here. We 
should also like to call attention to the (well-known) fact that the group of 
units of o plays an important role in constructing the compactificatiors of 
the spaces (©,)?/I’; it might be of interest to examine this fact further, 
but we cannot contribute anything in this direction at present. 

At this point we introduce certain notation which we have chosen to 
come as close as possible to that of [12]. First of all, if o; is one of the 
isomorphisms of f into À, and if s is some quantity over f, then x? shall 
denote the result of applying o to x, while if Z € ©,?, Z? shall denote the [-th 
component of Z in the product ©, X- - - X Gp, zy! denoting the 17-th entry of 
the matrix Z'. Then if M denotes a p-tuple of matrices, tr(M} == 2 (> mu). 

4 


If 5 is a matrix over k, we write §>ò>0 if each of the matrices S',- + -, 8? 
is positive definite, and S=0 if the requirement of positive definiteness is 
replaced by positive semi-definiteness. Moreover, 


N det(CZ + D) = JĮ det(C'Z! +- D*), 


and, in general, multiplicative quantities of Siegel’s theory [14], such as 
det Y, should be replaced by the absolute norms of those quantities, whereas 
additive quantities such as ds? =tr(Y"14ZY-14Z) should be replaced by the 
absolute traces of these quantities. Finally, “integer” will usually mean an 
element of o. i 


1. Reduction theory and fundamental open sets for X“. We wish to 
construct a fundamental open set for Fap in GP, i.e., an open set B’ in ©, 
having finite invariant volume such that T'ap B’ == ©,? and such that yB’ N B’ 
is non-empty for only a finite number of y€I,,,’. For the convenienc2 of 
the reader we indicate briefly the results of [8] and [10] which we shall need. 
Since a fundamental open set for IY can be constructed by taking the union 
of a finite number of fundamental open sets for T, we first construct a 
fundamental open set B for T. 

Let Hom be a 2m-dimensional vector space over the rational numbers and 
let Hom be supplied with a skew-symmetric bilinear form (x,y). The group 
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of linear automorphisms of £,, leaving this bilinear form invariant is called 
the group of symplectic transformations of Esm (with respect to the bilinear 
form). A subspace Q of Fsm is called a null space if (x,y) —0 for all 
z,y€Q. A linear transformation A of Eam is called symplectically self-adjoint 
if (Aw, y) == (x, Ay), x,y € Loy. Tf ‘Y is an algebra of symplectically self- 
adjoint transformations of Fom, we denote by Sy the group of integral sym- 
plectic transformations M of My, such that M'A == ‘AM for all ‘A € A. (Here 
‘A is the transpose of A and ‘Y is the algebra consisting of the transposes of 
elements of the algebra %.) Two maximal null spaces Q, and Q: (3£0) of 
Hom, invariant under ‘tY, are called equivalent if there exists M € Sy such 
that MQ, == Q2. 

A representation a —> A (a) of by m X m matrices with entries from the 
field of rational numbers is called normal if the entries of 2(«) are rational 
integers whenever &€ o. The number of equivalence classes of normal repre- 
sentations (under unimodular equivalence) is finite, being bounded by Ar, 
. where h is the class number of f. Using this fact, it is not hard to prove 
that if N is a normal representation of Ë by 2m X 2m matrices A such that 
tA is symplectically self-adjoint, then the number of equivalence classes of 
maximal invariant null-spaces is finite. 

An rX s matrix over Ë may be viewed.as a pr X ps matrix over the 
rational numbers. Let C and D be nX n matrices over o; the pair (C, D) 
is called symmetric if C’D== D'C, and primitive if for any non-singular 
matrix B over f, (BC, BD) integral implies | N detB|Æ1. By a choice of 
integral basis in f, C and D may be viewed as m X m matrices with rational 
integral entries. Let L denote the m-dimensional vector sub-space of Lom 
which the rows of (CD) span over the field of rational numbers. The 
condition C?D == D'C says simply that this vector space L is a null space 
with respect to a certain skew-symmetric, bilinear form. The field $, which 
operates linearly on the vector space of dimension 2n over f, then possesses 
a natural representation as an algebra ‘Y of symplectically self-adjoint trans- 
formations of Hom (with respect to the above bilinear form), and Sy is just 
the subgroup of the group of integral, unimodular, symplectic transformations 
of Hem Which arise in the: obvious way from elements of Sp(n,o). The 
primitive pairs (C,D) and (Cy, Dı) are said to be equivalent if there exists 
U € Sp(n,o) and a unimodular nX n matrix B (i.e, NdetB is a unit), 
over Ë such that B(CD)U—= (C,D,). Then it is easily seen that the 
primitive pairs (C,D) giving rise to the same maximal invariant null-space 
in Hom are equivalent. Hence, there are only a finite number of equivalence 
classes of primitive pairs (C,D). — 
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We now proceed ([101) to construct a fundamental open set for Ty,». 
If (C, D) is a primitive symmetric pair, define 


x(C, D;Z) = | N det (CZ+D)|. 


A B | 
If M= p 4 € Sp(n, 0), 


i(M)(Z,- >», ZP) = (A-B (CORD > +, (47274 B?)(CPZP+-Dr)). 


Let y(M;Z) = (C,D;Z). In the future, we shall use MZ to denote i(M)Z. 
If u > 0, define 


O(n) = {Z| |x(C,D;Z)| > p for all symmetric, coprime pairs C, D}. 


Using the fact that the number of equivalence classes of primitive symmetric 
pairs is finite, it is not hard to show that there exists wo > 0 and a finite 
number of transformations M,,- © +, Mq E Sp(n,t) such that if Z € GP, then 
there exists M € Sp(n,o) for which M,MZ E€ Q(w) for some vy, 1=v = 7. 

If Y =(¥1,---, Fr), Yi==*¥+>>0,¢+=1,:--,p, then each Y'— Di[Ti], 
Di being diagonal with entries dy = 8),d; and T+ being D triangular 
with entries ty’ (tè = ôm if k 3j). It t> 0, define 


Q(t) ={F] |i] <t if j> k, tdia < df < tdi, 
di < tdjeai, all à ds in j}. 


According to Humbert 181, there exists #, > 0 and a finite number of non- 
singular matrices 4," * -,4,€ GL{n,*) such that wes Y = (Yt, > *,Y?) 
can be written as Y Apt for some Y’€ Q(t), L&p Sr, and U belonging 
to the group of unimodular matrices over o. Choose a basis uw, - *,w, of 
the integers in f and let Q’(¢) denote the set of Z¢€©,? such that 
Y=ImZ¢Q(t) and such that ReZ= X = (X1,---,X?), where Xi 
11S p, can be written as Xi— 2 off, =; being a real symmetric matrix 


with entries $x, satisfying | ér, | > t. For any m, ¢ > 0 let Q = Q, = Q (p, t) 
=Q (u) NQ (t). Then there exists a constant À > 0, \—A(p,#), such that 
if ZEQ(ut), we have Im Z = Y >\>AE. 

Then from the results of [8] and [10], and the above, it follows that 
there exists a set B (Q) consisting of a finite number of translates of Q under 
elements of T* such that 1,,B(Q) == ©,? and such that B(Q) meets only 
a finite number of its translates under T,,5. Since it follows from the existence 
of the constant A that B (Q) has finite invariant volume (the invariant volume 
element is N(det Y-""*dXdY)), we see that B(Q) is a fundamental open ' 
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set for T. If T” is commensurable with T, the union B’(Q) of a finite number 
of translates of B(Q) under elements of I’ is a fundamental open set for I’. 

We choose u < po, > t such that for each r, OS: r&n, the open set 
0, (pn, E) = Q, in G,? satisfies the same conditions with respect to T, as Qn (y, t) 
does with respect to Ty, so that the union B(Q,) of a certain finite number of 
translates of ©, under elements of T,” will be a fundamental open set for T,. 
Let pi <p, 4 >t. We now define a topology on Q, (ja, t) Us + + U Qu, di). 
TE Z,€ Q,, let U- be a neighborhood of Z, in Q, and let K>0. Define . 


U,= V*(U,, EK), rss =n, to be the set of ba E Os (ui t1) such that 
12 
Z EU and dmt > K, t= 1,--+,p. Then by definition, U — ÜJ U, is one 
ar 


of a basis of neighborhoods of Z, in U Qu t) (it may be verified as in 
[12, exposé 12] that this gives rise we a legitimate topology). Then we 
topologize Ù clos (Qu, #)) C Ua, (uis i) with the subspace topology. 
Let p er ©.” be ed by 
p (ZA, + +, ZP) = (2) 2 (ZP). 


p€ Ty. Therefore p(B(Q)) is also a fundamental open set. for Ty». p(Qn) 
is a bounded set in the dpn(n + 1)-dimensional space of p-tuples of complex, 
symmetric, nX n matrices, and its closure there, closp(Q,), is naturally 
homeomorphic to clos(Q,) U +--> Y clos (Q) (this follows from [12, p. 12-04, 
Lemma 1, 1°]). 


We denote by ©,” the subgroup consisting of those on (4 O 4 ESp(n,t) 


-( 12- Bo (G D- 29 
such that A == he, Pa B == Bun B; 0 D = , 


where A, Bı, Cy, D, are r X Tr and Ag, Ba and D, are (n—r) X{(n—r). 
G," may be characterized as the smallest subgroup © of Sp(n,t) with the 
property that if {Z,}, {Z,’} are sequences in closQ, C ©,? with limits 
ZE clos 2,C &,?, Zi € clos QC, such that Z, == MZ), M E Ty,» fixed, then 
r=r and ME ®& ge [12, p. 12-04, Lemma 1]). It is easily seen that 

n(o D) > (6 D: is a homomorphism of ©,” onto [,,*. We denote 
the kernel of m by N,”. N,” consists of all WE Sp(n,t) of the form 

t -1 
u—( ee ), where UE GL(n,t) is of the form E “à and where 
2 


0 Ut 
0 Tie 


iT, r) If M 


T is a symmetric n X n matrix over Ë of the form T -( 
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belongs to a subgroup of Sp(n,f) commensurable with Sp(n, 0), it is easy to 
see that some power of U must be in the group of unimodular matrices over o, 
and therefore N det U = +1. 

If © is a group of transformations of the space D, and 7 a homeomor- 
phism of D, onto the space Dz, we let © = Gr}, | 

By the mapping 


r: (Zi) -> ((E + iZ’) (E — iZ) +) 


(the so-called “ Cayley transformation”) G,? is transformed onto G,?, where 
B, is the “ generalized unit disc” consisting of all symmetric complex matrices 
W such that WW << E, and I,,, is transformed into the properly discontinuous 
group Tap” acting on B,?. r(p(B(Q))) is evidently a fundamental open set 
‘for Dap. Spln, i)" is an almost transitive (i.e., the orbit of each point is 
dense) group of transformations of 8,7, and is also a group of continuous 
transformations of clos(B,?) == ,?." As in [12, p. 12-15] we let 


P=— {(W;) | rank (E — W,W;) Sr} 
Bnr? = {(W;) | rank (E — W;W;) =r}. 


Each 8,7 is stable under Sp (n,t)7, and the latter acts almost transitively 
on Br. As in ‘fe, p. 13-01] we may easily prove that 


Sp(n, t)" clos (r(p(B (2)))) = Tng" clos (r (p(B(Q)))) 


(the operations of closure being with respect to the entire space of n X n com- 
` plex, symmetric matrices). We denote I,’ clos(+(p(B(Q)))) by W,* (there 
is no need to exhibit p explicitly here since the field f is fixed throughout). 
We denote r(p(Q)) by > and r(p(B(Q))) by B(S). Then clos (B(D)) 
is the union of a finite number of translates of clos(S) by elements of 


Spln, f)*, clos (BÈ) = U oi Clos (©), c: € Sp(n, £)7. We topologize clos(B(S)) 
i=1 ; 
with the finest topology such that each of the mappings . 


clos ($) > oj clos (X) C clos (B(S) ) 


is continuous, and topologize W,” with the finest topology such that each of 
the mappings 


clos(B(S)) i (B(2)) Cc Ay”, 
LS 


yE Sp(n,f), is continuous. Then as in [12, exposés 12 ‘and 13] it, is sat 
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hard to see that Sp(n,£)7 acts as a group of continuous transformations of 
Wn. We let (as in [12, p. 12-15])? 


War” T Wr” A Mnr Dar ai) Bar N D 


0< r&n. As previously remarked, the homeomorphism p of Q, onto p(Q,) 
may be extended to a homeomorphism, which we again denote by p, ©: 
/ 


Ù clos (Q) onto clos p(Q,). Let C, denote the connected component of Byr 
8=0 \ 


containing r(p(Q,)) 5 then C, is complex analytically isomorphic to ©,? 
the subgroup (@©,7)7 of Sp(n,f)* acts almost transitively on C,, and i 
o € Sp(n, $)? — (Sn), C, No0, is empty. Moreover, if y E ©,", the actior 
of tpy (rp)? on C, is the same as that of m, (y) on G,? under our identificatior 
of C, with G,?. These facts are verified by applying Lemma 1, p. 12-04 o: 
[12] to each factor of SG, X- - : X ©, and by applying considerations simila) 
to those of pp. 12-14 to 12-15 of [12]. If o€ Sp(n,f)7, we have natura 
isomorphisms of quotient spaces: 


oC'y/ ( (6r) N Eag) = 0,/ (Gut)? LT) = S?/Tr reo, 


where Iraq) is a certain subgroup of Sp(r,f) commensurable with I, 
Although W/T) may be mapped in a continuous, proper manner ont 
clos(C,)/((Ga") 7? N Tap T), this mapping w is not a homeomorphism since 
[12, pp. 18-05 to 18-06] it is not even one-to-one. However, if 


xE elos(C,)/( (Gab)? O Tn), 


y (e) is a finite set and y restricted to B,*/T;,,10)7 is actually one-to-one. 

The finite number of points in Bn, o*/In p” correspond to the finit 
number of points in which a true fundamental domain (not just a funda 
mental open set) meets the distinguished boundary of %,?, and their numbe: 
can be calculated as in [10]. 

Just as in [12, exposés 12 and 13] it may be proved that ,*/T,,,’7 i 
a compact Hausdorff space. It is also easy to see that 2,*/I,,,’7 is the unio 
of a finite number of pairwise disjoint subspaces isomorphic to comple: 
analytic spaces 6,?/T,,,, OS rsin. We shall now elaborate somewhat on th 
geometrical situation involved. 

As we have just seen, (tp)? maps %,? onto ©, and may be uniquel: 
extended to a homeomorphism ¢ of X,* with the union ©,* of a certai 


1Jt should be noted as a direct consequence of the definition of Q(t) (namel 
that certain diagonal entries of Y must be of the same order of magnitude) tha 


* — U Once: 
‘ r 
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countable collection of replicas Sna? of the spaces 6? (Ors) supplied 
with the finest topology such that each of the injections 


y( LJ clos) CG,*, yE Sp(n,¥), 
g=0 


is continuous, the action of y€ Sp(n,f) on ©,* being defined in an evident 
manner. ©, is to be identified with one of the ©,,«?, which we denote simply 
by ©, and Q, is an open subset of ©,” 

Let U be an open subset of ©,,* such that VU = U, and let U, = Sr NU. 
It is clear that the closure of U, in the topology of G,* contains U, for r < n. 
Letting 


Sp(n, $) = U MnO,” 
x 


be a decomposition of Sp(n,f) into double cosets mod I” and ©,” (which, as 
in [12, exp. 13], may be seen to be finite in number), put 


Un = MaF UN G,? 
and 


l Dy = 7 (MAT Ma N G,"). 
Then U == [I MAU, and (CMU) N (TM) is non-empty only - 
if r==s, À 2. If furthermore s< r << n and | 

Sp(r,k) = U Ty S,", 


and if MM =M Meb, WET, LEG”, we write (A,v)—->p. It is of 
course possible that we may have (X, y) > m, 56), V sv. 

The above has the following geometrical significance: A “fundamental 
open set”? B*(Q) for T in ©,* consists of the interior of the closure in 6,* 
of the fundamental open set B’(Q) for I’ in ©,?. For each r, B*(Q) meets 
a certain finite number of the spaces ©,.?. Let a maximal subset of these, 
inequivalent under I’, be denoted by G,,?, A belonging to a finite indexing 
set A, and we may choose the Mm such that M,6?—6,?. Let (r) 
=<-tpr(r-+1). Then Mm carries the $(1)-dimensional “vertex” M, 7+ 
B*(Q) N Sr onto the 8(r)-dimensional vertex B*(Q)N Gp? of B*(Q). 
Moreover, B,,*(Q) = M,,1(B*(Q) NS) is a fundamental open set in 
©,? for the group LA, and Mò may be chosen to carry the 8(s)-dimensional 


* Here the use of the term “fundamental open set” is a convenient abuse of language 
{it is inaccurate because I” does not act discontinuously in ©,*). The term is used 
here to denote a set containing only a finite number of points from each orbit of I” 
and whose intersection with each of the lower dimensional spaces ©, a? is a fundamental ` 
“open set in this space with respect to a certain group acting there. 
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vertex B,,*(Q) N Sp onto the §(s)-dimensional vertex Me™(Ba* (2) N GP) 
of Ba* (Q), and so M,,M,," carries the vertex Ba* (Q) CS? (which is 
transformed onto some other open domain in ©,? by all y€ G,") onto some 
other §(s)-dimensional space which is a translate under some MWET of a 
Ô(s)-dimensional vertex contained in, say, Gey”. 

Let Z€ Q,, let U, be a connected neighborhood of Zo, ie under 
m (I )z and let U,—=V“(U,, K) be defined as before, r <s=n, K>0. 
It is easy to see that there exist a finite number of M € (T*)2, say Mi,---, Mn, 


such that the closure of (T’)z,( Ù MU,) isa eee neighborhood of Z, 
(in Y,*, if we identify CP with B,?). However, i MU, may not be con- 
nected. Let Na,- - -,N,€ Sp(n,ï}z, be of the töm 


1 0 
1 
f 
N;=( < U; a where Ọ;= +. ; 
0 | €; 
and €1,- * -,é, have all possible signatures in f. Let 
Z 0 
Yr 
j . | = “op ss Zo" € Uy. 
0 Ynd” 
For appropriate fived choice of u, t, we can always find Yma, + -,y,0) 


(depending on Un) such that the “ray” from Z,* to Z will be containend in 
WAN AM, j=1,:+:,h. Let Gz, be the subgroup of Sp(r, R)? leaving Zo 
fixed. Then the kernel Yt of the canonical homomorphism of (Sp(n, B)?)z, 
onto Gz, has as many components as there are different signatures (i.e. 2°). 
Therefore if 11; € 49%, M, can be joined to one gN; by a fixed path K, in gM. 
The union A =|) K: is a compact set fxed once for all. Let Æ be the 


(dense) set of points of iSp(n,f) contained in a fixed compact neighborhood 
R of K in the space consisting of the finite number of cosets g9t involved. 
Let D = (I’)z,£U,. Since U, is connected, it follows easily from our con- 
struction that D is connected. Since each g € Sp(n,f) acts continuously on 
%,* (with our usual identifications), it is clear that the closure of D is a 
neighborhood of Zo Finally, direct computation shows that, since R is 
compact and fixed once for all, the closure of D runs over a basis of neighbor- 
hoods of Z, as U, runs over a basis of connected neighborhoods of Z, in ©, 
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and K—> Lo. Therefore, since D is connected for each of these, we have 
(as in [12, pp. 18-08 to 13-10]): the canonical image of Z, in ©,*/T” has a 
basis of neighborhoods {Ua} such that each Ua N (Gn?/T’) is connected. 


2. Modular forms and Eisenstein series. Let IY be a subgroup of 
Sp(n,£) commensurable with the modular group l—7,, By a (matrix- 
valued) modular form of weight k and multiplier v with respect to I’, we 
mean a holomorphic (matrix-valued) function f on ©,? with values in the 
space M,(C) of q X q complex matrices satisfying 


f(MZ) =N det (CZ + D)ff(Z)v(M)7 


for M = - | 
that the kernel of v is of finite index in I’. We denote the module of such 


forms by Oar (k, v), and if q=1 and v(M) — 1 for all MET”, this module 
is denoted by GSyr'(#). 

Let S be an nX n symmetric matrix over o, and assume S = 0, which 
means that each of the conjugates of S is positive semi-definite, all conjugates, 
of course, being of the same rank r. As in [12] we let 


tU TU 
0 U* 


Ty =I’ N Gg. 


€ I”, where v is a homomorphism of I” into GL(q,C) such 


Gs—{MIMEGT, M= ), UStU=8, tr(ST) € 0}, 


The Eisenstein series Er..s,1 for an even integer k, I’, and S is defined by 


Brsx(2)— 3 e(S-MZ)N det (CZ + D)*, 


M:Tyg 


where e(X) = exp (2ritr(X)), and where M: Ts™N T” means that M — f D) 


runs over a complete system of right coset representatives of Tg’ in I’. For 
fixed k, let Er .g = Er .g,x. 

We shall shortly return to the proof of the convergence of these series 
for sufficiently large k, noting that is sufficient to prove the convergence or 
Ex,s because of the following easy propositions: 


(I) Jf rT” is a subgroup of I”, and if Hy .3 converges, then ÆEr.s 
converges. 


(II) If T” is a normal subgroup of I” of finite index, the convergence 
` of Er. implies that of Hy-.s. 


It is easily seen that £r..s is a modular form of weight % with respect 
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to I”. Moreover, if we define (f[M)(Z) = f(MZ)N det(CZ + D)-* for any 
M € Sp(n,f), it is clear that | 
E uaa | AT € Enr (k) . 
Let w€ GL(g,C) be fixed and let 


tU TU 

0. (~= 
e(SZ)w | M == €(3Z)o}, 

where e(8Z)o | M =«(SZ)N det(CZ + D)*ov(M) for ME Sp(n.f). Then 


more generally we can consider the series 


Brisu(Z)= © e(8Z)o|M, 
IA : Tg, w NEY 


au (| M—( Jern ow; 


which, if it converges, € Oar (k,v). In order to establish the convergence 
of this it is evidently sufficient to prove the convergence of the series Hy.s. 

We first consider the case S550. We shall not exhibit many details 
here because most of these are the same as in [12, exposé 9]. 


THEOREM 1. Let S be an nX n symmetric matrix over Ý, S>>0, and 
let Er.s be defined as above. If k > fn, Ey; converges uniformly on every 
compact subset of ©,?. 


Proof. Proceeding as in [12], we let J(M,Z) =N(det(CZ + D))¥, 
I(Z) =N(det Y)*?. Then letting J’ (M, Z) == 1(MZ)J(M, Z)I(Z)-, we see 
that | J'(MZ)|=1. Therefore if we let $ (Z) ==I(Z)«(8Z), we have 


(N (det ¥)"*) Hy i9(Z) == È J’ (M,2)*6(MZ), 
M: TaT 


and since for holomorphic functions convergence in the &-norm on an open 
set implies uniform point-wise convergence on every compact subset, it will 
suffice to prove the convergence of the integral 


È © Jecazyyaz, 
M: Ter 
ZmodT 


where d4 = N ( (det Y)" d4XdY y is the invariant measure on Sy. This 
integral is equal to | 


S i2) az, 


Z modIg 


and since the subgroup To of Ts consisting of the translations M — 


E T 
o z) 
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is of finite index in Tg (since UStU = 8 must hold for each of the conjugates 
of U and S), it is therefore sufficient to prove the convergence of 


À iZ 


Z mod Peg i 
= f N (det Y)*/? exp (— 2xtr(SY) )N (det Y" d¥aY) 


Z mod lo 


= ANNE f I] (det ¥*)*/? exp (— 2r & tr(S*¥*)) LI (det Y+)" ay? 
YiS>0 ' f 
įi=1, >, p 
Pp 
= An(n+t)/2 TT (det Y*)*/2-"-1 exp (— 2atr(St¥*) )dYt, 
Fyisso ‘ 
where A is the discriminant of f. Since each of these last factors converges 
if k > 2n, the proof is complete. 
Let IY be commensurable with r. A norm | | is defined on G,r-(k) by: 


Ifle—( f 1N det rw. fleazywe, 
Z mod I” 

The space of FE Gur(k) with || fls <+% is denoted by Gr(k). The 
integral estimate of the preceding proof shows that Hp.g€ Gr? (k) if k > 2n. 
We turn to the proof that Hy,g converges if S=0. This is more difficult 
than the case S>>0 and we shall give an arithmetic type of proof along the 
lines of [4, 18], rather than attempt to carry over the proof in [12]. We’ 

have 
Ers = > e(S:MZ)N det(CZ + D)-*. 

M :Tg\T 


718 
By using the device of [4, p. 391] it is easy to see that we may restrict our- 
selves to investigating the sum for detC=£0. For a fixed symmecric pair 
(C, D), det C540, we wish to estimate the sum 


bc, p(Z) = De(S: MZ, 
M 


where M runs over the same system of coset representatives for the fixed pair 


(C,D) as in Ers. 


i t st Eo g 
All such representatives can be chosen in the form ( i a ie D) 
À, B being fixed once for all. Then 


| $0.0 (2)| S > exp (— 2atr(S*- Y,*[U*]})), 
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where 


Y, = Im ((4iZi+ Bi) (OZ + Di)) 
= (O'S! + Di) =F (CZ + Di) (View Im Z’) 


and the summation is over a set of coset representatives of the group of 
units of S in the group of unimodular matrices over o (i.e., det U is a unit 
of o). If 8 is of rank r, this summation is over a certain group of real 
lattice points in O" X + + Cm — C™?, with appropriate choice of coordi- 
nates (these are not products of lattice points in the component factors, but 
are in correspondence with a certain additive group of r X n matrices over o 
of finite index J in the group of all such matrices in such a way that the 4-th 
component of the lattice point is the 1-th conjugate of the matrix). If 


V == (Vi, > >, Ve) € Om, 
Vi being an rXn matrix, (CZ + D)-* acts as a linear transformation on 
Cr by | | 
(CZ + D) AV = (CZ + DIV, + +, (Ze +. Dr)1Vr), 
and the real determinant (i.e. Jacobian) of this transformation is 
| N det(CZ + D)|-". To estimate | ¢o,n(Z)| for Z belonging to a compact 


subset of G,?, we sum over the lattice points in an expanding sequence of 
concentric ellipsoidal shells. Namely, if Æ is the region between two con- 


7 id = Ê * 
centric sphere in C""?, with respect to the metric (D VV), we wish to 
i=1 


estimate the number of lattice points of our summation in the ellipsoidal shell 
_ which is the image of R under the mapping (CZ-+-D)-*. We have 


(CiZi + Dirt Vt = (Z+ (CH) -D= (09y, 


and I(det C*) (C*)-+, having coefficients in o, is an endomorphism of the set 
of lattice points, whereas the fact that Z remains in a compact set makes 
it clear that the ratio of the maximum to the minimum eigenvalue of 
the transformation Z + (C)-1D is no greater than some constant times 
| N det(Z + (C)*D) |", where e, is some positive integer. Therefore, the 
number of lattice points in the ellipsoidal shell is no greater than some 
constant times | V(det(CZ + D))|%, for a suitable (possibly altered) choice 
of the positive integer ¢,. Since 


| $o,0(2)| SB exp(—2nir(S*¥*[ (CEZE + DIU), 
it is then clear that 


sup | ġo. (Z) | SC | N det (CZ + D) |e, 
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C being a positive constant depending only on the compact set K. Therefore 
it suffices to prove the convergence of 
y(Z)= ©  INdt(CZ+D)|#«, 


(C, D}, det C0 
(C, D) running over a system of left non-associate, symmetric, primitive pairs. 
We have, letting k — 6: = p, 


y (Z) =F | N det C Ho | N det (Z + CD) |-*). 


Let Bo(Z) =£ | N det (Z + C=D) |, D running over integral matrices such 
D 


that (C, D) is symmetric. 

We say that two matrices H, and H, are congruent mod C if H, — H: 
= 0- T, T being integral. It is clear that the number of residue classes 
mod © of integral D such that CD is symmetric is not greater than 
| N det CO finit). It is also clear that a representative D, from each residue 
class can be chosen such that C-1D, lies in a fixed compact subset of the 
space of real symmetric matrices, independent of C and the particular residue 
class. Therefore, to prove that ¥(Z) converges uniformly on K, it is sufficient 
to show that 


> | N det C [-#tntn#) and X | N det(Z +H) | 
C ; H 


converge uniformly, where in the second sumation H runs over all symmetric 
matrices over 0. 

If Č is a non-singular matrix over o, the number of left non-associate 
matrices A over o satisfying ‘AA —?CO is no greater than some constant 
times N det(*CC)°: for some positive integer e, independent of ©. In fact, if 
tAA = CC, M = (det C)(AC) is a matrix over o such that {AM = (det OYE, 
and since, after multiplying C by a suitable unit of 0, we may assume 
| (det C+) /(det C4)| < À for all i, j, our assertion follows from a direct com- 
putation (here À is some constant > 1 depending only on the field £). Since 
‘UC == is a positive definite matrix with coefficients in o, we see that 


E | N det € joinn 
C 


converges provided that the following series converges: 


> |N det(S8)|~, 
S>>0 


where o== jp——n(n-+1)/4—e, and where § runs over a system of repre- 
sentatives of equivalence classes of positive definite symmetric matrices over o 
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(Sı~ 8: if there exists a unimodular n X n matrix Ọ over o such that 
tUS U = S2). By Humberts reduction theory [8], there exists a finite 
number of matrices A,,---,4m€ GL(n,f) such that for each symmetric 
SYO there exists p, 1pm, such that S[A,] is equivalent to a point 
in the domain Q(t) (q.v., §1). Therefore the series fe | N det S |£ is not 


greater than Kı >) |NdetS|-, K, being a positive constant. If S€ Q(t), 
Se Q(t) 


SO (sy), it is clear that det SO 2 Cs@- - -SmO and O- | sp | S sy, 
all à, j, k, where C is a suitable positive constant and Osy < syd < Osy“ 
all ù, 42, 7. Let Ney; For fixed positive rational integers 71,°° *,Tp 
all the elements in the j-th column of § are such that they, together with all 
of their conjugates are no greater than c’7;’?, Therefore each of them can 
take on at most cr; values, where c” depends only on ¢ and k. Hence, the 


number of S for given rı’ ',Ta is at most c”’-7,72?* * *,rn", and there- 
fore > |N det 8 [- is majorized by K’- à 7,0: > + te" which evidently 
SEQ) Tiss Tn 


converges if o> n-i. 
We now need only show that 


X |N det(Z +H) | 


converges uniformly over every compact for sufficiently large o. If Z = X Dir j 
we may write (as in [13]) WYY = E, W(X+ A)P= W. If ayes yarn 
are the characteristic roots of W, 


| det (Z + H) | = det Y TI (HAE cet Y- (1 4 Say’) 4. 
al &=1 


If we put A— Sa then A? ==tr(W?) =2 Zu , so that if q is the integer 
such that q— 15S Lea <q, we have | w:;| 2 A all 4, 7. 
H = (P’)“" WP? — 


and since P and X range over fixed compact.sets, this implies the existence 
of a constant ¢ > 0 such that | hij | < cg. Hence, for fixed g, the total number 
of matrices H such that q— 1 & (tr((W‘)?)) <q for each of the conju- 
gates H of H is no greater than c (gP), and for each such matrix 
| N det(Z+H)|Z=c’q Therefore, z, | N det(Z + H)|- is dominated by 
2 he which converges if e > apn (n = +1)-+1. This is probably 
qintegr 
(almost certainly) not the best exponent of convergence, but our only aim has 
been to show the existence of a finite exponent cf convergence. 
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In particular we have shown, in view of (I) and (II), that 


2 | N det(CZ + D) |? converges for sufficiently large p, where (C,D) runs 


A,B 
co A E€ I”. Therefore 


a(Z) = CZ | N det(CZ -+-D)|-°]*/ is what Pyateckii-Shapiro [10] calls a 


over all left non-associate pairs such that some M — 


normal aoni function for I’, and according to [10, p. 24 (Lemma 5)] 
it follows that dim Hnr (k) < +0. 


3. The operator @ and the ringed structure on ©.*/K”. In this 
section we shall supply the space ©,*/I’ with a ringed structure, 1e., a 
subsheaf % of the sheaf of germs of continuous, complex-valued functions on 
©,*/1’, with respect to which it will be proved later that ©,*/I”. is a normal 
general analytic space. Because the case p—1 has been dealt with in [1, 
11, 12], we shall assume here that »>1 in order to avoid treatment of 
special cases: 

As usual, I” denotes a group commensurable with l'—T,, We let Q, 
U, SP, Un Mia, Gr, Un, Me™, and Da have the same meanings as in § 1. 
Moreover, we let Ba = S/M aM à and Bn* = 6,*/l’. Then %,* 
— U Bra 


rsd 
We denote by Sur, (4, v) the module of holomorphic functions on Un 
satisfying 
f (MZ) =N det (CZ + D)"f(Z)v(M)*, ZE Un, 


for HE I”, k being a non-negative integer and v having its usual meaning. 
Let FE Dna amle v) and let Z EU. By appropriately restricting U, we 
may asusme that U is stable under all the real translations: Z — Z -+T, 


Z = (21: j ‘,ZP), T = (T, | LP), DA n Ti ), tT = Ti, As 
“in [12, p. 14-02], we have 
YMNG"D 1,2 YN RN,” 


. Since IY N Yt," is commensurable with T N 9, it follows that there exists an 
integer g€o, g=Æ0, and a subgroup yn’ of finite index in the group of 


3 Since it may not be too easy to establish the bounded convergence of the series 
for a(Z) in the set Q(w,t), a normal majorant function may be obtained easily in the 
following way: By using the fact that the image under #,," is everywhere dense in 
©, (a fact which does not make use of the finite dimensionality of the latter) one may: 
establish the existence of: a finite number of modular forms ¢,,:-- , x of a suitable 
high weight having no common zeros on ©,*. Then a suitable power of the quantity 
| Sa +: - : + [pr |? provides us with a normal majorant function. 
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(n—r)X(n—r) unimodular matrices over o such that I N N,” contains 
all of the transformations: 


me tU = E, 0 TE 
(Gi) u—(" 1 f? o—( à Ua E Yn 


Gi), M—(7 l u= (0 ian | T4220 (mod g) 


U-* 7’. 
e.a _ E T a 0 Tas t 
(ii) M = 0 + Tm ( T, J T= T's, 


Tiz T == 0 (mod g) 


where we may suppose v to be trivial on M in (i), (ii), and (iii). Therefore f 
has a Fourier expansion in the connected component of ‘U, to the closure of 
which belongs Z,: 
| f(Z) = Xs, ds (41, 212) (8222) 
EER DNIE OSa, Saa (Z1) € (812212 -+ S223) 
the summation being over matrices Ss, S12. with entries in f such that tr(S,T), 
tr(*Si2T1s) are integral if T is as in (iii). These series converge uniformly 
on every compact subset of U,. | 
From the uniqueness of the Fourier expansions and from the fact that f 
must be invariant under a subgroup of finite index in IY M$", we see as 
in [12] that the coefficients ag, and bg,,9,, must satisfy the following : 


(a) astoa (Zu Z12) = det Utas, (Zs, Z12U2), 

(b) as (Z Z Zi + ZaU 12) = det U-*ag,(Z1, Z12) 

-e(—S2(Zi[U re] + 2*U 12212) ) 
(c) as,(Zı Zia + To) = as (Zo Z12) | 

(d) baronsetto(Z1) = det Utba,se(Z1) 

(e) Bsssnvus (Zi) — det U*Ds,, s0(Z1)€(S221[ 012] + #81221012) 


for all M in (i), (ii), (iii). We say that S: is rational multiple of S, if 
there exists an r X (n—r) matrix W over f such that Sı== WS. It is 
seen just as in [12] that if n = 2, bs,8, (21) 40 implies that Sy. is a rational 
multiple of 82 If r>0, we have from (d) (putting Ui: == qU,.’): | 


asa (Zis 212) 


Ft > | > bg,, Syat2qUo' ‘8(2:1)e (FS 12212 + 298210 12" 412) 
Syomod {2q@U39'S2} U'19 mod U (Sa) 


aa 2 =, det U*bs,, 819 (Z1) e(gS2Zi[U à] — GS 1221 Us 
+ RS a U 13" 12 + S1222); : 
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U(S.) denoting the set of U;,’ such that U;,’S,==0. The series 

À, | e(q?82Z1[ 012] + q(S 1221 + RS2 71e) Dis) | 
must therefore converge.. There exists a non-singular matrix P over f such 
that S, = id Ja Sy. == (S10) tP, where §,° is a non-singular matrix 


of rank t& n—r and S, ie rX. Then the convergence of the above 
series of absolute values implies that of the following series: 


2,| e( (q1)?82°Z11 12" | +. Qa (912021 +. 282°'Z 30°) bag” |, 


the summation being taken over all rX i matrices over o. Choosing 
Uis” == (g0: --0), where g is any (n—r)-(column) vector in of, we see 
that 


2 exp (— 27 (2 [ (ga) Ya (82°) [yg] + #29 ])) 

g P 
must converge, where b depends on 82°, S2°, Z1, Z12°, the summation on p 
being over the distinct isomorphisms of f into Æ. Suppose S.° is not positive 


definite. Choose g.such that (82°)@[g@] <0 and let e be a unit in f such 
that |e | > 1, |e) | <1 if py4e. Then 


> exp (— 2a ( D yr em (9.9) [gg] 
m po 
F yn Oen (9O OA] +S Dg (em) ) 
p 


must converge, being a subseries of the above — but this is evidently impos- 
sible. Hence S,°>> 0. 
If r= 0, we have the following from (a) 


(1) astoa == det UFas, 

as well as the estimate 

(2) | ag, | S K exp(trS:) 

derived from the convergence of the Fourier series S\as,¢(S2Z.). From (1) 
and (2) we easily deduce 


(3) | as, | SK | det U* | exp(tr(*U8.U) ) 


for any n X n unimodular U = E (mod q). Ifin=2, and if 8,0) is indefinite, 
we can “ isolate” the terms tr(?U@S,©U) by finding a unit e= 1 (mod N(q)) 
such that | e® | <1 if pso, |e | > 1, and then multiplying U by er for 
sufficiently large m. Then by Koecher’s argument [12 exp. 4] it follows that 


5 
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as, =0, If n—1, tr(*US.U) — Ss (u)? Supposing s™ <0, we could 
£ 


choose e as before and let u@) == (e)a, Using (3) and letting m—o we 
easily deduce that ag — 0 (this is the same argument as in [6]). Therefore, 
if p > 1, the restriction n > 1 is unnecessary in order to guarantee that ag, 540 
only if S = 0. 

Since de (Z1; Z12) = boo (Z1) depends only on Z, and is a holomorphic furce- 
tion in a neighborhood of Zo we may define f,(Z1) = (®,"f) (Z1) = boo (Z1). 
Then it may be verified as in [12, pp. 14-08 to 14-10] that f, € Guru, (f, Ur), 
where I,’ ==2,(IY N G,") and v, (M,) — det D;-Æv(M) acts naturally on a 
certain quotient space of Cy (v(M) € GL(q,C)) which, for our purposes, is 
unnecessary to specify (here 


A, 0 By, Bry 
Ao. Ap Ba B: 
Ci 0 D, D, 
0 0 0 D; 


M = ENN GN am (M)). 
Moreover, it is not hard to verify that lim f(Z,)—f,(Z0) for any sequerce 
Zv o 


{Z,} C U, converging to Zo Finally, if s <r <n, it may be verified without 
difficulty that Pr Pig = Ph. 
Let ME Sp(n,£). Then as in [12, p. 14-18], f| M € Ku-wa, ummu, (k, vu), 
where vy (MMM) =v(M), so that 
S” (f| M) € Srv ag, maune. (E, var). 


If, furthermore, Le G,", it can easily be shown that ,"(f| ML) 
—#,"(f|M)|r.(L). We define 


fr = O,"f = 0," (f | Ma), 
for f € Garren (kv), so that 
fn E Seta, Urn CE, Ua). 
If furthermore s <r <n and if (A,v) — x, then 
Bev dB," f = ouf | we(L) 


if MyM sy)" = M’M yb, MET, LEG”. The proofs of the above, being purely 
formal, are in no way different from those in [12]. By means of the corres- 
pondence: f->foM,,+, the module §,7,,, .(%,v-) can then be identified 
with Gaara aux (6, Uat), where va” (MaM, MaD =v Mr), M, € Tr. 
In particular, §,7,,(%) may be identified with 6, ar,,7,.3r,,2(%). 
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For fixed r, À, let m (k, wa) denote the intersection (in G,r,1(#; tra) ) 
of the kernels of all the maps ©". Sr (k, v) is known as the module of 
cusp forms. Let 


Gr(k) = [R Grra(k, rr)» d,(k) = ]l Bryr(k, rr)» 


and in particular let Ho (k) = oa (k) =C for all À. It is clear that the, 
homomorphisms ©,," taken together give a single homomorphism 


Dir): Gul(k) > K(k). 


In general, 4,,)" is not onto, but, as we shall see, d,(k) is contained in the 
image of Dr". 

Tf FE Guru. (k), we consider the collection (fra), fr==Pr"f, all r, À. 
Such a collection is called a modular form of weight k on U. By virtue of 
the mappings Mm, a modular form ¢ of weight k on U gives rise to a modular 
form of weight k with respect to MaI Ma on MaU C Gr?. Because of 
the continuity of the mapping ® (ie. ane F(Z) == f,(Zo)), it is easily 


seen that there is a certain complex line bundle F (k) over %,* such that the 
modular forms of weight k on UW in a natural manner represent continuous 
cross-sections of F (k) over the natural image of U in %,*, and that F(z) is 
uniquely defined by this requirement. 

If FE Gur(k,v), f is invariant under a group JF of translations: 
Z— Z + T of finite index in the group I,” of all translations in I’. There- 
fore it is easily seen that f has a Fourier expansion 


F(Z) = Zase(SZ), as€ M,(C), 


where the summation is extended over all © such that tr(ST') is an integer 
for all Teg. If we define (f|M)(Z)=N det(CZ+D)#f(MZ) for 
M € Sp(n,f), it is not hard to show that f| ME Gasaru(k, vm), where 
vu(M MM) =v(M’). (f|M) also has a Fourier expansion (f| Jf) (Z) 
= Dias, ,e(SuZ). If for each M it is true that ag,,540 implies Sa = 0, f is 
called integral. If for each M it is true that as,5<0 implies Sy > 0, f is 
clearly a cusp form (by the continuity of the operator 6). We have seen that 
p>I1 or > 1 implies that every modular form is an integral form. Satake 
has proved [12], in the case p==1, that if 8k = 2n, then ©, (k) = Garf (E). 
In our case (p>1), the proof that ©,(k) C Srf(k) is exactly as on 
p. 7-09 of [12], because in order to show that a given f € nr (k) belongs to 
Enr (F), it is sufficient to show, since Q has finite (invariant) volume, that 
(F| Max) approaches zero exponentially as Ynn? approach — co in the domain 
© for each À; and this condition is evidently satisfied for the cusp forms {and 
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not merely for those such that ag,>540 implies Sx >>0; we can see this by 
applying the more or less obvious generalizations of Lemmas VII and VIII 
of [1] for YEQ and observing that as a result of these the Fourier series 
for f| M can be written as the sum of a finite number of terms, each of 
which is @ (e-t) for some c > 0. However, inasmuch as consideration of 
only the forms for which as, 540 implies Sir >> 0 is sufficient for our purposes, 
we do not dwell on the details here, and only remark the above for the sake 
of completeness. As a matter of fact, though, we shall shortly see that the 
latter type of cusp form is the only type of cusp form.) In case kB = 2(n-+-1), 
it can be proved that nrf (k) C n(k), in a manner analogous to that on 
pp. 9-33 to 9-35 of [12] by considering each of the finitely many 8(n—1)- 
dimensional vertices of B’(Q) in turn, noting that MM N @,"" is com- 
mensurable with F N Œ,” for ME Sp(n, £). In fact, using the same line of 
reasoning as on pp. 9-33 to 9-35 of [12] it is not hard to see that if 
Za € On, (naf) (21) 0, and if V™ (Un K) is a suitably small neighbor- 
hood of Z, in ©,*, then 


Lun JN atr) eaz 
VO (Un K) 


is bounded from below by 


is td? tan ® 
ae f J ey f (ae + + dp 0B- dd,- - - dd, © 
ZK YK K | 


> of Í, (d, 0) PGkB-n-1)0-1 Ad 0 
K 


(c, c >0) which diverges if p(4k8—n—1) +pzZ0, Le, if ghB Zn or 
kB=z2n. This characterization of the cusp forms makes it clear that if 
fE dur (k)and if M € Sp(n,t), then (f | M) € a(k), because if | N det Y |*#/2 
| f(Z) |? is integrable over B’(Q), then | N det F |*8/2 | (f| M)]|8 is integrable 
over M“B’(Q) which is a fundamental open set for MHI M. On the other 
hand, if the Fourier expansion of f contains the term a-e(SZ), a5<0, that 
t 
of f[ contains the term ca-e(S[tU]Z) if M —( A A | where 
c==N(detU)#, and by appropriate choice of U we may assume S[‘U] 
# 0 

(© ) where S* 550 has the same rank as S. If rank S* <n, it is 
clear that },."(f|M) 540, which is a contradiction. Hence the cusp forms 
f are just those such that if f | M — Sasye(SuZ), ME Sp(n,t), then as,540 
implies Sy 35 0. Finally we observe that for S>50 we have Er.s € Gri (k) 
== 3,(k) if k is sufficiently large. 
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As we have seen, the modular forms of a given type form a finite dimen- 
sional vector space over C, and in particular the cusp forms are a (finite- 
dimensional) subspace of this. If as in [12] we define 


CIE Í, N det Yr exp(—rtr(8F))N det F dV 


== N det Y*"" exp(— rtr(8SY))dY, 
Y>>0 


we may verify by the same steps as in [12, pp. 9-08 to 9-09] or [9, pp. 574-5] 
that if fe ©, (k, v) and if S 55 0, w given, then 


(4) <f, Es; = c- tr[o* H: (46)f (8) J, 


* denoting conjugate transpose, c a constant depending on f and $ and FS) the 
coefficient of e(SZ) in the Fourier expansion of f, and where <f, gẹ is deñned 
for f, g E Oar? (k, 0) by 


(5) igy — f, in(g(Z)* N det Y*f(Z))4Z, 


dZ being the Sp(n,f)-invariant measure on ©,?. 


In view of (4) it is clear that the Eisenstein series Hs, span the space 
of cusp forms for T. By the use of the same “ cutting down” and “averaging ” 
processes as on pp. 16-08 to 16-11 of [12], it is not difficult to see that this 
result may be generalized from T to IY and that 3,7(%, v) is spanned by the 
transforms of the Eisenstein series Ersu S>>0, by ME Sp(n,f) (i.e, by 
the sedies Mar-1p-ar a| M- S »> 0, ME Sp (n, f) J. 


4. Global ontoness of @. We refer here to the notation of $ 3 and the 
approach of [12, pp. 16-01 ff.]. Our aim is to show for each r, 0<r<n—1, 
that 8, (k) C By)"(Gn(k)). For this it is clearly sufficient to show that if 
fr€ m(t), then there exists FE a(k) such that Parf =fr, Ba"f = 0 if 
XÆ). Since a(k) is generated by the transforms of the series Ep,.:.g,, 
S,>>0, it follows that it is sufficient to establish for each 8,550 and 
L, € Sp(r,f) the existence of f€ &,(k) such that 


B (7) "f fire (0, Ts 0, E LTN I:S, | Ly, Viens ? 0). 
We shall prove this by computing ® r)” (Eur :s | Mot), ME Sp(n,t). If 


Ue ToUo* 
M o -( 0 i D = ) € Gy”, E MT Mot 581 | M g = (det Uo (S To)Er U8 Uo 
0 


Therefore, we may assume 9 == e J So >> 0 of rank 7, 
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Because the class number of f is in general > 1, we cannot in general 
say that every element M of Pap can be written in the form 


Ao 0 Bo 0 
mu tU TU-AN\IO EE 0 0 a 0 ) 
Vo Ut/|G 0 Dy 0 0 Yap 
0 0 0 E | 
where a p) E Ton det Cox 0, {TT =T has coefficients in 0, and U, V 
4 0 0 


belong to the group of nX n unimodular matrices over o (as is the case, 
according to Siegel [14], if the class number of £ is 1). However, every 
ME Sp(n,t) can be written in the above form if we require only that 


U,V € GL(n,f), and i D) €Sp(88), detC)> 0. Let Z,€G,?. We 
0 0 

now wish to compute lime(SZ)|M, S— A o) S53>0 of rank. t, 
i Z> Zo 


ME Sp(n,f). If u—(4 + E€ Sp(n,t} is written in the above form, we 


have 


| N det U | | N det (CZ + D)|— | N det Os | | N det(Z[Q] + CD.) | 
= | N det Co | N det Y [Q], 


where Q is the n X s matrix made up of the first s-cclumns of V. By replacing 
V by VU*A,, where A, is one of a finite number of matrices in GL (n, t) 

+ . A, 0 oe 
and U* is unimodular, An—( 0 ap Us -( 0 
Y[Q]€ Q(t) and since the fixed C, is then replaced by Cy*A,’*U*’, we may 
assume that | NdetC,| =a. If Y[Q] € Q(t), 


0 
a) we may assume 


|W det Y[Q]|= ce LL IT (461 


where €, is a constant (depending only on n and s) and where q; are the 
columns of Q. Therefore 


lim e(8Z) |M — lim e(8-MZ)N det (CZ + D)*=0 


unless Q = ($) Qı being r Xs, s&r. In the latter case we may assume 


Fa 0 
v—({ z) 


Vi being r Xr. Proceeding further as in [12, pp. 16-18 to 16-14] we deduce | 
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further that lim e(8Z)|M —0 unless the matrix P composed of the first r 
2726 


columns of U is of the form 


$ i wk A B 
Dy x L,=7(L) = 7" ‘) E Sp(r,t), 
CG 0 D, pPI a(L) és D, p(r, ?) 


0 0 0 DPD, 
we have lim e(SZ)| M =N (det U)*N (det D:) Ke(S5Z0) | La. For given M, 
ZL 


it is clear that (det U) (det D.}~* depends only on’ L4. 
Then if we wish to calculate 


Pa" (Ensraris| Mot) = 2,” (Era 33 | MoMa), 
it is evidently sufficient to calculate 


©," (Ereg | M) (Zo) = lim S  _e(SZ)]| M, 
Z>Zo M: Ta” NI” My 
where we may suppose tbat Z remains in the union of a finite number of 
translates of Q under elements of Sp(n,f). Since the calculations are purely 
formal in nature, apart from establishing the region of uniform convergence 
of a simple Eisenstein series in one variable, we omit these with the remark 
that the computations are just as in [12, pp. 16-04 to 16-06 and pp. 16-15 to 
16-16; on line 6 from the top of p. 16-16, Cr, = 0 should be Cy,540] and 
So 


write down the final result that if S —( 0 


then 


J where 84 >> 0, rank Sy) =r, 


CE rnem; S| Ly if TM N G," € D, 
D,” (Hy 53 | Mi) = 4 (LEIM N G”, Li =r (L)), 
0 otherwise, 
where cs£0. 
Therefore, letting I” = MoI“ Mo, Mi == Mo Me 


Erreurs :8o | La if ME T'MhG,r, 

Op” (Ear. at, 78 M>) = (L c MEMA N ORA Ll, == ar({L), C =f D), 
0 otherwise. 

Since, as remarked, the space of cusp form for Tay is generated by the trans- 

forms Hr7,1,1;8)| La of the series Er..5,, 80 >> 0, we see that 3, C iy” Sn 
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5. The analytic structure on ©,*/H,,'. The compactified space 
S,*/T,?p can be written as a union: 


Bar — S,*/ Pir. — J U (6,? r Tap su U Vx: 


Fn == Gr?/Tn,p is everywhere dense in this space, and for each r, À, Vn. 
== (©,?) /Ty,p is a general analytic space of dimension $pr(r +1). If @ is 
an open subset of ©,*/T,,,' and f a complex-valued continuous function on Ô, 
we say that f is an &-function on © if f|(B,9 O) is analytic in the natural 
analytic structure on B,N Ô. 

As we have seen, the cusp forms on ©,” of weight & with respect to Ty, 
can be characterized, if k > 2n, as precisely constituting Qr > (k), and just 
as in [12, p. 10-20] this space is just the space of Poincaré series of a certain 
weight. By the existence theorem of [12, p. 10-44] it is known for given m 
that if &,,:--,a, are pairwise incongruent points of © ?modI,/ and if k is a 
sufficiently large multiple of an integer k, depending only on In’, then the 
Poincaré series of weight k span the direct sum of the residue classes of 
(invariant) power series modulo the m-th power of the maximal ideal (of 
invariant power series) at 4, ' +,@. From these facts we have the following 


THEOREM 2. Let a, - -,a€ ©, be pairwise incongruent mod T, x and 
let m be a positive integer. Then if k is a sufficiently large multiple of ko, 
there exists f € ðr (k) having preassigned (invariant) power series develop- 
ments at da, °°, up to and including terms of degree m—1. ` 


Since 3, C Piy” (n), we have the obvious 


COROLLARY. Letse By. Then tf kis a sufficiently large multiple of ko, 
there exist fo, © *, fa E€ On such that 


(1) (Bafo) (x) 0. 
(2) xais an isolated point of the variety of common zeros of 
Bafo +, Dafa 
(3) Pers f5 =0, j= 0,° q, and Parfi = 9, j= 0, +, q if N ÆA. 


Let sE Ba, let fost * *, fe be chosen as in the above Corollary, and let % be 
a compact neighborhood of æ on %,* such that fp, 0 on U. If rSr Sn, 
let U, — s Beye m U. 


If fa: - -,f, are functions on an open set @, we let 
Vu a fe) = {2| 2€ O, fa (2) => = f(z) = 0}. 


THEOREM 3. The U-functions on U separate the points of U. For each 
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S, v», nÆ sÈr, there exists a finite number of W-functions ga * -,gr on U 
such that V (g1, © ©, g) = clos (Bsr N U). 


Proof. We prove the last part of the theorem first by induction on n — s. 
This part is trivial if s=-n. Suppose it has been proved for s-+-1. Let 
v be such that clos(Bsr) N U C clos (Basar) NU, and let gu °°, G+, be 
M-functions on U such that V(gi,---,9:) = dos (Barr) NU. IE 
y € clos (Ber ») N U—- clos (Ber), there exists an W-function g on U such 
that Bey C V(g), g(y) 0. In fact, either y€ Bow, In which case there 
exists À € ðs (l), for some sufficiently large multiple ? of ka such that- 
h(y) 0 and there exists fE G, such that Pe pf =h, or else yE Gr, 
v” v, and there exists f € Qn such that a” = 0, (sr ”f) (y) 340; in either 
case some power of f divided by a suitable power of f, is the desired M- 
function g. If gu’ -59t> Gus’ tage are U-functions on U such that 
Ber C V (gatge) Vgua ge) — Bey consists of a certain countable 
number cf irreducible analytic spaces. Let 94,41, - *,g+ be chosen such that 
the highest dimension of any of these is as small as possible. We assert that 
then V(g1,- © -,gr) == Bon. In fact, suppose this were not the case and let 
Vi, Vo, > +, be all the components of V (g1, - +, 9+) — Bsr of highest dimen- 
sion == d, and let p€ Fi, t= 1,2,- +. We know there exists an U-function 
g in U such that g9 (m) 40, By C V(g@). Then (just as in [12]) 
we can construct a uniformly convergent series © cig — g, c; constants, such 
that g(p;) 0, +=1,2,- ++. Since the dimension of the highest dimen- 
sional component of V(gi,- - -,g:) — Bs» must now be- strictly less than d, 
we have arrived at a contradiction. This completes the proof of the last part 
of the theorem. 

Now let y:,72€ U. Suppose y: E€ Bir, Y2€ Br. It is an immediate 
consequence of the corollary to the preceding theorem that if 7, >> 7%. OF 
if ri =f} AyAz, then for suitable 7 there exists f€6,(1) such that 
Praf (41) 0, Praf (yo) = 0. Tf yi, 42 € Ba, then there exists h € Sra (1) 
such that h(y1) 560, h(y2) = 0, and there exists f € §, such that %,,,,"f =h. 
In either case, a suitable power of f divided by some power of f, is en M- 
function g on U such that g(y:) £ g (ye). 


COROLLARY. There exists a finite set of U-functions g,,:--,gy on U 
such that for suitable integers 1 < lni < lme <<< <N we have 
V (915° : Iua) == U,, n—1lZ=s<£r, V (915° ° 59%) =T. 


Now consider the mapping 
g: U—> CN. 
defined by g(y) = (g:(y),: - *,gw(y)). Since gg (x) = 2, this is evidently 
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a proper mapping if U is chosen small enough, and by the preceding Corollary 
we may assume the images g(%.,), n= s= r, are disjoint. Proceeding just 
as in [1] we may assume, by suitably choosing open neighborhoods U and UW 
of z such that UW C Uh, U, C U we may assume that g (g (U) ) NUM CU 
and that if a€ g (Bev N Un) , then g*(a) NU is a compact analytic sub- 
variety of U N Ber, and since the %-function on U separate points, g(a) is 
a finite set of points [1]. Therefore, g(Bs,M Ue) is an analytic variety of 
dimension 4ps(s-+1) in a neighborhood of each of its points. It therefore 
follows from a theorem of Remmert and Stein [15] by an obvious procedure 
of induction that g(@.) is an analytic variety of dimension £pn(n +1) in 
a neighborhood N of g(x), and the inverse image of each of an everywhere 
dense set of points of g (U) NN consists of exactly d points for some positive 
integer d. Then, just as in [1], we can make d—1 by an appropriate choice 
of 91," ° '»gy, because the %-functions on “ separate points. On the other 
hand, each point y of U has a basis of neighborhoods {Ua} such that Ua N Un 
is an irreducible analytic variety, and by our definition of -function it follows 
easily [12 exposé 15] that the ring YW, of germs of %-functions at y is 
integrally closed. Moreover, it follows for the same reasons as in. the place 
cited that g(Us) is irreducible at g(s). If y1,y2€U, are such that 
g(y1) =g(y2), and if V, and Yz are small connected neighborhoods of yı 
and y, respectively, it is clear that g(%.,) and g(%:) define distinct irreducible 
germs of varieties at g(y:) —g(y2). Therefore, there is a natural homeo- 
morphism of Us Ng (N) with the canonical normal model of g(U)Nn N 
which preserves the ringed structure [1]. Hence, provided with the given 
ringed structure of U-functions, U, is a normal general analytic space. It 
follows at once that %,* is a normal, general analytic space. 

Let k be a multiple of k, and let ¢o,- © -,@n (x) be a basis of the modular 
forms of weight k. We let V(k) denote the variety of common zeros of 
$o- sxo Then we can find an increasing sequence of integers 
ko | k|- + “hu baa |: > + such that F (ki D V(ki4:), t=0,1,---. Since 
Ba” is a compact general analytic space, there exists n, such that V (kn) 
= V (kna) => +. From the Corollary of Theorem 2 it follows that if 
tE B,” and if k is a sufficiently large multiple of ko, then there exists a 
modular form ¢ of weight k such that p(x) 40. Therefore V (kn) is empty. 
We denote kn, again by ko and in what follows assume that k is always a 
multiple of ky. Since V (ġo * +, (x)) is empty, we may define a mapping 
Yy: B,” -> CPX®, where CPN is the complex projective space of dimension 
N (k), by E(x) = (bo(z),: ` ‘>brw(z)). Let 

Ou: Br KB, > CPO X OPN® 
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be defined by 6,==%, X Yy. Let A; be the diagonal of CPN™ X CPN® and 
let Dy = 9y (Ap). D, is a subvariety of B,” XD. If k,,k,,- - - is a 
strictly increasing sequence of positive integers such that hy |k |k; ++, it 
is clear that D, D Dra °°, so that for sufficiently large N we have 
Day = Dry = Diyyg=' "te Tf 2, y€ Bnp”, there is a modular form ¢ of 
sufficiently high weight k such that (x) —0, d(y) 0. This makes it clear 
that if D is the diagonal of Bn p* X Ba»*, we must have D,,== D, which 
means that Yy, is one-to-one. 

The holomorphic functions on ©,? form an integrally closed domain of 
integrity. Therefore [12, p. 17-10] it follows that the integral closure A’ 
of the graded ring A generated by o’ - *, one (the elements of degree d 
are the homogeneous polynomials of degree d in o © *,bw«æ)) is contained 
in the set of modular forms of weights which are multiples of k, and is finitely 
generated (as an algebra over Č) since A’ is of finite type over A. We know 
[12, p. 17-05, prop. 4] that there exists an integer d’ such that if A’(d’) 
is the graded ring in which the elments of degree À are the automorphic forms 
in A’ of weight hd’, then A’(d’) is integrally closed and is generated by its 
elements of degree 1. Letting go` *', gam be a basis of these elements of 
degree 1, the mapping 


g: &—> (go(X),° ` *;9n(æ)) 


defines a 1-1 holomorphic mapping of %,* into CP”. Since g“g(a) =a, 
the image g(#,*) is an analytic and therefore (by Chow’s theorem) an 
algebraic variety. Since A’(d’) is (naturally identifiable with) the quotient 
of the algebra of homogeneous polynomials in CP™ by the homogeneous ideal 
of homogeneous polynomials vanishing on g(%,*), it follows that g(%,*) is 
algebraically and therefore analytically normal. Therefore g, being a one-to- 
one analytic mapping, is actually an isomorphism of %,* onto g(¥,*). This 
completes the proof of | 


THEOREM 4. %,* ts complex analytically isomorphic to a normal com- 
plex projective variety. 

Since dim (%,*— Ba) < dim(%,*) —1 if p> 1, we have, just as in 
[1, p. 368], 

THEOREM 5. Every meromorphic function on G,? invariant under I 


ws a quotient of modular forms. (Provided n> 1 or p> 1.) 


The referee has kindly pointed out to us a recent note [16] in which 
Pyateckii-Shapiro announces, without proofs, results containing most of the 
important results of this paper as special cases. 


THE UNIVERSITY OF CHICAGO. 
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THE LEBESGUE CONTANTS FOR JACOBI SERIES, IL.* 


By Lez Lorcs.* 


1. Introduction and statement of results. This is a direct continua- 
tion of Part I [5] whose Introduction outlines the background of this Part 
as well. The main results presented here are for a narrower range of the 
parameter «, but, for this range, are substantially more precise. The methods 
here are different and do not use the result established in Part I. 

As before, the Lebesgue constants for Jacobi series (1. e., developments in 
terms of Jacobi polynomials P ,®®& (x) at the end-point x==1), are written, 
following H. Rau [6, p. 249, (40) ], as 


L,(4, B) = (T(n+a+8+2)/[r(a+1)T(n+8+1)]) 
J "(sin 40)2™ (cos £9) 20" | P,(28 (cos 0) | dê. 


An asymptotic expression for La(«, 8) is established in Part I [5, (6) ] 
for «>—4 and 8B >—1, a restriction on 8 which is imposed throughout 
this Part as well. 


For «==—4 and — 1 < 4 <—4 the respective results, due to Q. Szegô 
[9, § 20], are recorded without proof in [6] and repeated in [5, (4) and (5) ]. 

Here, [5,(6)] is sharpened for the restricted range —4<a< 4, 
a— B < 1, by replacing the O-terms found there by an explicitly determined 
constant plus O-terms which are o(1), the detailed statement given by (2). 
The same is done for [5, (4)], dealing with «—— 4, in (7). 


For the first case mentioned, we have 
(2) La(a, 8) = Aagn**4 + Ba + O(n*4) + O(n*F*), 
for —4 <La <4 and a—B<1. Here 
(8) dag== 20 (ga + 4T (38 + 8)/{r (a+ 1)T (Le + 81 +1)}, 


* Received December 17, 1958. 

+ This work was supported by the National Science Foundation through Research 
Grant NSF G-3663 to Philander Smith College. Professor G. Szegő rendered much help: 
fui advice for which I am grateful. I want to thank also the Stanford University 


Mathematics Department for the facilities it provided while this research was being 
conducted. 
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and 


Bam (*/P(a-+1)}(M(a) + S "J aus (2) de 


(4) + 2a > (Ee f “OPT sta) dz 


ł 
ik 
o jk 
+23 [Mea (2) — (2/73) [ati de]), 
z1 Jk- 
where both infinite series are absolutely convergent. 


In (4), J (z) is the Bessel function of first kind and v-th order, fn = jœur,n 
the n-th positive zero? of Jan (z), n= 1,2," + +, Jo = 0, and 


(5) My (a) = (1) "farne Sa (janr) > 0, k == 1,2, °°. 


M,,(«) is positive, as stated, since the zeros of Ja(z) and Jai(%) are 
interlaced [11, p. 479], t.e., far < jarn < Joe <` * >, and (—1)*Ja(josx) > 0. 
It is noteworthy that the constant term (4) in (2) is independent of 8. 


In the important particular case of Laplace series (t. e., developments in 
terms of Legendre polynomials at the endpoint z = 1), «== 8 = 0, and (2) 
becomes 


L,(9, 9) 
(6)? = 2 (2/m)n +1 + 2 X {Ma (0) — (23/7) (å —[k—1]})} 
+ O(n). 


Here M;,(0) can be interpreted as the ordinate of the k-th positive 
extremum (turning-point) of |Jo(#)|, inasmuch as the extrema of J,(x) 
occur at the zeros of J (x) since Jo (£) ——J,(x). 


The constant term in (6) has a somewhat different appearance from that 


2 The customary designation, jan, is avoided in the limits of integration for typo- 
grapieal reasons. 

3 The principal term in (6) is due to T. H. Gronwall [1,2], whose remainder term 
was o(ni), His proofs were rather complicated; simpler ones were devised by G. 
Szepô [7,8]. ; 

The constant term in (6) was suggested to me by Szegô, along with the outline of a 
proof. (The value I announced in abstract 544-18, Notices of the American Mathematical 
Society, vol. 5, 1958, p. 212, is incorrect.) A proof of (6) can be given without the 
full argumentation needed for (2); (15) and (18) can be joined together directly 
through the familiar asymptotic formula applied to J,(æ) and J,(æ) without the inter- 
vention of the Lemma of § 2. 
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which is obtained on putting æ—0 in (4). The transition is made by 
rewriting the second infinite series in (4) in this case as 


lim {4 (0) ++ + -+ Ma (0) — (2/72) [at da) 
== lim{M, (0) +> -:+M,(0) — (8/47) nå}, 


in view of (31) below, since, for « = 0, 


fi ju | R 
J'en (e)de = f J, (2) dx = Jo(0) — Jo (j1) 


— 1 +. M,(0) . 
The more precise version of [5, (4)] is: 


(7) Ly(—4,8) = (4/x*) log n + Cg + O(n log m) + O(n-#-4), 
where 


Cg == (4/n7) log 2 + (2/7) fo sin 6 d6 
(8) — (4/n?) f UEL — (cos 0) 64} /sin 0) dé 


Oa) fo (2/r) — | sin 6 |}d6. 


Putting 8 ==— 4 in (7) gives rise to the case of Tchebycheff polynomials 
(equivalent to ordinary Fourier series; cf. footnote 6 in [5]). In this case 
(7) and (8) assume the form found for the Lebesgue constants for Fourier 
. series in [3], except for the remainder term. 

The discussion of the cases considered here (a==-—4; —4$<a< #4) 
is based on (20), a representation of Z,(¢,8) in terms of Bessel functions. 
This formula requires for its justification a Lemma permitting the substitu- 
tion of one (real) solution of Bessel’s differential equation for another in 
certain integrals. This provides the content of §2. The basic representation 
(20) is then established in $3. 

Thereafter the cases are handled separately: « == — 4 in $ 4 and —4 < & 
<4d4,a—B<1lin§5. The case—1<a<-—4 [9,§ 20], in which D,(z, 8) 
is bounded, can be handled by the simpler formula (15). This is left to 
the reader. 


2. A lemma on Bessel functions. In deriving (20), the following 
result is needed. Its final sentence justifies replacing one Bessel function by 
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another in the integrals involved, without altering either the value of the 
limit or the magnitudes of the remainder terms. 


Lemma.* For 0<e<2r, v> —1, define 


(9) Sr(a B) = Net f7 (sin $0)*3(cos 49)2(40)8| 8, (10,8) | d8 


and 


(10) Sy/(a, 8) =e f (sin 49)#à(c08 39)84(48)3 | 8, (0,3)| d0, 


where” 6,(x,8) =J (x) cos rð — F,(x)sin rå. 


Then 
T-1/N 

Sw (a, B) = (2/73) Nos f (sin $0) *-4(cos 40) "3 d 

(11) a 
qe) ONE), 

and 

Sy’ (a, 8) = (2/71) Nea J "(sin $6) (cos 20) do 
(12) a T-E 


TOC) OVER): 


In both (11) and (12), the expressions on the right are independent 
of (fied) v and à. 


Proof of (11). Hankel’s asymptotic formula [11, p. 488] for @,(N@, 8) 
shows that, for 0@2=r—e, (40)46,(N6,8) = (rN)-4cos(N6 + y) -++- O(N-2), 
where y = 8— ẹġvr —m/4. Using it in (9), we see that its remainder term 
contributes to Sy(a, 8) an amount which is O(N), 


Thus, (11) will be established once it is shown that | cos(N6-4+-y)| can 
be replaced by its mean value 2/4 with an additive error O(N*4) -+- O(N%-F-), 
This, in turn, is an immediate consequence of Theorem 2.1 of [4, p. 90], 
whose hypotheses can be verified readily for the case at hand. (Cf. [5, §3, 
Remark.) 


Proof of (12). As in the proof of (11), it is clear that the remainder 
term in Hankel’s asymptotic formula contributes only O(N*4) to Sy’(a, B). 
To complete the proof of (12), therefore, it is plainly sufficient to show that 


+ This Lemma is valid without any restriction on a, provided § > — 3, 4 e., under 
broader conditions than the requirements a > — 1, 8 >— 1 placed throughout both 
Parts. 

ë This is a minor adaptation of the usual notation for real cylinder functions; 
Y,(æ) is the Bessel function of second kind and »-th order. 
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the contribution of the integral over (m—1/N,x) involving the principal 
term does not exceed the error terms stated in (12) ; this is a straightforward 
calculation, which is left to the reader. | 


3. Representation of L,(«, B) in terms of Bessel functions. In this 
section, the integrand in (1) is replaced by an asymptotic representation (20) 
in terms of Bessel functions, on which the proofs of (2) and (7) are based. 
This change can be accomplished by means of an asymptotic formula, due to 
G. Szegô, of “Hilb type” [10, p. 191, Theorem 8.21.12]. However, this 
requires decomposing the integral (1) into the sum of two integrals (0 < e < 7) 


(13) Lata B) = [+ [= Lu (es 8) + Lael, 8), 


where the factor preceding the integral sign in (1) is understood to precede 
each of the integrel signs in (13). 

Szegt’s formula can be applied directly to the integrand of Ly, (a, B). 
Doing so yields 


(sin 40) 2%1 (cos $6) P,P (cos 8) 
(14) == (T(n + a+ 2)/N%n!) (sin 46) %4 (cos $6) 88 (40) J an (N8) 


630 (m), 1/n E0 S r —e, 
PO (ne), OC OSI/n, 


where N=n-+4(a+8+2), a notation which is retained throughout. 
` The remainder term in (14) contributes O(n%-4) to L(a, 8), from (1), 
as may be seen from Stirling’s formula. 
Next, when the factor not involving 6 in the principal term of (14) is 
combined with the factor preceding the integral sign in (13) [the same as 
in (1)], the resulting product is 


(T(n+a+B8+2)T(n+a+2)}/{Nétntr (a+ 1)7(n+8+1)). 


This is, from Stirling’s formula, N/T (@ + 1) -+ O(n*), since N—nis a 
constant. 
Thus, 
Dna (a, B) = {N/T (a + 1) + O(n} 


(15) 4 
Í. (sin $6) "4 (cos $6) 88 (30)? | Jaxx (NO) | d8 + O(n). 
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_ In Lux, B) it is helpful to replace 6 by m — ¢, so that in view or. 
[10, p. 58, (4.1.3) ], 


Lna(%, B) = (T(n +a +8+2)/T(a+ DT(n +841) 
+f (singg) (cos 44)? | PA (cos $) | dé. 


In this case Szegd’s formula [10, p. 191, Theorem 8.12.12] becomes 


(16) 


(sin 44) *#+ (cos 4p) 2P, (cos +) 
(17) = (NPD (n +8 + 1) /n!) (sin $4) 94 (cos $p)* (e)a (Ne) 
+ sir 1/nE $£r—c, 
pO (nf), 0<pZ£1/n. 

As in the case of Dy, (%, 8), there is no difficulty in showing that the 
error terms in (17) contribute O(n**-*) + O(n*4) =O(n™4) to La, B). 

Furthermore, combining the ¢-free factor in the principal term of (17) 
with the factor preceding the integral sign-in L,,(a,B) gives rise to a factor 
which is V**/C(a¢-+-1) + O(n), in the same manner as before. 

Reverting now to 8, (17) shows thus that ` 


Lun (a, B) = (N/E (a+ 1) + O(n*)} 
+f "(sin $0)*-3(cos 6) (Hr — 6) | JaN {r —0))]49 + O(n). 


We wish now to replace (4{r — 6})3 | Je (N {r —0})| by (40) | Jos. (NO)! 
in (18). This can be justified by means of (a) Hankel’s asymptotic formula 
[11, p. 488] and (b) the Lemma of § 2. 

It is convenient to consider separately the cases B==-—-4 and B3+—4. 

For B—=— +, [11, pp. 55, 64], 

(a —6)3 | J-a (N {r — 6}) | = (2/r)iN À | cos NO | 
== 64 | Ja (N0)| = 0 | Y;(N0)| =| 6, (N0, — 4) | 


(18) 





so that 
(19) (4 {7 — 6} )3 | J- (WV {r — 6}) | = ($0) | 63 (N0, —4)]. 

Using (19) and the Lemma of § 2 (whose final sentence permits replacing 
G3(N@,—4) by Jau(N6)), the integrand on the right of (18) becomes 
identical with that in (15) with an error of O(n*?+*) + O(n4). 

Hence, for 8 =—— 4, we have from (13), 


Ly (a, B) = {N*/T (a +1) + O(n°)) 


(20 z 
. f. (sin 30)%4(cos $6)F*8($8)4 | Jas (N0) | d0 + O(n*-#+) + O(n). 


JACOBI SERIES, II. 881 


The same formula is valid also when B:£<—4. To show this, it is 
helpful to decompose Z,:(«, B): 


7-1/N T 
Ena (a, B) = {N/T (a+ 1) roai [7 + font 
= Lng (Q, B) +- La” (a, B) g 


(21) 
Now, 


La (a, B) = O(n) J" (cos 26)PHe —0)8 | TaN Ce —0}) | a 
1/N 
— O(n*) f (sin 40)8t0 | Jp(NO) | dé 


1/N 
para O(n%*B+) f §2B+1 PA == O(n 84), 
0 


since Jg( N6) ~ NEG for N@ small [10, p. 16, (1.71.10) ]. 
To Laz, Hankel’s asymptotic formula [11, p. 488] may be applied. 
This implies, for -—eS6S27—1/N, 
(22) (${~—0})8 | JaN {ar — 9}) | = (G0? | Baa, B) | + (x —8)* O(N"), 
a result which takes the more precise form (19) when 8 —— 4. 
For 8s4—4, the remainder term in (22) contributes to Laz («, 8) an 
amount which is O(n**) + O(n*5). 
Thus, 


Lng (a, B) = {W/E (a+ 1) + O(n) } 


£7" (sin 40) 4 (cos $6)°(48)4 | Ban (N8, A) a 
+ O (nt #3) + O (n°). 


The expression corresponding to the right member of this last equation 
with the limits of integration replaced by m— 1/N and x is O(n%Ët) 
+ O (n®ż), as shown by the same argument used to establish (12). Hence, 


Lna (0, B) = {N*/T (a + 1) +0 (n2) } 


. {" (sin 46) %-2(cos 40) 44(46)4| Cs (N0, 8)| do 
4 O (n28) + O (n°), 


To this the Lemma of §2 applies, showing that the replacement of 

| 6s.1(N6,8)| by |Jan(0)| in the integrand does not affect the value of 

\. Eno (a, B) beyond the error stated in (12). This substitution made, (13) 
shows that (20) is valid also for B =4—4, as well as for B =— +4 


2° 
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4. The case a ——4; proof of (7). When «=-—4, (20) becomes 
[11, p. 55] 


La(— 38) = {2/4 + O(n") } 


28 
e . i (cos @) 44 | sin 2N8 |/sin 6} de + O (nÈ) + O(n"). 
The desired asymptotic expression for Z,(— 4,8) is obtained by com- 
paring the integral on the right of (23) with the extension to non-integral 
N of the Lebesgue constants for Fourier series (cf. [4, Theorem 4.1, p. 96]), 
essentially L,(—4,—4). Obviously, it suffices to consider B-£— + below. 

In order to include the case in which 8-+ 4 is negative, it is convenient 
to decompose the integral in question into the sum of two integrals, over 
(0, g4—a/(2N))) and (gr—-m/(227), $r); say pui(— 3,8) and pne(— 4,8), 
respectively. 

It is easy to show that py2(— 4$, B) =O(N-*2), an amount which can 
be absorbed in the error terms already found in (23). 

Hence it is sufficient to consider p»1(— 4, B). 

Now, | 


»ar—/(2N) ; l 
(2/x) Í, m + 8)83}| sin 2N0 | /sin 6) dé 


(24) 
= (4/72) [CE — Ceos 6) 0} /sin 8) 48 + O (W=) + O(N) 


from Theorem 2.1 of [4], since the mean value of | sin6| is 2/r. 
Thus, 


a es a E ia (| sin 2N6 |/sin 6) dð 
(25) 


— (7e) JTE — (cosa) /sin #0 + ON) + OCW, 


and from this it follows easily that 


L(— 3, B) = {(2/m) + O(n} f” (| sin 26 |/sin 6). 


(26) 

— (4/27) f” ({1 — (cos 9)4*4} /sin #)d0 + O(N-F-2) + O(N-5). 
The first integral on the right in (25) is the extension to non-integral 
values of the n-th Lebesgue constant in Fourier series. This is directly 
covered by Theorem 4.1 of [4, p. 96], whose use completes the proof of (7) 
since N—n is a constant, namely $(8 + 8). 
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5. The case —4 <a <4, a—<1; proof of (2). In this case, 
the remainder term in the factor of the integral on the right of (20) induces 
a contribution to L(a, 8) which is O(n%4) and hence absorbable in the 
error terms alreacy present in (20). This can be shown by estimates cf the 
same type as have already been made frequently in previous sections. In 
carrying them out, it is convenient to write L,(a, B) —=Lni(a, B) + Lne(a, B) 
again and to use the representation (18) for Dne(a,8). Alternatively, this 
` can be held in abeyance,, to appear incidentally in the forthcoming estimate 
of the integral on the right of (20). 

In any event, the factor of that integral may as well be taken as 
N°#/T(œ+ 1) from the outset, thus simplifying the notation. This done, 
(20) can be written as follows: 


Lalas B) = {N° /T(a+1)} f  fap(0)6-* | Jan (070) | d0 


(27) 
FOMA OR), 
where 
(28) Tag (0) = (46 cot 40)2(6 sin 48) *(cos 40)8. 


Now [11, p. 45], Da{ 4 J,(x)}——7x%J4:(x). Hence, integrating by 
parts and writing t= N0, NO, = josx With OS 09 <r, 0< by <m, we have 


Os 
N f Fasl) 4] ans (NO) dé 
Oz 
es fag (x) 0%] a (jase) NE fag (Prat) Orr S a (Jasik) 
Oraa 
+ f Fup! (0)0-Ja (N0) db, 
Îr 


where Jan (N0) is of constant sign (—1)* in the interval of integration. 


Furthermore, 
ner J Ta (6)0-* | Jas (N0) | d0 
— 2-0 f UG/T2N])/tan (t/[2N]) sin (4/[2])/(1/[2N)} 
- {cos(t/[2N ] ) ftJ a (t) dt 
Jı 
_ 9 f Jaa (t) dt + O(n), 


since Jaii(t) >0 in the interval of integration, and the factor of tJa. (t) 
in the next to last integral is an even analytic function assuming the value 1 
at the origin and hence representable as 1+ O(#?/N*). 
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Thus, (27) can be written as 
La (B) = (2*/P(a-+1)){ S Jaa (0) dt 
[N]-1 
+2 2 gop (0x) Mr (a) + Jag) M (a) 


(29) + Japlo )M m (a)} + (N%/T(a + 1)) Í, O | Jan (N8)| d6 


+ (2°°N*/T(a-+- 1) > = 1)* S F (Oa (Na) dé 
+ O(n) + 0 (nF), 

where | [N] denotes, as usual, the greatest integer SN, and 

(30) gap (6) = 2%fag (0) 0-2”. 


Now we need the asymptotic estimates 


(31) f Jarne = (k — ta + ł4)r + O(kt) ; 
| Ma (a) = (2/7) Masse? + O (jar À), 


the first of which follows from [11, p. 506], the second becoming then a 
consequence of [11, p. 488] or [10, p. 15, (1.71.7) |. 


Now, Jaa (t) =0 (12) and biw =7r— O(n), so that 


(32) Ne f fap (00 |Jan (N6) | d8 = 0 (n°4), 


since the left member is 


O(1/n) 


O (n) J, (cos 40) 8*3 d6 — O (n*4) f GF+4 dg 


= O(n®82) — O (1%), 
since 8 > —1. 


Furthermore, 
(33) gog(9,) My (a) =M: (a) + O(n), 


since gag(@) is an even analytic function assuming the value 1 at the origin 
and 6, == 71/0, while 


(34) gap (A pw) M or (2) = O(n%-82), 


a magnitude already included in the error in (29). 
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The estimate (34) follows from (30) and (81), since 6) =r —O(n*), 
while 


gag (fini) Mini (2) = O ( {cot $ (r — n) P{sin (1/n) }9) 0 (n*4) 
= Q (niba) — O (nF), 
Next we consider 


; [N]-1 Or 
(35) Di (N8/P(a-+1)) X (—1)* f fag (0) 0-*Fu( WO) 48 


in the form 
{N]-1 À ka 
Dy == (N/T (a + 1)) >» = f fag (T/N)xzJa(z) dz. 
k=1 ik 


From (28) it is clear that fag(@) is 2-02 times an even analytic 
function, regular in a neighborhood of the origin, whose value at the origin 
is 1. Thus, 


fog (8) = 2-*6°*{1 + O (67) }, (6-0), 

whence 
fag (0) == 2-* (2a) 6224 + O (0%), (8—2). 

Hence 


[N]-1 gk 
Di (2/P(@+1)) S (—1)* fa + 0 (0*/N*) Ja Jaz) de 


The remainder term in this integrand contributes to D, an amount 
which is 


[N]-1 Shar 
ONE (rx | Ja(a)| de 
k=1 dk 
jt] 
— 0(N-*) f 1 | Jald) | de 
ji 
JENI 
— O(N?) f a de O (N) jas m 
ji 
= 0 (N) — 0 (1%), 
since Ja(z) = O(a-4), and janw = O(N) according to (31). 
So, 


[N]-1 Shea 
Da (2"8/P(a-+1)) X (—1)4 f 2 Ja (æ) de + 0 (n°). 
pi de ces 
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Now, 
Thar jkr 
if a3 (%) da | =0 (1) f at dx 
Íx ik 


= 0 (1) {jase — jouet} = O(1) { (k + 1) 74 ko} 
= O(k*-2), | 


where we have used again that Ja(x) —O(x#) and (31), and, for the final 
estimate, the mean-value theorem of the differential calculus. 


Thus, ` 
hee Jk 
(36) D, (244/T(a-+1)) $ (—1)* | "aJa(z)de + O(nti), 
kzi *” fk 
where the infinite series is absolutely convergent, since each term is O(k®-2) 
and a < 4. | 
There remains only to consider the first (finite) sum on the right in 
(29). For this purpose we write 


[NJ-1 
23 gap (Ox) Mi (a) 
k=2 
[N]-1 h p 
(37) =2 $; gap (Ox) (Ma (a) — (2/7) Í 2-4 de) 
(N]-2 jk 
T (2/7)? p> Í gag (0x) 1% dz. 


Here we note that gag(@) is an even analytic function, regular in a 
neighborhood of the origin, which assumes the value 1 at the origin. Thus, 
from (31), gap (6x) m À T O(k?/n*), k = 2, Ts [N] =e hs 

We consider first the contribution induced by the remainder O(k?/n?) 
to the first sum in the right member of (37). In that sum, the expression 
in braces is O(k*%#), from (31), so that the contribution now under dis- 
cussion is 


[N]-1 [N]-1 
O(n?) E keket = O(n?) X kei — o (n). 
k=2 k=2 


Thus, Jag(0x) can be replaced in the first sum on the right in (87) by 1, 
with error O(n%3), an amount which-can be absorbed in the error terms 
already present In (29). | 

Passing to the final sum on the right of (37), we note that gag(6x) 
= gag(?) + O(n"), as can be inferred from the mean-value theorem of 
differential calculus, since gag(?) =1-+ O(n") and gag (8) O(n"). Re- 
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placing gog(@x) by gag(@) + O(n*), we find that the error term induces a 
contribution of 


{N]~1 ir JEN] 
O(n) à 2-4 dæ = O(n) f aa da — O(n™4), 
k=2 j ji 


dk-1 
since Jiny == O(N) = O(n) from (31). 
Hence, 


[N]-1 en: : 
a 2 Jap(0x) Mia) == Q À {Mx(a) ——— (24/22) f wth dx} 

(28) JIN] 
+ 8/3 f gap (0a de + O(n), 


where the passage from the finite sum which arises directly from our discussion 
of the first finite sum on the right of (87) to the (absolutely convergent) 
infinite series in (38) leads to an error of only O(n #) since each term of 
the series is O(k*2) from (81). 

Now, using (28) and (80) and putting z= N9, 


ÎCNI-1 
f gas (6)a%3 de 
Ja 


iNi | 
= gaine f (sin 49) *-4(cos 46) 8 dé 
fı 


—2eayers f” (sin 0) (cos 30) #4 48 + O(n“) 
(+) 


= ANAT (ja + F(Z + $)/T (Ha + B} +1) +O (ni). 


The replacernent of 0, and 01x31 by 0 and ~, respectively, introduces the 
stated error O(n*4), since 0, = O(n) and r — bi = 0 (n). The 
resulting integral is a standard form in the theory of the gamma and beta 
functions. 

Now we substitute in (29) the above, together with (38), as well as 
(32), (83), (84), (85) and (36). This proves (2) with n replaced by N. 
Since N —n is a constant, namely 4(a+8+2), the error commitied in 
replacing N by n in (2) is O(n%4), an amount already present there. 

This completes the proof of (2). 


UNIVERSITY OF ALBERTA, 
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SELF-LINKED SUBGROUPS OF SEMIGROUPS.* 


By M. L. Curris.* 


1. Introduction. A. D. Wallace posed the following question. If 
euclidean 3-space #? has a continuous associative multiplication with a unit, 
and C is a circle subgroup, does it follow that C is unknotted? The principal 
result of this note is that C is unknotted if it is tame. The hypothesis that 
there be a unit is not needed. 

A set FY in a space § is said to be self-linked if Y is contractible to a 
point in S, but there does not exist a homotopy y: Y X J->S such thet: 


(1) wy* is the identity, 
(2) w(¥)C S—Y for all ¢> 0, 
(3) (Y) is a point. 


We prove a basic theorem about compact self-linked subgroups of locally 
compact semigroups and use this result to prove that, in the situation of the 
first paragraph above, C cannot be self-linked. 

Next we use a theorem proved by Papakyriakopoulos (and communicated 
to us by R. H. Fox) to the effect that if a tame simple closed curve in Æ’? 
is not self-linked, then it is unknotted. (Some wild simple closed curves 
bound disks and hence are clearly not self-linked). The theorem is a slight 
generalization of Dehn’s lemma. 


2. Three trivial lemmas. 


Lemma 1. Let 8 be a semigroup, e be an idempotent in S, and K = eSe. 
If cE K has an inverse relative to e, then it has an inverse relative to e in K. 


Proof. Let zy—e with re K. Then tæ—eze so that exe — ez2 and 
hence z= exe. Now esey = e implies that exeeye = e, so that eye € K is also 
a right inverse for v relative to e. 

We note for future reference that K — ee is precisely the set of all 
elements of S for which e acts as an identity. 


* Received ——_-——_—__—_-—__—, 
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Lemma 2. Let S be a semigroup and e an idempotent in 8. L 


a subgroup of K==eSe such that e is the identity of Č. If aa 
zO NOg (or Can CA), then c€C. 


Proof. Suppose zr—c with r and c in C. Then zrr*==cr™ so 
ge == cr. Since e is an identity for z, we have e==cr€ C. 





À 
Lemma 8. Let K be a topological semigroup with e, C, K as in Lemma 2. | 
If a: I— 8 is a path such that a(0) =e and a(t) € K—C for each t > 0, 


then the homotopy p: OX I—S defined by (c, t) = ca({t) is such that po 
is the identity and o(c,t) € K—C for all t > 0. 


Proof. The only thing to prove is that ¢(c,t) € K-—C for each {> 0. 
Suppose café) —d with c,d€C. Then ea(t) —c1d and a(t)€ K, so 
Lemma 2 implies a(t) € C contradicting an hypothesis. 


3. Basic theorem. 


THEOREM 1. Let S be a locally compact topological semigroup with a 
compact self-linked subgroup C having identity e. Suppose that each point 
az of K—C (K =eSe) can be joined to e by a path « such that a(0) =e and 
a(t) € K—C forallt>0. Then K is a topological group. 


Proof. It follows from elementary group theory together with Lemma 1 
that K is a group if each x€ K has a right inverse relative to e (which is 
clearly an idempotent). 

Since C is self linked there is a contraction +: CX I8 of C to a 
point. Let H=a(C XI). We will show that for each re K, 2H NC. 

Choose a path « from e to x as in the hypotheses of the theorem.. Define 
a homotopy of C by 

a(2t)c OI 4 
A ae ou. <t<1. 


We see that 6(C,1) is a point. Also 4 is well defined at 4 because a(1)c — ze 
and 2r(c, 0) = gre. Since C is self-linked there must exist (co, to) such that 
O (Co to) €C. By Lemma 3 we must have te > 4. Hence zr (Co 2to—1) € C 
and sH N C A¢ as asserted. 

Then for v€ K we can choose y € H such that szy€ C. Then zy has an 
inverse m in C and sym =e. By Lemma 1 we have that eyme is an element 
of K which acts as an inverse for +. Hence K is a group. To show that K 
is a topological group it remains to show that the inverse map is continuous. 

` Let p: K X H->S be the multiplication of S cut down to K X H. Let 
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1(C). Define 8: P— 8 by B(x, y) —y(zy) * and define d: SS by 
= eye. For s€ K let Lz=[(2,y)|(2,y) €P]. Then the inverse map 
ye described by 


t> L,—> S— K. 


Hence for each x, ¢8 (Lo) is a point and clearly 8 and ¢ are continuous. 

We note that since $ is locally compact and ¢ is a retraction, K is locally 
compact. Since Č is compact, H is compact. From this it follows that the 
set function mapping x to Ls is upper semicontinuous. Let xo be the inverse 
of £o; i.e. t= PB(Le,). Let U be a neighborhood of sọ. Then there 
exists a neighborhood W of La, in P such that 48(W)C U. Since the t—> Ls 
mapping is upper semicontinuous, there’ exists a neighborhood V of x, such 
that for se V we have Le N W s&¢. It follows that @8(L,) lies in U zor 
each x, establishing the continuity of the inverse map. 


4, Application to E°. 


THEOREM 2. If E? has a continuous associative multiplication and con- 
tains a circle subgroup C, then C cannot be self-linked. 


Proof. Assume that C is self-linked. Let e be the identity of C, and 
let K == eH?e. We will show that K is a topological group, and by Theorem 1 
this will follow if we can find paths « form e to points s in K -—C with only 
the end point of « in C. 


Now K is arewise connected since ¢: H*—>K is a retraction. Given 
tE K—C, let B be a path from some point ¢ of C to æ such that for 
t > 0 we have 8(t) € K—C. Let 4 be a path from co to e in C. Define 
a(t) =8(t)0(t), and note that «(0) = 8(0)0(0) == cocot —e and that 
a@(1) = 8(1)0(1) vez. Also if t > 0, then a(t) = B(t)6(2) and é(t) € C. 
If a(t) € C, then we would have a contradiction of our choice of 8. Hence 
K is a topological group. 

Now K is a closed subset of E°. For if y is a limit point of K, then 
eye is a limit point of precisely the same subsets of K of which y is a limit 
point, since for each æ in K we have that z= eze. 

Next we show that K is 2-dimensional. Suppose that dim K —3. Then 
K contains an open set in F’, and since it is homogeneous, K must be open. 
It follows that K == E°. Then K is a Lie group with the compact subgroup 
C, and we have a fibering of F? with a compact fiber. This is not possible 
(see [1] and [3}) so that dim K <3. Now K is contractible since it is a 


892 M, L. CURTIS. 


retract of a contractible space. Thus K contains a singular disk with C 
boundary, showing that dim K > 1, so that dim K ==2. 

The existence of the retraction œ implies that Æ is locally contrac. 
It is clearly locally compact and finite dimensional, so it follows from 
theorem on page 185 of [2] that it is a Lie group. As a contractib. 
2-dimensional Lie group K is a plane. Since C C K, C cannot be self-linked, 
and this contradiction establishes the theorem. 


COROLLARY. With the hypotheses of Theorem 2 if C is also tame, then 
C is unknotted. 


Proof. This follows immediately from Theorem 2 and the theorem of 
Papakyriakopoulos mentioned in the introduction. 
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ON INVOLUTIONS OF THE 3-SPHERE.* 


By Morris W. Hirscu and STEPHEN SMALE.* 


1. Introduction. If 7 is an orientation reversing involution of the 
3-sphere S°, it follows from the Smith theory [15] that the fixed point set F 
of T is either a 2-sphere or two points. If F is a 2-sphere, it may be wildly 
embedded in S* [2], in which case T will not be equivalent to a linear involu- 
tion. (If T, and T, are involutions on spaces X, and À, respectively, an 
equivalence between T, and T, is a homeomorphism h: X,—> X, such that 
AT,=—T.h.) On the other hand if F = §? is tamely embedded, it is easy to 
show that T is equivalent to a reflection through an equatorial 2-sphere of S*. 
The main purpose of this paper is to study the case where F is two points. 
We will prove 


Taeorem 1.1. If T: 88S? is an involution with fixed point set F 
consisting of two points, then T is equivalent to the linear involution: 
L: S?—> 8°, L (44, Le, La, Ta) = (1, — Lo, — Va, — Ta). 


Here we suppose that S% is the unit sphere in Euclidean 4-space with 
coordinates (T1, Za, Ta, V4). If T is differentiable, then one can obtain actually 
a differentiable equivalence by our methods. 


Thecrem 1.1 answers a question of Floyd [6, p. 92]. 


The problems concerning an orientation-preserving involution on 8S? 
remain largely unsolved.? 


As a by-product of the proof of 1.1, the following two theorems are 
proved: 


Tutorem 1.2. Let M be a non-orientable triangulated 3-manifold with 
an element B of (M) such that 8? ==1 and B reverses orientation. Then 
the projective plane P can be embedded in M piecewise linearly. 


THEOREM 1.3. Let T be an involution on a topological 8-manifold M. 


* Received January 26, 1959. 

* Both authors have been supported in this research by the National Science 
Foundation. 

* For the 2-sphere these problems have been solved by Hilenberg and Kerekjarto; 
see S. Eïlenberg, Fund, Math. XXII (1934), pp. 28-41. 
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with an isolated fixed point y, not in the boundary of M. Then there is an 
invariant Euclidean neighborhood V of y such that T restricted to V is 
equivalent to a linear involution. Furthermore, suppose V is a Euclidean 
neighborhood of y, and h: 0V—S?CES is an equivalence between T | dV 
and S | 8?, the reflection through the origin of E*. Then h can be extended 
to an equivalence between T and 8. | 


The proofs of the above theorems depend strongly on the methods of 
Papakyriakopoulos [11], especially in the version of A. Shapiro and J. H. C. 
Whitehead [13]. 


2. Proof of 1.2. Let a be the generator of m, (P) ~ Z, An orientation 
reversing embedding f: P—> M is a one-one piecewise linear map such that 
f#(a) reverses orientation in M. The proof of 1.2 is similar to the proof of 
Dehn’s lemma by Shapiro and Whitehead [13]. We shall prove the following 
statement, which implies 1.2: 


2.1. There exists an orientation reversing embedding f: P—> M if and 
only if there exists 8 € m,(M) which reverses orientation, and such that 8° — 1, 


It is clear that given an orientation reversing embedding f: PM, 
then 6 = f(a) reverses orientation (by definition) and 8? 1 because a7 — 1. 
It remains to find f, given 8. It should be remarked that we do not prove 
that there exists an embedding f: P— M such that fg(«)==f. The proof 
of 2.1 is broken up into several lemmas. 


A map f: P— M is canonical if it is piecewise linear, maps each 2-simplex 
in a one-one fashion, and f(P) has double curves and triple points (see [11, 
§2]) as singularities. 

To obtain canonical maps, it is convenient to use their differentiable 
analogues, normal immersions. We can assume M has a differentiable struc- 
ture [5], which by [14] is unique up to diffeomorphism. A map f: PM 
is an immersion if it is differentiable and has Jacobian of rank 2 everywhere. 
We say an immersion f: P —> M is normal if whenever z, + :,#, are points 
of P such that y = f(z) =: -` -—f(x,). then the intersection of the n 
tangent planes to f(P) at y has minimal dimension. It follows that n = 8, 
and that f(P) has only double curves and triple points as singularities, 


It is shown in [7] that if A and B are manifolds, dim A < dim B, and 
A can be immersed in B, then any map A— B can be approximated by an 
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immersion.? Since P can be immersed in Euclidean 3-space (Boy’s surface) ` 
P can be immersed in any 3-manifold M. In [8] it is shown that any immer- 
sion can ke approximated by a normal immersion. We leave it to the reader 
to prove that a normal immersion can be approximated by a canonical map. 
(Compare this statement with [4], for example). Using these approximations 
and the fact that every 3-manifold has a triangulation, unique up to sub- 
division [9], we have proved: 


LEMMA 2.2. Any map f: P—>M can be approximated (and is thus 
homotopic to) a canonical map. 


Lemma 2.8. Let BEm (M) be such that B?=1. There exists a 
canonical map f: PM such that f(a) =B. 


Proof. Let D be the unit disc in the. complex plane and S* its boundary. 
Let À: St—>M be a map representing 8. Let p: St1->S* be the double 
covering e —>e?®, Then Ap: St— M represents B?—1, and is therefore 
extendable to a map 4: D— M. Since h sends antipodal points of S* into 
the same point, defines a map g: P— M, if we consider P to phew 
from D by identifying antipodal boundary points. It is clear that gg (a) = 
By 2.2 there is a canonical map f: P — M, homotopic to g. Thus fe (a) = : 
and 2.3 is proved. : 

Let f: P— M be a canonical map, and put Po==f(P). By a regular 
neighborhood of P, we mean a 8-manifold V (with boundary) such that V 
is a sub-complex of M containing Po, and admitting P, as a deformation 
retract. It is easy to construct regular neighborhoods (cf. [13]). 

Given f and V as above, we say a covering space p: V’-—> V is proper if it 
is two sheeted, and f(a) € pz(m1(V’)). 


Lemma 2.4. Let V be a compact non-orientable 3-manifold with non- 
empty boundary 0V. If H,(V) is finite, then at least one component of OV 
is a projective plane. 


Proof. We first show that not every component of ôV is the boundary 
of a 3-manifold. This is because a compact 2-manifold W which bounds 
some 3-manifold bounds a (possibly non-orientable) henkelkérper Q, in the 
sense of [12]. The embedding i: N—>Q has the property that ią: H,(N) 
— H,(Q) is onto. Now suppose that each component NW; of ôV bounds a 
henkelkorger Q; Then the union of V and the Q; forms a compact non-orient- 


* The map A -> B must be homotopic to an immersion. Using the results in [7], it 
is easy to show that any map P— M has this property. 
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able 3-manifold W without boundary, and because is: H,(N;) > H,(Qi) is 
onto, and H,(V) is finite, it follows that H,(W) is finite, in contradiction 
to [12, Satz IV, p. 206]. 

Thus some component of 0V is not a boundary, and therefore is non- 
orientable. Let there be s=21 nen-orientable components X; of ôV, whose 


genera (number of cross-caps) are kı * *,k,, and rÆ 0 orientable com- 
ponents Y; whose genera are h,,- - -,h,, if r > 0. We must show that some 
ki= 1. | 


The Betti numbers 6, of V satisfy b,—1, b, —0, bs = 0, and bar; 
the last relation follows from the fact that H*(V,éV) —0, since V is non- 
orientable. Let y stand for Euler characteristic; then [12, p. 223] x(V) 
= 2y (V). Substituting in this the values y(X;) == 2 — ki, x(Y;) = 2 — 2hj, 
and the relations among the b, above, we obtain, after simplifying, s = Duh; 
+4 Susk; +1. Since each h; = 0 and each k; = 1, it follows that some k; = l, 
This prove 2. 4. 


Lemma 2.5. Let f: PM be a canomecal map and V a non-orientable 
regular neighborhood of f(P). If V has no proper cover, then there is an- 
orientation reversing embedding of P in FV. 


Proof. The boundary 6V of V consists of a finite number of compact 
2-manifolds. We shall show that some component of ôV is a projective plane. 
Let #:m(V)—H,(V) be the Hurewicz homomorphism. If H,(V) were 
infinite, we could map H,(V) onto Z, such that yf (a) would be.in the kernel 
K ; the covering of V corresponding to y*(K) would then be proper, contrary 
to hypothesis. Therefore H,(V) is finite. By 2.4, 9V contains a projective 
plane P’ which is piecewise linearly embedded in M. It is clear that the 
embedding P’->V reverses orientation in V, and therefore also in M, and 
2.5 is proved. 


LEMMA 2.6. Let f: PV’ be an orientation reversing embedding, and 
let p: V’->V be a double covering. There exists an orientation reversing 
embedding P — V. 


Proof. Let g==pf: PV. By a slight deformation of f, keeping it 
an embedding, we may assume that g is a canonical map. Clearly, g¢(«) 
reverses orientation in V, since fy(«) does so in V’. Since f is one-one and 
p is two-one, g(P) has no triple points, but only double curves as self-inter- 
sections and these consist of mutually disjoint simple closed curves, piecewise 
linearly embedded in g(P). Let C be such a double curve. Then g1(0) 
consists of a pair (not necessarily distinct) of simple closed curves C’, C” 
contained in P. There are several cases to consider: 
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i) C’—C”, C’ homotopically trivial 

ii) C’—C”, C’ not homotopically trivial 
iii) C40”, both homotopically trivial . 
iv) 0’ 0”, one (say C’) not homotopically trivial. 


Case i) cannot occur, for both O” and C, being null-homoptopic, preserve 
orientation, but it is easily seen that C must reverse orientation if C” = 0 
(cf. [8,3.1]). Case ii) is impossible, for O’ == O” means the map g: CC 
is a double covering, hence the homotopy class gg(«) can be represen-ed as 
BE, where B is the homotopy class of C (with some orientation). But g(a) 
reverses orientation, while the square of any homotopy class preserves orien- 
tation. Case iii) In this situation C’ and O” bound discs and the original 
“outs? (umschaltungen) of Dehn can be used, as described e.g. in [11]. 
It is easy to check that after making the cuts, the map g,: P~ V is canonical, — 
has no triple points, fewer double curves than g, and g,#(«) reverses orien- 
tation. Case iv) is impossible, for gz(a) 41 (because it reverses orientation), 
ard if C” represents a, C” must also; but on a projective plane any two non- 
null-homotopic curves must intersect, contradicting the result that O’ and C” 
are disjcint. Thus all pairs C’, C” are as in Case iii), and by making a 
finite number of cuts, we obtain an orientation reversing embedding of P in V. 


Proof of 2.1. By 2.3, there is a canonical map g: P— M, such that 
ga(a) =, B reversing orientation. Let V be a regular neighborhood of g(P). 
If V has no proper cover, then 2.5 implies 2.1. Otherwise let p: V’— V be 
a proper cover. Since gg(«) € per,(V’) by the definition of proper cover, 
there is a map g’: P— V’ such that pg’ = g. It is clear that g’ is canonical 
and g’z(@) reverses orientation. Moreover, it is easily seen, as in [11, 9.1], 
that g’(P) has fewer curves than g(P). If g'is an embedding, 2.1 follows 
from 2.6. If not, we take a regular neighborhood V” of P’, a proper cover 
of V” (if possible; if not, 2.1 follows from 2.5 and 2.6), and proceed 
inductively. Thus 2.1 is proved by 2.5, 2.6, and induction on the namber 
of double curves of g(P). 


Remarks. Concerning the problem of embeddings f: P— M such that 
fe(@) preserves orientation, we have the following results, which are not used 
in the rest of the paper. 


8.7. Ii there exists an embedding f: P—> M such that fg(a) preserves 
orientation, then Z, is a free factor of r1(H). 


Proof. Let V be a regular neighborhood of f(P), where f is as in 2.6. 
Then x(V) = x(f(P)) =i, since f(P) is a deformation retract of V. Since 
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2y(V) =x(0V), we have x(0V) ==2. Since each component of @V is orient- 
able, OV is a 2-sphere 3, which separates M into two parts, whose closures are 
V and V, (say), with VN V,==%. It follows that 7,(J) is the free product 
of mı( V1) and m(V) = Zaz 

In the case where f is assumed to’ be a differentiable embedding, we can 
choose for V a “tubular” neighborhood of f(V). In this case it is easily 
seen, by considering the normal bundle of f(P), that V is homeomorphic to 
the mapping cylinder of the double covering 8*-> P. This proves: 


2.8. A necessary and sufficient condition that there exist a differentiable 
embedding f: P— M such that f(a) preserves orientation, is that M be the 
sum (in the sense of [12, p. 218]) of projective 3-space and another 3-manifold. 


3. Proof of 1.3. We will use the following lemma. 


Lexma 8.1. Let R: 8?XI—->S8* XI be an involution without fixed 
points such that for 10,1, R(9 X1) =S* X 1 and R restricted to S? Xi 
is equivalent to the antipodal map A on ©. Then KR is equivalent to 
AXe: SXI—S XI, where e: II is the identity. Furthermore, an 
equivalence between R and À X e on S? X 0 can be extended to an equivalence 
on SX I, 


Proof. The orbit space 9°? X I| R==X is triangulable by Moise [9], 
and hence there is an induced triangulation on S? X I in which T is simplicial. 
In the rest of this section objects (maps, embeddings, etc.) will be considered 
from the piecewise linear point of view. Let p: 8 X 1— X be the orbit map 
and let X, = p(S? Xi), i= 0,1. It is well known? that an involution on S? 
without fixed points is equivalent to the antipodal map. Hence the X; are 
homeomorphic to the projective plane. 

We define a map of the cylinder J=S'% I into X as follows: Let 
Ji: XiX, 1—0,1, be embeddings which represent the non-trivial 
elements of 7,(X;). By consideration of the covering space maps (8? X 4, p, Xi) 
-> (SX I, p, À), t= 0,1, it is easily seen that f, and f, are homotopic in X. 
Thus we obtain a map F: J-»X which is an extension of fo + fi- i 

Since the boundary @/ of J is embedded in 0X, we can deform F slightly 
to a map F”: JY such that if Jo = F (J) and Ja = F" (3J), then there 
are no self-intersections in a neighborhood of 87, and 87, C @X. Then Jo 
is a Dehn surface of type (0,2) in the terminology of [18]. Application of 
118, 1.1] yields an embedding G: J— X which agrees with F” on a neighbor- 
hood of dJ. (Note that 1.1 of [18] first yields a non-singular surface of type 
(0,¢), 0< q=2, but in our case g must equal 2 since our boundary circles 
are essential. ) 
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Denote G(J) by J, and pt(J,) by Q. Since G is essential in X, 9 will 
be a cylinder in S? X I which doubly covers J, and @Q C @(S* XI). Further- 
more Q remains invariant under R. 

Let h: SX 0—8 X 0 be an equivalence between À and A Xe, both 
restricted to S? X 0, and let K = A(Q NS? X 0). Let 


Qo = {(x,y) € 8? XI| ve K}. 


Then Qe is invariant under A Xe. By the well known analogue of 3.1 in 
dimension 2, h can be extended to an equivalence of # and 4 X e on Q and Qo. 
Thus we have h: (S?*X0)UQ-> (8S? X0)U Qo Let the components of 
SX I—@ be denoted by A and B, the components of 8? X I— Q. by Ao 
and By. Then it follows from Newman’s [10] and Alexander’s [1] theorems 
that A, B, Ao, and B, are 3-cells. Extend À to a homeomorphism between A 
and A. Finally define k on B to be (A Xe)hk. This A is our desired equiva- 
lence between À and A X e. 

We now start the proof of 1.3. As before we can assume without loss 
of generality that T restricted to the complement of the fixed point set is 
piecewise linear. The following. lemma is where 1.2 is used. 


LEMMA 3.2. In every neighborhood of y, there is an invariant 2-sphere. 


Proof of 3.2. Let U be a given Euclidean neighborhood of y, in M. 
Choose V to be an open connected neighborhood of y, such that V C U and 
LV CU. Let +: M — M/T be the orbit may, V* = 7(V), and Vy == V* —a(y,). 
We claim that V, satisfies the conditions of 1.2. From [3] it follows that 
T is orientation reversing, so V, is non-orientable. Let sE V, xy, and 
let b(t) be an arc joining x to Tx in (VU TV) —y,. Then it is easy to see 
that 8 = {wb (t) } satisfies the conditions of 1.2. Hence there is an embedding 
j: PV, of the projective plane in Vo. The inverse image r(7(P))CU 
will be the desired 2-sphere. This proves 3. 2. 

Returning to the proof of 1.3, let U be as in 3.2. If N is an embedded 
2-sphere in U, denote by C(N) the closure of the component of M—N 
containing yo. Then by 3.2 choose disjoint invariant 2-sphere Va, V2, Vat : - 
such that lim (diameter V;) = 0, U D V, and for each i, C(Vi) D Vin. 

Let W; be the sphere about the origin in F? of radius 1/i and let T, be 
the reflection through the origin of F. Leth: V,— W, be some equivalence 
between the restrictions of T and To. By 3.1 extend h to 


C(V:) — interior C(V:) => C(W:) —interior C (W3). 


Here we again use Newman’s and Alexander’s theorems to show that 
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C(V:) — interior C (V2) is homeomorphic to 8* XJ. Repeated applications 
of 3.1 yield the desired equivalence of 1.3. 


4. Proof of 1.1. Let the fixed points of T be denoted by yı and yp. 
By 8.2 let V, and V, be disjoint invariant 2-spheres about y, and y, respec- 
tively. In S* let W, = {z € S*| 2,4} and W= {re 8? | a, —-—4}. Let 
k: Vı—> W, be an equivalence between the restrictions of T and L. By 8.1, 
extend À to be an equivalence on the domain of S*— V,-——V, not containing 
the fixed points. Then by 1.3 h can be extended to an equivalence on all 
of 8°. 


\ 
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ON SPHERICAL IMAGE MAPS WHOSE JACOBIANS DO NOT 
CHANGE SIGN.* 


By Pamir HARTMAN and Lours NIRENBERG.! 


Introduction. This paper is concerned with oriented hypersurfaces, of 
class C?, of dimension n immersed in (n -+ 1)-dimensional real Euclidean 


.space #**? and with the property that the Jacobian of the spherical image 
mapping does not change sign. In case n—2, this means that the Gauss 


curvature does not change sign. The main result (Theorem II’) asserts that 
the spherical image map of a compact portion of the surface 1s monotone,” 
in the sense that the boundary of the image set is contained i in the image of 
the boundary. 


We shall deal mainly with hypersurfaces having simple projection on 
a hyperplane, i.e., admitting the representation 2%*— (21, + -,æ*t)., The 
spherical image may then be adequately described in terms of the vector 
p(x) =gradz(#), where g= (at, < +, 2%). | 

Thus a large part of the paper is concerned with mappings p = p(s) 
of an n-dimensional x region D into n-dimensional p space, which are of 
class C* in D, of class C° in the closure D, have the property that the vector 
p(x) is locally a gradient (i.e., the Pfaffian w == $, py dt is closed, dw == 0) 
and that the Jacobian of p with respect to æ does not change sign. Our 
main result (Theorem II) asserts again that the boundary of the image of D 
is contained in the image p(D’) of the boundary D’ of D. 


Theorem II implies, in particular, that each component of p(x) satisfies 
a weak maximum and minimum principle. This fact is used in Section 7 


* Received January 29, 1959. 

1 The work of Hartman was apparel by the United States Air Force through the 
Air Force Office of Scientific Research of the Air Research and Development Command | 
under contract No. AF 18(603)-41, that of Nirenberg by the Office of Naval Research 
under contract ONR-N6-ORI-201 (01): Reproduction in whole or in part is permitted 
for any purpose of the United States Government. 

Nirenberg is a fellow of the A. P. Sloan Foundation. 

“Our use of the word “montone ” is derived from Lebesgue’ s notion [Rendiconti 
del Circolo Matematico di Palermo, vol. 24 (1907), p. 380] of a monotone function of 
two real variables. “ Monotone” maps in our sense are “ quasi-interior ” in the sense of 
Whyburn [Memoirs of the American Mathematical Society, no. 1 (1950) ], rather than 
“ monotone ” in his sense. 
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to derive an analogue of Rado’s theorem [8] (see also von Neumann [6]) 
on saddle surfaces for n-dimensional hypersurfaces. | 

The basic lemmas used in proving Theorem IT are given in Sections 2 
and 3. In Section 3, we consider maps p(x) of the type described above, 
which have a vanishing Jacobian. For such a mapping it is shown (Theorem 
I) that p(D) is contained in p(D’). The proof depends on a sharpened 
form and a generalization of a standard theorem on the differential geometry 
of torses. Theorems II and II’ are presented in Sections 4 and 5. 

On the basis of Lemma 2 and its corollaries, if is shown (Theorem III 
in Section 6) that a complete hypersurface of constant zero curvature in 
(n + 1)-(Euclidean) space is an (n—1)-cylinder, i.e., the hypersurface is 
a cylinder erected over a curve. In particular, a complete 2-surface in 3-space 
having zero Gaussian curvature is a cylinder; cf. Pogorelov [7]. 

Sections 8 and 9 which form Part IT of the paper are concerned with 
a more detailed study of surfaces, n—2, having zero Gauss curvature. 
Consider such a surface in (st, s”, x?) space with simple projection on the 
(z*, 2*) plane, ie. which admits a representation 2?— (21,2?) on, say, a 
bounded convex region D in the (z',2*) plane. If s= (t,x?) in D is the 
limit of points in D corresponding to nonplanar points on the surface, then, 
as follows from the results of Section 3 (see Section 9), through x there is 
a unique straight line with endpoints on the boundary of D along which. the 
normal to the surface (or gradz) is constant. In general this will not be 
true for a point having a neighborhood consisting entirely of planar points. 
Consider the following: 

Example. Let D, be any convex subset of D closed relative to D with 
boundary consisting of a subset of D’ and of straight line segments with 
endpoints on D’. In D, define the surface as follows: z==0 in D,, and the 
surface is a cylinder in each connected component of D — D.. 

Thus, in general, through a point æ in D, there is no line segment having 
the properties above. However, as we prove in Section 9 (Theorem B), there 
always exist rays from x, going to the boundary, and along which the surface 
normal is constant. In Theorem A of Sestion 9, we also describe in general 
the connected subsets D, of a domain D which are such that the normal to 
the surface may be constant there. 


Part I. 


1. Notation. In the following, unless otherwise stated & = (21,:--, a"), 
p= (Pas © 5 Pa), q= (g5° * -,g") are n vectors, D is a domain (i.e., an 
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open connected set, which is sometimes assumed to be bounded) in x space, 
and D’ is its boundary. By a k-dimensional plane section a, of D through 
a point x of D is meant the connected component, containing v, of the inter- 
section of D and a k-dimensional plane through z. 

Let p = p(x) be of class C1 in D: Let J(x) denote the Jacobian matrix 
(Ap,/da*) (so that the Jacobian itself is detJ(x)); r(x) the rank of J (s); 
finally r* (a) the largest integer s with the property that every neighborhood 
of z contains a point &* with r(z*) =s. In particular, r(æ) Sr*(z). Let 
Sy dencte the subset of D defined by r“(x) Sk(& n), so that Sy is an 
open set. 

By a gradient mapping p= p(s) in D will be meant a weit valued 
function which is of class C* in D and is such that the Pfaffian 


(1) w= > Pi dx 
is closed, 
(2) dw = 0. 


Since p= p(x) is of class C1, the requirement (2%) is equivalent to the 
condition that J (x) be a symmetric matrix. | 

All mappings p = p(x) are of class C* in D and, in some cases, are also 
assumed to be of class C° in the closure D = DU D’ of D. 

The image of a set A will be abbreviated by p(A), its boundary by p’(A). 


2, Maps with Jacobian not changing sign. The mappings p= p(s) 
in this section are defined, and of class C1, in a bounded domain D; they are 
also of class C° in D. They are not assumed to be gradient mappings. 


Lemma 1. Let p= p(x) be a mapping with Jacobian not changing sign. 
Suppose that A is a sub-domain of D satisfying 
(3) p(4) Np(D'}=0 and p(A) N p (D) #0. 
Then the Jacobian det J is identically zero in A. l 
In the particular case that D =A, condition (3) is equivalent to 
(3°) p(D) N p(D’) =0 and p'(D) Cp(D’). 
Actually, this particular case implies the general case of the lemma. 


The proof of the lemma, which depends on a theorem of K. Knopp and 
R. Schmidt [5], was suggested by the proot of A. Douglis for the maximum 
principle in [3]. 


Proof. Since the degree of the mapping is constant on each component 
of the complement of p(D’), the first part of (3) shows that the degree of 
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mapping d at each point in p(A) is the same; and because of the second 
condition there is a point z€ A such that p(z) is contained in p’(D) but 
not in p(D’), so that the degree of mapping at p(æ) is zero. Hence d— 0, 

Suppose now detJ(y) 340, say, detJ (y) >O for some point y in A. 
The mapping p = p(z) then/maps a neighborliood U of y onto a full neighbor- 
hood p(U) of p(y). Since the p image of the s set where det J (s) — 0 is an 
n-dimensional zero set‘(Knopp-Schmidt [5]; cf. also [91), the neighborhood 
p(U) contains points p* such that detJ (s) > 0 at every preimage of p*. 
Since p* has no preimage on D’ if U C A, it has only a finite number k of 
preimeges in D. Hence the degree d of the mapping at p* is k>0. 
Contradiction ! . 

The proof of Lemma 1 yields a more general result? where we replace 
the + and p spaces by n-dimensional manifolds. 


Lexma 1’. Let Mı, M, be two n-dimensional orientable manifolds of 
class ©. Let M be an open connected subset of M, with boundary M’ and 
compact closure M. Let N be a mapping of M into M, which is of class C* 
in M and C° in M. Assume, having fixed some orientations, that the Jacobian 
of the mapping N does not change sign. Suppose further that 


N(M)AN(M’) =0 and N'(M) F- N(M’). 
Then the Jacobian of the mapping N is identically zero. 


In the remainder of this section, we present some corollaries of Lemma 1 
which are not used in the rest of the paper. 


COROLLARY 1. Let D and p—p(x) be as in Lemma 1. Let v—v(p) . 
be a continuous mapping of the p space E” into a v space E" and let v= v(p) 
be monotone in the sense that v (F) = v(P’) holds for every bounded domain 
P in p space. (H.g., let m—n and v==p or let m—1 and v—p,). Let 
V be a closed, bounded set containing v(r(D')) and having a connected 
complement; e.g., let V be the convex hull of v(p(D’)). If, for a point apo 
of D, u(p(ao)) € V, then det J (a) =0. If v—v(p) takes p sets of measure 
zero into v sets of measure zero, then vol V = volu(p(D)). 


By volA is meant the m-dimensional Lebesgue measure of the (simply 
covered, measurable) set A in v space. 


8 We have learned that, since this paper was completed, theorems similar to Lemma 
1’ have also been obtained by S. S. Chern, for n == 2, in “ Complex analytic mappings of 
Riemann surfaces, I” to appear in this Journal and by S. Sternberg and R. G. Swan, 
for arbitrary n, in “On maps with non-negative Jacobian ” to appear in the Michigan 
Mathematical Journal. | 
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Remark. If d—diamv(p(D’)), is the diameter of the set v(p(D’)), 
each of the two parts of the corollary furnishes a lower bound for d. Let V 
be the convex: hull of v(p (D' )), so that diam V ==d. Let A be the open 
(possibly empty) subset of D where detJ{x) 340, then by the first part, 
v(p(A)) C V; hence d= diamv(p(A)). When the conditions of the second 
part of the corollary hold, then d= 2(volv(p(D))/om)/”, where wm is the 
volume of the m dimensional unit sphere |v|<1. This inequality for d 
follows from a theorem of Bieberbach [1] which states that vol V = wm( 8/2)” 
when d = diam FV. 

The inequality d= 2 (volv (p (D)) /om)/™ generalizes a result of G. 5. 
Young [11]. 


Proof of Corollary 1. Let € D and v(p(zo)) ¢ V. Suppose, if 
possible, that det J (zo) 540. Let A be the connected component, containing 
To of the set of points y in D such that v(p(y)) ¢ Y. Clearly, v(p(A’)) CV, 
so that p(A) N p(A’) =0. 

Since det J (zo) 0, p(z) is an interior point of p(A). Let P be the 
connected component, containing p (%), of the set of interior points p of p(A). 
Since. V is closed, bounded and has a connected complement, the point v(p(2)) 
can be joined to infinity in E" — V, so that the boundary v’(P) of the set 
v(P) containing v(p(x)) is not contained in V. From the monotony of 
the mapping v—v(p), it follows that v’(P) C v(P’), hence v(P’) is not 
- contained in V. Finally, v(P’) C v(p’(A)) and so, v(p’(A)) is not con- 
tained in V. 

Hence p(A) N p(A’) =0 and p’(A) Œ p(A’). Consequently, Lemma 1 
implies that detJ vanishes in A, in particular, at £o. | 

To prove the last part, suppose that v(p(D))—- V has positive measure. 
Then, by our hypothesis on v—v(#), the set of points p(x) such that 
v(p(z)) € V is not a zero set in p space. The theorem of Knopp-Schmidt 
[5] mentioned above implies that there is a point æ with det J(2) 540 and 
v({p(x))¢V. This contradicts the first part of the corollary. 


COROLLARY 2. Let D and p—p(x) be as in Lemma 1. Let Fip) be 
real-valued, continuous function defined on p space and satisfying a weak 
maximum principle on every bounded domain (1.¢., the maximum of F on 
the closure of the domain occurs on the boundary). Let M—maxF(p(x)) 
for € D’. If, for a point z, of D, F(p(t)) > M, then det J (x) = 0. 


Proof. Clearly, p(t.) ¢p(D’). Let A be the connected component, 
contdining To, of the set of points y in D such that F(p(y)) >M. Then 
F(p(x)) SM on A’, so that p(A) N p(A’) —0. Since the maximum of F (p) 
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on the boundary of every bounced p domain containing p(A) is at least 
F (p(<o)) > M, it follows that the maximum of F(p) on p’(A) exceeds M, 
so that p’(A) Œp(4’). Consequently, by Lemma 1, detJ==0 on A; in 
particular, det J (za) == 0. 

As a consequence of Corollary 2, we have the following result of 
Liouville type. 


COROLLARY 3. Let p= p(x) be a mapping of class C* of a domain D 
(possibly unbounded) into E”, with Jacobian not changing sign. Suppose 
that there exists a non-negative, continuous function F(p) defined on p 
space such that (i) F(p) satisfies a weak maximum principle on every bounded 
domain, (ii) F(p) s£0 on any open p set, and (iii) F(p(e)) tends to 0 as 
a tends to the boundary of D (or infinity). Then the Jacobian of the mapping 
p(x) is identically zero. 


This is a more general form of a result stated in a note [11] by G. S. 
Young. There D fr and it is assumed that p(w) tends to a limit as 
|~|—>oo. Corollary 8, with the choice F(z) == | pı— const. |, shows that it 
is sufficient to require, for example, that p.(x) tends to a limit as z tends 
to D. | 

Note that condition (iii) can be relaxed to: (iii) there exists a sequence 
Dı, Ds, > * of bounded subdomains of D such that D, C Drea, D = U D,, and 
Mm, == max F (p(x)) for ve Dy satisfies m, -> 0 as k—0. 


Proof. Let x be a point where F(p(<)) > 0. Denote by D, the con- 
nected component, containing +, of points y with F(p(y)) > 4F(p(2)). By. 
condition (iii) on F, D, is a bounded domain and D, C D. By condition (i) 
on F, Corollary 2 is applicable on Ds, so that det J = 0 there: in particular, 
det J =—0 at z. Thus the Jacobian vanishes at all points æ for which 
F(p(z)) > 0. 

Suppose finally that det/ 40 at a point x where F(p(x))—0. Then 
p= p(x) maps a neighborhood U of æ onto a neighborhood p(U) of p(z). 
Since F(p) 0 for pE p(U), it follows that there is a point y€ U at which 
F(p(y)) > 0, so that detJ(y) =G. Since this is true for some y in every 
sufficiently small U, the continuity of detJ implies det J (x) — 0. 


3. Gradient maps with zero Jacobian. Throughout the section, we 
consider only gradient maps, with Jacobian identically zero, of class Ct in a 
domain (which may be unbounded unless ozherwise stated). 


Lemma 2. Let p==p(s) be a gradient mapping with Jacobian which is 
identically 0. If at a point x, of D, r(&) and r* (xz) have a common value k, 
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then p(x) is constant on an (n—k)-dimensional plane section w+(#o) of 
S, through a. Furthermore, all points x near x, for which p(z): == p (£9) 
lie on mny Finally, r(x) ==1* (x) —k for all & on ta-w 


Lemma 2 is essentially a result proved by Chern and Lashof; [2], Lemma 
2, p. 314 A proof of Lemma 2 is given below. 
An immediate consequence of Lemma 2 is the following. 


COROLLARY 1. If r* (2) —k at a point x, of D, then p(x) is constant 
on an (n—k)-dimensional plane section ay, of Sy through £y Also XE wn 
implies that r*(x) —k and that either r(x) =k or r(x) <k according as 
r(%) =k or (a) < k. | 


The first assertion of the corollary follows from that of Lemma 2 by 
considering a sequence of points 2,22,‘ * - tending to z, such that r*(x;) 
= 1(2;) =k and that r,,(x;) tends to a limiting position containing a section 
Tn- aS J—>œ. The second assertion of the corollary follows from the last 
part of Lemma 2. 

Note that if p==gradz, then z is clearly a linear function OD mny (in 
both Lemma 2 and Corollary 1). 

In general one cannot assert the uniqueness of map in Corollary 1. 
Uniqueness does hold in the following simple case. 


COROLLARY 2. I f k=1 in Corollary 1, then the plane spoon Tn-1 Of Da 
through x, is unique—even locally. 


In order to verify this, let 7,1 be the (n—-1)-section constructed above. 
If +, is another (n —1)-section through x, of a neighborhood U C S, of x, on 
which p == p(z), then n'na and m»1(2;) necessarily intersect at a point sy 
in U for j sufficiently large. This is based on the fact that 7,1(4,) and #41 
are of dimension n—1. But by Lemma 2, 2 € w»1(z;) implies that 
r (a!) —=r(a;) == i1 and that there is only one (n—~-1)-section (even locally) 
of S, through 2/ on which p is constant. Contradiction. This proves 
Corollary 2. 

As a final consequence of Lemma 2, we prove 


THECREM I. Let p—p(x) be a gradient mapping with zero Jaccbian 
in D (so that r(x) <n for all x in D). Assume that D is bounded and that 
p is of class C* in D and class O° in D. Then p(D) is contained in p(D’). 


Theorems I and II (below) are false if the condition that p = p(z) is 
a gradient mapping is omitted, for we may take p, —0 and pz'' *,Pn 
arbitrary. 
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Proof. ' Assume that the theorem is false. Let A be a component of 
the set of points z in D such that p(x) is not in p(D’). Clearly À is an 
open set and p(A’) is contained in p(D’). Let k—maxr(x) for x in À. 
Then k < n and À is contained in Sx. There exists a point ze in À with 
r(%) =k; in particular r(a) = 1r* (z0) = k. According to Lemma 2, there 
is an (n-——#k)-dimensional section of S, hence of A, through 2, on which 
p(z) == p(X). Consequently p(z) is contained in p(A’) and hence, in 
p(D’). This contradicts the definition of the set À. Thus Theorem I is 
proved. | 

We now present the 


Proof of Lemma 2. (a) It will first be shown that in a small neighbor- 
hood U of a, the a-set p(x) = p(z) is a unique (n — k)-dimensional plane 
section of U. Without violating the condition that p== p(x) is a gradient 
mapping, it can be supposed that the matrix J,(x) == (0pa/2g), where 
æ, B= 1, "-,k is non-singular at £ = f, (For otherwise the map æ— p(z) 
can be replaced by the map z — T’p(Tx) where T is a suitably chosen constant, 
non-singular matrix and T’ is its transpose.) Hence the mapping æ—9q 
= (p (£), < +, px(z), tt, > -,;a") has a nonvanishing Jacobian at a, and 
so'g can be introduced as new coordinates in a vicinity U of 2p. 

By considering the Jacobian matrix (0p,/09/), it is seen that the assump- 
tion r(to) = 1" (£o) == k implies that pris,’ * *, Pa depend only on (q*,- =, ©) 
and are independent of (q**,- © +, q") = (a,---,2"). Hence, in U, the 
relations p(s) =const. are equivalent to (q*,: > -,q*) == Const. 

By (2), 0—=dw—> dm A dv. Expressing the right side of this 
equation in g-coordinates, and equating the coefficients of dg” A dq? to zero 
gives 


dx*/bgi + 8p;/8q = 0 for a = k <j. 
Consequently, we have | 
(4) at = >) agit + 6% for a= 1, - ,k 
i Dbk 


where — a;* = 0p;/8q%, b% are functions of (q, --,g*) only. Thus, in UV, 
the hypersurface p(x) = p (zo) is an (n—-k)-dimensional plane section of U. 


(b) Let ryx==#1#(2) be the corresponding (n-—k)-section of 84. 
It will be shown that p(s) is constant on 7,4. Since the change of coordi- 
nates ->q is of class CT, the functions a,“(g*,- - -,g"), 6%(q,- + - ,g®) in 
(4) are of class OT, Inserting (4) into pa==pa(x) and differentiating wich 
respect to ge = pg gives | 


k £ ` - 
Bag = >, (0pa/027) X (ata /ag® + 057/09) for a, 8—1, + -k 
y=1 i> | 


\ 


w 
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Hence | 
(55 1==detJ,(2x) - det( D (xiôm2/0q8 + 8b*/8qf)), where a, 8 =1,' : -,k. 
; t>k 


We claim that p(x) —p(r) and detJ,(x) 40 on max. If not, there 
exists an arc @==-2(t), OS7 <1, on rx starting at (0) == gy On which 
either p(x(t)) is not constant or detJ,(æ(é)) vanishes somewhere. Let 
to < 1 denote the least upper bound of ¢ values for which 


(6). p(a(s)) = p(2o) and detJ,,(x(s)) 740 
holds for st. It is clear that p(w(t.)) == p(w). Furthermore the coordi- 
nate transformation z—> q in part (a), hence (5), is valid in a neighborhood 


of each point z(s) for s < to Along = z(s), s < to, the functions éa;“/dq° 
. are independent of s. Hence (5) implies that detJ,(x(s)) is bounded away 


from zero as s— tẹ Consequently (6) holds at s= tə Since æ(f) is a 
point of rp- hence of 82, it follows that r*(x(f)) =r(z(to)) = k. Applying 


the result of (a) at the point x(¢,), it is seen that (6) holds on an s-interval 


larger than [0,¢,.|. This is a contradiction, and so p(s) ==p(a)), r(x) 
= r* (£) = k on Tnt 


4. Gradient maps with Jacobian not changing sign. We now present 
our main result, 


Turorem JI. Let p—p(x) be a gradient mapping with Jacobian not 
changing sign in a bounded domain D, with p of class Ct in D, C in D: 
Then p’(D) is contained in p(D’). 


Proof. Assume the theorem to be false. Then there is a point z in D 
with p(z) in p’(D), but not in p(D’). Let A be the connected component, 
containing x, of the set of points y in D with p(y) not in p(D’). Then 
p(A’) C p(D’). Applying Lemma 1, we see that the Jacobian vanishes 
identically in A. By Theorem I, it now follows that p(A) is contained in 
p(A’), and hence in p(D’). Contradiction! | 

We remark that under the conditions of the theorem, it is not true that 
p(x) € p(D’) for every point « where the Jacobian vanishes, as the following 
example shows: Take n=}? with coordinates (x,y), D the unit circle, and 


p= grad(2°y-+y’a). Then p40 except at the origin, while the Jacobian 


is —4(x° + zy + y?) 0 and vanishes only at the origin. 
A simple consequence of Theorem IT is 
COROLLARY 1. Let p= p(x) satisfy the conditions of Theorem II. Let 


F(p) be a continuous function defined in the p space satisfying a weak 
maximum principle on every bounded domain (i.e. the maximum of F on 
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the closure of the domain occurs on the boundary). Then the maximum of 
F(p(x)) on D occurs on D’. 


A particular case is the following: 


Corozzary 2. Under the conditions of Theorem II, each component 
pi(z) of p(x) assumes tis maximum and minimum on the boundary D’; 
furthermore, | p(x)| = ($ p? (£) )} assumes its maximum on D’. 


4 
Another simple consequence of Theorem II is 


COROLLARY 3. Under the conditions of Theorem II, assume that the 


range of values of p on D’ omits an open connected set À in p space. If, for, 


some point 2% 1n D, p(x.) € À, then au the p values in A are taken on by 
p(w) in D. 


À particular case is 


COROLLARY 4. Under the conditions of Theorem IJ, assume thai 
[pl&a>0 on D’, where a is a constant. Then either | p(x)| =a in D 
or else p(x) assumes in D all values p in the sphere | p| <a. 


5. Hypersurfaces with non-simple planar projections. Theorems I 
and II above may be extended easily to hypersurfaces of dimension n immersed 
in (n + 1)-space—without the requirement that the surface be _representable 
in the form QUE oe gate + +o), 

We consider differentiably immersed compact pieces soi Riemannian mani- 
folds: Let M be a connected open subset of an oriented n-dimensional Rie- 
mannian manifold of class C? whose closure M is compact; denote its boundary 
by M’. We consider an isometric mapping v: M -> E"*t with the Jacobian 
matrix everywhere of rank n, so that the mapping is locally one-to-one. This 
defines an isometric immersion of M. The mapping is assumed to be of 
class C? in M and of class C' in M. 

The letters z, y will be used to denote points on M and also to denote 
local coordinates s= (#1,---,a"). We use v= (v',---,v"*) to denote 
coordinates in £*, 


Let N(x) be the unit normal to v( M) at the point v(z). Since M is 


oriented, a fixed choice of N(x) can be made so that N(x) is of class Ct 
in M and of class C° in À. Choosing fixed orientations on M and on the 
unit sphere in #**?, and denoting by N(A) the image set under the mapping 
N of a set A in M and by N’(A) its boundary (on the surface of the unit 
sphere), we can extend Theorems I, IT as follows: 


La 
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at 


space, it can be supposed that the z” axis is perpendicular to the (æ). Since 
v(x) is linear on every (x), it has the form 


»(2) — Sa (as + b (a), 


where @,° * *,4»1,b are C? vectors in v space. From the isometry of the 
mapping, it is easily verified that a.,---,@, are constant vectors and that 
di, * *, An, 06/02" are orthonormal. 


7. Generalization of a theorem of Rado. As above, let Æ” be the 
Euclidean z == (a',: - -,æ") space. In this section, let #™** be the Euclidean 
(2,2) == (xt, - -,a",2) space, and call the z axis the vertical axis. The 
following terminology will be used below: A point set A, is said to lie above 
[or below] a point set A, in Et if for every pair of points (x,2), (2,22) of 
A,, Áz, respectively, having the same x coordinates, the inequality z, = 2, 
[or 2,2 z] holds. By the slope of an n-dimensional hypersurface in ÆEr*1 
is meant the absolute value of the tangent of the angle between its normal 
and the z axis. 


THEOREM IV. Let D be a bounded convex domain in the x space Er. 
Let z=z(x) be a function of class C? on D and of class Ot on D. Let the 
Hessian matrix (zy(x)), where z; = 0°2/éxr'dxi, possess both non-negative and 
non-positive eigenvalues at each point x of D and satisfy 


` (10) det (zy) does not change sign in D. 
(If n is even, these conditions on the Hessian hold, for example, if 
(10°) det (z4) S0 in D 


holds.) Let 8 be the n-dimensional surface S: z2—2(x) in E” and S its 
boundary. Let K be a number with the property that through every point 
of S’, there pass two n-dimensional planes with slope K such that S’ lies 
above one and below the other. Then |gradz(z)| SK in D. 


If n = 2, this is implied by a theorem of Rado [8] ; cf. von Neumann [8]. 
In Rado’s theorem, the differentiability conditions and (10’) are relaxed to 
the assumptions that z(t, z?) is continuous on D and that, for arbitrary 
constants @;, @2, the function z(2', z?) — a,x) — dn? satisfies a weak maximum 
and minimum principle and the assertion is that z(x) satisfies a Lipschitz 
condition with K as a Lipschitz constant. 

If n is odd, the conditions on the Hessian in Theorem IV cannot be 
_ Teplaced by (10’). This can be seen from the example z = R? — | x |? on the 
sphere D: |x| < R. 


SPHERICAL IMAGE MAPS. 915 


Theorem IV is false for both odd and even #(> 2) if condition (10) 
is omitted (and, in fact, it is then impossible to find an a priori bound for 
|gradz]). In order to obtain an example, let p= (a*)?-+- - : + (2")*, so 
that | a |? == (xt)? + (22)? Lo, and let &(>-7) be a large constant to be 
specified below. On the sphere D: |z| S1, put 

(2) = (a*)?— (2%)? + (1— | 2 |?) sin kp. 
Then i . 
grad z = 2 (st, — 270, - -,0)— 2g sin kp 
+. 2k(1— |z |?) (0,0,23, + +, 2”) cos kp. 


Let H (x) == (2:(x)) be the Hessian matrix of z. The 2 by 2 matrix (z;;(æ)), 
where 4, == 1,2, in the upper left corner of H (x) is a diagonal matrix with 
diagonal elements 2—2sinkp, —2—2sinkp. Accordingly, H(z) has an 
eigenvalue à = 3—2 sin kpZ 0 and an eigenvalue AS—~—2—2sin kp S 0. 
On D’: |w|—1, 2(x) reduces to 2(x) = (x1)? —~ (x2)?, so that there exists 
a constant K satisfying the assumption of Theorem IV and K can be chosen 
independent of k. On the other hand, if s — z? —0 and |z |? = p == a/k(< 1), 
then | gradz| == 2(1—2/k)(wk)3. Hence, for such points x, | gradz| >K. 
if & is sufficiently large. Thus the assertion of Theorem IV is not valid. 
In the proof of Theorem IV, we shall need the following simple lemma. 


Lemma 3. Let z—2(x) be a function of class C? on a bounded domain 
D in H* and of class C° on D. Let the Hessian matrix (4;;,(t)) have a non- 
positive [or non-negative] eigenvalue at every point z of D. Then s(x) 
assumes its minimum [or maximum] value on D’. 


Proof of Lemma 3. It is sufficient to verify the non-bracketed part. 
It can be supposed that z= 0 in D’. It will be shown that z= 0 on D. ` 

Let R > 0 be so large that D is contained in the sphere |s| < R. Put 
te =e(R?— |z|?) +2(x) for e> 0. It suffices to show that 4 = 0 in D for 
alle 0. For the desired conclusion ther follows by letting e— 0. 

It is clear that 4.(x) > 0 on D” for all e>0. Suppose that, for some 
«> 0 and some % € D, %(%) <0. Then z(x) has a negative minimum on 
D which is taken at some point, say £o of D. Then the matrix (24:;(4)) has 
only non-negative eigenvalues. But 24;:(%0) = — eds; + Zy (£o), so that 
{Zeij(%_)) has a negative eigenvalue since (2;(2))) has a non-positive one. 
This contradiction proves Lemma 3. 


Proof of Theorem IV. Consider the two n-dimensional planes with 
slope K through a point of S’ such that 8’ is above one and below the other. 
An application of Lemma 3 to z(x) plus a linear function shows that, not 
only 8’, but S is above one plane and below the other. 
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It follows that the inequality | gradz(2’)| SK holds at every point 2’ 
of D’. Since z(x) is of class C* on D, this inequality certainly holds at a 
point 2 if D’ has a tangent (unique supporting) hyperplane at g’. Since 
such points are dense cn D’, continuity considerations imply that the 
inequality holds at all points 2 of D’. Theorem IV now follows from 
Corollary 2 of Theorem II (at the end of Section 4). 


Part II (n= 2). 


In this part we study more closely surfaces (n == 2) in 3-space with zero 
Gauss curvature. We shall make considerable use of Corollary 2 of Lemma 2 
in Section 3. | | 

It can be remarked that Lemma 2 and its Corollary 1 imply the 
following completion of a classical theorem in differential geometry (see 
also [7]): 


Let S: z? = 2(a', x”) be a surface of class C?, defined for (x)? + (a)? < À 
Then the Gauss curvature of S is identically zero if and only if through every 
point (21,27,2°) of S there passes a line segment on S along which the 
normal vector 1s constant. 


Standard texts give a proof of the “only if” portion of this theorern 
only under the additional assumption that “every or no point of S is a flat 
(planar) point.” 


8. On parametrizations by asymptotic lines. The following is an 
immediate corollary of Lemma 2 end its Corollary 2. 


COROLLARY 8. Let 5: v= z(t, z?) in (z1)? + (27)? <1 be a surface 
of class C? with zero Gauss curvature and with its nonflat points dense on 
(at)? + (z7)? < 1, so that r*==1, Then S has a C° parametrization of the 
form 

ai = ai (u)v + bi (u) for j == 1,2,8 


where (u,v) varies over some simply connected plane domain. Here 
a= (œ (u), a” (u), a" (u)) is a continuous unit vector, the vector b == (b! (u), 
b? (u), b” (u)) is of class ©? and the vector product [a(u),b,(u) ] is not zero 
and is normal to the surface at the point (u,v). 

The unit vector a(u} is, of course, in the direction of the “asymptotic ”. 
line segment through the point (u,v) of & If S has no flat points, then 
the above parametrization can be chosen of class C1, but it may not be 
possible to choose it of class C?, cf. [4], p. 169. On the other hand, if S 
contains at least one flat point, kence a line segment of such points, then 
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it may not be possible to choose such a parametrization of class C* (even if z 
is analytic in zt and 2”). 

The last statement follows from the example S: z= (#*)*/(2—=2"*)?. 
Since @2/6xt == 3(a?)*/(2—<a")* and 02/02 = 4(a*)'°/(2—<a")%, it follows 
that 02/00! = f(02/0x°), where f(g) —3(q/4)**. 8 has the parametrization 
T! = V, Z? == (u/4) (23 — v), t? = (u/4)* (2 — v), which is linear in v, and 
is such that the normal to § is independent of v. This parametrization is 
continuous but not of class C*. An argument similar to that of [4], pp. 169- 
170, shows that S has no CT parametrization of the desired type. 

As is seen from the Example in the Introduction (by choosing D, to 5e a 
triangle), Corollary 8 is false if the assumption r*s=1 is omitted. Corollary 
3 has, however, a “local” analogue without this assumption. 


Corollary 3’. Let S be a surface of class C? with zero Gauss curvature. 
Then every point of S has a neighborhood which admits a parametrization of 
the form given in Corollary 3. 


Proof. We may always assume that S has the representation g? — (x), 
== (x!,2°?), in a neighborhood of the point in question. Let the point be 
(0,0,0). If r= 1 or r*==0 at the point there is nothing to prove. Thus 
we only consider the case that r — 0 and r* —1 at the origin. Suppose z is 
defined in D:|a|<R. By Lemma 2 and its Corollaries 1 and 2, we see that 
through every point æ with r*(z) = 1 there is a unique 1-section t(s) of D on 
which gradz is constant, these line segments L(x) do not intersect, and (e) 
depends continuously on z We may suppose that 7(0) lies on the z-axis; 
then for |æ | 5 e, e small, the lines /(x) are practically parallel to the z-axis. 

At least one of the half neighborhoods of the origin: |x| <«, x? > C or 
z? <0, say z? > 0, contains a point y with r(y) —1. Consider the portion 
D(y) of |x| e lying between the line L(y) and the z-axis. We shall show 
that, through every point of D(y), there passes a 1-section of D on which 
grad z = constant, that these 1-sections vary continuously, and that no two of 
them intersect. The set of points in D(y) with r*— 1 is clearly covered by 
such 1-sections. The remaining points, with r* —0 form an open set, and 
each connected component of it is bounded by two arcs on |g |==e and by 
two 1-sections on which r*—1. Clearly the component can be covered by a 
continuous one parameter family of non-intersecting 1-sections on which 
grad z = constant (since gradz is constant in the whole component). Thus 
D(y) may be so covered. 

If the half neighbrohood || <e, 2? <0 also contains a point ÿ with 
r(ÿ) =1, we repeat this argument and obtain a covering of D(¥) which 
together with the preceding yield a covering of a whole neighborhood of 
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*==1); the corollary then follows immediately. If the half neighborhood 
|x| <e x? <0 contains only points with r*=-0, then we may cover it by 
lines z? = constant (on which, of course, gradz is constant). This covering 
with the preceding yield again a covering of a whole neighborhood of «== 9. 


9. The sets N(x) = constant. We. shall consider again surfaces 
a — z( x} = 2(21, £7) with simple projection on a domain D of the x = (et, x) 
plane, and shall make some attempt to characterize the sets of D on which N, 
the normal—or what is the same, p'== gradz—can be constant. Thus in the 
` following p(s) is a gradient mapping, with zero Jacobian, defined in a 
domain D (not necessarily bounded) in the plane; p is of class C* in D and 
of class C° in D. 


Definition. For any point x of D, let C(x) be the arewise connected 
component, containing Te, of the set of points + for which p(x) = p(x). 


The following assertions concerning ((z,) will be proved: 


THEOREM A. (a) If c€ Disa boundary point of C (zo), then there 
is a 1-section of D through x belonging to the boundary of C(a). Thus, 
the boundary of C(x) consists of 1-sections of D and a subset of the boundary 
D' of D. (b) If D ts simply connected and contains a closed line segment 
[ax], where the endpoints are poinis of C(x), then C(x) contains the 
line segment [xx]. In particular, if D is conver, so is O (zo). 


Tt is easy to see that (b) is false if D is not simply connected. 

Also, in space, (b) is false. In fact let n==3, write (x,y,z) for x, and 
let p—grad(x + 2(1—y*)*) = (1,— 4y2?(1—y?), 22(1—y’)*), so that 
the Jacobian vanishes identically. The set p == (1,0,0) consists of the three 
planes z = 0, and y = = 1. Since this set is arcwise connected, it is C'(0, 0,0), 
but it is not convex. 


Proof of Theorem A. Since a point v in D which is in O (zo) belongs 
also to the boundary of C(x) if and only if r*(v) == 1, part (a) of the 
theorem follows from Lemma 2 and its Corollary 1. In order to prove part 
(b) suppose that the segment [z #2] contains a point « not in C (£o). It may 
be supposed that p(x) s4 p(x), r*(v@) ==1. By Lemma 2, p is constant on 
a 1-section § of D through x, which necessarily has 2, x, on opposite sides. 
In case D is convex, this contradicts the connectedness of O (s,) and proves. 
(b) in this case. In general, the connectedness of C(2,.) implies that not 
both endpoints of $ are at infinity. 

Let @ be an arc in C(2)) joining z, and xa. It can be supposed that € 
does not meet the open segment [zı ze], for otherwise s, can be replaced by 
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the last intersection 2,’, going from 2, to sa of @ and the segment [2,2], 
`” and x, by the first intersection after z,’ of @ and the segment [xx.]. By a 
similar argument it can be supposed that @ has no self intersections. Thus 
@ together with [z,2.] forms a simple closed curve in D, which by the 
Jordan curve theorem, has one endpoint of S inside it and the other outside. 
Since the endpoints of S are boundary points of D this contradicts the Aani 
tion that D is simply connected, and proves (b). 


Remark. In case D is a bounded convex domain, then a subset D, is a 
possible region Ọ (zo) if and only if it is of the form in the Example of the 
Introduction. 

We now prove the existence of rays on which p is constant. First a 
definition: Let 2,€D. By a ray from z in D we mean the connected 
portion, containing 2, of the intersection of D with a half infinite straight 
line having +, as endpoint. 


THEOREM B. If t€ D, then there exist at least two rays emanating 
from x, on which p ts constant. If D has the property that it contains no 
infinite (in both directions) straight line and if r* (a) =Q, then there are 
at least three such rays from 2p. 


Proof. In view of Lemma 2 and its Corollary 1, it can be supposed 
that r*(@)) = 0, so that x, is an interior point of C(a,). Furthermore, we 
may suppose that D is star shaped about To, and so, simply connected, other- _ 
wise, we restrict ourselves to the star-shaped domain made up of all rays from 
To in D. 

Consider a ray from z, on which p is not constant. (If none such exists, 
we have nothing more to prove.) Moving along the ray from +, we come to 
a first point v, of D belonging to the boundary of C (s), so that 1*(a,} = 1. 
Let r(x,) be the 1-section through x, of Theorem A(a) on which p is constant. 
It follows from Theorem A(b) that the straight segment joining Ta to any 
point of r(x:) belongs to C (zo), so that p is constant on it. But then it 
follows that p is constant on the straight segments joining z to the end- 
points of (sı) (which may be at infinity). These segments are rays of D 
from 2%, so that we have shown the existence of two rays having the required 
property. 

Suppose now that D contains no infinite straight line. Then the triangle 
made up by the straight segments from x, to points of (sı) above, on which 
p is constant, has an angle at the vertex 2) smaller than +. Let us now 
consider a ray from z, in D which does: not belong to the triangle and on 
which p is not constant. Repeating the argument above we obtain a 1-section 
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a(x) such that p is constant on the straight segment joining x, to any 
point of it. But the sections r(2:), r(x’) can have at most one endpoint in 
common. Thus we have three distinct rays from x, on which p is constant. 


Remark 1. That there need not exist more than three such rays can 
be seen from the Example in the Introduction, where for D, we take a 
triangle with vertices on the boundary of D. Then D, serves as a set C (za) 
for any point x, inside it, and from any such point, the only rays on which p 
is constant are those to the vertices of D). 


Remark 2. The proof of Theorem B shows for any D that if, from zo 
in D, there are two non-collinear rays on which p is constant, then there is 
a third. 


THE JORNS HOPKINS UNIVERSITY. 
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COLLINEATION GROUPS OF NON-DESARGUESIAN PLANES, I.* 
The Hall Veblen-Wedderburn systems 


By D. R. Hueress.2 


1. Introduction. In the modern study of projective planes, a problem 
of considerable interest is that of determining the collineation groups o° the 
known non-Desarguesian planes. For the group reveals much about the 
structure of the plane, and interesting problems of group theory can be 
involved. Perhaps the most thorough investigation of this sort to date is due 
to Zappa ([9]); he determined at least part (and possibly all) of the 
collineation group of a typical “ Hughes plane,” showing among other things 
that the group is necessarily not solvable. Essentially, this was because the 
collineation group contains a subgroup isomorphic to a three dimensional 
projective group. In this paper we shall show that the collineation group 
of a Hall Veblen-Wedderburn plane contains the two dimensional general 
linear group over an appropriate field; this group is non-solvable with certain 
exceptions. The only exceptional case that interests us (when the field under 
consideration is GF(3)) is shown to give rise to a non-solvable group for 
other reasons. Also, the whole collineation group of a finite Hall Veblen- 
Wedderburn plane is determined. 

In Section 2 the Hall Veblen-Wedderburn systems are defined. Sections 
3 and 4 are concerned, respectively, with existence and uniqueness theorems 
on collineations of the planes. In Section 5 we find conditions that non- 
isomorphic systems shall coordinatize the same plane; in particular, it is shown 
that two finite Hall Veblen-Wedderburn planes of the same order are iso- 
morphic. Section 6 is concerned with the exceptional plane of order 9, which 
is the same as the problem of the field GF(3) mentioned above. 

Since this research was carried out, it has been shown by Albert that the 
planes coordinatized by “twisted fields” have solvable collineation groups, and 
still more recently the author has shown that all the other known finite non- 
associative division rings give planes with solvable collineation groups. It is 
not clear what conclusions, if any, should be drawn from these facts. 

The suthor would like to thank Marshall Hall for several helpful con- 
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versations about this paper; in particular, he pointed out the truth of Lemma 
5.1 and Theorem 6.1, thus filling what would have otherwise been gaps in 
the treatment. : 


2. The Hall Veblen-Wedderburn systems. For a background on the 
notion of the most general coordinatizing system for projective planes, see [2, 
8, 7] and in particular [3] for the scheme used here. We shall only be 
interested in a special type of coordinate system and we restrict attention to 
that system. | 


Suppose À is a set containing at least the two distinct elements 0 (zero) 
and 1 (one), and possessing two binary operations, addition and multiplica- 
tion. We let #* denote the set of non-zero elements of À. If the following 
are satisfied, then RA is called a left Veblen-Wedderburn system (left V-W 
system, or merely V-W system, for short) : 


(a) (R,+) is a group with “identity” zero; 
(b) (R*,-) is a loop with identity 1; 
(c) a(b+c) — ab + ac, for all a, b, c in R; 


(d) if a, b, c in R, a-<b, then there is a unique x in À such that 
ax = bx + c. 


It has been shown that then (Æ, +) is necessarily abelian, and if R is 
finite, (R +) is even elementary abelian, so that the order of R, (i.e., number 
of elements) is a prime power. Furthermore, if À is finite, then (d) is 
redundant. (See [7] for proofs.) If we wish to emphasize the operations 
of R, we write (#,-+,°). 

‘If k is a V-W system, a projective plane + is constructed from R as 
follows: the points of m are the symbols (x,y), (x), (0) for all x, y in R, 
and where “co” is a symbol not in R; the lines of + are the symbols [m, k], 
[o,(k,0)], La, for all m, k in R. The incidence rules of r are: (z, y) is on 
[m, k] if mx + y= k, and (x, y) is on [«, (k,0)] if v= k; (x) is on [m,k] 
if z = m, and (x) is on La; (c) is on Ly and on [c,(k,0)]. (Again, see 
[%, 8, 7] for more details.) A collineation of x (indeed, of any projective: 
plane) is a one-to-one mapping of points onto points, lines onto lines, which 
preserves incidence, 

If + is a projective plane coordinatized by a V-W system (e.g. as 
above), then it is known ([2, 7]) that every coordinate system for + with 
the same choice of Le (the line at infinity) is also a V-W system (not neces- 
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sarily isomorphic), and if R is not an alternative division ring, then no other 
choice of the line at infinity will lead to a coordinate ring which is a V-W 
system. Hence in particular, if R is a V-W system but not an alternative 
division ring, no collineation of + can move the line Le. (We recall that finite 
alternative division rings are fields.) | 

Now we proceed to the construction of a class of V-W systems. Let 
K 52 GF(R) be any field over which there exist irreducible quadratics, and let 
f(z) = 2 — pz — q such an irreducible quadratic over K.? Define À to be the 
set of all elements Aa + b, where a, b are in K (and A is a new symbol). with 
an addition in R given by: 


(1) (aa +b) + (àc + d) =A (a + c) + (b + å). 
Define multiplication in À by: 
(2) (A:0+8)(Ac+ d) —A(bc) + (bd), 
(8) if a5£0, then (àa + db) (Ac+ d) =d(ad— be + pc) 
+ bd—a-t¢(b* — pb — q). 


Then À is a left V-W system, never satisfies the right distributive law, and 
never satisfies the associative law for multiplication except in the single 
instance that K = GF (3) and p==0,g==—1. (Proofs are in [2,7].) Such 
a system will be called a Hall V-W system, and the projective plane coordi- 
natized by it a Hall V-W plane. Since the set of elements of the form 
À°0 + 6 forms a subfield isomorphic to K, we will identify this subset with K. 


It is not at all hard to prove, using (2), (3) above, that the following 
rules hold in È: 


(4) if ais in À, then as == ga for all z in È if and only if a is in K; 


(5) ifa is in R, then (æy)a—r(ya) for all z, y in R if and only if | 
a is in K, or K—GF(8), p—0, q==— 1, in which case a can be any 
element of R; 

(6) if zis in R, but not in K, then z? = pr + q. 


Indeed, Halls original definition ([2]) of these systems was made by 
means of (1), (4), (5), (6), whence one can show (2), (3) as consequences. 
In view of (4) and (5), we call K the center of R. 

The automorphism group of R has been determined in [4]; we will give 


° In case K = GF (2), the resulting system is GF (4); for certain purposes, GF(4) 
does indeed behave like a Hall V-W system, but the exceptions are numerous enough to 
warrant excluding it from consideration here, 
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it after giving a larger group of “autotcpisms” which turns out to have 
considerable importance. Let a, b, c, d be in K, with ad— bc 40, and define | 
S = (a,b,c,d) to be the following mapping of R (clearly one-to-one and 
onto) : 
(At + y)S =A (ax + by) + (ox + dy). 
Then (see [6]), S satisfies: 
(7) (e+y)S—aS + yS, for all z, y in À; 


(8) (xy)S— (zs)S(yS), for all z, y in À, where s is the element 
defined by s§ = 1. 


Furthermore: 


(9) if x, y, u, v are in R, y0, v0, £ not in Ky, u not in Kw, 
then there is a unique mapping 8 = $ (a, b,c,d) such that sS=—u, yS =v. 


If $ is the set of all mappings S(b,0,a,1), with b=£<0, then the auto- 
morphism group of À is the direct product of the group B and the group 
of automorphisms of K which fix the elements p and qg. The group 8 is 
transitive on the set of elements of À which are not in K, and thus, if it is 
convenient, we can choose A, say, as a “typical” element of À which is not 
in K. 


3. Existence of collineations. Now let R be the Hall V-W systern 
constructed over the field K using the irreducible quadratic f(z) == z? — pz — q, 
and let m be the projective plane coordinatized by R. We shall proceed to 
exhibit various collineations of x. 


(1) The translation group ©; this group is possessed by all V-W planes. 
For each pair a, b in R, define r==7(a,b) by: 


Tr: (x,y) > (+ a,y+b) [m, w] > [m, k + ma +b] 
(x) > (2) Lo, (k,0)]— Lo, (k + a,0)] 
(œ) — (00) La Lo 


(2) The automorphism group 2. For each automorphism « of K which 
fixes p and q, define « on R by (At+y)a—=A(aa) + (ya), and then define 
a on w by: 


a: (æ, y) —> (za, ya) | [m,k]— [ma, ka] 
(x) — (za) Leo, (k,0)]— eo, bag 0)] 
(o)—() Lo Lo. 
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(3) The multiplication group M. If a is in K*, let u= p(a) be 
defined by: | 


n: (ty) > (va, ya) Em] > [m, ka] 
(2) > (2) Lo, (k, 0)]— [oo, (ka, 0)] 
(00) —> (0) yoy ee 


(4) The autotopism group ©. For each mapping S, as defined in 
Section 2, define e =o (§) as follows: 


a: (x,y) > (28, y8) Lm, k] > [ (ms) 8, kS] 
(£) — ( (zs) 8) [co, (k,0)]— To, (4S, 0)] 
(00) — (0) Lig —> La. 


Here, as in Section 2, s is the element defined by s$—1. Note that MCE, 
since if S== §(a,0,0,a), then o(S) —u(a). 

(5) The linear group 2. For each choice of a, b in K, not both zero, 
define == £(a,b) by: 


E: (x, y) > ((pa + b)x + ay, qaz + by) 
(x) — (x), if æ is not in K 
(x) — (— (zb — qa) (ra — pa — db) +), if z is in K, but ra € pa +b. 
(p + bat) > (œ), if a 0 
(oo) —> (— ba), if a540 
(œ) (0), if a—0 
[m,k] — [m, mka + dk], if m is not in K 
Lm, k] — [— (mb — qa) (ma — pa — b)“, 

— k(b? + pab — qa’) (ma — pa—b)-*], 
if m is in K, but ma £ pa +b 
[p + ba, k] > [%, (ka, 0)], if a40 
Lo, (k, 0) | > [— bat, — ka (b? + pab — qa?) ], if a40 
[ oo, (k,0)]— [oo, (kb,0)], if a—0 
Lig > Lig. 
Note also that M C Q, since £(0,a) = p (a). 
(6) The involution § defined by: 
D: (z, y) > (— z, pr + y) [m, k] > [—m + p, k] 


(2) > (—z+p) [ oc, (k,0)]— [o, (— k,0)] 
(00) > (00) Lig > Dg. 
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Excepting the cases of the linear group © and the involution ô, it is 
obvious that the above mappings are collineations. We will sketch the proofs 
for these cases before proceeding to a discussion of the various groups. 

Consider £(a,6) in Q. Suppose (x,y) is on [m, k], whence ma + y = k. 
Then if m is not in K, we must show that 


m[(pa + b)# + ay] + gaz + by = m(ma + ya +b(me +y). 


Straightforward simplification reduces the above equation to: 


ma(pa+b) + mya + gar + by = [m(mz) + myla + mab + yb, 
which reduces to | | 
mip + gr=m(mxr) 


if a40, and if a—0 we are done. Now we can assume that m =à and 
g = àu +v, where u, v are in K. Then we have: 


OER TER TEE Dodo) 


which is easy to verify, using the fact that à? = àp + q. 
On the other hand, if m is in K, ma pa + b, then the equation to be 
checked is: 


— (mb— qa) [ (pa + b)a + ay] (ma — pa — b) + gar + by 
= — (mx + y) (b? + pab — qu?) (ma — pa —b) ~. 


Since only z and y might not be in K, this equation is easily simplified and 
verified. 

The remaining possiblities are either trivial or similarly straightforward, 
and so © is a collineation group. Note that the one-to-one-ness of ¢(a, b) 
is assured by the fact that b? -+ pab— qa? is zero only if a =b =Q; for 
if a540, say, then b? + pab — a = &@ (c° — pe — q) =a°f (c) ~0, where 
c= — ba. The verification that § is a collineation is similar, while the 
assertion than ô is an involution (i.e., 8’ — identity) is immediate. 

We remark that the subset of x consisting of Le, (œ), and all points 
and lines all of whose coordinates are in K is a subplane of 7; we will call 
this subplane 7’. Clearly ~’ is Desarguesian, with K as its coordinate field 
(see [7]). We shall let 7’, denote the set of points of ~” which are on La, 
and for convenience, Lo— ro will denote the set consisting of the remaining 
points on Le. By the finite points of m (or x’) we will mean the set of points 


of m (or x’) which are not on Le. Finally, © will denote the group of all 
collineations of r. 
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Tagorem 3.1. The groups of collineations given above have the following 
properties : 


(a) V is transitive on the finite points of m and is normal in ©. 

(b) © fixes every point of a’. and ts transitive on Lo— T pe 

(cì) Q fixes every point of Lo—Tt e and is transitive on tw. 

(dj Dt= GNX. 

(e) If B= {2,8} = group generated by Q and 8, then [B:Q] S23 


(£) © is isomorphic to the group of all non-singular two-rowed square 
matrices over K, and hence is non-solvable if K has more than three elements. 


(g) Ris isomorphic to the multiplicative group of the quadratic esten- 
sion field K[w], where w? = pw + q. 


Proof. (a) is well-known, see for instance [7]. The proof of (b) will 
be found in [6]. (c) is immediate from the definition of 2, while (d) and 
(e) are straightforward. Noting the fact that the mapping S acts on the 
two-dimensional vector space À (over K) exactly as a linear transformation, 
(f) is clear. Finally, (g) is evident when we set up the correspondences: 


£(a, b) a S <> aw +b in K[w]. 


We shall see later that when K 4 GF (8), then © and £ are both normal in ©; 
it can be demonstrated that under any circumstances each normalizes the 
other. Indeed, it will be one of our aims to show that we have given essen- 
tially all of G, except in the case thet K — GF(8) or K is infinite. Specifically, 
we shall show that @/T = BSN. In order to achieve this, we must show 
that every collineation of + maps v'e into itself, and so although x’ is not an 
invariant subplane, its intersection with La is invariant. 


4, Uniqueness of collineations. We shall examine here the possibility 
that other collineations than those generated by the groups of Section 3 can 
exist. From [6], x possesses à collineation group fixing a’. pointwise, also 
fixing (0,0), and transitive on the points (z,0), 540, of the z-axis (in fact, 
© is the necessary group) ; certainly & is transitive on the finite points of r. 
So if two different coordinatizations of + exist, using the same points (œ), 
(0), (1), such that one of the two (at least) is a Hall V-W system, then we 


I8: 2] == 2 excepting possibly in an infinite field of characteristic two, where ô 
will be the identity if p = 0. 
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can assume that both use the same points (0,0) and (1,0) (and hence the 
same points (1,1) and (0,1) also). Thus if the set À of symbols is assumed 
to be the same for both systems, it is easy to show (see [2, 7] for instance) 
that R has a permutation ¢, where 0¢ = 0, 16 = 1, such that the two systems 
(R,-+,-). and (F, @,*) are related by: 


(cBy)o=—szd-+yd, (xe y)b= (x) (y). 


That is, the two systems are isomorphic. 


Tf (R,+.,:) is a Hall V-W system over the field K (— its center), then 
(R, @,*) is a Hall V-W system over the field K’ == Kg". If K, is the prime 
field of K, then Kı = K;#, so that the set of symbols in K, make up the 
prime field of K’ also. (We shall see that for our purposes we can even take 
K’ =K.) | oo 

Suppose r is finite, with order n; then La contains n + 1 points, while 
Tœ contains nè -+ 1 points. Since nè 1 never divides n + 1, it follows that 
if a collineation of x moves m'e, then there are some pairs of images of 7’. 
which are not equal but have a non-empty intersection. So if a collineation 
moves +’ there is a collineation moving m'e but keeping the point (oo) 
fixed (since © is transitive on r'o). This argument breaks down in the 
infinite case, and so we restrict attention to fnite Hall V-W systems excepting 
insofar as some of the results have restricted validity for infinite systems. 
Thus we now consider the situation that (co) is fixed; our conclusions will 
be valid for collineations of infinite planes which fix r'a. 

So we suppose that a collineation of + moves (0) to (r), (1) to (s), and 
fixes (co) and (0,0). We will investigate a coordinate system for m (using 
primes for the new coordinates) which has (œ) = (0), (0 )” == (r), 
(1) = (s), (0,0) = (0,0). From the remarks above, we can complete the 
coordinatization in any convenient fashion, and must arrive at a Hall V-W 
system isomorphic to (#,-+,-). Let (z, 01 = (x,—71x). Then since (1Y, 
(0,y)’, and (y, 0)’ are collinear, it follows that (0, y)? = (0, sy— ry). Since 
(z,y)’ is collinear first with (o)’ and (z,0)’ and second with (0)’ and 
(0,y)’, one easily shows that (2, y} = (a,sy—ry—rz). Finally, (m)’ is 
collinear with (1,0)’ and (0,m)’, so (my == (sm —rm + r). 

It is easy to show that in the new system, which we will call (R, @,*), 
the addition is unchanged: + Q y—æ+7. The multiplication is as follows: 
if m * t= k, then (my = (sm — rm -+ r) and (x, 0) = (x, — rr) are collinear 
with (0, ky = (0,sk—rk). So: 


(1) (sm —rm + rje — rg = sk —rk. 
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LEMMA 4.1. The set of elements of K is precisely the center of the 
system (R,@,*). ` 

Proof. It is easy to show that the only elements of a Hall V-W system 
which distribute on both sides are the elements of its center. Now let x be in 
KE, in (1). Then we have sme — rme = sk — rk, or s(mz — k) =r (mt — k), 
whence m * g = k = mg, since sr. So (u v)! gs= (u Pvu)r—x(u D v) 
= g (u -+ 0) = ru -+ ov = ugt + vt =u * g O vtr, for any u, v in À. Hence 
K must be in the center of (R, ©, *). But (R, @®) is the same two-dimen- 
sional vector space over K as it is over its own center, since -+ and @ are the 
same operation. Thus it follows that K is precisely the center of (R, @,*). 


THEoreM 4.1. If K is finite and KA GF (3), then no collineation of x 
moves & point of m'a outside of nw. 


Proof. It suffices to show that r and s must be in K. We let m be in 
K, whence k =m * g= m2, from Lemma 4.1. 


Case 1. Suppose r is in K, but s not in K; we take s= à, without loss 
of generality. If z==\a + b, and m is in K, then (1) becomes: 


(2) (àm -+r—rm)(a + b)— rla + b) = AAma + mb) — r(ama + mb). 

If m0, this simplifies to: | 

(3) Ala(p + rm —2r) + bm] —m-a[ (r—m)?—p(r—rm) — q] — bem 
= h[a(pm — rm) + bm) + gam — brm. 


Since a and b are arbitrary, (3) leads to: 


= 


(4) A[p—pm + 2rm— 2r] —m[(r—rm)*— p(r—rm) — g] — gm = 


Equating coefficients to zero, we have: 


(5) p(l—m) —ar(1—m) =Q. 

(6) qm? + (r—m)? — p(r—m) —q=0. 

Ii m1, then (5) yields p = 2r; substituting this in (6), we have: 
(7) m?(q +) =g4r, 


Thus m°—1 or g=—r. But if q=— r’, then f(z) =2—pz—q 
= (z—r)*, which is impossible, as f(z) is irreducible, and so m? =1. So 
the only non-zero. values in K that m can take are +-1 and —1; hence 
K= GF (83). 
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Case 2. Suppose s is in K and r is not in K ; we assume r == À. As above, 
let c—da+b. Then if m is in K, but m £1, equation (1) becomes: 


(8) A(pm — 25m) — q + qm — (1—m)-*(s?m? — psm — q) = (), 


From pm — 2sm = 0, we deduce p = 2s, by letting m be non-zero. From the 
second coefficient in (8), this yields: 


(9) m (8? +q) —2 (2 + g) = 0. 


As before, s?-+ q= 0 implies f(z) == (2—s)?, which is a contradiction, so 
we must have m = 2. So if m is in K, it must have one of the values 0, I, 2, 
and thus again K = GF(3). 


Case 3. Suppose neither s nor 7 are in K, and r==, s = àa -+ b, where 
a>540,1. As before, let m be in K, and g == Au +-v. First let m = (1 —a)*, 
whence (1) becomes: 


(10) A(ap + 2b— p) + ag + a(b? — pb —q) =0. 


Equating coefficients to zero, we have p == 2b (1 —a)~ from the À term, and 
then from the second term: 


(11) g(1—a)(a?—1) (a+). 


If a——1, then (11) is valid. If a£—1, then (11) yields g == — b?(1 —a)”, 
and then f(z) == [z—-b(1—-a)*]*, which is impossible. So a==—1, and 
also p =b. | 


Now we assume that m=4 (1—a@)7+==27", p==b in (1), obtaining: 


(12) (1— Rm) (p?m* — pm —q) + q = 2qm, 
and on simplification, this is: 
(13) m? (p? + 4g) — m (p? + 4g) — 0. 


If K does not have characteristic two, then p?-+ 4g is the discriminant of 
f(z), hence is not zero, so (18) implies that m == 0 or m==1; thus once again 
we are led to K = GF (38). If 2?==0 in K, then a==—-1==1 and this violates 
the assumption of Case 3. 


Case 4. Suppose r == À, s == À + b, where b40 of necessity. As before, 
we take m in K, t= u +v, and equation (1) becomes: 


(14) b?(m?—~m) == 0. 
Since b 5£0, this implies m == 0 or m==1, so K == GF (2), which is impossible. 


NON-DESARGUESIAN PLANES, I. 931 
Thus if K34GF(3), we have shown that r and s must be in K, so we 
are done with the proof of the theorem. 


THEOREM 4.2. If K is finite, K ÆGF (8), then © = VOU, and both 
© and R are normal in G/X. 


Proof. Suppose y is a collineation of w+ which fixes (œ), (0,0), and 
maps 7’. into itself. We can represent y as below, where T, U, V, W, Z are 
appropriate mappings of R, or EX R, onto R. 


y: (2,7) — ((a, 9) T, (x, y)U) 
(z) > (2V) 
[m,k] [mV, (m, k) W] 
[oo,(k,0)]—>.[c,(kZ,0)]. 


If s= k, then ((x,y)T, (x, y)U) is on [ oo, (kZ,0)],s0 (x,y)T =2Z. Hence 
we redefine T so that tT —22 = (x,y)T. If (x,y) is on [m, F], then 
mr -+ y= k and: 


(15) mY -aT + (x,y) U = (m, mz 4- y) W. 


I£ æ=—0 in (15), then (m,y) W = (0,y)U, since OT = 0. So we redefine W 
so that kW = (m, k) W. Then (15) is: 


(16) mY aT + (z,y)U = (mz +y) W. 


Letting m == 0 and noting that OV == r, where r is in K, (16) yields (z, y) U 
—YW—r(xT), so (16) becomes: 


(17) mY -aT +yW—r-cT = (mz -+ y) W. 


Now let m = 1, y= 0 in (17), and note that 1V =s, where s is in K; we 
have then sW == s- £T — r: sT == (s—r)eT. Then (17) is: 


(18) mY -sT —r- sT + {s —r)yT = (s—r)| (mr +y)T]. 


If m= 1 in (18), then we have (s —r)sT + (s—r)yT = (s— r) [(z -+4)T], 
so (x-+-y)T =T + yT, since sr. So we have: 


(19) mV -€T —r: aT = (s—r)[(mr)T]. 


Noting that T is one-to-one and onto, let ¢ in R satisfy iT —1. Letting 
z== 4 in (19), we find: 


(20) mV = (s—r)[(mt)T] +r, 
(21) [(s—r) + (mt)? +r]: <T —r- aT = (s—r)- (ma)T. 
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. Now if m is in K, then mV is in K, since y maps n’a onto w'e. So (mt)T is 
in K; define mp— (mt)T, for all m in K. Then letting z ==yt, where y is 
in K, and letting m be in K, (21) implies md: yẹ = (my). Furthermore, if 
æ and y are in K, then (s +y)ẹ = [(2 4+ y)t]T = (zt + yt)T = 2¢ + yẹ. 
So ¢ is an automorphism of K. 

Now let AT =da+b,12%—Ac+d. Letting. m be in E, tx, (21) 
becomes: 

[(s—r)-mo+r]-AT—r- AT = (s—r)- (ma)T, 

or: 
(22) (mA) T = md: AT = a: md + b md. 


Similarly, letting m be in K and g==1, (21) yields: 

(23) mT = mp" 1T = àc: mp + d:mo. 

Hence, since T is an additive map, we have: 

(24) (az +y) T =A (azp + cyp) + (bsp + d'y). 


But then T is associated with a collineation in GY (see Section 3) and so we 
can assume that 7’ is the identity. ‘Then the collineation y becomes: 


y: (ay) — (2, (s—r)y—r2) 
(2) > ((s—r)e+r) 
[m, k] > [(s—r)m +r, (s—r)k] 
[ oo, (k,0)]— Loo, (%,0)]. 
From this we have immediately: 
(25) [(s—1r)m + r]e—re= (s—r)ma. 


Now if m is in K, (25) is easily seen to be satisfied; if we take m = À, then 
straightforward computation from (25) leads to: 


(26) p—er=p(s—r) 
(27) (pr q) = g(s —1)?. 


: Now suppose 2 40 in K. Then squaring both sides of (26) and dividing 
by (27), we are led to: 


(28) (r° — pr) (pP? + 4q) =0. 


As above, p? + 4g is the discriminant of f(z), so is not zero, and thus (28) 
implies r—0 or r= p. From this one easily deduces that r= 0 and s—1, 
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or r==p and s=p— i. But if r—0, s—1, then y is the identity map, 
while if r=, s= p—1, then y is the involution 8 (see Section 3). 
On the other hand, if 2-0 in K, then (26) and (27) become: 


(29) p=p(s+r), r? +- or + g==q(s-+r)?. 


Tf p40, then s+r—1, and then from the second equation of (29) we 
have r—0, s= 1, or r=p, s=p+l—p—1. So again y is the identity 
Or y—= ð. | 

If p—0, then f(z) =-2*-++q is irreducible; since every element is a 
square if K is finite, K must be infinite and q a-non-square. But if p—0, 
the second equation of (29) is 7?-+-q=q(s+r)?, so r°=g(1+s<+r}?. 
Since q is a non-square, this implies 1 + s-4-r= 0 and r—0, hence s—1. 
Thus y is the identity. 

Up to a multiple by an element of Q, every collineation can be assumed 
to fix the point (oo), so we have finished the first part of the theorem. The 
fact that G and & are normal in G/Z follows directly -from an easy compu- 
tation, since each normalizes the other and % normalizes both of them. 
Alternatively, note that © and & are the sugroups of BOT fixing pointwise 
the two transitive constituents on Læ, so they must normalize each other, and 
it is easy to see that Y normalizes both. 

Note that we have shown that if y maps 7’. onto itself, then y is in 
VOUT, even in the case K = GF(3), or K infinite. 


5. Different Hall V-W systems. In this section we will investigate 
the conditions under which non-isomorphic Hall V-W systems, over the same 
center K, lead to isomorphic planes; it is easy to see that the use of different 
irreducible quadratics will always lead to non-isomorphic systems. In this 
section we will also allow K to be infinite. 

We return to equation (1) of Section 4. 


(1) (sm — rm 4- r)e— re == sk — rk, 
where k= m xx, as in Section. Letting s, r be in K in (1), we can write: 
(2) | mit (s—r)7[ ((s—r)m-+1r)z] — (s—7r)-tre. 


As demcnstrated in Section 4, this multiplication satisfies properties (4) and 
(5) of Section 2, so we must consider property (6). Thus we let m == g = À 
in (2). Multiplying out, this yields: 


AS A= A(s—r)*(p—2r) — (s— r)? (r? — pr — q). 
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Hence if we let p, = (s—r) > (p— 2r), q =— (s—1r)*(r? — pr—q), we 
have: 


(3) À % A= AP. F Qu 


Since (8) does not depend on the choice of m (—x), property (6) of Section 
2 follows immediately. I.e. (2, @,*) is a Hall V-W system over the field 
K as center, using f,(z) =z? — p,2——q, as the irreducible quadratic (f, (z) 
must be irreducible, for otherwise (E, ®,*) would have zero-divisors; see 
[7]). Since the group Q moves (cc) anywhere in +, we have proved: 


THEOREM 5.1. Any choice of (œY, (0)’, (LY in n'e will lead to a 
Hall V-W system. 


Now we investigate a converse problem: which Hall V-W systems can be 
obtained in this fashion? We can always assume that (00 )’= (co), and so 
we must decide if s and r can be so chosen that 


(4) pa(s—r) =p — 3r, 
(5) N a a a 0); 


for a given+p, q, Puy qa With the proviso that f(z) =2?—pz—q and 
fi(z) = 2? — pız — q, are irreducible over K. | 
- When is f(z), say, irreducible? If 2540 in K, then if and only if 
p? + 4q is not a square, as is well-known. But if 2—0, we have no such 
condition. We will develop one of a strikingly similar sort, one which appears 
to be vaguely known, but does not seem to ke in the literature. Let K be a 
field (finite or infinite) of characteristic two and let P(K) be the set of 
elements in K which can be written as z? -+ x, for some x in K. 


Lemma 5.1. If 2==0 in K, then P=P(K) is an additwe subgroup of 
(K, +), and if K is finite, P contains exactly half of the elements of K. 
Furthermore, the quadratic az? + b2+ c (where a540) is irreducible over 
K if and only if (i) b0 and ca/b? is not in P, or (ii) K is imperfect, 
b==0, and c/a is not a square in K. Finally, the irreducible. quadratics 
az? + bz-+-c and a2? + biz +c, define the same quadratic extension fields 
of K if and only if (iii) 0540, b140, and ca/b?+-c,0,/b,? is in P, or 
(iv) K is imperfect, b==b,—0 and w*c/a-+- y?c;/a, is a square for some 
non-zero cand y in K. 


Proof. The first sentence is easy to prove. The second part depends on 
noting that az? + bz + c == (6?/a)[(az/b)* + (az/b) + (ca/b?)] if B40, so 
az? + bz + c—0 for some z in K if and only if ca/b? = (az/b)* + (az/b). 
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I.e., ca/b? is in P. The rest of the proof is straightforward computation, 
which we omit. 

Note that if we only consider perfect fields of characteristic two, then 
conditions (ii) and (iv) are superfluous, and the analogy with the dis- 
criminant becomes clearer. In general, if 2—0 in K and if b40, we shall 
call ac/b? the discriminant of the expression az’ + bz + c. 

Now we return to (4) and (5). Squaring (4) and dividing by (5), we . 
have: 


(6) T? (py? + 4q1) — pr (p? + 491) + P’ — pig = 0. 


Thinking cf (6) as a quadratic equation for r, its discriminant, if 240, is 
A == p,°88;, where §== p? + 4g, 8: = p? + 4g Then A is a square if and 
only if p,—0 or ô, is a square. But 88, is a square if and only if the 
quadratic extension fields defined over K by f(z) and f,(z) are the same; 
if p.36 0 we can solve for s if we can solve (6) for 7. On the other hand, if 
p,==0, then (4) implies 2r = p, and then (5) becomes: 


(7) (s—r)?= (° + 9) /u = 8/81; 


and we can solve for s if and only if 8/8, is a square. But this is equivalent 
to 83, being a square, and again, we are reduced to the case that f(z) and 
fi(z) define the same quadratic extension field of K. 


Now if 2—0 in K, (6) becomes: 
(8) TPE + pp?r + pq. + pqg = 0. 


If p540, v10, then the discriminant of (8) is quickly computed to be 
A == $ + ô, where §==q/p’, 8:—9:/p,*._ So (8) can be solved for r if and 
only if A is in P(X), which is to say, if and only if f(z) and f,(z) define 
the same quadratic extension field of K; and of course we can solve for s if 
we can solve for r. 

If p—0, p,5£0, then (8) becomes r?-++ g—0, but this is presumably 
without solutions, since f(z) is irreducible, and so (8) cannot be solved. 
But also the extension fields defined by f(z) and f,(z) are not isomorphic 
in this case. If p 540, p, —0, then (8) becomes pq, = 0, which is impossible, 
so we have a similar situation. 


Finally, if p == p, == 0, then (8) gives no information, so we return to 
(5), which yields: 


(9) qls +r)? = +. 
This is solvable for s and r if and only if (1? + q)/q, is a square. If such 
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an s and r exist, then letting t =s -+ r, y—1, z=r gives q + y°q — 2. 
Conversely, if x?g, + y?q = 2? for non-zero x, y, z in K, then we let s +r—2/7, 
r==2z/y. So, utilizing Lemma 5.1, (9) is solvable if and only if f(z) and 
f.(z) define the same quadratic extension field of K. 


THEOREM 5.2. If f(z) and f,(2) are irreducible quadratics over K, then 
the Hall V-W planes defined by f(z) and f,(2) are isomorphic if f(z) and 
f.(z) have zeros in the same quadratic extension field of K.* 


COROLLARY. Two finite Hall V-W systems of the same order define iso- 
morphic projective planes. 


The corollary is of course immediate since there is only one finite field 
of any given order. Theorem 5.2 probably has a converse, but the detailed 
investigation of moving the point (co) is necessary, and this is extremely 
tedious. 


6. The case K = GF(3). Throughout this section we restrict attention 
to K == GF(3); in view of the corollary to Theorem 5.2, we need consider 
only one Hall. V-W system. So we let p==0, g-=—-1, and then the V-W 
system À is even a near-field; 1. 2., the multiplication is associative. We shall 
determine what collineations, besides those of Section 3, m possesses. To begin 
_ with, let Jt be the group defined as follows. For each ¢ in FE, t:<0, define 
4; by: l 

0: (x,y) — (a, ty) [m, k] > [tm, tk] 
(2) — (te) Loo, (k,0)] > oo, (#, 0)], 


where (œ) and Z are fixed. Then % is a collineation group, and taken 
with the groups of Section 8, it is clear that © is transitive on the points 
OÙ Lig. 

André has discovered ([1]) that for each point P on Le there is a 
uniquely defined point P’s4P such that (P’)’=—P, and such that any 
collineation of r must map a pair (P, P’) onto a pair (Q, Q’). André’s results 
are not stated in this fashion, but the properties of the “zulässige Punkte- 
paare” of [1] are easily seen to force this conclusion. Thus the pairs 
(P,P) are systems of imprimitivity on Ly. 


‘In some recent papers {Rivista Mat. Univ. Parma, vol. 8 (1957); Convegno Inter- 
nazionale Reticoli e Geometrie Proiettive, (1957)}) and in a paper to appear in 
Rendiconti dell’Accademia Nazionale dei Lincei, Gianfranco Panella has investigated 
the conditions under which two Hah V-W systems give isomorphic planes, and has 
obtained results cast in somewhat different form than ours. © ` | 
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Lemma 6.1. If P== (0), then P’ = (0), and if P= (m) ~ (0), then 
P’ = (—m). 


The proof of Lemma 6.1 can be found in [1], although it is easy to 
use Section 3 to give a proof, using the fact that the pairs exist. 

Now let ©, be the collineation group of m generated by the groups of 
Section 3 and the group N. Let G, be the restriction of ©, (as a permutation 
group) to the imprimitive systems (P, P’) on Le, so that @, is a permutation 
group of degree 5. We note that ©, is a subgroup of G and that G, is a 
homomorphic image of ©,, so if we show that @, is non-solvable, the same 
result will hold for ©. 


. Lemma 6.2. ©, contains a transposition. 


Proof: The collineation (1,1) in & fixes every point (x), x not in K, 
and interchanges the pair ((«),(0)) with the pair ((1),(—1)). Soin 6, 
£(1,1) induces a transposition. 


Lemma 6.3. G, is doubly transitive on its five symbols. 


Proof. The collineations of N fix the pair ((o), (0)) and are transitive 
on the remaining points of Le; hence they are certainly transitive on the 
pairs (P, P’) ~((«),(0)). Since Œ, is transitive on the pairs (P, P’), this 
implies that G, is transitive on its five symbols and the subgroup fixing one 
symbol is transitive on the remaining four; thus ©, is doubly transitive. 


THEOREM 6.1. © is non-solvable. 


Proof. As remarked above, it suffices to show that G, is non-solvable. 
But G, is doubly transitive and contains a transposition, so it is isomorphic 
to the syrametric group on five symbols, and thus is non-solvable. 

We have now shown that the collineation group of any Hall V-W plane 
is non-solvable, even though we have not determined all of the group (perhaps) 
for the infinite planes of the class. 

Let us study the group © a little more for this case K = GF (3). We 
suppose y is in @; up to a multiple by an element in NQ, we can assume that 
y fixes (œ), and from André’s result ([1]), a collineation which fixes (oo) 
also fixes (0). Again up to a multiple by an element of N, we can assume 
that (1) is fixed (and thus (—1) is fixed); because of &, (0,0) can be 
assumed to be fixed. Then from the remark at the end of Theorem 4.2, our 
collineation is already contained in © (for K==GF(3), X clearly has order 
one). Thus: 
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THEOREM 6.2. © = 6. 


Indeed, one can also show that the order of © is 10:81:48:8, since the 
subgroup fixing (0,0) and (co) is SN, of order 48-8; the involution 8 
of Section 3 is equal to the element 8, of Jt. (And G9 is a group, for 
Oo (S) =o(8) 6 uss.) The determination of the group Œ, as well as its order, 
was already carried out by André in [1], by the way. 

Finally, it is easy to show that for any Hall V-W plane, the collineation 
group is doubly transitive on finite points if and only if it is transitive on 
the points of Le. Hence for the finite planes of the class, the plane of order 
nine is the only one whose group is doubly transitive on finite points. 
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A PARTITION FUNCTION WITH SOME CONGRUENCE 
CONDITION.* 


By SxH6 ISEKI. 


Introduction. It is well known that the number p(n) of unrestricted 
partitions of a positive integer n can be expressed by a convergent series 
(see [9]). 

In this paper we shall be concerned with the number p(n;a, M) of 
partitions of n into positive summands congruent to + a modulo M, where 
a, M are integers with M Z2. 

This partition function p(n;a, M) has been treated for certain special 
values of M; namely, M =? by Hua [2], M==5 by Lehner [5], M—6 by 
Niven [8], and M = p (p a prime > 8) by Livingood [6]; a Peers series 
representation of p(n;a, M) being obtained in each case. 

The main object of the present paper is to derive a convergent series 
for o(n;a, M) in which M assumes general values. 

We may suppose without loss of generality that 0 <a < M, (a, M) —1; 
for in the case where a0 and M |n, the partition function in question 
reduces trivially to p(n/M), while in the case where d == (a, M) > 1 and a|n, 
it reduces to p(n/d;a/d,M/d). Further we remark that the case M—2 
(partitions into odd summands) is equivalent to the case M — 4, i. e., p(n; 1,2) 
= p(n3;1,4). Consequently it suffices to consider the case M = 3. 

We apply the Hardy-Ramanujan method with modifications due to 
- Rademacher [10]. In order to utilize this method, however, it is necessary 
to solve the following two subsidiary problems: 

The first problem is to find a suitable transformation equation for the 
generating function of p(n;a, M). The usual method of contour integration 
seems to be rather complicated in our case. However, we can show, in a 
simple way, the existence of the transformation equation, the proof of which 
being based on a certain functional equation recently obtained by the author 
[3]. This will be done in Section 1 of this paper. 

The second is to get a non-trivial estimate for a certain exponential sum 
which is introduced as a consequence of the transformation equation. We shall 


* Received February 9, 1959. 
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discuss this problem in Section 2. The analysis used is somewhat elaborate, 
but we can reduce the sum to a generalized Kloosterman sum, for which 
suitable estimates are known. To achieve this result we follow partly a 
method due to Lehner [5]. But Lehner’s original method seems to be : 
effective only for the case (6, M} —1. We therefore have to make a partial 
revision of his method to secure the case (6, M) > 1. 

We shall derive the desired series expansion in Section 3, by making use 
of the results of Sections 1 and 2. 

The final section is devoted to the investigation of some asymptotic 
properties of p(n;a, M) which are deducible from the series representation. 

The author wishes to express his gratitude to Professor Joseph Lehner 
for kind information on the literature. 


1. The transformation equation. The generating function of p(n; a, M) 
“ is found to be, for M = 3, 


F(23a,M) =1+ Sp(n;a,M)2*=T] (1— mms) (1 — gnM+M-a) -1 
n=1 420 


where x is a complex variable with |r| <1. 

Now let h, k be coprime integers with, k = 1. Denote by D and K the 
g.c.d. and the I.c.m. of k and M respectively. Put k= k D, M = m,D, 
so that (k, mı) = 1, and choose any integers y, & satisfying 


(1.1) yk, — 8m, = 1. 





Let, then, H be any fixed solution of the congruence? 

(1.2) hH=8 (modk). 

Furthermore we write 

(1.3) w—exp(2rih/k —2xz/k); | z == exp (ri /le —2x/Kz), 

where z is a complex variable with R(z)>0. Define 

(1. 4) F(a’ 3b, D, p) = IT (1— pa’mD+d)-1 (1 — Dég/mD+D-d)-1 

with the notations = 

(1.5) e E E EE a p*=exp(2riye/U), 
in the E 2 T m,=1. Hence we may choose y= 0, ô = — 1 


in (1.1). Then (1.2), becomes AH = —1 (mod k). This congruence has been used by 
Lehner [5] and Livingood [6]. 


PARTITION FUNCTION. G41 


in which [¢] denotes the greatest integer not exceeding ¢ (Note that 
besha (mod D}, 0<b < D, (b, D) =1; p* = p.) 

Then there exists a transformation equation which connects F(a; a, M) 
with F(x; b, D, p), and therefore exhibits the asymptotic behavior of F(a; a, M) 
near its singularity at each rational point on the unit circle. 


THEOREM 1.2 Let 


o(h, kb) = exp{2rio (h, l) }, 


(1.6) o (h, k) —> (u/K —4) (hp/k — [hp/k]—4), | 


where u runs over the integers a, M J a, 2M +- a: ° +, (kı —1)M +a; end 
set 
(1.7) A == 6a? — 6Ma + Me, B == 66? — 6Db +. D’. 


Then, if M = 3, we have the transformation equation 
(1.8) F(x;a, M) oh, k)exp{ (r/6Mk) (B/e—Az) } F(a’ 3b, D, p). 


To prove Theorem 1 we need the following lemma. 
LEMMA 1. If u runs over the integers 
a, M a,2M + a, +, (k,—1)M + a, 
then p* —=hy—k[hy/k] runs, in some order, over the integers 
6,D+b,2D-+5,- > £ (kı —1)D+ 6. 


Proof. First, it is easy to see that the assumed values of p are ky 
integers which are mutually incongruent modulo k, and hence, observing that 
p* == hu (modk) and (h, k) — 1, it follows that the values of »* are distinct 
k, integers of the interval 0 & p* < k. | 

Next, the facts that u* = hu (mod k) and that u==a (mod M) together 
yield x*=ha (mod D), so that p*=b (mod D) since ha==b (mod D). 

On the other hand, any integer p* satisfying both 0 = p* < k and p*==b 
(mod D) must be one of the integers b, D + b,8D + b,- + +, (kı—1)D -+b 
since 0 <= b < D and kD =k. But these are exactly k, integers. Thus our 
lemma, is proved. 


* The case D = 1 of Theorem 1 can also be expressed in a different form, see [4], 
l'heorem 2. 
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Proof of Theorem 1. We apply the following functional equation ([3], 
p. 654, Theorem 1): 


3 (AC aje — iB) + A+ 1— a)e + if)} + mela —a +4) 


(1.9) = > {A(G + 8)/2 + ta) + ACE + 1 — B)/2—12)} 
+ (1/2) B° — B + $) + 2at(a — 3)(B — 3), 
where 0<a <1, 0S 8S1 (or OS ¢S1,0<8 <1), R(z)> 0, and A(t) 


denotes —log(1—e*™*), the logarithm having its principal value. 
Let us put 


(1.10) Gea=p/K, B= p*/k, 


where u, »* are those of Lemma 1, so that we have 0 Ka <1, 0&8 <1, 
since 0 <p <k, =K and OZu* <k. Substituting (1.10) into (1.9) 
and replacing z by m,z, the left member of (1.9) becomes 


ZA + a/m — ip" b) + AG 1 —p/ K) ma + iu” /0)) 
+amz{(u/E)— E +4) 
= 3 (ACEI + a) (e —ih)/K) HAKI + K — p) (e — i) /)) 
-Hamz{(u/K) —a/E +4}, 


since K == m,k and u*/k= hp/k (mod1); while the right member of (1.9) 
becomes > 


(1.11) 


> A + p*/Ke)/my% + / K) +A + 1 — p*/k)/mz—ip/K)} 
+ (x /my2) (UE) — p¥ ie HE) + Bat (n/K — $)(n*/k — +) 
== 2 {A((kL + p*)/Ka + ip/K) + Ael + k — p*)/ Ez —ip/K)} 
+ (ar/myz) {Qu /le)? — p/h +4} + ril u/ E —})u*/k — $). 


Now, it follows from the congruence p*==Ap (mod k) and (1.2) that 
Hp“ ==hHyp ss Bu (mod k), and so | 


(1.12) 


(1.13) mH p* = msp (mod m,k == K). 
On the other hand, »==a (mod M) implies 
(1.14) ykıu==yk,a (mod kW = K). 
It follows from (1.18), (1.14) and (1.1) that 
p= Hp + yka (mod K) 
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and hence, noting that K = m,k == kı M, we have 
p/K =— m, H p*/K + yk,a/K (mod1) 
1.15 i 
l ) == — Hu*/k + ya/M. 


Therefore the right member of (1.12) transforms into the form 


me 


(ACEL + p*)(1/Ke— iH /k) + iya/M) 
(1.16) + AC (kl +- k — p*)(1/K2z— iH /k) —iya/M)} 

+ (a/myz) { (p*/k)?— p¥/k +4) + riu /E — $)(u*/k — 9). 
Equating the right-hand side of (1.11) with (1.16), adding up the result 
over u== 0, M +a,2M+a,:- +, (k,—1)M-+a, and using Lemma 1, we get 


es 
Hi 
oS 


À {A((mM + a)(e— ih) /k) +A((mM + M — a) (e —ih)/k)} 

i pam B/E WE +4) 

= E(D 4. b)(1/K2—4H/k) + iya /M) 

+ M(mD + D—b)(1/Kz—iH/k) —iya/M)} 

+ (m/m2) 2: {(u*/k)? — p*/k +4} + re (n/K —+)(u*/k — 4). 


Here we have 


(1.17) 


(1.18)  S{(p/K)?—p/K + 4} = (60? —6Ma + M°)/6MK = A/6MK 
bb 


by (1.7), and similarly 
(1.19) E {(u*/k)? — u*/k + 4} = (6b?— 6Db + D*)/6Dk = B/6Dk. 


It is now obvious that the desired equation (1.8) follows from (1.17), 
(1.18) and (1.19). 
This completes the proof of Theorem 1. 


2. Estimation of some exponential sum. The transformation equation 
(1.8) contains the complicated root of unity w(h, &) whose definition appears 
in (1.6). 

We shall first express w(h,k) in a more elementary form than (1.6), 
without making use of the function [t]. 

Writing »* —=hu—k[hp/k], we have from (1.6) 


o(h, k) — 3, (u/K—4) (u*/k—2) 
=X (n/K) (n*/b—4) — 4 E (w/b —4). 


(2.1) 


10 
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Here, clearly 
(2.2) I (1/K) (ut /e— 4) = EE) — [he] —#) 
= KI D) D a — (1/28) Z u 


and further 

kı-1 
$, p = X (a + MI) = ak, + 4 Mk (k, — 1), 
A 1=0 


(2. 3) kyi 
S w= X (a + MI)? = ak, + aMk (kı — 1) 
Be {[=0 


+ LA, (kı — 1) (2h, — 1). 
Also, by Lemma 1, 
ka-1 
E (ut/e— 4) =È (0 + D)e) 
It follows from (2.1), (2.2), (2.3) and (2.4) that 


12Mko(h, k) = 2h{6a? + 6aM (ky — 1) + MH: —1)(2kı —1)} 
— 3k {2a + MK: —2) + 2bm,} —12D S p[hp/k]. 
fd 


(2.4) 


Hence 12Mko(h,k) is always an integer. Moreover 


k1 : Hey 
(6) Su[ha/k] =È (a+ M/k] aS CET MS tk] 
(u=a-+ M1), 
2 [hu/k] = 2 (hu/k — p*/k) = (h/k){ak, + $Mk,(k, —1)} 
— (1/k) {bk + $Dk (hs, —1)}. 
From (2.5), (2.6) and (2.7) we obtain 


12Mko(h, k) = 2hM {8alkı —1) + M(%,—1)(2h: —1)} 
k-i 
— 3K (k + 26 —2D) — 6a(2b — D) —12DM SIhn/K]. 

1=0 


and 


(2.7) 


Multiplying both sides by y/12DM (y being given in (1.1)), we deduce 


as yhyo(h, l) == (yh/k) (aX + MY) — (yk, /4D)(k + 26 —2D) 
(2.8) + (ay/2DM)(2b—D) (mod1), 


where X, Y are integers defined by 
(2.9) X = $k, (kı — 1), Y == 4%, (kı —1) (Rki — 1). 
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Now from (2.5) we see that 
12Mko(h,k) == 2hM?(k,—1)(2k,—1) (mod3). 

Here if 3%, then 3 fk, and so we have 
(2.10) 12Mko(h,k) =0 (mod3)-if 34h. 

Next, from (2.5), 

12Mko(h, k) = 2hM?(k, —1)(2k, — 1) —3k {2a + M (kı — 2) + 2b} 

== 2hM? (kı —1) (2h, —1) + k (2a + mk + 2M + 2bm,) (mod 4). 

Here if 2Ÿk, then 2f k, and therefore, noting that k?=1 (mod4) and that 


k(Ra + 2M 4+-2bm,) =2a +2M +2bm, (mod4), 
we have 


(2.11)  12Mko(h,k) ==2a+4+2M-+ (2b-+1)m, (mod4) if 21h. 
We now introduce two integers f, g defined as follows : 
f=12, g= 1 for (k,6) — 1, 
f= 3, g= 4 for (k,6) = 2, 
= 4, q= 3 for (k,6) = 8, 
f= 1, g=12 for (k,6) = 6. 


(2.12) 


Then we see that fg = 12 and (f, k) == 1 in all cases. In addition, any prime 
in g divides k, so that (h,k) — 1 implies | 


(2.13) (h, gDk) = 1, 
and (f, k) — 1 implies 
(2.14) (f, gDk) = 1. 


Furthermore, examination of (2.10), (2.11) and (2.12) yields 
(2.15) 12Mko(h, k) ==6a+ 6M + 3(2b-—-1)m, (modf). 
We next fae on the one hand, 
> (u*/h — ) 7a 2 (*/k)"— 2 (u*/k) +4 > 1 
which reduces after simplification to 


(2. 16) (B—k?) /6Dk + k,/4, 
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where B is given in (1.7); while, on the other hand, 
2 (a*/k — 3)? = 2 Gu/k— [hu/k] — 3) = 2h 2 (a/k)(u*/k — 3) 
— (h/b) 2H T 2 [ie El Lys ZT 
= 2hmyo(h, k) + hm,(b/D — 4) 
— (h?/6Dk){2K? + 3K (Ra — M) +A} + 28 + k,/4. 


where we have made use of (2.1), (2.4) and (2.8); A is given in (1.7), 
and $ is an integer defined by 


S= 3 D [hu/E] ((hn/k] +1). 


(2.17) 


Comparing (2.16) and (2.17) yields 
sae 12Mhko (h, k) = h?{2K? + 8K (2a—M) + A} + (B— ke?) 
Le | | + 8hkm: (D —2b) —18DES. 

Let us now assume that H is any fixed solution of the congruence 
(cf. (1.2)) 
(2.19) hH == (mod gDk), 
which is solvable by virtue of (2.13). Multiplying (2.18) by this H, and 
observing that gDk|12Dk, we obtain 


(2. 20) I2Mk80o(h, k) ==uh + vH + 38km,(D—26) (modgDk), 
where 
(2. 21) u—=$8{2K2+ 38K (2a—M) + A}, v = B—k?, 


We take here any integers ¢, y satisfying 
(2.22) fo + gDiy=1, 


which is possible in view of (2.14). Then, recalling that fg — 12, we deduce 
from (2.15), (2.20) and (2.22) that 


12Mb8o(h, k) = fo {uh + oH + 38km,(D—2b)} | 
+ gDkys{6a + 6M + 3(2b—1)mi} (mod12Dk). 
Dividing both sides by 12Dk, we have 
8myo(h, k) = ($/gDk)(uh + 0H) + (38¢8m,/gD)(D — 2b) 


(2. 23) | 
+ (gyè/4){2a + 2M + (2b—1)m,} (mod1). 
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It now follows from (2.8), (2.23) and (1.1) that 


o(h, k) = (1/gDk)({gDy(aX + MY) — qu} — vH) 
— (yk, /4D)(k + 26 —2D) + {(ay/2DM) + (843m,/gD)}(2b — D) 
— (gy8/4) {2a + 2M + (2b —1)m,} (modi) 
= (1/gDk)(Uh + VH) + W 
say. We remark here that U and V are integers, U being independent of h, 


and that if we keep b fixed and restrict A by the congruence ah ==b (mod D) 
(see (1.5)), then V, W are also independent of such restricted values of À. 


From (1.6) and (2.24) we obtain the desired expression : 


(2. 24) 


(2. 25) o(h, k) = exp{ (20t/gDk) (Uh + VH) + RmiW}. 
We now proceed to consider the following exponential sum: 


(2.26) Sr Sin,v:b,D;58,8:) = 2 w(h, kjexp{2ri(— nh + vH)/k} 
(A al ah=b (mod D), s1 & (h) < 82). 


Here n, v, b, S, Sz are all integers with n=20, OS0<D, (b, D) =1, 
0 < sS2—s:& k; H is defined by (1.2); h is any fixed solution of hh = 1 
(mcd k); the notation 3 M <S, means that there exists an integer ¢ 
such that t=} (modk), s, St < s2; and the summation symbol $Y, denotes 
here and subsequently that h runs over any reduced residue system of the 
given modulus with certain summation conditions indicated in parentheses. 

First, we notice that each semmand in S» has a period Æ with respect 
to h, and hence the residue system modulo & over which the summation 
extends can be arbitrary. 


Let us now define an arithmetic function f(s) by 


ee if 6,5 (s) < ss 
(2.27) 1 j otherwise. 


Then f{s) is a periodic function with period k, so that it permits of expan- 


sion into a finite Fourier series of the form 


k-1 

(2. 28) f(s) = 5 cexp(2risl/k). 
1=0 

Here 


8-1 
C= k 2, f(s)exp(— Rrisl/k) = k> > exp(— 2zisl/k), 
smodk 3-81 
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and so 


Co = (S2 —$1)/k, 
cı = csc (ml/k exp (ril/k) {exp (—- 2at8,1/k) — exp (— risal /k) }/2ik 
(140) 


hence we have 


toi et, 


(2.29) 1/21 (ISISk/2), 


| | Sese (l/h) /kS ee (k2 ElZk—1). 


By (2.27), we may write 
(2.30) Se= X f (A)o(h, kjexp{2ri(— nh + vH)/k} 
' | (h mod k, ah==b (mod D)). 
Further, it is easy to see that the value of S, is not affected by the selection 


of h and H as solutions of their congruences. Accordingly, we may employ 
those h, H which satisfy 


hhe=1 (mod gDk), hH =ð (mod gDk) 
(see (2.19)), respectively. Then we have 


(2.31) H = 5h (mod gDk) 
and a fortiori 
(2. 32) H s=8n (mod k). 


From (2.28), (2.30), (2.82) and the periodicity of the summands it 
follows that 
Si, Sa 2 œ(h,k)exp(2mif—nh + (8 LT)h}/k) 
(h mod k,ah==b (mod D)) 
— (gD) $ a S! o (h, k)exp (2ri{— gDnh + gD (v8 + 1)h}/gDk) 
D (h mod gDk, ah ==b (mod D)). 
We define here an integer a’ as any fixed solution of 
(2.88) aa’ ==1 (mod M). 
Using (2.33), (2.31), (2.25) and the remark following (2.24), we get 


kal 
Sz = (gD) exp (2riW) 2 0 >’ exp (2r1{ (U — gDn)h 
=0 À 


(2.84) + (V8 + gD (vè +1) )h}/gDk) 
(h mod gDk, h==a’b (mod D)). 
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The inner sum, T;(1) say, is a generalized Kloosterman sum, and therefore 
admits of the estimate (see [1], [11], [13]): 

(2.35) | T1.(0) | < Co(gDk)**(gDk, U — gDn)?, 

where a, B are any numbers satisfying 0 <a <£ < &, and Ce is a positive 


constant depending only on & and £. 
Thus we obtain from (2.34), (2.35) and (2.29) 


|8| £ (D) Zl al | 70) i 
(2.36) < (gD)70C,(gDk)*-*(gDk, U —gDn)f{1 + DS (21) 
< C,(gD)-*k*-“(gDk, U — gDn)* log (4k). 
On the other hand, by (2.24) and (2.21), we have 
U = gDy(aX + MY) — 68{2K? + 3K (2a—M) + A}. 
But examination of (2.9) and (2.12) reveals that 
gDX =kg(k,—1)/2=0 (modk), 
gDY = kg (kı — 1) (kı —1)/6=0 (modk). 





Hence 
(2.37) U ==— +84 (modk). 
Using (2.37), (2.22), and recalling that (f, k) = 1, fg = 12, (k m,)=1 
and (1.1), we find 
(gDk, U — g Dn) = gD(k, U — gDn) = gD (k, — 8A — g Dn) 
| = gD(k, fhôA + fgDn) = gD(k, SA + 12 Dn) 
(2.38) < gD?(k,, 8A + 18 Dn) = gD?(k,, 8m,A + 12m,Dn) 
= gD*(k,, (yky —1)A + 12Mn) == gD? (kı, 12Mn— A) 
< gD? |12Mn—A |, 


where the last inequality follows from the fact that : 
(2. 89) 12Mn— A 0 for n—0,1,2,: >, 


C3 


To prove (2,39), suppose on the contrary that 18Mn — A — 0 for some value 
of n. Then 4A=0 (mod M), i.e. A—6a?—6Ma+ M*=0 (mod M), so 
that 6a°=0 (mod M). But we have assumed that (a, M) —1, and so 6==0 
(mod M), which implies M = 6. Moreover, since 0 <a < M, we have À < Me. 
Hence n==A/12M < MW/126/12—%4. Therefore n—0, and we have 
A ==0, which implies that a/M is an irrational number, and this is clearly 
a contradiction. | 
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By using (2.38), it follows from (2.36) that? 


| Se | < Co(gD)-*k'“{gD? | 12Mn—A |}? log (4k) 
= Pag SA | 12Mn — A |f log (4k) = O (k*t (n + 1) log k) 
(n= 0). 


Here we can omit the log k from the O-term since we may choose « arbitrarily 
large so far as g < B. 
Thus we conclude the following 


THEOREM 2. The sum Sy defined by (2.26) is subject to the estimate 
| Su |< Chk-*(n+1)8 (n=O), 


where a, B are any numbers satisfying 0<a<B <4, and C is a constant 
depending only on a, B and M. 


3. A convergent series for p(n;a, M). We are now ready to apply 
the Hardy-Ramanujan method. We shall treat the partition function 
p(n;a,M) for n= 0, provided that p(0;a, M) —1. 

In the first place, we obtain, by Cauchy’s theorem,* 


p(n;a, M) =; em (a0 AT) dx. 
Using the Farey dissection of order NW, this becomes 
p(n;a, M) = 2 exp(— 2ainh/k) 
(3.1) : f F (exp (xin /— 20) 3a, M )exp (2rnw) dd 
(OSh <k EN; = Fun 0 —0' 1,43 0 = N?— id). 


Now, in the transformation equation (1.8) we expand #(2’;b,D,p) 
(see (1.4)) into a power series in s’ as ` 


F(a’; b, D, p) FRE II (1 — pg’ mD) -1 (1 oe pag MDeO-b) = 
(3.2) | 
== À Cy(b, D, p}æ?, 
B=0 
and substitute the relation (1.3),. putting z==kw. Then (1.8) becomes 
F (exp (2th /k — rw) 3a, M) = w(h, k)exp{ (x/6Mk) (B/kw — Akw)}: 


2 cy (b, D, phexp(RrivH/k— 2av/Kkw). 


8 We mean throughout the paper that the constant implied in the O-symbol ee 
depends at most on a, 8 and M. 
t For definitions of the unexplained notations in this section, see Rademacher [10]. 
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Insertion of this into (3.1) yields 
8” œw 
pin; a, M) = X o(h, k)exp(— 2rinh/1) { >, r(b, D, p) 
hk 0" pad 


- exp{(1/6Mk?w)(B — 12Dv) — (rw/6M)(A —12Mn) }exp(QawH /k) dd. 


We separate here the sum over v into two parts as 


co [B/12D] 
= > 
y=0 p=0 y>(B/12D], y=20 


so that the coefficient of w- is always positive® in the first sum,® while it is 
negative in the second sum. The right member of (3.3) then splits into 
two parts according to the above separation. Let that one which corresponds 
to the “irst sum be Q(n), and let the other be R(n). Then it will be seen 
without difficulty, though we will not develop here the details, that, by using 
a method analogous to that of Rademacher [10] and applying the estimation 
in Theorem 2, one can obtain the following result: 


p(n;a,M)=Q(n)+R(n), 
N [B/12D} 


O(n) =2r > > > cy(b, D, p)S,° Le(n, v; B, D) 
( 3.4) k=10SbC¢D  v=0 


+ O(N-“(n + 1)8 exp (2anN-?) ), 
B(n) = O(N-“*(n +1) exp(2anN-*) ), 
where 
Sr Srfn,v;b,D;0,k) (see (2. 26)), 
and * 


In, (n, v; B, D) 


(0+) 
= zl exp{ (7/6 MWk?w)(B—12Dv) — (rw/6M)(A —18Mn))dw 
(3. 5) k4(A —12Mn)-3(B — 12Dv)3J (4/8 Mk) (A — 12M n)3(B —12Dv)) 
if n < A/12M, 


k*(12Mn — A)-3(B —18Dr}l,((r/38Mk)(12Mn — A P(B — 12Dyv)3) 
if n > A/12M, 


J (t), I(t) being the Bessel functions of the first order. 


5 The fact that B — 12D» ~ 0 for »=0,1,2,: - * may be verified in the same way 
as (2.39). 

‘Tt B < 0, this sum becomes empty and is to be interpreted as zero. 

T See Watson [12], p. 176, (1) and p. 181, (1). Notice that J (z) = —J_,(z2) and 
T,(#) —1;(z). 
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In (3.4) we now divide the sum over k into two parts according as 
D> 1 or D—1, noting that D> 1 implies b > 0, and that D —1 implies 
b—0, B—1. We then obtain from (3.4), by letting N-»o for every 
fixed n = 0, 


B/12 


[B/12D] 
p(n3a, M) = 2a X0 > > C,(b,D,p)8%'Li(n,;v;B,D) 
k 


; 1Sb<D  y=0 
(3.6) oo, 
+ 2m S 00 (0,1, p) Sx’ Lan, 051, 1) 
k 

== pH (n;a, M) + p® (n;a, M), 
say, where the sums D; and È®, are taken over those k for which 
D==(k,M) > 1 and D —1 respectively, and where 
(3.7) Sg = S,(n, 050,150, k). 


Now let us consider p® (n;a, M) first. We see that B/12D Z0 is 
equivalent to | 4D — b | = 34D/6, since 


B — 6b? —6Db + D? == 6 (4D —b)?— 4D? 


by (1.7). Therefore we can write 


AD] [B/12D] | 
pO(n;a, M) == Qa 20) > > {0 (6, D, p)Sx(n, v3 6, D ; 0, F) 
k =O 


(3. 8) | (b, D)=1 

+ © (D — b, D, p)Szfn, v; D — b, D; 0, k) }Lrln, v; B, D) 
with the abbreviation À — (3 — 34) /6, where we have made use of the fact 
that B is unchanged when b is replaced by D—b. Further, from (8.2) 
we have, since Ov < B/12D < D/12 < D, > 


cy (0, D, p) = 2p s 
where the summation extends over all non-negative integers l, V satisfying 
(3.9) lb +- V (D — b) =». 


But, since OS y < 4D, 0<b<4D, the only possible solution of (3.9) is 
V == 0, l= v/b with b |v. Hence 


w/b, ifb |y 
| „(b tte E a- > 
Gay) v(0, D, p) 0, otherwise. 
Similarly 
*»/d jf bly 
sm JP > À 3 
GE) SAR Op nn 0, otherwise. 


8 The series for p(n; a, M) and p(n; a, M) are in fact absolutely convergent, 
as may be seen from arguments in Section 4. 
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Hence, putting y = br, where r—0,1,2,: © +, [B/18Db], we get from (3.8), 
(3.10) and (3.11) 
[AD] [(B/12Db] 
(8.12) pO(n;a,M)—2r > X > Axz(n, 730, D)L,(n, br; B,D), 
k 


b=1 r=0 
(b, D)=1 
where 
(3.13)  Az(nr;b,D)— ©  p“'ow(h,k)exp{8ri(—nh + brH)/k} 
hmodk l 
k=+Łg' (D) 


by (2.26) and (2.33). 

We remark further that the sum over b on the right of (3.12) is empty 
when D—2,3,4. For, since AD = (3 — 34) D/6 = 1.26- - -X D/6, we have 
[AD] =0 for D—2,3,4, and [AD] 21 for DZ5. 

We shall next discuss p® (n;a, M). By (2.26), the sum S;’ of (3.7) 
contains the root of unity w(h,k) whose definition is, by (1.6), 


(3.14) w(h, k) = exp{2rto (h, k)} 
with 
(3.15) o (h, le) = 2 (u/Mk— 3) (hu/k — [hp/k] —$) 


(=a, M + a, 2M + a: 3 (k—1)M +e), 

since D = 1 implies K = Mk, k, = k. | 

Now let é be an integer defined by 
(3.16) ék=a (mod M) (0<éE< M), 
which is uniquely solvable since D = (k, M) = 1. Let uo = ék. Then we 
see that hy/k is integer if and only if u= po because of (h,k) —1, =a 
(mod M) and 0 < a < Mk. 

Consequently we can write (3.15) in the form 


o(h, k) = > W/ Mk — 3) (hp/k — [hu/k] — 4) + (E/M — 3—3) 


(3.17 
? =r (h, k) +4 (4 —é/M), 
where 
(3.18) r(h, k) = y A 


(=a, M +a, 3M +a, - -,(k—1)M+a) 
with the notation 


n 0, if ¢ is an integer, 
(3.19) ((t)) = j t— [t] — 4, otherwise. 


It therefore follows from (3.14) and (3.17) that 
(3.20) w(h, k) =1exp(—mié/M)x(h,k) 
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with 

(3. 21) x (h, k) == exp{2rtr (h, k)} 
‘On the other hand, (1.1) becomes 

(3. 22) ye — SM —1, 


since D—1 implies k, = k, my==M. From (3.16) and (3.22) it follows 
that yas=é(mod_M), and hence, by the definition of p in (1.5), we have 
p==exp(—2aif/M), so that 


(3.23) (1— p) == (21) ese (ré/M)exp(rié/M). 
Further, it is evident from (3.2) that 
(3. 84) Co(0, 1,p) = (1—p)*. 


Thus we infer from (8.24), (3.23), (8.7), (2.26) and (3.20) that 


(3.25) Co(0, 1, p) Sy’ = dese (wé/M) By (1), 

where 

(3. 26) By, (n) = 2° x(h,k)exp(—?rinh/k) 
kmodE 


with the x(h,#) of (3.21). From (3.6) and (3.25) we obtain the expression: 
(3.27) p(n; a, M) =r 2.080 (ré/M) Brfn)Li(n, 0; 1, 1). 

Finally, we define an integer i’ as any fixed solution of 
(3.28) kk'==1 (mod M), 
which, combined with (8.16), yields that €==ak’ (mod M). Hence 
(3.29) ese (né/M) — | cscirak/M)|. | 


We note, in addition, that when D > 1 we can express o(h,k) in a form 
corresponding to (3.18), namely, 


(3. 30) o (h, k) = 2 ((/K))((hp/k)) 

(n=a, M + a,2M +a: +, (li —1)M +a). 
For we see that 0 <u/K < 1 and that D > 1 implies hy/k integer since 
the congruence £k =a (mod M) has no solution in £ as we have assumed that 
(a, M) —1, and the result follows from {1.6) and (3.19). 


On combining (3.6), (8.12), (8.27), (8.29) and the remark following 
(3.13) we obtain our main result (cf. [6], Theorem 4): 
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THEOREM 8. If p(n;a,M) denotes, when n Z1, the number of parti- 
tions of n into positive summands congruent to +a (mod M), and p(0;a, M) 
=], where M23, 0<a<M, (a M) —1, then we have, for n=O, the 
convergent series representation 


[AD] [B/12D5] 
p(n3a,M)—2r>) D > Axz(n,7;6, D)Ly,(n, br; B,D) 
Des (0D 
+r > | cse(wak’/M)| By(n)Lr(n,0;1,1), 
Da 
where Az(n,r;b, D) and B,(n) are given by (8.18) and (8.26) with w{(h,k) 
and x(h,k) defined by (1.6), (8.30) and (3.21), (3.18) respectively; 
Lan, br; B, D) and Lin, 0 ;1,1) by (8.5); K by (8.28) ; and À = (3 — 34) /6. 


Remark. The sums Az, By defined by (3.13), (3.26) have the following 
properties : 


(i) Az, By are always real. 
(ii) The value of A, is independent of the choice of y, à in (1.1). 


(i) may easily be verified, e.g. for Ar, if in (8.13) one divides the 
sum into two parts according as k=- ab (mod D) or h==— a'b (mod D), 
observing that the divided two sums are conjugate complex numbers because 
the o(h,k#) of (8.80) and the H of (1.2) are both odd functions in the 
variable h (H is to be considered modulo k). Similarly for By. | 

Referring to (ii) we note that, although the formula (3.13) involves 
p and H which, by (1.5) and (1.2), depend upon the choice of y, 8, the value 
of A, remains unaffected by p, H. This follows from the fact that in (3.13) 
p exp(2aibrH/k) are actually independent of p and H. To show this, we 
make use of (1.15). Now let that value of p for which p* =b be up Then 
(1.15) gives 

pp /K =— Hb/k + ya/M (mod 1), 
so that 


(3. 31) - @Xp (— 2rip,/K) = p exp (2rib H/k) ’ 
by the definition of p in (1.5). Next, let that value of » for which 
p“ = (kı —1)D -+b = k — (D— b) þe Ux-(D-b): Then, by (1.15), 


pe-o-n/E=H(D—b—k)/k+ya/M (mod1), 
so that | 
exp (2riur (p-»)/K) =p exp (2i (D — b) H/k), 
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or, replacing D—b by b, 
(3. 32) exp (2aripy»/K ) = p> exp (2ribH/k). 


The desired result then follows from (3.31) and (3.32) on taking the r-th 
powers. 


4, Asymptotic properties of p(n;a,M). We require first a lemma’. _ 
on I,(¢), the Bessel function of the first order with purely imaginary 
argument. 


LEMMA 4.1. 
(4.1) I(t) is positive and increasing for t > 0. 
(4. 2) I,(t)=O(t) (t—0). 
(4.3) L(t) = (ri) te (1+ 0(t4)) (> +e). 


Proof. (4.1) and (4.2) are easy consequences of the expansion: 


L (i) =X (4)! (m 4 1)! 
™ (see Watson [12], p. 77, (2)); 
and (4.3) is obtained from [12], p. 203. 
The following lemma will be also needed. 


LEMMA 4.2. Let 


N N° 
SiCN) = X vèeN/r, Sa N) = $ eN”. 
pod p=2 


Then SN) < 2eN for N = 6, and SN) < 5AN for NE 12. 


Proof. Since HeN/t is decreasing for 1=: t= N, we have 
l N N 
(4.4) SN) = eN + J BeN/t di == eN +. NG f yie dy (N/t=y). 
L l 


Here, since y#e¥ is decreasing for 15y% § and increasing for y= 3, 
it follows that 
(4.5) y tev = max(e, Nie) (1SyN). 


But we have —$log6+6—1.5:::>1, so that N-e >e for NEE. 
Hence, by (4.5), 


yie SNAN (1S ySN,NZB). 
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Therefore 
N 
Si yiev dy < N: N-łeN =N- (N ZB), 
1 


which, together with (4.4), yields the first inequality in our lemma. The 
second may be proved similarly. . 

We now determine the asymptotic behavior of p(n;a, M) as n becomes 
large. By Theorem 3, we have 


(4. 6) p(n;a, M) = p® (n;a, M) + p® (n;a, M), 
where 


[AD] [B/12Db] 
(4.7) pO(n;a M)=Rr 3% F > Az(n,r;b,D)L;(n,br;B.D), 
k b=1 r=0 
(b, D)=1 


(4.8)  p®(n;a, M) =r > |cse(rak'/M)| By, (n)Ly,(n,0;1,1), 
k 
(T= XZ ,30= 3) 
k k>0, D25 Kk k>0, D=1 
in which 
(4.9) Li(n,br;B,D) = (kE) 1(B—12Dbr)il,((rE/38Mk)(B —12Dbr)4) 
(4.10) Ly(n,0;1,1) = (kE) I (rE/3Mk) 
with the abbreviation 
(4.11) E = (12Mn — 4A)? (n > A/12M). 


Let us begin with p™® (n;a, M). Clearly it suffices to consider the case 
M = 5. Now if we keep D fixed, B takes its maximum value when b =1, 
i.e., the value B, = 6 — 6 D + D?, since 


B = 6b? — 6 Db + D? = 6 (4D — b)? — 4D? 
and 1& b < 4D. Hence from (4.9) and (4.1) we get 
(4.12) Ly, (n, br; B, D) S (kE)1(B—12Dbr)il,(rEB.3/3Mk). 
On the other hand, from (3.13) we have trivially 
(4.13) |4r(mr;b DIE £ 1<, 


mod k 
h=te’d(D) 


while, by Theorem 2, we have the non-trivial estimate ° 
(4.14) | Ax(n,1730,D)| < Oike (n+1)8 (0<a<B< 4). 


° In what follows we shall use C,, Ca’ - -, Cio to denote certain positive constants 
depending at most on a, B and M. 
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From (4.12), (4.18) and (4.14) it follows that 


[AD] [B/12D6] 
| > = Ax(n,7;b,D) Ly (n, br; B,D) | 


b=L r=0 
, Dj=t 
(4.15) @D) ii alata 
CE ke (n +1)87pl;(rEB5/3Mk) 
with the abbreviation 
[AD] [B/12Db] 


Zp= X © (B—12Dbr)t. 


b=1 r=0 
(b, D)=1 
Using (4.15) and noting that 
SOS ©, 
k DIM ksi 


DES (Ky t)=1 


where k==k,D, M =m ,D, we get, by (4.7), 


sp 
| p®(n3a,M)| <r > D EZpl,(F/k:) 
DIM ki 


(4.16) DES 
+ Pre > ` CE D- “ky *(n -|- 1)®Z pl: (F/k:), 
DIM k>F 
DZ5 
where 
(4.17) F = rE B3/3 MD. 


But it follows from (4.2), (4.3) and Lemma 4.2 that 


SF =F 
> L (F/k1) < C2 D (2a F/hy) efa 
=L kzt 


=F 
(4. 18) = C (rF) "à >, hatet ia < CsFer, 
Xa=1 
D hr dH [is OS Re CLR. 
k->F EDF 
Now, set 
(4.19) G—r£/3". 
Then we have 
(4. 20) F = GB,4/D 


by (417). Further, since 5= D < M and 


B,/D* = 1—6/D + 6/ D? = 6(4—1/D)?— 4, 
we have 
6(3—$)?—¢5B,/D* S 6(4—1/M)* —4, 
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1.e., 
J; S B/D SM, 
where 
(4.21) M, = (1—6/M +6/M°)i<1 
Thus we obtain 4 = BÂ/D < M, < 1, and hence, noting (4.20), 
(4. 22) G/JSPFEMLG<G., 


From (4.16), (4.18) and (4.22) we deduce 
| p9 (n;a, M)| < 2n0,B*(G/5) Feith? > Zp 
DİM 


DZ5 
(4. 23) + rC CE GE (n +1)? © DZ» 
| Des 
= CE G hehe + CE IG En + 1)6. 

We next treat p® (n;a, M). In (4.8) we distinguish the term &—1 

from the others, and obtain 
PO (n;a, M) —rcsc(ra/M)B;(n)Li(n,0;1,1) 
4, 24 
À Hr DO | csc(rak’/M)|Bz(n)Lr(n,0;1,1). 
K>1 


Here evidently | 
(4.25) | ese (wak’/M) | S cse (n/M) < d0(M/r) = 4M. 


Further we get 
(4. 27) | Br(n)| < Cake *(n+1)F (0<a<c p<), 


which correspond to (4.18), (4.14). 
From (4.10), (4.19), (4.25), (4.26), (4.27) we obtain 


|= SO | ose(wak’/B)| Br(n)Lx(n, 01,1) 
1 
EG 
<r X Mk (kE) (G/k) 
k=2 
+r $ IMO (n +1) (G/F) 


(4. 28) 


< CG 86 4. C EAR (n + 136, 


where in the last step we have made use of (4.2), (4.3) and Lemma 4.2. 
On the other hand, we have 


(4. 29) B, (n) =1 


H 
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by (3.26), and 
(4.80) Ly(n,0;1,1) = #°1,(G) = E> (274) e0 (1 + O(G")) 


by (4.3). 
It now follows from (4.6), (4.28), (4.24), (4.28), (4.29) and (4.30) 
that | 


pin;a, M) =r ese(ra/M) EI (G) 
{1+ O (6-8) $ O (049) + O(GE#(n-+1)%e-%)} 
Substituting from (4.11), (4.19), we are led to the following 
THEOREM 4. We have 
p(n; a, M) =v esce(wa/M) > (18Mn—A)# 
‘I, ( (7/34) (12Mn — A)*) {1 + O (exp (— ent) )}, 
where c is a positive constant defined by 
c = Ie (8 My5 min (4, 1 — M.) 
with the M, of (4.21). | 


From Theorem 4 and (4.8), we can easily find an asymptotic formula 
for p(n;a, M) in terms of elementary functions of n. We have 


p(n3a, M) = csc(ra/M): (81/2)? (12Mn—A)4 
*exp((r/3M)(12Mn—A)i){1+O(ni)}, 
or further 
(4.31)  pin;a, M) —+esc(ra/M) - (3M) in exp (2r(n/3M)5) {1 + O(ni)}. 


This formula will also be deduced, apart from the error term, from a result 
of Meinardus [7]. 

Finally, it is readily seen from (4.31) that, for any two values a,, a, 
of a, we have 


lim (p (13 @1, M): p(n3 Gy, M)) = cse(ra,/ M) : ese(aa./M). 
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DIFFERENTIABLE STRUCTURES ON SPHERES.* 


By JouHn MILnor.? 


According to [5] the sphere ST can be given several differentiable struc- 
tures which are essentially distinct. A corresponding result for the 15-sphere 
has been proved by Shimada [10] and Tamura [12]. The object of this 
note is to prove corresponding theorems for other dimensions of the form 
4k — 1. 

In §1 certain differentiable manifolds M(f:,f:) are constructed and 
studied ; where (f1) € mn (SO), (fa) € mm (SOm:1). In most cases these mani- 
folds are topologically spheres. In §2 an invariant À is defined for differ- . 
entiable (4k-—1)-manifolds which are both homology spheres and boundaries. 
In $3 the invariant A(M (fi f2)) is computed. 

For k= 8 the calculations are carried out explicitly. It is shown that. 
there exist non-standard differentiable structures on S**+ for k == 2, 4, 5, 6, 7, 8. 
For example S** has over sixteen million distinct differentiable structures. 
It is conjectured that the same argument works for all k = 4; but I have not 
succeeded in solving the number theoretic problem which arises. 

For k == 1,3 the argument does not work. This is not surprising in the 
case k= 1, since J. Munkres, S. Smale, and J. H. C. Whitehead have shown 
(independently) that two differentiable 3-manifolds which are homeomorphic 
must necessarily be diffeomorphic. 

The word manifold will always be used for a compact, oriented manifold, 
with or without boundary. The symbol D* will stand for the unit disk in 
the euclidean space RF., 


1. Construction of manifolds homeomorphic to spheres. Given any dif- 
feomorphism ? f: 8™« S" —> S” X S”, a manifold M of dimension m+n-+1 
is obtained by matching the boundaries of D™ Sr and S" X D"! under 
the correspondence f. That is: A is the identification space obtained from 
the disjoint union of D»! 8" and S™ X D™" by identifying each point 
(x,y) in the boundary of D" X Sr with f(x,y), considered as a point in 
boundary of 8 X Da, 


* Received February 10, 1959. 
1 The author holds a Sloan fellowship. 
2 A diffeomorphism is a differentiable homeomorphism with differentiable inverse, 
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An alternative definition of M, which makes it into a differentiable 
manifold, is the following. Let f(z,y) == (#,y’) and define #’ —1/t. Start 
with disjoint spaces R™*! X S" and S™ X R"**, Let M be obtained from these 
by matching (tz, y) with (x, ty) for every sE 8”, yES", 0 < Ë < 00. 

[As an example suppose that f is the identity map of S™ X 8%. Then 
M is diffeomorphic to the unit sphere S™*"? C R™* X A. In fact the 
correspondence 


(te, y) > (ta/(1 +) y/1+0)4), 
(a, Hy!) —> (@!/ (1 + ES Py! / 1 +) ) 
defines a diffeomorphism M — S+»: ] 


If y € 8” has coordinates (yo, *-*, Yn), define h(y) = ya. The function 
h: 8”—> [— 1,1] has just two critical points. | 


LEMMA 1. Suppose that the diffeomorphism 


f 
(x, y) DEA (+, y) 
satisfies the restriction h(y) ==h(y’) for all (x,y). Then the manifold M 


constructed above is homeomorphic to S™*"*?, 


Proof. A differentiable map g: M—[—-1,1] is defined by the corres- 
pondence 
(tz, y) >h(y)/(1+ £)? (in the first coordinate system), 
(g ty’) > Vh(y)/(1+17)5 (in the second). 
It is easily verified that g has just two critical points, and that these are 
non-degenerate. Together with [5] Theorem 2, this completes the proof. 


One way to construct such a diffeomorphism (x,y)— (x,y) is the 
following. Start with differentiable maps of spheres into rotation groups 


fi: Sn SOn fa: 8 -> SO mis 
and let 


y=filz)y, 2 = f(y) a= fafi (2) y) a 
for all ce 8", y€ &. This defines a diffeomorphism with inverse 
s= f(y) r y= f(a) y = fify) ray. 


[More generally the rotation groups SOn, and SOm,, could be replaced by the 
groups Diff 8", Diff 8” consisting of all diffeomorphisms.] The condition 
h(y) =h(y’) is equivalent to the requirement that f,(S”) be contained in 
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the subgroup SO, C SOnu. Whether this condition is satisfied or not, the 
resulting (m-+-n-+1)-manifold will be denoted by M(f,; f2). 

Next we will show that M (fı, f2) is a boundary. Start with three copies 
of the space D™* x Di, The notation (a:,y;) will be used for a point of 
(D™ X D"), t= 1,2,3. Identify (S" X D"), with (S™ X D**)., by the 
correspondence (21,41) —> (Lz, Y2) where 


Lo = Tı, Yo = fi (21) Ya 


The resulting space (D X Ds), U (Dm X Dr), can be considered as a 
fibre bundle over the (m -~ 1)-sphere (D™*),U(D™*), with fibre D", 
group SOn, and characteristic map fı. (See Steenrod [11] § 18.) It follows 
that this union can be given a differentiable structure in a natural way. 

Next identify (D X Sr), with (D™™ X 8"), by the correspondence 
(Lo, Yo) <— (a, Ya), Where Yo = Ys, La == fo(ys) ds Thus 


CD X D), U (Dae x De) ‘ 


becomes a fibre bundle over an (n-+-1)-sphere with fibre D” and charac- 
teristic map fe. 

Let W, denote the union of all three copies of D™** X D™*, Clearly W, 
is a topological manifold with boundary: 


aw, pee (De x S*), U cs” Xx D+) g. 
The intersection 


(pm x 8*), a (s” x Dnt) 


of the two halves of the boundary is equal to (SX Sn), == (Sm X Sn). 
These two copies of S” X &” are identified under the composite correspondence 


(23, Yi) -> (Ta; Yz) > (Zz, Ys); 
where 


Ya = Y2 = fi (21) ‘Ya La == fo (Ya) T La = fo (Ya) du. 


But this is just the correspondence which was used to define the manifold 
M (fı, f2). Thus ôW, is homeomorphic to M (fi, fo). 

As it stands W, is not a differentiable manifold since there is an “angle” 
along the subset (5% X 8"), of @W,. Let W denote a differentiable manifold 
obtained by “straightening” this angle. (See the appendix to [7].) Clearly 
8W is diffeomorphic to M (fi, fe). 


2. The invariant 4(M): First recall the index theorem of Hirzebruch 
[4]. If M, is a 4k-manifold without boundary having Pontrjagin classes 
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Pau" “Pr then the index I(J/,) is equal to Lr(pPu' ` +, px) [Ai]; where 
Ly is a certain polynomial. For example 


Lı = p:/3, g == (Ppa — pi )/45,' ear 


The coefficient s; of px in Lx is particularly important. Hirzebruch 
expresses $ in terms of the Bernoulli number B, as follows (page 14): 


Sp == Z (274-2 — 1) By / (2k) L. 


For example S2 == 7/45, Sa == 62/945, S4 = 127/4725. 
Now let M be a differentiable (44—-1)-manifold which 


1) has the same rational homology groups as the (44 —1)-sphere, 
and 
2) is a boundary: M —89W with W differentiable.* Then a rational 


number modulo 1, 
A(M) € Q/Z, 


is defined as follows. The natural homomorphism 
j: AW, M3 Q) > BW; Q) 


is an isomorphism for 0<1<4k—1. Hence the Pontrjagin classes 
Pis ` ° Pra OL W can be lifted back to H*(W,M;Q). Define A(AL) as the 
residue class of 


(L(W) — Lr] pu +: sJ Pes, 0) [W] ) /Sx 


modulo 1. (Here the symbol [W] stands for the homomorphism H**(W, Af; Q) 
— Q associated with the orientation of .W; and I(W) denotes the index of 
the quadratic form a— (aU a)[W], where «€ H*(W,M;Q).) 


Lemma 2. This residue class A(M) is an invariant of M : that is ct does 
not depend on the choice of W. 


The proof is completely analogous to that in [5], [10] or [12]. If M 
is the boundary of both W, and W., then an unbounded 4k-manifold M, is 
obtained from W,, W, by 


# The symbol [M,] is used to denote the homomorphism of H‘*(M,;@Q) into the 
rational numbers Q which is determined by an orientation for A,. The index ZiM) is 
defined as the index of the quadratic form over H**(M,; Q) which is given by the 
formula a> (aja) [4]. 

* This second condition follows automatically if H,(M;Z) has no torsion. In fact 
every homology (4k —1)-sphere is a w-manifold (see [7]), and every 7-manifold is a 
boundary (see [8]). 
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1) reversing the orientation of W3; 
2) matching W, and W, along the common boundary M; 


3) constructing a differentiable structure in a neighborhood of W, N W, 
== M. (See [6] Lemma 4 or [7]). Then [(M,) =I(W.) — (W2); and 
each Pontrjagin number p;,: -pı [M] other than p4[W,] is equal to the 
difference of corresponding Pontrjagin numbers for W,, Wa. Now the index 
theorem for M, implies that the two definitions of A(M) differ only by the 
integer p| M]. 


Ezample 1. For the (4k —1}-sphere it is clear that 
A(S#1)=0 (modi). 
Example 2. For a 3-manifold the definition reduces to 
\(M*) =3-1(W)=0 (modi). 
Example 3. For the 7-manifold M,” of [5] the values 


I(W)=1, (jp) [W]=36 
give 
A(M:) = (451 (W) + (jm) [W])/7=4/7 (modi). 

Remark. If H*(M;Z) has no torsion, then the classes 7*p; can be 
considered as integral cohomolgy classes, hence the Pontrjagin numbers of W 
are integers. This sharply restricts the denominator which A(M) can have. 
(For example 7A( M") must be an integer.) On the other hand, if H*(M;Z) 
has torsion then arbitrarily large denominators may occur. (See the examples 
studied by Tamura.) 


Example 4 In [7%] $4 certain homotopy spheres M)*** are constructed 
for k > 1. These have the property that Mo == GW, where W is paralleli- 
zable, and Z(W)—8. Thus 


(MM ***) =8/s, (modi). 


For k==2 this gives A(4/,") =3/7 with denominator 7. For k == 3,4,5,6,7 
the denominator of A(Mf.***) is 31, 127, 73, 1414477, and 8191 respectively. 
(These numbers are prime, except for 1414477 — 23-89-691.) I do not 
know whether the inequality 8/s,540 (mod1} holds for all k>1. 

In conclusion, the following three properties of the invariant A are easily 
verified. 


1) If the orientation of M is reversed, then À changes sign. 
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2) For the ‘connected sum of manifolds (see [7]), A satisfies 


3) Aisan invariant of the J-equivalence class of M. (See Thom [13] 
or [7].) 


3. Computation of A(M(f:,f:)). Define the Pontrjagin homomorphism 
Pr ° War (SO) out à Z 


as follows. Every map f: §*-*— SO, induces a bundle é over S** with 
Pontrjagin class p, (£) € H*"(8*";Z) =Z. Define p,(f) as the corresponding 
integer p (é) [Sr]. 

Let f,: S” —> SO, fo: D” — SO: be arbitrary differentiable maps, with 
m+n+1—4k—1. First suppose that m&n. 


LEMMA 3. If msn then Mifi f2) is a topological sphere. The invariant 
i(M(fi,f2)) is zero if m, n are not of the form 4r—1. If m=4r—l1, 
nme=4(b—r)—I1, then 


Ase + Pr (fa) Piz (fe ) SrSk-r/ Sk (mod 1). 
Proof. We may assume that m <n. The exact sequence 
Tm (SO,) —> Tan (SOn) Ei a(S") — 0) 


implies that fı is homotopic to a map f,’ which carries S” into the subset 
SOn C SOn- According to Lemma 1 the manifold M (f1’, fe) is homeo- 
morphic to S™*"*?, But it can be verified that M (fı, f2) is homeomorphic to 
AL (f1’,f2), and therefore is also homeomorphic to the sphere. 

Next consider the manifold W constructed in Section 1. Recall that W 
is the union of a fibre bundle over S”** with fibre D"** and a fibre bundle 
over S*** with fibre D™*. Call these sets W, and W, respectively, ‘Thus 
WU Ws is W and W, N Ws is a topological cell. 

These bundles have canonical cross-sections corresponding to the center 
point of the disk. Hence 8” and §*** are imbedded in W. It follows easily 
that W has the same homology groups as S™*+ V §"*? (the union with a single 
point in common). That is H;(W;Z) is infinite cyclic for t equal to 0, m + 1, 
or n-+-1, and zero otherwise. 

The homology intersection ring of W m Lefschetz [14]) is described 
as follows. Let a and b stand for generators in dimensions n-+1, m+ 1 
respectively. Clearly a and b have intersection number + 1. The self-inter- 
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sections a-a and b:b are zero. For example a-a is represented by a cycle 


of dimension 
dim a -+- dim a — dim W == n —m 


which lies on the sphere S*** C W. Since Hym(S"';Z) = 0, this cycle is 
homologous to zero. 

Applying Poincaré duality it follows that H*(W,M ;Z) is free abelian 
on three generators, say a in dimension m +1, B in dimension n +1, and 
aß in dimension m+n+2. The cup products ax and BB are zero. This 
implies that the index I( WW’) is zero. 

Computation of the Pontrjagin numbers of W. We may assume that 
m==4r—1, m—=4k—4r—1. (Ii the dimensions are not of this form, 
then the Pontrjagin numbers are certainly zero, hence A==0.) First consider 
the tangent bundle of W.. This splits into a Whitney sum E@ n, where & 
is the bundle of vectors tangent to the fibre and y is the bundle of vectors 
normal to the fibre. Restricting 7 to the sphere St C W, we obtain the 
tangent bundle of S”*? with trivial Pontrjagin classes. Restricting é to 8”? 
we obtain the bundle determined by (f1) € tm(SOnu). Thus p,( W2) = p,(&) 
is equal to the integer p,(f,) multiplied by a generator of the infinite cyclic 
group H*"(W.;Z). Using the isomorphisms 


j 
H*(W.;Z) —H**(W3Z) ——H*"(W, UZ) 


it follows that 
pr(W) = + pr (fr) 9 (2). 
Similarly 
Pr-r( W) = £ pir (F2)7(8)- 


Thus the Pontrjagin number (J+p-) (f pr) [W] is equal to + p, (f1) Pr-(f2). 
All other Pontrjagin numbers of W are zero (except (j >ps) [W] which is not 
defined). 

Computation of the coefficients of p,p4+ in the Hirzebruch polynomial Ly. 
Define the symmetric function S)é,%-- -te in indeterminates t,’ -, ty 
as the sum of all monomials whic can be obtained from t^- - -tat by per- 
muting t,,---°,¢y. Hach possible monomial should be included only once 
in the sum. (For example D'éf=mt +; -+ ty.) Hirzebruch showed ê 
that the coefficient of pi, : * : 4, in Ly can be expressed in the form $ 1,4: - - tats, 
where #,,- : -,ty are certain fixed complex numbers. (Here N stands for 


5 See [4] § 1.4.1. 
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some fixed integer greater than or equal to k.) In particular, the coefficient 
Sx Of py is equal to >) t4. 
The product rule 


($ tr) CS tL) = DEEE D trt for rAk—r 


is easily verified. Hence the coefficient >) tt" of p;pr in Ly is equal to 
Sr gp Sie 
Thus we have Z(W) — 0 and 


Ex (fF Po: + 9 f Pea, O) LW] = + pr (fi) Pror (fe) (Sr8n-r — Sr). 


Dividing by sx and reducing modulo one, this yields the required formula 
ACH) = + pr (fa) Pier (fa) SrSt-r/Se (mod 1) 


Now consider the case m==n. Again it is necessary to assume that m 
has the form 4r— 1 in order to obtain a non-trivial A. 


Lemma 4. If the maps fi, fe both carry S”™ into the subgroup 
SOm C SOms, then the formula 


ACA) = pr (f1) Pr (Fa) Sr8r/Sar 
halds, just as in Lemma 3. 


Proof. Just as above, H,(W;Z) is isomorphic to H,(S™+ V S™*), 
If b,a€ Hnii(W3;Z) are the generators corresponding to the two spheres, 
then the intersection number a:b is +1. The hypothesis f,(S")C SO, 
= implies that the normal bundle of the first (m + 1)-sphere in W has a cross- 
section. Hence the self-intersection number a-a is zero. Similarly bb =Q. 
It follows that W has index zero. 

The computation of Pontrjagin classes for W proceeds as before. Thus 


Pr(W) = £ pr (fi) 7@ + pe (fe) IB. 


However the Pontrjagin number (j""p,)?[W] is now equal to + 2p,(f1) pr (fe). 
On the other hand, the coefficient of p,p, in Ler is equal® to 4(s,8;— Ser). 
Thus the factor of 4 cancels the 2, so that 


ACME (Fafa) ) == + pr (fr) Pr Fe) SrSr/Ser 
as before. 
In order to make use of Lemmas 3, 4 it is necessary to know what 
integers p,(f) can occur. 
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Tasorem or Borr [2], [3]. In the stable range q = 4r the Pontrjagin 
homomorphism | 


Pr: mara (SO) + Z 
has image generated by 
(2r— 1)! if r is even 


2(2r—1)! of r is odd. 
For smaller values of q this result can be augmented as follows. 


Lemma 5. If q& 2r then the homomorphism p, ts zero. If q>2r ` 
then p, is non-zero. In fact there exists an element 


(F) € mara (90a) 
such that the prime factors of p, (f) are all less than 2r. 


Proof by descending induction on g. Suppose that the assertion has 
been proved for g-+ 1, and that q > fr. In the exact sequence 


Wor} (Og) > War (SO) —> Warr (82) 9 


the third group is stable. According to Serre [9] a prime r can divide the 
order of this group only if 2r-——3 is less than or equal to the difference 
4r—_q—i1. The inequalities 2r — 3 4r — q — 1, q > Êr, yield r =r. Thus 
‘any element of rar: (SO), after being multiplied by primes less than or 
equal to r, can be lifted back to æ::1(80,). This completes the induction. 

If g <Rr, then the Pontrjagin class v, of any SO,-bundle is zero. If 
q= 2r, then p,(é*") is the square of the Euler class of £r". (See Borel and 
Serre [1].) Since our base space is 8%, this implies that p,(£7) — 0; which 
completes the proof of Lemma 5. 

Combining Lemmas 3, 4, 5 this proves: 


THEOREM 1. Suppose that r is an integer satisfying 
k/3 <r S &k/2. 


Then there exists a differentiable manifold M homeomorphic to S*-* for which 
A(M) is congruent modulo 1 to s,s4,/8x times some integer with prime factors 
all less than 2(k—r). 


The proof is straightforward. (The inequality k/3 <r guarantees the 
existence of a map f: S*#@-1-> S0,, such that pz,(f2) <0.) 
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Note. Given k, the inequality 4/3 < r 5 k/2 has a solution r providing 
that k= 2 or k= 4. It has no solution for k — 1 or 3. 


THEOREM 2. There exist at least Y distinct differentiable structures on 
ST; at least: | | 
127 on the 15-sphere, 


73 on the 19-sphere, 

R3 : 89-691 on the 23-sphere, 
8191 on the 2T-sphere, and at least 

31:151-3617 on the 31-sphere. 


Proof. These results follow immediately from Theorem 1. As an 
example, for k = 5, taking r= 2, we have | 


Sa82/55 — 841/365. 


Cancelling all prime factors less than 6 from the denominator, this leaves 73. 
Bui if M is a 19-manifold such that the denominator of A(WM) is 73, then 
the first 73 manifolds 


S, M, M it M,M MHM,- 


must be pairwise distinct. (Alternatively, if the homotopy class (f,) is 
replaced by q(fı), 0S q < 73, then we obtain 73 different values for the 
invariant A.) Hach one represent a possible differentiable structure for the 
19-sphere. 


In conclusion, here are two unsolved problems. 


Problem 1. Does Theorem 1 imply the existence of non-standard differ- 
entiable structures on S**+ for all k= 4? I have checked this only for k 
up to 14. | 


Problem 2. Is the invariant 1(M***) of a homotopy sphere always a 
multiple of the invariant 


A (Mo) == 8/54 ? 


This question is of interest since, for any manifold M**? which bounds a 
parallelizable manifold W, we have 


AU) =I (W)/s, (mod 1), 
and it can be shown that I(W) is a multiple of 8. (Compare [7].) 
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THE PRINCIPAL THREE-DIMENSIONAL SUBGROUP AND THE 
BETTI NUMBERS OF A COMPLEX SIMPLE LIE GROUP.*+* 


By BERTRAM KOSTANT. 


1. Introduction. 


1. Let g be a complex simple Lie algebra and let G be the adjoint group 
of g. Itis by now classical that the Poincaré polynomial pa(t) of G factors 
into the form, 


(1.1.1) po(t) =I] (1+ 4), 


where } is the rank of g and the d; are odd integers. In this paper the 
integers m; (elsewhere, sometimes m;-+ 1) defined by di £m;+1 will be 
cailed the exponents of 4 No doubt.one of the reasons the problem of finding 
the exponents turned out to be as difficult as it was, is that there was no way 
known by which these numbers could be determined from a direct examina- 
tion of the structure of g, particularly the root structure. The first procedure 
for extracting the exponents from the root structure of g was found by R. 
Bott. The proof of the validity of this procedure depends upon Morse 
theory? A second and much simpler way, which we shall presently describe, 
of “reading off” the exponents from the root structure of g was discovered 
by Arnold Shapiro. (It is interesting that Shapiro discovered the procedure 
by misinterpreting the method of Bott.) However, even though one verifies 
that the numbers produced by this procedure agree with the exponents, unlike 
the case with Bott’s method, the important question of proving that this 
“agreement” is more than just a coincidence remained open. The procedure 
is as follows: Let A* be the set of positive roots relative to some Weyl chamber 
in a Cartan subalgebra of g. If & € A* let o(¢) be the sum of the coeffcients 
of œ relative to the basis of simple positive roots. Let bẹ, be the number 
of roots 4 such that o(ġ) =k. Then by—-brw is the number of times k 
occurs as an exponent of g. For example, if we apply this to the case where 


* Received December 19, 1958. 

+ Research supported by Air Force Contract AF 49 (638) -79. 

* See R. Bott, “An application of the Morse theory to the topology of Lie groups,” 
Bull. Soc. Math. France, t. 84 (1956), pp. 251-281. 


973 


974 BERTRAM KOSTANT. . 


g is Lie algebra of the special linear group SL(n,C) then the fact that the 
number of matrix units ey such that }—t= k, where 1=k=n—1, is 
greater by one then the number of matrix units e; such that }—t==k -41 
accounts for the fact that the exponents of 9 are 1,2,---:,n—l. 

After Shapiro informed us of this courting device for the exponents we 
observed that it could be reformulated as follows :. The principal three-dimen- 
sional subalgebra a) of g is a uniquely defined (up to conjugacy) three 
dimensional simple subalgebra (TDS) of g which can be readily distinguished 
from other TDS by its properties. [It was discovered almost simultaneously 
by Dynkin and de Siebenthal (see [6] and [13]).and later used extensively 
by these authors (see e.g. [7])]. Using standard facts in the representation 
theory of a TDS it is not difficult to show that the observation of Shapiro 
is equivalent to the observation that if we decompose the adjoint representation 
of a) on g into a direct sum of irreducible representations then the number 
of irreducible components is / and the dimensions of these components are 
di, 1==1,2,- - -,l, where the d; are given by (1.1.1). However, this refor- 
mulation of the procedure still does not supply a proof. 

A second empirical procedure for finding the exponents was discovered 
by H. M. Coxeter. He recognized that the exponents can be obtained from 
a particular transformation y in the Weyl group, which he had been studying, 
and which we take the liberty of calling a Coxeter-Killing transformation, 
in the following manner (see [5]): Let À be the order of y. Coxeter observed 
that (1) À satisfies hl == 2r, where r is the number of positive roots, (2) m Sh 
for alli and (3) the eigenvalues of y are w™, t= 1,2,- - -,1, where à = e°7t/h, 
A proof of (2) and (3) would provide, among other things, a proof of 
duality in the exponents m; observed by Chevalley (see [3], p. 24) since non- 
real eigenvalues of y necessarily occur in conjugate pairs. Requiring (1) 
hl==2r as the only empirically observed fact such a proof was recently 
obtained by A. J. Coleman (see [4]). -A proof that hl==<2r will be given 
in this paper. A second question posed in [4] of showing that h==1-+-o(y), 
where ÿ is the highest root, will also be settled here. 

It will be the main result of this paper to establish a direct relationship 
between the principal TDS, its adjoint representation of g, and the trans- 
formation of Coxeter-Killing. The proof that the procedure of Shapiro yields 
the exponents is then a direct consequence of this relationship. A major role 
here is played by a particular conjugate class in G, the elements of which 
we call principal elements of G. It is shown that an element of G which 
induces a transformation of Coxeter-Killing on a Cartan subalgebra is 
necessarily a principal element. On the other hand a principal element of G 
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belongs to the subgroup corresponding to a principal TDS and is sufficiently 
specialized in that subgroup so that the adjoint representation of a principal 
TDS on g is determined by its eigenvalues. That the conjugate class of 
principal elements is truly a distinguished one in G may be judged from the 
following characterization (one of several) of principal elements. Let A be 
an arbitrary regular element of G. Let k be the order of A (possibly œ). 
Then kZ h and k—h if and only A is principal. 

An important role is also played here by two distinguished classes of g, 
the elments of which we have, respectively, called principal nilpotent and 
cyclic (the latter name is derived from the transformation properties of such 
elements in the case when g is the Lie algebra of SL(n,C)): As is the 
case with the principal elements of G these elements can be given simple 
characterizations (Corollary 5.3, Theorem 9.2 and Corollary 9.3). 

In this paper §§1-4 are devoted to the theory of the general TDS. 
The main theorems here are Theorems 3.6 and 4.2. Both concern conjugacy 
questions. The first is an extension of a well known theorem of Jacobson- 
Morosov. A corollary of it puts the conjugate classes of TDS in g in a 
canonical one-one correspondence with the conjugate classes of nilpotent 
elements in g. The second is implicit in the proof of a weaker theorem of 
Malcev. 

In §5 the theory of the principal TDS is taken up. For the most part 
the theorems here are devoted to characterizing principal TDS among all 
TDS and principal nilpotent elements among all nilpotent elements. The 
result here which is used most often in the remainder of the paper is 
Corollary 5.3. 


The main results of the paper are given in $$ 6-9. 


2. Preliminaries and the complex three dimensional simple Lie algebra. 


1. Let g be a complex semi-simple Lie algebra. Let n and l be respec- 
tively the dimension and rank of g. As usual the linear transformation 


y— [z, y] 


is designated by ad x and æ— ad is the adjoint representation of g on itself. 
If u is a Lie subalgebra of g the mapping æ— adx for æ€ u will be called 
the adjoint representation of u on g. We distinguish two types of elements 
in g. An element z€ g is called nilpotent if ada is nilpotent and is called 
semi-simple if ad v is completely reducible, that is, (since we are dealing with 


12 
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complex numbers) if adz is diagonizable.2 Only the zero element is both 
nilpotent and semi-simple. 

We recall that any element x contained in a Cartan subalgebra § G g 
is necessarily semi-simple and conversely every semi-simple element may be 
embedded in a Cartan subalgebra. (See e.g. [8], p. 119). 


For any element z€ g let g7 designate the kernel of ada. We recall 
that « is called regular when v is semi-simple and g® is a Cartan subalgebra. 


2.2. Let Œ designate the adjoint group of g. Since this is the only 
group associated with g that we shall consider the operation of exponen- 
tiation (Exp) will be always understood to go from g to G. 


Elements v and y in g are called conjugate if there exists À € G such 
that Ag == y. 


2.3. The simplest complex semi-simple Lie algebra (up to isomorphism) 
is Quy the Lie algebra of all complex 2 X 2 matrices of trace zero. In this 
case n= 3 and L= 1. One knows that any three dimensional complex semi- 
simple Lie algebra is isomorphic to a. 

By conjugating any element of a, into Jordan canonical form the 
following is apparent: 


(a) every non-zero element in a, is either semi-simple or nilpotent, 

(b) the set of all non-zero nilpotent elements in a, form a single con- 
jugate class, | 

.(e) if x,y€ a, are semi-simple, æ£C, then y is conjugate to a unique, 
up to sign, scalar multiple of +. (Note also that the set of non-zero semi- 
simple elements coincides with the set of regular elements in a,). 


2.4, Let a be a 3-dimensional complex simple Lie algebra. We recall 
further facts in the structure theory of a. Let s€a be a regular element. 
Then the eigenvalues of ad x are a, 0 —a for some non-zero complex number a. 
We may modify < by scalar multiplication so that a and —-a take the values 1 
and — 1. This defines æ uniquely up to conjugacy. We thus isolate a 
particular conjugate class in a. We thus isolate a particular conjugate class 
ina. The elements in this class will be called mono-semisimple. 


Let & € a be a mono-semisimple element. Let e,€ a be a non-zero eigen- 


> It is not difficult to show that this very same definition [of semi-simple and nil- 
potent elements] may be achieved using any faithful representation of g in place of the 
adjoint representation. This follows, e.g., from Lemma 5.4 and well known facts in 
the representation theory of g. 
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vector of adz for the eigenvalue 1; e, is unique up. to a non-zero scalar. 
Then e, an eigenvector of ada for the value — 1, is uniquely determined 
by condition [¢,,e.]— 2. One thus has the commutation relations 


(1) Lx, e,] mu. 
(2.4.1) (2) [2,e]——e. 


(3). fe, e-] =f 
for the basis T, é,, @. of a. 


2.5. When a= a, the elements x, e,, and e. may be realized by the 


matrices 
Ni 4 0 4 0 3) —23( 5) 


For each positive integer d there exists up to equivalence one and only 
one linear irreducible representation of a having that dimension. (For a 
complete treatment of the representation theory of a see [12, Exposé no. 10].) 
To describe an irreducible representation vg of g on a d-dimensional vector 
space V first define the number k by the relation d—2k +1. It is of course 
to be noted that & is an integer if and only if d is odd. We may then find 
a basis v,, } == k, k—1,: + -,—-k of V, where the vectors are each unique up 
to a scalar factor, satisfying the following condition: 


ma(z)v;= ] 0}. 
The behavior of ra(e,) and wa({e.) on the one dimensional spaces (v;) 
is given by i 
ma( es) (V) = (Vis) 
ma(e-) (v;) = (V41) 


where Ur == Va =0. Thus v; is an eigenvector for ma(e,)rale-) and 
mra(e_)rale,), where in fact 


wa(¢s)ma(e.)vj==4(k—J-+1)(k+ ju; 
and 


ma (e_)aa(e,)0j= $(k—j) (k+ 5 +1) 9; 


It follows that with respect to the ordering vx, Up," * °,U-~ Of the basal 
elements, when the latter are suitably modified by scalar multiplication, one 
obtains for wa(x), wa(e,) and wafe) the matrices 
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k 0 
k—71 
male) == 
0 — fe 
0 (1(2k))5 0 
0 .(2(2k—1))8 
0 
ara (+) == 93 ' 
0 (2k(1))? 
0 | | 0 
0 0 
(1(2h))4# 0 
(2(82k6—1))4 0 
male) so -å i 
| 0 
0 | (2k(1))5 0 


Several facts are to be noted. Among those we shall require are 


(a) The dimension d of V is odd or even according as the eigenvalues 
Of a(z) are all integers or all haltf-integers.* l 


(b) The eigenvalues of r4(x) all occur with multiplicity 1 and the 
real number j is an eigenvalue of a(x) if and only if d— (2| j| +1) isa 
non-negative even integer. 

(c) The number k, where 2k -+ 1 =d, may be characterized as the 
highest eigenvalue of ma(s). Furthermore, the one-dimensional eigenspace 
for this eigenvalue & may be characterized as the kernel of re(e,). 


Now assume ~ is an arbitrary, not necessarily irreducible, representation 
of a on the finite-dimensional vector space V. One knows m may be decom- 
posed into a direct sum of irreducible representations. It follows then that 
one knows + up to equivalence as soon as the dimensions of the irreducible 
components of w are given. That is, if n, denotes the number of such com- 
ponents having dimension 2k-+-1, then + is given when tke sequence ns 
k=0,4,1,- - is known. 


* We use the word half-integer to designate all numbers of the form m + 4, where 
m is an integer. 


COMPLEX SIMPLE LIE GROUP. 979 


(d) The problem of finding the sequence ny can be reduced to an 
investigation of the kernel WC V of r(e,). In fact, it follows from (c) that 


dim W = ng + ny + na +” pee 


Furthermore W is stable under x(x) and if we W is any eigenvector of (x), 
w may be embedded in an irreducible component of w. Hence if ky, ka: © +, kp 
are the eigenvalues of (x) on W, the dimensions of the irreducible com- 


ponents of + are respectively 24,-+1,2k,.+1,:--+,2k,-+1. (Note that the 
k; are non-negative.) 


(e) The space V admits a canonical direct sum decomposition 
V == VE + VO, 


where VE is spanned by eigenvectors of m(x) belonging to half-integral eigen- 
values and VO is spanned by eigenvectors of m(x) belonging to integral eigen- 
values. It follows immediately from (a) that VE and VO are both stable 
subspaces for the representation + and that in the complete reduction of «| VE 
only irreducible representations of even dimension appear and the complete 
reduction of «| VO yields only irreducible representations of odd dimension.” 


(£) Now let V; be the eigenspace of r(x) for the eigenvalue j. Clearly 


dim V;—dim V_; Furthermore, if 7 is non-negative, it follows from (b) 
that 


dim Vi = nj + ns F Nise +: r" 
The statement (f) has the following 2 consequences: 


(g) The dimension of Vo, that is the dimension of the kernel of (x) 
(nullity of r(v)), equals no + m + ne-r. 


(h) If 7 is non-negative, 
| dim V; — dim Vig ny 
Finally, we shall require 
(i) If k is the maximal eigenvalue of r(x), 
“y 2k 
V — ÿ Vy /2 
p=-2k 
2k 
is a direct sum and > V, lies in the range of r(e,). 
pal 


“If x is a representation on a vector space V and U c V is stable under x, then 
a|U denotes the representation on U obtained by restricting m to U. . x 
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3. Nilpotent elements and TDS. 


1. Let g bea complex semi-simple Lie algebra. Consider the question 
of determining all three dimensional simple subalgebras (TDS) in g. If 
ag is a TDS, then by considering the adjoint representation of a on g 
it follows from the representation theory of a outlined in § 2.4 that any nil- 
potent element of a is necessarily nilpotent in g and any semi-simple element 
of a is a semi-simple element of g (Also see footnote 3). Since a has only 
semi-simple and nilpotent elements (see $2.3(a)), the question arises (1) 
which nilpotent and semi-simple elements of g can be embedded in a TDS 
and (2) how does one find all such subalgebras. We shall first consider the 
case of nilpotent elements. 

A theorem of Morosov asserts that every nilpotent element of g can be 
embedded ina TDS. (See [11].) However, his proof was incomplete. Later 
in [9] Jacobson gave a correct proof of this result. Since the proof leads 
into Theorem 3.6, we shall give it here. The proof requires Lemma 8.8 
With the exception of the eee of Lemma 3.3 the proof is the same as tite 
one given by Jacobson. 


3.2. A famous result of Jacobson asserts that it A and B are linear 
transformations on a finite dimensional space V with the condition that [A, B] 
commutes with A, then [A,B] is nilpotent. If in addition A is assumed nil- 
potent, the following lemma (which is no doubt known) asserts that AB is 
nilpotent. 


LEMMA 3.2. Let A and B be linear transformations on a finite dimen- 
sional space V. Assume A is nilpotent and 


[4, [4,B]] =0. 
Then AB ws nilpotent. 


Proof. Let V* be the kernel of A*t. We wish to show AB leaves V* 
invariant. The result is obvious if k — 0. ee the result is known to be 
true for k==r. Let ge VrH 


ABs = [À, B]a+ BA. 
Apply Art? to both sides. Then 
A™ (AB) == [4, B] As + ABAT 
=x — AT(AB) Az. 


But Ac€ Vr and by our assumption (AB)Aze V”. Thus A’(AB)At= 
Hence ABz € V7, 


ét ii 
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Assume AB is not nilpotent. Then there exists a scälar A, A340 and a 
vector € V, x-<0 such that e i = 


(3. 2.1) ABs == Xo. 


Let # be the smallest integer such that me Va, 
Now 
AtABx == A¥[A, B]e + A*BAz. 


But AB = BAtL&K[A,B]A#1 Thus 
A*BAa — BA* 4g + LA, B] Ax 
—( -+ k[A, Bl A*r. 


Hence 
A*A Bz = (k + 1)[4, Bl] A*e. 
But by (8.21) 
AKA Ba == A*r. 


Hence [A, B] A*a = (A/k + 1) A*a, 
Since A*z s40, this contradicts Jacobson’s lemma asserting the nilpotence 
of [A, Bj. | , Q. E. D. 


8.3. Now for any z,y€g let 
(x, y) —=tradzxady 


be the Cartan-Killing bilinear form B on g. Using the non-singularity of 
B on g we can now prove the following lemma. Lemma 3.3 is crucial in the 
proof that any nilpotent element e€ g can be embedded in a TDS of g. 

It is clear that if e is contained in a TDS then e must lie in the range 
of (ade}? since according to §2.3(b), e can play the role of e, in the 
commutation relations (2.4.1). In particular, it is interesting enough to 
observe then that for any non-zero nilpotent element e, (ade)*540. (The 
degree of nilpotency of ade is greater than 2.) 


LEMMA 3.3. Let e€ g be a nilpotent element. Then e is in the range 
of (ade)?. 


Proof. The invariance of B under the adjoint representation implies 
that, for any z € g, ad z is skew-symmetric with respect to B and hence (ad z)? 
is symmetric. In particular, this is true for ze. But now if A is a sym- 
metric operator (with respect to B) on g and if Ra and. K4 are, respectively, 


‘the range and kernel of A, then 


(Ra, Ks) == 0 
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By the non-singularity of B, then, to show an element z lies in Ba, 
it suffices to show (z,y) —0 for all y€ Ky. Letting A == (ade)?, to prove 
the lemma it suffices to show that 


(3.3.1) Ce, [ey] — 0 
implies 
(2, y ) = 0), 
But under the adjoint representation (3.3.1) becomes 


[ad e, [ad e, ad y]] = 0. 


Since ade is nilpotent, we apply Lemma 3.2 to assert that adeady is 
nilpotent. But then by definition of B it is clear that (e,y) =0. Q.E.D. 


3.4. By Lemma 3.3, e may be written as 
(3.4.1) [Lf ele] =e 
for some fEg. Let «==[f,e] so that [z,e] =e. 


Lemma 3.4. Let g° be the kernel of ade. Then g° is invariant under 
ads. Furthermore if m is the smallest integer such that (ad e)"*t == 0, then 


Il (ad z — p/2) 


vanishes on ge. 


_ Proof. The space (ad e)?g is the range of (ade)?. We define a sequence 
of subspaces òp of g°, p==0,1,---,m+1, where 


(3.4.2) gene" Cdn = ? 
by letting 
Dp = (ad ¢)?g N g?. 


First observe that gë is invariant under ada. Indeed, if y€ g°, 
Le, [a y]] == [Lee], y] 
Fe Le, y ] 
== 0. 
We now show that 


(3.4.3) (adz—n/2): 5,— D. 
Let y€ bp. Then y= (ade)?z for some z€ g. Now since [z,e] =e clearly 
[ad a, (ad e)?] = p(ade)?. 
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Thus 
; [ad x, (ad e)” ]z = py, 
or : 
EA y] —py= (ad e)*[2, z] 
(3.4.4) = (ade)?{[f, e]z] 
= (ad e)” [z, f] + (ade)? ad fle, z]. 
But 
[(ade)?,adf] ——'S (ade) ad (ad eji 
` 4=0 7 
= $p(p—1) (ad e)” — pad z (ad e)r-. 
Applying this to [e, 2] we obtain 
(ad e)?ad fle, 2] ==adf(ade)?[e, z] 
+ £p(p—1) (ad e)?z — plz, (ad e)?z] 
= [f, [e y]] + 4p (p —1)y— piz, y] 
= ġp(p—1)y— plz, y]. 
But then (3.3.4) becomes 
(p+1) (2, y]—tp(p+1)y= (ade)[z, f] 
or 
[z y] — Spy € Dour. 


This proves (8.4.3). It then follows immediately from (3.4.2) that 


IT (adx— p/2) 
p-0 
vanishes on ge. Q. E. D. 
It is an immediate consequence of Lemma 3.4 that ads is completely 


reducible on g° and that its eigenvalues are restricted to non-negative integers 
and half-integers. In particular, what is essential for us at this point is 


COROLLARY 3.4. The linear transformation adx 1 is non-singular 
on g°. 


We can now prove 


THEOREM 3.4 (Jacobson-Morosov). Every nilpotent element of a com- 
plex semi-simple Lie algebra can be embedded in a TDS. 


Proof. Let e be nilpotent, e540, and let f and x be defined as in $ 8.4.5 


* The theorem holds when e = 0 once we know the existence of a single TDS. The 
existence of a TDS follows from the proof since g contains non-zero nilpotent elements. 
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In case [z, f] ——f we would be done, that is, z, e, f would satisfy the 
desired commutation relations. ‘The problem is to modify f so that this 
relation is satisfied without Don the relation (8.4.1). Even if 
[z,f] + f540 we still have 


[izi] + f, 6] = 0 


as one easily checks. Thus [x,f| F2 fEg” But now by Corollary 3.4, since 
adg-+-1 is non-singular on g°, there exists a unique g € g° such that 


Then writing e, for e and letting e —f—g it follows that 


[æ,6,]—e, 
(3.4.5) [te] —— 0e. 
Ces 8] = a. 


This proves Theorem 3.4 as soon as one notes that x, e, and e_ must be 
linearly independent. 


3.5. Any set of non-zero elements a, e, and e_ in g satisfying the 
commutation relations (3.4.5) will henceforth be called an S-triple (to be 
written {a,¢,,e_}). The element x will be called the neutral element of the 
S-triple and e, (resp. e_) will be called the nil-positive (resp. nil-negative) 
element of the S-triple. It is obvious that the elements of an S-triple form 
a basis of a TDS. Two S-triples are called conjugate if there exists A € G 
which carries one set onto the other. — 

Given a non-zero nilpotent element e € g we wish now to find all S-triples 
which contain e as the nil-positive element. (By §2.3(b) this yields all 
TDS which contain €). 

First-we note the following corollary of the proof of Theorem 3.4. 


| COROLLARY 3.5. Letec g be nilpotent, e==0, then æ and e are respec- 
tively the neutral and nil-positive elements of an S-triple if and only if (1) 
z is in the range of ade and (2) [z,e] =e. Furthermore if x and e satisfy 
these conditions such an S-triple system is unique (and hence x and e are 
contained im just one TDS). 


Proof. The first part of Corollary 3.5 follows from the proof of Theorem 
3.4 and the definition of s used in the proof (see (3.4.1)). To prove the 
‘uniqueness of the nil-negative element assume that {x,e,f.} and {z, e, f2} 
are two S-triples. It is obvious then that 


Le, fı — f2] = 0) 
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and hence f,—f2€ g®. But 


[a fa — fa] + fi—fa—0 


so that f,—f, is an eigenvector of adæ +1 on g By this implies fı = fo. 
Q. E. D. 


3.6.. As a consequence of Corollary 3.5 the problem of finding all S- 
triple systems containing e as the nil-positive element reduces to finding all 
elements x € g which satisfy the conditions of Corollary 3.5. Towards this 
end define, for e€ g, the subspace 


Ge ade(g) N g$, 


the intersection of the range and kernel of ade. We now observe that ge is 
a Lie subalgebra of g. Indeed, g* is a Lie subalgebra of g. Therefore it 
sufficies only to show that [u,v] €ade(g) if uve ge Writing v= [ew] 
we have, since uw € g°, 


Lu, v] Pa [u, Le, w]] 
ae [e, [u, w]]. 


This proves [u,v] E ge Now let Ge be the subgroup of G corresponding to 
the subalgebra ge Note that among other things the elements of G, leave 
e fixed. We can now state 


THEOREM 3.6. Let e€ g, e540, be nilpotent. Let ge and Ge be as 
above. Then the elements of g, are all nilpotent (and hence the elements 
in Ge are unipotent). Let Eg be such that x and e are, respectively, the 
neutral and nil-positwe elements of an S-triple. Then the linear coset x + ge 
of Ge is the set of all neutral elements taken from all S-triples containing e 
as nidl-pasitive element. Furthermore, any two elements in «+ ge are con- 
qugate. Moreover the conjugation can be performed by an element in Ge so 
that e is fixed under the conjugation. In fact for any ACG, Az E z ge 
and the map 


Ge — T- ge 
defined by making À, A € Ge, correspond to Ax is one-one and onto. 


In other words (recalling Corollary 3.5) if {x,e,f} is the S-triple con- 
taining x and e, the map 
A — {Az, e, Af} 


sets up a one-one correspondence of the group G onto the set of all S-triples 
containing e as nil-posiiwe element. Furthermore Aw ranges over x + ge. 
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Proof. Assume {x,e,f} and {y,e,g} are S-triples and e nil-positive in 
both cases while x and y are neutral. 
Since 


[z,e] = [y, e] =e, 


it follows that y—-s€g°. But clearly [e,g—fl—y—z. That is, 
y—axeade(g). Hence y—TE ge or yEr+ge Conversely, if y €g- ge, 
then clearly [y, e] =e and y€ ade{g). Thus applying Corollary 3.5 y is a 
neutral element of an S-triple containing e. 

Now according to Lemma 3.4 g° admits the direct decomposition 


m 
gf = > b,/ 2 
p=0 


where m is the smallest integer such that (ad e)"#1 = ( and b,,: is the eigen- 
space of ad x in g° belonging to the eigenvalue p/2. It is of course clear that 


(3.6.1) [bp/z Dre] © Dipp’) ye 


Let a be the TDS spanned by 2, e and f. Now if ra is an irreducible 
representation of a on a vector space of dimension d it is clear from § 2. 5(1) 
that the eigenspace belonging to the highest eigenvalue (4(d—1)), of a(x) 
lies in the range of wa(e) if and only if d=2. Now decompose g into 
irreducible subspaces under the adjoint representation of a on g and apply 
this fact to the irreducible components. Recalling 2.5(d) it becomes clear 
then that the subspace gẹ of g® can be written 


(3.6.2) ge = > Doyz 
p=1 


and hence, in particular, adæ is non-singular on ge. 

One immediate observation from (3.6.1) and (8.6.2) is that ge is a 
nilpotent Lie subalgebra of g. Furthermore, since the eigenvalues of adz on 
ge are strictly positive it is clear from a relation similar to (3.6.1) that adw 
is nilpotent for every w€ ge” That is, the elements of ad ge may be simul- 
taneously triangulized with zeros appearing along the diagonal for everv 
element. It follows then from well known facts concerning linear nilpotent 
Lie algebras that in such a case G, is closed, simply connected—that is, G, 
is homeomorphic to Euclidean space—and the exponential map 


Exp: ge Ge 


™That is, if g; is the eigenspace of ad @ on g for the eigenvalue j then clearly 
[gs Be] C Buy 
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is one-one and onto. That is, every À € G, may be uniquely written A == Exp w 
for a unique w€ ge. But then 


(3. 6.3) Az + [w,2]+4[wlw2}] ++ - 


Since ge is stable under adv and since ge is a Lie subalgebra, all terms 
starting from the second on the right side of (3.6.3) lie in ge so that 
AT € © + Qe. 

Now let vE ge Assume that there exists a unique element w,;€ ge such 
that (1) 


j 
Wy € 2 Dye 
and (2) = 


Exp w;(a@) — (z+v)e 2 Dove 
Hi 


Now let 2, be the component of Exp w;(x) — (£+ v) in bips, Then 
if 
Wi = Wi + (2/79 + 1) Bar 


it is clear that [Wan s] = [w,;,2]—2j.. On the other hand, for 1>1 it 
follows from (3.6.1) that the components of (ad wp) ‘z and (ad w;)*x in b,, 
are the same for all s& 34+ 1. Thus 

j+1 


Wi € > Bs/2 
gl 
and 


Exp wpa (2) — (40) € È ber 


and furthermore that in satisfying these conditions w;,,; is unique. If we 
define w, == — 2v;, where v, is the component of v in b;, then w, uniquely 


satisfies (1) and (2) when j==1. Thus we have proved inductively that 
there exists a unique w€ gẹ such that 


Exp w (s) =z +v. Q. E. D.. 


Note. It is useful to observe that the proof, above, of the statement . 
that Ax ranges over x + ge when A ranges over Ge depends essentially on 
just two facts, (1), the milpotence of ge and (2), the non-singularity of ada 
ON Ge. : 


We can now supplement Theorem 3.4 with 
COROLLARY 3.6. Let e€ q be nilpotent, e540, and assume e€ a N az 


where a, and a are two TDS. Then a and az are conjugate to each other. 
Furthermore, the conjugation can be chosen so as to leave e fixed. 
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Proof. According to §2.3(b) we may find two S-triples each containing 
e as nil-positive element and which, respectively, are bases for a, and az. 
Corollary 3.6 then follows immediately from Theorem 3.6. Q. E. D. 


3.7. Corollary 3.6 is actually just a special case of the following 
corollary. The set of all TDS in g breaks up into conjugate classes under 
the action of G. Concerning these classes we have 


COROLLARY 8.7. The conjugate classes of TDS in g are in a natural 
one-one correspondence with the conjugate classes of non-zero nilpotent 
elements in g. The correspondence is established by associating to the con- 
jugate class of a, a TDS in g, the conjugate class of any non-zero nilpotent 
element ina. That is, two TDS a, and a: are conjugate if and only if e 
and e, are conjugates, where ès € Qu, 62 € a, and 61, € are non-zero nilpotent 
elements. 


Proof. Follows immediately from §2.8(b), Theorem 3.4 and Corollary 
3.6. Q. E. D. 


4. Semi-simple elements and TDS. 


1. We now consider the semi-simple elements of a TDS and take up 
questions of conjugacy. Let {x,e,,e_} be an S-triple with x and e, respec- 
tively, as the neutral and nil-positive elements. We wish first to determine 
all S-triples which contain ~ (necessarily as neutral element). Let a be the 
TDS spanned by z, e, and ¢.. By considering the adjoint representation of a 
on g it follows from §2.5 that the eigenvalues of ads on g are integers and 
half-integers. In fact, recalling §2.5(f) and §2.5(3), if gp,2 is the eigen- 
space of adv for the eigenvalue p/2 and if k is the maximal value of ada, 
then 

dim Qp/2 = dim g-p72 
and 


2k 
g= 2 Gee 
p=-2k 
In this case, however, we have the addtiional relation 


(4.1.1) [8p72 Gp'72] G Sipp’) 2 


Since we are concerned with S-triples containing x, interest focuses on g 
since any nil-positive element in an S-triple containing æ obviously belongs 
to gı. In particular, e,€ gı. The question arises which other elements of g, 
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belong to S-triples containing æ and whether such S-triples are conjugate to 
{x,e,,e_}. To settle this question we first consider go == 9’. 

It follows immediately from (4.1.1) that g? is a Lie subalgebra. Let 
G* be the subgroup of the adjoint group corresponding to the subalgebra g?. 
It also follows from (4.1.1) that each of the subspaces g,/2 is stable under 
the adjoint representation of g7 on g and hence these spaces must be stable 
under G*. We are particularly interested in the action of G? on qi. 


4.2. Now for each element e€ g, it follows from (4.1.1) that 
ade: go—> gi 


Let T, be the restriction of ade to qo. Our interest now centers on what 
will be shown to be an important subset of g,. Define 


Gi == {e E€ gi | Te maps g onto g;}. 
That is, e € à. if and only if the rank of T, equals the dimensions of g. 


We now observe 


Lemma 4.2A. A necessary condition that an element e€g, be the 
nil-positive element of an S-triple containing x is that e€ G,. In particular, 
e, € Gi. 


Proof. Indeed, assume e and x belong to an S-triple. Let a’ 3e the 
TDS which contains e and z. If we apply §2.5(i) to the adjoint represen- 
tation of a on g it follows that gı is the range of ade. On the other hand, 
it is clear from (4.1.1) that ade(g) N gı =ade(go) M qi. Hence Te must 
map go onto gi. Q. E. D. 

The following topological properties of g, are needed for the proof of 
Theorem 4.2 (Here one is inspired by the use of regular elements in the 
usual proof of the conjugacy of any two Cartan subalgebras.). 


LEMMA 4.2B. The set g, is an open, dense and connected subset of qu. 


Proof. It follows from Lemma 4.2A that ĝ, is not empty (e,€ 91). 
Choose a basis of gy and a basis of g For any e€ g, set TX equal to the 
dim go X dim g, matrix determined by Te and the given pair of bases. It is 
clear then that G, is the set of all e € g, such that at least one dim gı X dim gı 
minor of Tẹ? is not zero. But it is an easily verified general fact that if F; 
j==1,2,: <- m, are m non-zero polynomials on a complex vector space V 
then the complement V to the set of common zeros in V of all the F; is open, 
dense and connected. Indeed, if u€ Ÿ and ve V, then there are only a finite 
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number of complex scalars À such that F? (à) — (au + (1—A)v) vanishes 

for at least one j. Q. E. D. 
Now observe that ĝ, is invariant under G*. The major point in the 

proof of Theorem 3.4 is the observation contained in the following lemma. 


Lemma 4.20. Let e€ §,; then the orbit Ge of e under the action of 
Ge is an open subset of gı (and hence of 41). 


Proof. The mapping À — 4e cf G7 into g, is analytic. Thus it suffices 
to show that the differential of this mapping carries the tangent space to G? 
at 1 onto the tangent space of g, at e. But the image of the former, under 
the differential, when translated to the origin of g, is just the subspace 
adg*(e) of gı. But g?==q, and since e€ ÿ:, this space coincides with qu, 
by definition of 6... Thus Ge is open in gı Q. E. D. 

We have shown Ge is open in Q, for any e€ §,. But for e,,e € gu Ge: 
and Ge, are the same sets or else they are disjoint. But this fact taken 
together with Lemma 4.2B (the latter asserting the connectivity of 4g.) 
implies that there can be at most one orbit. That is, g, is itself a single orbit 
of G°. 

But then recalling Lemma 4.2A and observing that x is fixed under the 
action of G* we see that the following theorem has been proved. 


THEOREM 4.2. Let a€ g be the neutral element of an S-triple {2, ¢,, e_}. 
(See §3.5.) As im §2.1 let g? be the centralizer of x in g and let G7 be the 
subgroup of G corresponding to g?. 


Define 
gı = {e€ g | [z,e] =e}. 
Then 
(4.2.1) ade: g?—> g 


for any e€ g. 

Let e€g. Then e and x are, respectively, the nil-positive and neutral 
elements of an S-triple if and only if (1) e€ g, and (2) the map (4.2.1) is 
onto. Moreover, any two S-triples which contain æ are conjugate to each 
other and the conjugation can be performed by an element in G°. 

In other words, if 


Gi = {e E gı | (4.2.1) is an onto map} 
then Q, is the conjugate class of e, under the action of G*. That is 
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Furthermore, Qı coincides with the set of all mil-positwe elements taken 
from all S-triples having x as neutral element. 


The statement of Theorem 4.2 gives a complete and simple description 
of the set of all nil-positive elements which “go” with a given neutral 
element. However, it is implicitly contained in Malcev’s proof of the fol- 
lowing corollary. Furthermore our proof of Theorem 4.2 although found 
without knowledge of Malcev’s proof of Corollary 4.2 (yet with the knowledge 
that it had been proved) amounts to only a technical simplification of Malcev’s 
proof. 

Corollary 4.2 provides the basis by which all the TDS in any complex 
simple Lie algebra have been classified (see [7], §8). 


COROLLARY 4.2 (Malcev). Two TDS in g are conjugate if and only 
if any mono-semisimple element of one is conjugate to any mono-semisimple 
element of the other (see [10]). 


4.3. Now, continuing with the notation of §4.1 and § 4.2, the subset 
Ô, in gı is of course only a part of the conjugate class of e, in g. It does 
not seem likely that one can give a simple description of the entire class. 
Nevertheless, it is easy to describe a part of this class which is yet larger 
than g, (see Theorem 4.3, Theorem 4.8 is required for the proof of Theorem 
5.8) and we shall do this now. 
For any t=0,1,: + -, 2k let 
2k 
Nya = È p72- 
p=t 


It is clear from (4.1.1) that n:,, is a Lie subalgebra of g. Let N,, be 
the subgroup of G corresponding to n:,: We now have, in terms if the pre- 
ceding notation, 


THEOREM 4.3. The orbits Nyx and Noe, of e, and x under the action 
of the group Na are as follows: 


Nor =g + 1 


and 
Ne, == Qi -L T3. 


j 


In fact, G7 is a subgroup of No and N, is a normal subgroup of No. 
Moreover, the elements of N, are unipotent linear transformations of g. 
Furthermore, N, can be written as a semi-direct product 


No =N; G" 


13 
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(every element C E€ No ts uniquely written C= AA’, where AE Ny, £’ E G*) 
and the correspondence 
À — Az 


sets up a one-one mapping of N, onto s+ n, while the correspondence 
A— Ae, 
defines a mapping of Ny onto e, + ns. 


Proof. Since n == g° + ny is a semi-direct sum (that is, [g?, 13] C n4) 
it follows that every element C € N, can be written, C == AA’, where AE N; 
and A’€ G”. On the other hand, if A€ N, and yE gia then Ay =y + w, 


2k 
where w€ X, Gp This implies A is unipotent. It also implies that N; N G? 
pated 


== (1)and hence W, is a semi-direct product of N, and G*. Now observe that 
n; is stable under ada and ade is non-singular on ny. The proof that the 
correspondence A— Az sets up a one-one mapping of N, onto æ+n;, then 
proceeds in essentially the same way as the proof of Theorem 3.6 (Recall 
that [niz nez] Chute and see the note following Theorem 3.6) and we 
shall not repeat it. On the other hand, one cannot claim that the mapping 
of N, into e, + ns defined by the correspondence À — Ae is one-one. This is 
because ade, annihilates non-zero elements in ny. But ade, maps g,/: into 
G(p/2n and applying 2.5(1i) to the adjoint representation of a on g it follows 
that 


ade: 1y—> ta 


is an onto mapping. Proceeding then in a manner similar to the proof of 
Theorem 3.6 it follows easily that N, is mapped onto e, + na by the corres- 
pondence À —> Ae, | Q. E. D. 


As we have remarked, Corollary 4.2 has provided the basis by which 
the conjugate classes.of TDS have been classified (See [7], §8). That is if 
æ is a mono-semisimple element of a TDS, we know that x is a semi-simple 
element of g and that the eigenvalues of adw are real (in fact are integers 
and half-integers). To classify the conjugste classes of TDS it suffices then 
by Corollary 4.2 to find a fundamental domain for the action of G on the 
set of semi-simple x in 9 such that ada has real eigenvalues and determine 
which in the domain are mono-semisimple elements of TDS. The Weyl 
chamber is such a domain and we shall presently consider it. 


(In view of Corollary 8.7 for the purposes of classifying conjugate classes 
of TDS it might be well to look for natural representative elements for the 
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conjugate classes of nilpotent elements. To my knowledge no such investi- 
gation has been undertaken). 
5. The principal TDS. 


1. Let {Cg be a Cartan subalgebra which we shall assume is fixed 
once and for all. Let A be the set of roots with respect to h and let eg, p € A 
be representative root vectors so that we have usual direct sum decomposition 


g=h-+ È (ep). 
mead 


Since B is non-isngular on §, we may assume A is embedded in §. That 
is, if p € A, then $ may be identified with an element in by the relation 


[a, ep] = (T, db) eg. 


forall ze. One knows then if eg and e-ẹ are normalized only in so far as 


(5. 1.0) (es, e.g) ==1, 
as we shall assume, then 
(5.1.1) Les, ee] = p 


Now let H% be the real linear space in ý spanned by the roots. One 
knows that 
b= he + ibt 
is a real direct sum. We recall that B is positive definite on h* (see e. g. [12], 
p. 10-04}. In particular then, (z, $) is real for all x € h* at all p€ A. This 
means h# can be characterized as the set of all elements x € h such that ada 
has real eigenvalues. 


Hereafter, if Y is any subset of D, we will let Y*=Y bt. 
Now for any € A let 


blé] = {z€ h | (4,2) = 0}. 
Then, clearly, if À is the set of all regular elements in b, 
R* —}h—U blé]. 
ged 


The connected components of R* are called open Weyl chambers. Now assume 
a lexicographical ordering is given in h*. Let At (resp. A-) be the set of 
positive roots (resp. negative roots}. The ordering distinguishes a particular 
open Weyl chamber D° which can be defined by. : 


dh ek an | D’ = {z€ h* | (4,2) > 0 for all dE AY. 
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The closure D of D° is called a Weyl chamber. It can be defined in the same 
way as D° except that one replaces the strict inequality > by the inequality 
=. The set D is a fundamental domain for the action of G on the set of all 
semi-simple elements y in g such that ad y has real eigenvalues. That is, if y 
is such an element'there exists one and only one ([12], p. 16-08 and [7], 
Lemma 8.2) element x in D which is conjugate to y. 

Now let II = {a1, a,- --,%} be the set of simple positive roots. The 
simple positive roots form a basis of ) and for every root ¢, upon writing 


l 
P = È Nt, 
i=1 
one knows that the coefficients n; are Integers which are all non-negative or 


all non-positive according as p E At or HE A. We define the order o(¢) of 
by letting 


(5.1.2) ofe) = Sm 
Obviously, if 41, do and db; + 2 € A, then 
(5.1.3) 0(d: + $2) = 0($1) + 0(¢2). 
Let €, 1—1,2,: > +,1, be the dual basis in À to the a; Since 
(5.1.4) Ce, a3) = dy, 


it is clear that & € D. More generally, if 


l 
(5.1.5) T = >) liti 
i=1 


then z€ D if and only if a; = 0, 1—1,2,---,1. Indeed, 
(5. 1. 6) (x, Gi) = (lie 


Now assume æ€ D is the neutral element of an S-triple {x,e,, e}. 
Since the eigenvalues of ads are integral multiples of 4, it follows from 
that in the expansion (5.1.5) a; — dm; for some non-negative integer mu. 
On the other hand, it is not possible for a; to be greater than 1. Indeed, since 
ad #(e_) ——e., it is clear that | 


e— À Cees, 
@ € Ar 


where we emphasize the summation is over negative roots. Hence it follows 
from $2.5(d) (with signs reversed. Also see Lemma 3.4) that if a > 1, 
ad ¢_(€a,) is a non-zero eigenvector of ad x with the positive eigenvalue a;—1. 
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But then since z€ D, this implies [e_, ea,] is a sum of root vectors for positive 
roots. This, however, clearly contradicts the simplicity of a. We have proved 
then that a;—=0, à, or 1 for î—1,2,: + :,1. More than this we have (see 
[7], Theorem 8.3). 


Lemma 5.1. Let the Weyl chamber D and the basis e, 11,2,-°°,1 
of be given as above. Assume that x € D is a mono-semisimple element of 
aTDS. Then 


ë 
T= D liti 
t=1 
where for each i—1,2,: * :,l, we have a —0, 4, or 1. Furthermore, if 
Lı, Ta, * *,%€D is the set (ordered) of all elements in D which happen 


to be mono-semisimple elements in at least one TDS (so that b < 31), then 
there are exactly b conjugate classes of TDS in g. In fact, if m isa mono- 
semisimple element of the TDS a, for 1—1,2,: : -,b, then the subalgebras 
Qi, 1==1,2,' + :",b, are representatives of the conjugate classes. 


For each simple Lie algebra g Dynkin lists [7] which among the 3'—~1 
choices are indeed mono-semisimple elements of a TDS. 


5.2. We retain the notation of Lemma 5.1. Among the elements x, 
j=1,2,--+,b there is a distinguished one. This is the case when a,-1, 
t==-1,2,---,1. That is, for one of the z; all the a; (in (5.15)) take the 
maximal possible value. 


Lemma 5.2. Let D and e, 1~1,2,:--,1, be as defined in 5.1. Let 
% € D be gwen by 
£ 
(5.2.1) To = de. 
A 4=1 


Then x, is a mono-semisimple element of a TDS 


Proof. Since the elements of «; form a basis of h*, 2 may be uniquely 
written 
l 
Lo = > Tii. 
i=1 


Now let c, 1==1,2,- * +,1, be any 7 non-zero complex numbers. 
Define 


t 
(5. 8. 2) eo = > Cila 


q=1 
and 


(5. 2.3) fo -> (71/64) e-a 
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Clearly (a, £o) —1 for alla. Thus 


[Lor 20] = bo 
and . 
1% fol =— fo. 


On the other hand, since a; — æ; is never a root, it follows from (5.1.1) that 


Leo fo] = Lo 


so that {%0, €o fo} form a S-triple. Q. E. D. 

Let x, @ and fẹ be as defined in the proof of Lemma 5.2. Let ay be 
the TDS spanned by the vectors. The TDS a, or any conjugate TDS is 
called (originally in [6]) a principal TDS of g. It and some of its properties 
were discovered by Dynkin and de Siebenthal (See [6] and [13]). We shall 
call the S-triple (or any of its conjugates) {2 , €o fo} a principal S-triple. 
The matrices exhibited in §2.5 are an example of a principal S-triple in the 
Lie algebra of SL(d,C). 

One of the first properties we observe about the neutral element of a 
principal S-triple is that it is regular. In fact, x,€h* and for any HE A 
clearly 


(5.2.4) (Go, $) = 0($) 
£0 


(see (5.1.2)). We shall call +, or any element of g conjugate to x a 
principal regular element of g. Any element of the conjugate class of e, will 
be called a principal nilpotent element of g. 

One of the most significant ways in which a principal TDS is distin- 
guished among all TDS is in regard to its adjoint representation on g. 

For any TDS a of g let n(a), në (a) and n°(a) designate, respectively, 
the number of irreducible components occurring in the complete reduction 
of the adjoint representation of a on g, the number having even dimension 
and the number having odd dimension. 


THEOREM 5.2. Let a be any TDS-of g. Then n(a) =l Furthermore 
a ts ia if and only if ae) =], 


Pr of. Let e,f} be an S-triple yii Hea span is a. In fact, 
employing the notation of $ 5.1 we may assume se DC. Since § is con- 
tained in g” (see § 2.1), obviously dim g7 = ł. But now according to 2.5(g) 
we have n0(a) =dimg*. Thus 


(5.2.5) n(a) =n? (a) —dimg" =} 
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which proves the first part of Theorem 5.2. Now if a is principal x is regular 
and hence dim g7? =}. On the other hand, in this case all the eigenvalues 
of ada are integers (see (5.1.2)) so that në (a) —0 (see §2.5(e)). Thus 
if a is principal, n(a) —n0(a) ==]. Now, conversely, assume na) ==}. But 


l 
then by (5.2.5) dim g? ==} which implies æ is regular. Writing 2 == >, Gie; as 
§=1 


in § 5.1, it follows then that a;=-4 or 1 for all 4 But since n9(a) —n(a), 
thet is, nË(a) —0, this means (see §2.5(e)) the eigenvalues of ads are 
? 
all integral. Thus a; 44 by (5.1.6) and hence x == Ye so that a is principal 
| î=1 
by Corollary 4.2. Q. E. D. 
As a corollary of the proof we have 


COROLLARY 5.2. Let a be any TDS of g; then n°(a) 2l. Furthermore, 
n(a)9 ==] if and only if the mono-semisimple elements of a are regular in g. 
In case a is principal në (a) = 0. 


5.3. The following corollary of Theorem 5.2 distinguishes the principal 
nilpotent elements in the set of all nilpotent elements in g. The proof fcllows 
immediately from §2.5(d) and Theorem 5.2. 


COROLLARY 5.3. Let e be a nilpotent element in g; then dimc* = 1 
and dim g°=1 if and only if e is principal nilpotent. 


Now let {%o; @, fo} be the principal S-triple defined as in §5.2. We 
will now apply the theory of § 4.1 to this S-triple. 
= -First of all, since the eigenvalues of adz, are integral, we observe that. 
Gpj2== 0 whenever p/2 is not an integer and for j a non-zero integer 
(5.3.1) g= À (e$) 


o()=j 
and 


Go = D. 


We will write n for n, =n, and 8 for mo. Then 
n= > (ep) 
gear 


(a3 is well known) is a maximal Lie subalgebra of nilpotent elements and! 
&=þ-+n is a maximal solvable Lie subalgebra of g. Let H, N and 8 be: 
‘the subgroups of G corresponding to b, n and 8. | 

Recalling that | | 


FA 
Co = >) Cila,; 
4=1 
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where c,540, t= 1,2,- + +, it follows from Theorems 4.2 and 4.3 that in 
this case 


LA 
Hes = G1 = {6 E gı | e = DB la,la where da, 0, i= 1,2, + *,l} 
q=1 


and (since na = tz) 
Seg = ĝi + na = {e E n | e = I ages, where ag 40 when 
(5.3.2) pear 
$ = %, t= 1,2, ” +, Uh. 

We emphasize that (5.3.2) above implies that “almost all” the elements 
in the maximal subalgebra of nilpotent elements n are principal nilpotent 
(and hence lie in a single conjugate class). 

We wish to prove now that Se, contains every principal nilpotent in n, 


that is, we have the following simple characterization of those elements in n 
which are principal nilpotent. 


THEOREM 5.3. Let nCg be the maximal Lie subalgebra of nilpotent 
elements given by 
n= >, (és). 
me At 
Let e€n, | 
e = Ÿ ages 
peA+ 


be arbitrary. Then e is principal nilpotent if and only if as 0 for d= a; 
te 1,2, - 1 


Proof. By (5.8.2) if e satisfies the condition stated in Theorem 5. 3, 
then e is principal nilpotent. Conversely, let e € n be principal nilpotent and 
assume da, = 0, for some j. 


Assume first that g is simple. Let # € A be the highest root. We recall 
l 

two basic facts about the highest root. One, upon writing y == $; gia, the 
i=l 


integers q; satisfy 


(5.3.3) i 
and 
(5.3.4) o(y) >o0(ẹ) 


for any $ E A, ¢>4i. Indeed, both of these facts are immediate consequences 


LA 
of the following single fact: If d=» ta; is any root, then 
ist 


(5.3.5) LEK 
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for i= 1,2,::-,J. Finally, (5.3.5) is a consequence of well known facts in 
representation theory; in fact, the adjoint representation of g is irreducible 
and by definition of y, ey is the weight vector belonging to the highest weight, 
y. One knows then that eg, for any ¢ € A, is obtained by applying polynomials 
(non-commutative) in the operators ad e-a, t==1,2,'°°,1, to ey. This 
proves (5.3.5). Let 


l 
q= 2 q= ol). 


Now let a, be as in § 5.2 and consider the adjoint representation of ao 
on g. It follows immediately from §2.5(d) and (5.3.4) that (1) ey lies 
in an irreducible component bC g, (2) dim b=?2q +1, (3) ey€b and 
(4) any other irreducible has dimension less than dim b. A direct consequence 
of these facts is that 


(ad e)? = 0 
and 


(ad e0)” (ey) = aey 
where a4 0. 


Now since e is conjugate to eo it follows that (ade)*1-£0. On the other 
hand, since e € n, it follows that for any d € A we can write 


(5.3.6) | (ade)4(eg) = > beeg 
ECA 
and, moreover, bg 40 implies 


o(€) 2 0(¢) + 2¢. 


But this together with (5.3.4) implies that (5.3.6) vanishes for all 6 4 — y. 
Thus (ad e)*2(ey) 0 and in fact, using (5.3.4) once more, 


(ad €) *4¢_y = d'ey 


for some non-zero scalar a’. Now write e = e, -+ es, where e, €g, and e, En. 


Expanding (ade)*4== (ade, +ade,)?2 it is clear again from (5.3.4) 
that 


(ade)? (ey) = (ad e1)” (ey) =a’ey. 
But for any 1, writing 


(ad e1)’ (ey) = È becs, 
EECA 
it follows that since ae, = 0, one can have b’e40 only when upon writing 


l 
g = > la, 
4=1 
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we have t;=— q; In particular, setting t= 2q this means qj—— qj or 
g;—0. This contradicts (5.3.3) and hence Theorem 5.3 is proved when g 
is simple. The general case follows immediately upon writing g as a direct 
sum of its simple ideals. The component of e in each ideal is necessarily 
principal nilpotent in that ideal by Corollary 5.3. Q. E.D. 


5.4. A theorem proved in [1] (See [1], Remark p. 66.) asserts that 
every solvable subalgebra 8, of g is conj ugate to a subalgebra 8’, of 8. If in 
addition it is assumed that the elements of 8, are all nilpotent (hence 8, is a 
nilpotent Lie algebra by Engels theorem), it is clear then that 8’, Cn. 
In particuar, it follows then that every nilpotent element e€ g is conjugate 
to some element e’€n. Actually, we don’t need the result of [1] referred 
to above to prove this. For completeness, we observe that this follows from 
Lemma, 5.1. 


Lemma 5.4. Any nilpotent element e€ g is conjugate to an element 
CEN. 


Proof. Applying Theorem 3.4 it suffices only to show that the nil- 
positive element of any S-triple containing x; (using the notation of Lemma 
5.1) as neutral element lies in n. But this is clear since 7;€ D. That is, 
for DE A, (2,6) — 1 implies ¢gé At. 

As a corollary to Theorem 5.3, its proof, and Lemma 5.4 we obtain 
another characterization of principal nilpotent elements in case g is simple. 


COROLLARY 5.4. Assume g is simple. Let y be the highest root and 
let a—o(y). Let e€ g be any nilpotent element. Then e is principal nil- 
potent if and only if (ade) 340. However, tf e ts principal nilpotent 
(ade) = 0, | 


5.5. Corollary 3.7 sets up a natural one-one relation between the con- 
jugate classes of nilpotent elements and the conjugate classes of TDS. 
It is clear that in this correspondence the class of principal nilpotent elements 
corresponds to the class of principal TDS. Regarding the latter as distinctive 
among all conjugate classes of TDS will be given further justification then 
when it is shown that the former is distinctive among conjugate classes of 
nilpotent elements. The following corollary shows this very clearly. | 


COROLLARY 5.5. The set of principal nilpotent elements (a conjugate 
class of the adjoint group G) in g forms an open; dense and connected subset 
of the set of all nilpotent elements an 9. 


Proof. Openness follows easily from Corollary 5.3 by choosing a basis 


oO 
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of 8 and considering the (n —-1)X (n—/1) minors of the matrix defined by 
ade, e nilpotent, with respect to the basis. Denseness follows from Theorem 
5.8 and Lemma 5.4. Connectivity is immediate also since the set of principal 
nilpotent elements is an orbit of the group G. 


5.6. Principal nilpotent elements behave like the “regular” elements 
in the set of all nilpotent elements. That is, one can make a strong case for 
the following analogy: The set of principal nilpotent elements is to the set 
of all nilpotent elements as the set of all regular elements is to the set of 
all semi-simple elements. We cite for example Corollary 5.3 and Corollary 
5.5. In this analogy, between the semi-simple elements and the nilsotent 
elements, the Cartan subalgebra clearly corresponds to the maximum Lie sub- 
algebra of nilpotent elements (see Lemma 5.4 §2.1. Also all maximum Lie 
subalgebras of nilpotent elements are conjugate—see $ 5.4). One knows that 
a regular element can be characterized by the property that it lies in one and 
only one Cartan subalgebra. Corollary 5.6 asserts that also in this regard 
the analogy still holds. . 


w 


COROLLARY 5.6. Let e€g be nilpotent. (One knows that e can be 
embedded in at least one maximal Ine subalgebra of nilpotent elements.) 
Then e is principal nilpotent if and only if e lies in one and only one meximal 
Lie subalgebra of nilpotent elements of g. 


Proof. By Lemma 5.4 we may assume e€ n (using the notation § 5. 4). 
Assume that e is not principal. We will prove e is contained in a second 
(different) maximal Lie subalgebra of nilpotent elements n’. Now we may 
write 

e = Ý, ages. 
peat 
By Theorem 5.3 since e is not principal, &e, == 0 for some value of 4 But 
now it is known (and easy to verify) that 


nt’ == >, (ep) + (8-a,) 
Q € At 


Pru, 


is a maximal Lie subalgebra of nilpotent elements of g. (In fact, n is carried 
onto n’ by any element of G which (1) leaves invariant and (2) whose 
restriction to D is the reflection Re,—see § 7.1). Obviously e€ w. 

Now assume e is principal. In fact, we may take e== ep where we use 
the notation of § 5.2. Assume e€ 1’, where n = An, A€ G. We shall use 
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the prime (’) on previous notation to indicate the effect of conjugation by À. 
Applying Theorem 5.3 to n’ it follows that 


a= à apep, 
ge At 


where ap £0 for 6=@, t=1,2,:--,1. Now by Theorem 4.3 there exists 
A E N’ such that 


l 
CS ? 
Å ilo == >, labag» 
ia 


But then since 2)’ (— At ) and 4.,e, are clearly the neutral and nil-postive 
elements of an S-triple (see proof of Lemma 5.2), it follows from Theorem 
3.6 that 

Ax € Lo" + gi, 


However, since x is regular upon applying $2.5(d) and (5.1.2) in the 
case of this S-triple, it follows that q41% Cn’. But then by Theorem 4.3 
there exists 4, € N’ such that AAt = z. But now since +, is regular, we 
must have 4,4,5 =f’. But this of course implies h C 8’ because A Ag € S”. 
But this means 8’ and hence n = [3,3] are stable under adh. But then 1’ 
must contain and in fact must be spanned by root vectors associated with } 
(since obviously n Nh ==0). But ey = Š Cie, En and o,0. Thus ea, € W, 


j=l 
i= 1,2, - :,l. Hence since the ea, generate n, it follows that nG w. But 
then of course n = tř. Q. E. D. 


5.7. We continue with previous notation. 
Now consider g®%, the kernel of ade» By Corollary 5.3 


dim g® =}. 


In the special case when g is the set of all (7+1)xX(I+1) complex 
matrices of trace zero one sees easily that g% is a commutative Lie algebra 
(of nilpotent matrices). This and other evidence suggested to us that perhaps 
g® is commutative in the general case. However, since among other things 
we were unable to construct a “useable” basis of g% we could not settle the 
question using purely algebraic methods. Nevertheless, it is true that g® is 
commutative (Corollary 5.8) in the general case. The proof which we have 
found is very simple but uses limit arguments. It was Corollary 5.8 which 
orignally suggested the validity of Theorem 6. 7. 


Theorem 5.7 or Corollary 5.7 may be regarded as a generalization of the 
fact that a Cartan subalgebra of a semi-simple Lie algebra is commutative. 
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THEOREM 5.7%. Let g be a complex semi-simple Lie algebra of rank 1. 
Let y€ g be arbitrary. Then gv contains an | dimensional commutative Lie 
subalgebra. 


Proof. It is well known thai the set of regular elements in g is dense 
in g. Thus we may find a sequence Ym n—1,8,: - : of regular elements 
converging to y. 

Now consider the Grassmann manifold of all 7 planes in g. This, of course, 
is compact and hence we may find a subsequence y, of the sequence y’, with 
the property y,— y and the Cartan subalgebras g converge to an l-plane u 
in the Grassmann manifold. Now if w;,1—1,2,---,1, is any basis of u we 
may find elements w"€ g, n==1,2,:--, +—=1,2,:°-,1, such that wi" € qu 
and ww, as n—->œ for i—1,2,: - -,l. Since [Yn w] — 0, it Zollows 
immediately by taking the limit that uC g. But [us,w;'] ==0. Again 
taking the limit this obviously implies u is commutative. Q. E. D. 


COROLLARY 5.7. Let yEg. Assume dimg’—1. Then g is commu- 
tative. 


5.8. Corollary 5.7 and Corollary 5.3 imply 


COROLLARY 5.8. Let e be a principal nilpotent element in g. Then g° 
is commutative. | 


6. The principal element of G and the duality theorem. 


1. We shall assume from now on that g is simple. The theorems to be 
proved are either true in the general semi-simple case or can be obviously 
modified to be true in that case. The extension from the simple case to the 
semi-simple case in any event is immediate. We consider only the former 
mainly for notational simplicity. 

Recall what is meant by a compact form Ë of g. This may be defined 
as a real Lie subalgebra of g with the property 


(1) g=f+da 
is a real direct sum. (That is, Ë is just a “real form” of g and 
(2) The restriction of B to Ë is negative definite. 
One immediate consequence of (2) is 


(a) every element of Ë is semi-simple. Next we recall some facts in 
the Cartan subalgebra theory of £ (which is somewhat different from that 
cf g). 
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(b) Iftisa are subalgebra of f, then ý, ==t -+ it is a Cartan sub- 
algebra of g and b,*— | 

(c) A Lie ini t of f is a Cartan subalgebra if and only if it is 
maximal commutative. 


An immediate consequence of (c) which we shall soon use is 


(d) Any commutative Lie subalgebra u of f can be imbedded in a 
Cartan subalgebra of f. 


Corresponding to the adjoint operation (conjugate transpose) in the 
space of matrices we introduce a *-operation in g by defining for any z€ g 


LÉ = — W, 
where z is written | 
| = g + y 
for x, y € tÉ. 


> 


ons the notion of a normal matrix or normal operator we wa 
say 2€ g is normal with respect to f whenever 


Le, z] — 0 


Writing z= v -4 iy, æ,y€E At it is clear that z is normal if and only if 
La, y] = 0. 

It is well known of course that a normal matrix is diagonizable (semi- 
simple). The following generalization of this fact (and also of (a)) is a 
useful criterion for semi-simplicity in g. 


Lemma 6.1. Let z, an element of g, be normal with respect to a 
compact form € of g. Then z is a semi-simple element of g. 


Proof. We may write z==x-+- iy, where ia, iy € f. But now since z is 
normal [iz,iy]=-0. Thus by (d) there exists a Cartan subalgebra t of f 
which contains i and iy. But by (b) b,—t+ait is a Cartan subalgebra 
of g. But then z€ §, and hence z is semi-simple. Q. E. D. 

When the root vectors, relative to a Cartan subalgebra, are suitably 
normalized (Weyls normal form) Weyl has given a basis of a compact form 
of g in terms of these root vectors and the Cartan subalgebra. In. previous 
sections we required no other normalization of the eg, p€ A, other than 
(5.1.0). We will assume from here on, unless specified otherwise (in 
Theorem 8.4), that the root vectors are normalized into Weyl’s normal form, 
with the exception that (e9,e.9) —1 is retained in preference to (ep, e) 
=— 1. (In such a normal form one may choose the root vectors ea, 


COMPLEX SIMPLE LIE GROUP. 1005 


i= 1,2," *,l, arbitrarily and hence we need not regard ¢ as having been 
altered). Then one knows that the linear span, with real coefficients, of ih* 
and the vectors eg — 4, 1¢¢-+ tep for all ¢ EA* is a compact form Ë of g. 
(See remark, p. 11-11 in [12]). One sees easily then that (e¢)* —e_¢ or 


(6.1.1) ( È ageg)* = È, ges 
Pea PEA 
for any set of complex numbers ag, ẹġ € A. 


6.2. We recall now (see §6.1) that g is simple. Let € A be the 
highest root.8 Let II® Œ A be the subset of J -+ 1 roots obtained by adjoining 
—vw to the simple positive roots. That is, HE ITU (—y). The notion of 
simple root and highest root are notions which of course are relative to the 
choice of a lexicographical ordering in * or rather to the choice of a Weyl 
chamber (see §5.1). We will say then that the roots in I are Q-simple 
relative to the chamber D. (We shall not require the fact but it can be shown 
that the number of Weyl chambers which give rise to the same set of Q-simple 
roots is equal to order of the fundamental group of GŒ; that is, to the order 
of the center of the simply connected covering group of G.) 

Now an element z€ g will be called cyclic if there exists a Cartan sub- 
algebra b, and a set I2 C A, of Q-simple roots relative to some Weyl chamber 
D, in §,* such that z can be written | 
(6.2.1) = 2,060 
where the ag, é € IL®, are non-zero complex numbers and the eg are root vectors 
for D, corresponding to the roots €€ A;.® Cyclic elements play a major role 
in the remainder of this paper. 

If z is given by (6.2.1), observe that in effect we have formed the cyclic 
element z by adding a_y,e_y, to a principal nilpotent element, where y, is the 
highest root in A, relative to Dı. It shall be shown that not only does this 


destroy nilpotency but the cyclic elements are in fact regular. First we shall 
need 


Lemma 6.2. Let the cyclic elements z, x € g be given by 


Z== D apep 
I RETIQ 
and 


D = > a’ ge, 
Bel? 


* The properties of y which will be required are all consequences of (5.3.5). 
- ° The set A, is the set of roots associated with the Cartan subalgebra HE. 
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where the coeficients ag, a’ are all arbitrary non-zero complex numbers. Then 
if H is the subgroup of G corresponding to h there exists an element A CH 
and a non-zero scalar À such that 


Åz = àZ. 
Proof. Let «, i=1,2,---,1, be as in §5.1. Let y€ be given by 


; | 
y = 2 Log(a'a/da)er 
Clearly Exp y€ H and 


tA l 
Exp y ( > Ae, Ca, ) B > Wola 
4=1 izl 


Now let c be any complex number and let z, be given by (5.2.1). Then 
clearly 


l l 
(6. 2. 1) Exp(y + Co) ( 2 Tab) = e°( 2, d'ala). 
roth à i= 


Now let g—o(y) as in § 5.3. But then 
Exp 62% (ey) = e"%e y 
and if b is defined by Exp y(ey) = bey, then b=£0 and 


(6.8.2) Exp (y + czo) (Gye) ==6e"%1ba_ye. y. 


Now choose c so that 
eclat) = A yS bay. 
Then 


(6.2.3) ebay — eW y. 


Hence if A == e°, A == Exp (y + czo), one has A € H and (6.2.1), (6.2.2), 
and (6.2.3) imply 
A( > apeg) =A(_ 2 apep). Q. E. D. 
BEIL gemo 


An immediate consequence of Lemma 6.2 is the following theorem which 
asserts that up to scalar multiplication the set of cyclic elements forms a single 
conjugate class in g. 


THEOREM 6.2. Let 2 and z be any two cyclic elements in g. Then there 
exists a scalar à, X40, such that z and dz are conjugate to each other. 


Proof. If D, is a Weyl chamber in ),*, where b, is a Cartan subalgebra, 
there exists À € G such that Ah, ==}, and AD, =D. This fact together with 
Lemma 6.2 proves Theorem 6. 2. Q. E. D. 


&- 
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6.3. Lemma 6.1 is needed solely to prove the following lemma. 
Lemma 6.3. Cyclic elements are semi-simple. 


Proof. Now if we write 
l 
(6.3.1) Y = È qiti, 
i=1 


recall that the coefficients q; are positive integers. (See (5.3.3)). Thus if e, 
is defined by 


l 
Gi > (Gi) ex, 
121 
and 2, is defined by 
Zı = 6&1 + 6; 


then e, and z, are, respectively, principal nilpotent and cyclic elements. 

To prove Lemma 6.3 it suffices by Theorem 6.2 to prove only that z, 
is semi-simple. But to prove that z, is semi-simple, by Lemma 6.1 it suffices 
only to prove that z, is normal with respect to f. Now by (6.1.1) 


z,** =: e” +- ey 
and 


} 
e," == >, (qi) hea, 
i=1 
But, obviously then, since y is the highest root 


Les, ey] = [e.*, ey] — 0. 
Thus 


Las 4%] = Lei + ey, 61” + ey] = Les, e,*] + [ey, ey]. 
But 


t H 
Lez, e,*] ii 2 Gil Cars ea, | = 2 qit = ÿ 


421 
by (5.1.1) and (6.3.1). On the other hand, of course, 
[ey ey] = — ÿ. 
Thus {2,,2,*] — 0 and hence z, is normal with respect to ¥. Q.E.D. 


6.4 To gain information on cyclic elements in general it suffices by 
Theorem 6.2 to focus attention on a single fixed cyclic element. We choose 
this elernent to be 2, where zo is given by 


(6.4.1) Zo == bo + Cy. 
Here, of course, e, is given by (5.2.2). 


14 
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As in $ 5.2 let a be the TDS spanned by to, €o and fy. Now let ny be 
the multiplicity of the irreducible 24 + 1-dimensional representation ox: in 
the complete reduction of the adjoint representation of ay on go. By Corollary 
5.2, nx=—0 if k is a half-integer and 


(6. 4. 2) l = no +m, + ne +: n 


Now it follows from §2.5(d) and (5.2.4) that the kernel g% of ad es 
is contained in 8. On the other hand, it is obvious that g® N §=0. Therefore, 
since To € D is regular, it follows that the eigenvalues of ada, on g® are positive. 
This implies two things, (1) g* Con (Actually, we have already noted this 
fact—see proof of Corollary 5.6) and (2) by §2.5(d), m)—0. That is, only 
the zero element is annihilated by ada». Indeed, this also follows from 
§2.5(h) which asserts 


No == dim Go — dim gı 
== | — | 
== 0. 
For the present we direct our attention to the first fact, ge Cn. 
Let n* be the maximal Lie subalgebra of nilpotent elements given by 
n* = $, (es). 
ge At 
Then, of course, 
(6. 4. 3) g=n*+h+n 
is a direct sum decomposition. We shall let p (resp. p*) be the projection 
p:g—n 
(resp. p*: g—n*) | 
of g onto n (resp. n*) defined by the decomposition (6. 4, 3). 


Now consider the kernel g% of adzo A relation between g“ and g® is 
given by 


Lemma 6.4A. Let po be the restriction of the projection to the sub- 
space g. Then po(g%) C g® and in fact 


po: g —> g% 


is a linear isomorphism of g% onto g®. 
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Proof. It follows immediately from the decomposition (6.4.3) of g 
and (5.1.3) that 
[ey n] On* +h 
[ey b] © (ey) 
[ep n*] == 0. 


Now let y€ g* be arbitrary. Write 
| y =v +F t- u, 


where v€ n*, zE D, and uen. 
Now by (6.4.1) and §5.1 


= [20; 7] 
(6.4. 4) = [60,0] + Léo, 2] + [20u] 
+ (2, veu + [ey u]. 
Applying the projection p to both sides of (6.4.4) we obtain 
Léo, ©] + [eo U] ==9. | 


But then recalling the relation [8; g;] Œ guj, it is clear that [Leo x] —0 
and [és u] =0. Thus since u == p(y) it follows that p(ge) Cq%. It also 
follows that since gC n, we must have 


(6.4.5) z= l. 
Thus y =v 4-u and 


0 = [e0 V] + [00,8] + [ey, u]. 


To show first that po is one-one, assume u==0. But this and the last 
expression imply that v € ge. But g*Cn. Hence v=0. Thus y = 0 which 
proves that po is an isomorphism into. But now, by Corollary 5.3, dim g® =}. 
On the other hand, dim g & l (see, for example Theorem 5.7). Since po is 
an isomorphism, this means 

dim g* =} 
and also that po is onto. | Q. E. D. 
A major consequence of Lemma 6.4A is 


COROLLARY 6.4. Cyche elements are regular. 


Proof. As above let zo be defined by (6.4.1). It suffices to show 2, is 
regular. But by Lemma 6.3 2, is semi-simple. Hence g* contains a Cartan 
subalgebra. But, by Lemma 6.4, dimg*==1, Hence 2, is regular. 

Corollary 6.4 implies 
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Lemma 6.4B. Let zo be defined by (6.4.1). Then gœ is a Cartan 
subalgebra. 


We will let Yy designate the Cartan subalgebra ge. 

In the proof of Lemma 6.4 we considered the decomposition of any 
element y € h’ and showed that its projection æ in ġ vanishes. (See (6.4.5)). 
We state this as 


Lemma 6.40. Let 2 be defined by (6.4.1). Let p and P* be the pro- 
jections of g on n and në also defined as in §6.4. Then the projection 
1— (p-+p*) of g on h vanishes on Y. 


Perhaps a simpler way of expressing Lemma 6.40 is to state that the 
Cartan subalgebras h’ and b are orthogonal to-each other (with respect to B). 


6.5. Now g® is invariant under ada (see §2.5(d)). Let wi, 
+= 1,2,-+-,1, be a basis of g% and also eigenvectors of ada. Let Ki, 
i= 1,2,: + -,1, be the corresponding eigenvalues. That is, wE gn, t= 1,2, 

-,4. We may regard the basis so ordered that k; kı At this stage 
we already know two of the k;, namely, the extreme ones k, and k We also 
know an inequality, ky. < kr | 


Lemma 6.5A. Let k; be defined as above. Then, where q==0(4), 
l=hSkhsS: Eh < k= 0. 


Proof. As we noted in § 6.4 we must have k, > 0. On the other hand, 
since €, € g%, it follows that k, — 1. But also ey € g® since y is the highest 
root. Thus [%, ey] == qey implies k —q. Since o(¢) <q for every ġÆy 
(see (5.3.4) ), it also follows that kra < kı Q. E. D. 

Taking the proof of Lemma 6.5A into account we will choose t, = €0 
and u= ey. 

Now let dp t= 1,2,- -,1, be the dimensions, in non-decreasing order, 
of the irreducible components occurring in the complete reduction of adjoint 
representation of a principal TDS (e.g. ao) on g. Appplying $2.5(d) the 
eigenvalues k; yield the dimensions .d; by the relation 


(6.5.1) d= 2h, +1. 


Lemma 6.5A implies d, —3, d—?q +1 and dp, < 2q +1. 
Now by Lemma 6.4A there exists a unique basis Yı, Yz' * +, yı of the 
Cartan subalgebra ’ with the property that p(y;) =u; Define v; by 


(6. 5.2) Yi = Ui Vi. 


` 
À 
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By Lemma 6.4C it follows that mE n* for t== 1,2, -,l. Since U, = bo 
and since p(%) == £ it follows from (6.4.1) and Lemma 6. 4A that v, = ey 
and Yı == Zo Now u,=ey. We shall have to know what v is. 


Lemma 6.5B. Let c and qi, i1—1,%,: --+,1, be defined respectwely by 
(5.2.2) and (6.3.1). Then v, ts the element gwen by 


(6.5.3) r Vi -3 (qi/ c) Eos. 
Proof. As in the proof of Lemma 6.3 
[2o oy + 3 (91/1) e-a, 
— Le 0p] + X gle o-a] 
== — + gs — 0. 
Thus ey +3 (qi/ci) ec, €Y. It follows immediately then from Lemma 
6.4A that n=) (qa/ ci) ea, a Q. E. D. 


6.6. Now it is clear (for example from the matrix representation of a 
TDS given in §2.5) that there exists an element A in the subgroup of G 


corresponding to a, such that At, ==-— £o. But since v, is regular, it is clear 
then that 

A: b— 5, 

A: n°". 


In fact these relations are already contained in the more general fact 
A: gj g-i 


for any —qssjssq. It follows then that we may interchange the roles of 
A+ and —At*, n and n* and also g, and g_, in the results of $$6.2-5. But 
then one sees that v, is principal nilpotent and that y, = 4 + vis cyclic. But 
then by Corollary 6.4 it follows that g”: ==}. Finally, applying Lemma 6.4A 
we obtain 


Lemma 6.6. We retain previous notation. Let p*, be the restriction of 
p* tol’. Then (1) vis a principal nilpotent element, (2), p*.(h’) Cg” and 
in fact . 
po: D =g" 
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is isomorphism onto. In other words, the elements vi 1—1,2,: + :,l, form 
a basis of g". Also, the elements vı commute with each other. (See 
Corollary 5.8). 


It is obvious from (5.2.3) that v is a nil-negative element of a principal 
S-triple containing x) as neutral element or an nil-positive element of a 
principal S-triple containing —x, as neutral element. ‘Thus g”! is stable 
under ad x, and since all principal S-triples are conjugate the eigenvalues of 
ad % on g”! are — ky — kbr + +,—k ı in non-decreasing order. The elements 
v; are a basis of g”: by Lemma 6. 6 but it is not at all clear yet that they are 
eigenvectors of ad £o. | 


6.7. We now isolate a particular conjugate class in G, elements of 
which, will play a major role in the remainder of this paper. An element 
PE G will be called a principal element of G if there exists a principal 
regular element z € g (see § 5.2) such that P can be written 


(6.7.1) P == Exp(?ri/s)a, 


where s==q + 1 and g, as usual, is the order of the highest root y. Note 
that since x lies in a principal TDS, the principal element P lies in a sub- 
group of G corresponding to a principal TDS. (We shall make no use of 
the fact here but it can be shown that the number of principal regular elements 
x which satisfy (6.7.1) for a fixed principal element P € G is equal to order 
of the fundamental group of G@). Various characterizations of principal 
elements will be given in §§8 and 9. 

Throughout the remainder of the paper we will let © be the primitive 
s root of unity defined by w == e?*/8, Let P, be principle element in G defined 
by letting Po = exp (2ri/s)£o. It is clear then that 


Pot = why 


for UE g —g=j=q. It follows then that wi, j—0,1,: - *,q, are the 
eigenvalues of P, and if u; designates the corresponding eigenspaces, then 


(6.7.2) Uy = Gj + Gi-s 


where it is understood that g_, denotes the zero subspace. 
It is an immediate consequence of (6.7.2) that zo is an Graveda of Po. 
In fact, 


(6.7.3) Pozo = who. 


But this clearly means that the Cartan subalgebra h’ = g% is stable under Po. 
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On the other hand, the elements y; = U; + V where u;€gx,, form a basis of y’. 
Let us apply P, to these basal elements. Then by § 6.5 


Poyi = otl -+ Poti. 


But the elements Poy: belong to Y and furthermore ne obviously, Pov; € n*, 
it follows that 
Po (Poyi) = wlj, 


But now if we apply Lemma 6. 4A we must have 
P Yi == oi. 


Thus yi, w and hence also v; are contained in Uug, But since v€ n“, it follows 
from (6.7.2) that v€ gx. Thus not only did we prove that the v; are 
eigenvectors of ada, but more we obtain a duality relation among thé 
integers k4. i 


Lemma 6.7. Let v, 1—1,2,: : :,1, be defined by (6.5.2). Then 
VE gru- 21,2," * -,l, Also the integers k; satisfy the following duality 
law, | | 

s= ky += ko + hat li + ki. 


Proof. Only the second part of Lemma 6.7 is not yet proved. By Lemma 
6.6 the elements v; are a basis of g”: and the first part of Lemma 6.7 asserts 
that v; is an eigenvector of ada, with eigenvalue k;—s. On the other hand, 
as we have seen, the eigenvalues of ad z, on g?! are, in non-decreasing order, 


— kh S —hy SS hy. 
But these must be identical, and in the same order, as 


ky —s S kp — s S Sky —-s. 


Subtracting termwise we obtain for all defined p, kp + kurp =s. Q.E.D. | 

Observe that the duality together with the inequality kr, < ki nee 
the inequality ky < kg. 

In [3] Chevalley observed empirically a similar duality in the exponents 
(see [3], p. 24) of g. Later it will be proved that the integers k; are in fact 
these exponents and that the duality observed in the latter is the same as 
the duality just proved in the former. More than just a numerical coincidence 
the duality in the k; takes the following form. (Theorem 6.7 summarizes. 
results which have already been proved.) 


THEOREM 6.7. Let c, i= 1,2, - :,1, be I arbitrary non-zero complex 
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numbers. Let qi, 1—1,2,: : :,1l, be the coefficients of the highest root y 
relative to the simple positive roots qi. 
Let 
l 
Co a 5 Cila; 


i=1 
and 


Then e, and &, are principal nilpotent elements in g so that g% and g* are 
l-dimensional and commutative. 


z 
Let to= Ñ ea, where e, t= 1,2,---,1, ws the basis of the Cartan sub- 
i=l . 
algebra ġ dual to the simple positive roots a, t=1,2,;:-,l, so that 


(zo $) =0(¢) ts the order of a root ġ. For any non-zero integer j let 


*% 


g= 2 (ep) 
o(p)=j 


be the ergenspace of ad z, for the eigenvalue j. 

Then g® and g% are each stable under eda, and the eigenvalues of the 
restriction of add to g® and g®, respectively, are positive integers k; and 
the negative integers — ki 1==1,2,:-+-+,1, where 


lak hS : S ka < kig, 


t 
and q= X U—=o0(W) and 2k, +1,2ke +1," : -,8k1+1 are the dimensions 
i=1 


of the irreducible components occuring in the complete reduction of the 
representation of a principal TDS on g. 
Let 
Zo == lo + Cy 
and 
Zo = ĉo + Cy 


(cycle elements). Then 2, and % are regular, so that g* and g® are Cartan 
subalgebras; and [29,2] =0 so that g = g®. 
Let Po, a principal element of G, be given by Po = Bsp (Rai/s) x, where 
=g+1. Write Y for ge»—ge Then Y is orthogonal to b. But much 
more than this, D’ is stable under P, and the eigenvalues of Py | Y are oti, 
i—=1,8,: ::,l, where w= "i/s, Furthermore, we can find corresponding 
eigenvectors, yy which form a basis of Y and are such that 


Yi == Ui + v 
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where the u; form a basis of g® and the v; form a basis of gt, += 1,2,--- ,1. 
Moreover, Egr, and nE Qu,» SO that the integers k; satisfy the duality 
relation 

s= hey + hey == k + kr = = hy + hs. 


Finally we can choose Y, = Zy and Yı = 2p. 


6.8. Among other things, Theorem 6.7 asserts that the integers k; may 
be found by considering the eigenvalues, «wt, of the restriction of the principal 
element P, to H. Theorem 6.8 below asserts that without knowledge of Yy 
or the restriction Po | h’ we can determine the integers k, directly by con- 
sidering multiplicities of eigenvalues of a principal element with respect to 
its action on g. In the notation of §6.4 and Theorem 6.8 this means we can 
express ny In terms of sy. 


THEOREM 6.8. Let P be a principal element of G. Let Sp, k =0,1,---, 4, 
be the multiplicity of the eigenvalue o of P (In the notation of 36.7, 
Sy = dim gx + gr) and as in §6.4 let ny be the multiplicity of rar, in the 
adjoint representation a principal TDS on g. Then 


(6. 8.1) Ny == Sp — | 
In other words, let h, be a Cartan subalgebra which is stable under P 
and is such that the eigenvalues of P |}, are wt, i= 1,2,- - -,1 (such a Cartan 


subalgebra exists by Theorem 6.7). Then if m, ts the B-orthocomplement 
to D, M: is stable under P and the eigenvalues of P | m, are o*, k=0,1,---,¢. 
Furthermore each eigenvalue of P | m, occurs with multiplicity 1. 

Proof. Since any element in G is orthogonal with respect to B, it follows 
that m, is stable under P. It suffices then to assume P = P, and b, =b to 
prove Theorem 6.8 for this case. Now by $2.5(h) 


(6.8. 2) dim g; — dim Gui = 1; 


Since na = 0 upon summing (6.8.2) we obtain for 0 &k&q 


| k-1 
(6.8.3) dim go — dim gy == >) nj. 
j=l 
But by § 2.5 (£) 
q 
(6. 8. 4) dim Tr == >. Thy. 
jza-k 
But by the duality in Theorem 6.7 n,;—=n;. But then subtracting (6.8.3) 


from (6.8.4) and recalling that dim g,, == dim gz, and dim gq, = l it follows 
that 


Sp — l = dim (gx + gx-s) — l = ny. Q. E. D. 
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COROLLARY 6.8. Let r be the number of positwe roots of g. Let 
s—q—+1, where q is the order of the highest root y. Then 


ls — 3r. 


Proof. This immediately follows from the second part of Theorem 6.8 
since dim m, = 2r. Q. E. D. 
Since n—1-+ 2r note that it also proved that I divides n. In fact 


n=l(s+ 1). 


7. The notion of the apposition of two Cartan subalgebras. 


1. Let §, be any Cartan subalgebra of g. Let H, be the corresponding 
subgroup of G. Let N(H,) be the normalizer of H, in G. It is obvious that 
À € N(H,) if and only if b, is stable under A. Let W, be the subgroup of 
endomorphisms of ýH, induced by restricting the elements of N (Hı) to D. 
Then the restriction defines a homomorphism | | 


£: N(H:) >W, 


of N(H,) onto W,. The group W, is finite and is called the Weyl group 
with respect to §,. It is well known that the kernel of £ is H, so that 
N(H,)/HæW; If oc W, and AE N(H,) and AE N(H,) is such that 
£(A) =v, then A will be called an extension of o. It is clear then that the 
most general extension of o is of the form 4,4, where A, € H.. 

Let A, be the set of roots with respect to D. It is well known that A, is 
stable under W,. For each root ¢ € A, let Rọ be the “reflection” of §, 
defined by 


(7. 1.1) Roy =y — (2 (p: y)/ ($:$) )b 


One knows that Ro € W, for all ¢€ A, and that W, is generated by these 
reflections (See [12], Theorème 1, p. 16-05). 


Lemma 7.1. Let o€ Wy. Let u be an eigenvalue of o. Then p is a. 
primitive j-th root of unity for some j and every other primitive j-th root of 
unity occurs as an eigenvalue of o. 


Proof. Since A, is stable under ø, there exists a basis of D; (e.g. a set. 
of simple positive roots) with respect to which o is represented by a matrix 
with rational coefficients. It follows then that the characteristic polynomial. 
of o also has rational coefficients. Now since o has finite order, » must be- 
a primitive j-th root of unity for some integer j. It folows then that the 
characteristic polynomial of o is a product of cyclotomic polvnomials and 


an, 
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hence every primitive j-th root of unity is a root of the characteristic 
polynomial. | Q. E.D. 


7.2. Let u, and H2, the set of Q-simple roots with respect to D, be 
defined, respectively, as in §6.7 and §6.2. It is clear that u, is the set of 
all elements y€ g of the form 

y= à apep 
pe 
We know that when all the coefficients ag are different from zero, y is cyclic, 
and hence also regular. It is interesting that in case one of the coefficients 
is zero, not only does y cease to be regular, it is in fact nilpotent. | 


Lemma 7.2. Let IIS be as in 86.2. Let y€ g be of the form 
y= 2 apep. 
Belle 


That is, in the notation of $ 6.7, assume y satisfies Poy = wy. Then tf one 
of the coefficients ag is zero, y is nilpotent. 


Proof. Assume one of the coefficients is zero. In fact, let Bi, 
4—=1,2,---,1-+-1, be the elements of IS. Without loss assume ag, == 9. 


l 
Now upon writing y =— $ qi we know that the coefficients q; are all 
i= 


non-zero (See (5.3.3)). It follows immediately then that the roots 
Bas Bo: * *, Bı form a basis of §. But if we use this basis to define a lexico- 
graphical ordering in Ņ* and set At equal to the set of positive roots relative 
to this ordering, it follows that g€ At for i+==1,2,---,1. But then 


ñ= 2 (ep) is a Lie algebra of nilpotent elements and y€n. Hence y is 
ge At 


nilpotent. Q. E. D. 
7.8. Applying Lemma 6.2 we obtain the corollary 


Lema 7.3, Lety€u,. Let H be the subgroup of G corresponding to 
b. Then y is either nilpotent or else there exists À € H and a non-zero scalar 
À such that 
y = À A 20. 


For any element À € G let g4 be the set of fixed vectors of À. An element 
4€ G is then ‘said to be regular if (1) A is semi-simple (that is, A is 
diagonalizable) and (2) g4 is a Cartan subalgebra. It follows from Theorem 
6.8 that a principal element P € G is regular. 

Now a special relation, to be defined below, exists between the pair of 
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orthogonal Cartan subalgebras b and §’ (See Theorem 6.7). We will show 
that this relation defines ġ and Ņ uniquely up to conjugacy. 

Let §, and Y, be two Cartan subalgebras of g. We will then say that 
bh’, is in appostition to }, with respect to a principal element PE G if (1) 
g? =§, and, (2) §’, is stable under P and the set of eigenvalues of P | Y4 
includes a primitive s root of unity. (Observe that the number s has special 
significance for a principal element; the order of a principal element in G 
equals s.) 

By Theorem 6.7 it is clear that Ņ is in apposition to with respect 
to Po. 


THEOREM 7.3. Assume that the Cartan subalgebra h’, is in apposition 
to hı with respect to the principal element Pı and that D, is in apposition 
to ba with respect to Pa. Then there exists À € G such that AP,At == Pao, 
Ab: = þa, and Ab’, = Va. 


Proof. It suffices to assume P, =Po h= and f,—#ÿ. Now all 
principal elements in G are conjugate to each other. Hence there exists 4, € G 
such that AıPo41* = Pa. Since gë? == he, it is obvious that 43h} = ĵe. Thus 
it also suffices to assume Jo = D and Pe = Po But now Y» is stable under Pa 
and P, | b's has a primitive s root of unity as an eigenvalue. By Lemma 7. 1 
w is also an eigenvalue of P| Y Let y€ Na, y0, be a corresponding 
eigenvector. Then in the notation of §6.7, Y€. But since y is contained 
in a Cartan subalgebra, y is not nilpotent. Hence by Lemma 7.3 there exists 
A € G and a non-zero scalar À such that y—À42. But then by Corollary 6.4 
y is regular and hence Af’ = p’. Q. E. D. 


8. The Coxeter-Killing transformation. 


1. An element y’ € W will be called a transformation of Coxeter-Killing 
if it can be put in the form 


Zł 
RaRo yao Re, 


where ai, t= 1,2," - -,J, are the simple positive roots, in some order, relative 
to some Weyl chamber in Ņġ*. In recent years this transformation has been 
studied by Coxeter. Relationships between the eigenvalues of this trans- 
formation and the eigenvalues of the matrix of Cartan integers have been 
established. (See [5]). Also one knows that all the transformations of 
Coxeter-Killing in W form a conjugate class in W. 

Let y == KaRo,’ © ‘Ra, An integral valued function on the Weyl group, 


LS 
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which plays an important role in the cohomolgy theory of complex homo- 
geneous spaces and also of n is the function N (e) which assigns to each o € W 
the number of positive roots which go over into negative roots under the 
action of o. The knowledge of N(y) will play an essential role in proving 
that the order of y is s. 


Tarorsm 8.1. Let y be the transformation of Coxeter-Kiulling defined 
by letting y= RaRo * Ras Then N(y) =l. Furthermore f i, 
i= 1,2," :,1l, are the positive roots which change sign under y then the 
roots ¢; form a basis of b. 


Proof. Let di, t==1,2,---,l, be defined by 
dj ER Ro Ra, Soy Raati. 
It follows easily from (7.1.1) that 


Di = Oy + D Cia. 
fot 


Since the coefficient of œ; in ¢; is one, it follows that ¢; is positive. 
Furthermore, since the coefficient of æ; in ¢; for 7 < 1 is zero, it is clear that 
¢; are linearly independent and hence form a basis of D. 

But clearly 

¥ ($i) = RaRa > ` Ras: (— 0) 


and hence 


y(i) =— ai + 2 Cj. 
j<i 


Since the coefficient of œ; in y(d:) is minus one, ¢; is a positive root which 
changes sign under y. Thus W(y) Z l 

Now it is well known that N(Ra,) —1. In fact, a; is the only positive 
root which changes sign under Rae, This is clear since only the coefficient 
of a; in œ, for any # € A, is affected by Ra, 

Now assume ¢ is a positive root which changes sign under y. Since 
y(p) € Av, there clearly exists a maximal value i such that 


Raa’ * * Rob € AT. 
That is, Ra," © -Rap E At. It follows then that 
== Rain aa Ra, 


This, however, means that 6 hi. Thus N(y) =1. Q. E. D. 
Now it is well known that one is not an eigenvalue of a Coxeter-Killing 
transformation. À proof of this resting on the work of Coxeter is given, for 
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example, in [4]. (See [4], p. 352). However, since a direct proof of this 
fact, making use of Theorem 8.1, can be given we shall include it. 


Lemma 8.1. Let y be the Coxeter-Killing transformation given as in 
§8.1. Then one ts not an eigenvalue of y. 


Proof. Let «e, i—1,2,: * -,l, be the basis of ) given as in §5.1. Let 
d == 2e (oi, a). Clearly 
yedi = Ra : Bae: 
= di + Rey? * * Rar (— %) 
by (7.1.1). On the other hand, it is clear from the definition of #; in the 
proof of Theorem 8.1 that Ra,- > < Raa (— 2%) =y(¢:). Thus we have 
yei== à + y (di). 
l 
Assume now that z€ b is fixed under y. Write s= $ udi Then 
; 4=1 


T == yr 
ł 
= Bailes + y (4) ) 
l 
= t + 2 ay (da). 


l 
Thus >) azy(¢i:) =0. However, by Theorem 8.1 the vectors ¢; and hence 
i=1 


y(¢:) are linearly independent. Thus 4,0, i—1,2; --,1, and hence 
g= 0. | Q. E. D. 


8.2. Lemma 8.1 is needed solely to prove 


Lemma 8.2. Let GCE A, t==1,2,:: -, L, be the orbits in A under the 
action of y. Then for 1—=1,2,°°-°,L 
> p—0. 


gery 
Proof. This follows immediately from Lemma 8.1 since the sum of the 


roots in any orbit of y is obviously left fixed by y. Q. E. D. 
The following theorem is proved in [4] 


THEOREM 8.2 (Coleman). Let h be the order of the Cozeter-Killing 
transformation y defined as in §8.1. Lei y= ei, Then there exists a 
regular eigenvector zı of y whose corresponding eigenvalue is v. . 


Coleman also observed and used in [4] the following consequence of 
Theorem 8.2. We repeat his proof. 
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CoroLLary 8.2. As in Lemma 8.2 let GLOTA, i=1,2,:--,L, denote 
the distinct orbits of y with respect to its action on the set of roots A. 
Then each orbit T; contains exactly h roots so that in particular hL = Rr, 
where 2r is the total number of roots. | 

Proof. Let 6€ A. Assume y"p—+. It suffices to prove that h divides 
m. Now, where z, is given as in Theorem 8.2, 


(21, $) DE (22 y") 


= (7721, D) 
== ym (24, b) . 
But since 2, is regular, (2,,¢) 340 and hence y™==1. This implies h 
divides m. = QED. 


8.3. Now one knows that the Poincaré polynomial P&(t) can be put 
in the form 


Pa(t) ec (1 +. ponhet) (1 + gemat) its (1 + pomery, 

where the m t= 1,2, : :,l, are positive integers in non-decreasing crder. 
The integers m; (sometimes m; + 1) are called the exponents of g (or W as 
in [4]). When the values of the exponents for the simple exceptional Lie 
algebras were announced by Chevalley at the International Congress at 
Cambridge in 1950, Coxeter recognized a rather remarkable coincidence. He 
observed (1) that in all cases Al == 2r, so that in our notation h = s, and hence 
v=w (See Corollary 6.8), (2) mh and (3) the eigenvalues of y are 
wo, 4==1,2,: +l. No proofs were given and the question of obtaining a 
proof remained open until recently. In [4], using Al==2r as the only 
empirically observed fact, Coleman proved that m; <= h and that the eigen- 
values of a Coxeter-Killing transformation are indeed w™, i==1,2,-- -,1. 
To make the proof independent of any empirical information Coleman states 
that it would be desirable to prove that hl==2r, that is, to prove that the 
number L of orbits in A under the action of y equals 1. (See Corollary 8.2.) 
Another open question, stated in [4], is proving that k — q +1, where q is 
the order of the highest root. (See [4], p. 356.) But since by definition 
s=-1-+q, it is clear from Corollary 6.8 that both of these questions are 
settled when it is shown that h==s. The statement that k —s is a part of 
Theorem 8.4 below. 


8.4. Now let y be defined as in $8.1. Let A€ G be any extension 
of y. Let T: CA, i= 1,2,- - -, L, be defined as in § 8.2 and let 


(8.4.1) b= X (ep). 
oer 
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By Corollary 8.2 it is clear that each subspace b; is of dimension h. Further- 
more, since | 


Ay((es)) = (ev) 
for any ¢ € A, it is clear that 
L 
g ==) + 2, bi 
is a direct sum decomposition of g into subspaces which are stable under Áy. 
Now since y* is the identity element of W, we can define the scalar Ag, 
for any root ¢, by the relation 


(8.4.2) (A) "eg == Aged. 


By applying À, to both sides of (8.4.2) it is clear that Ag —A,yg for 
all ¢ Now since A,” reduces to the identity on b, we can write A,” == Exp 
for some vE B. It follows that A»—e®* for any ¢€ A. But then 


L-1 
(Ag) t == IT Ayip 
j= 
= eterb+rvp+ ror yate) 
=] 


by Lemma 8.2. Thus dy is an k root of unity. This shows that A4,” =1. 
We can now prove that h —s and hence that L=}. More than this we have 


THEOREM 8.4. Let y be a Coxeter-Killing transformation on the Cartan 
1 

subalgebra h. Leth be the order of y. Then h =1 4- X q, where the integers 
il 


qi are the coefficients of the highest root relative to a basis of simple positive 
roots. That is, h—s. Moreover, hl==2r, where r is the number of positive 
roots so that there are 1 distinct orbits T; A, i—1,2,: >°, in A under 
the action of y and each. orbit contains h roots. Furthermore, if we take 
y= Bakoa: ' "Ra, and let pi, 1==1,2,---,1, be the positive roots which 
change sign under y (see Theorem 8.1), then we can choose an ordering of 
the orbits so that $,€ D, +==1,2,-- -,1. 

Now let A. € G be any extension of y. Then Ay*—=1. That is, A,*eg = eg 
for any à € A so that we can renormelize the root vectors ep in such a way that 


Ax Ep = eyiġ 
for any € A and any integer i. 
Now let wE g, i—=1,2,: + -+,1, be defined by 


Wi = Ÿ eg 
per, 
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and let h be the subspace spanned by the elements wi. Then ġ is a Cartan 
subalgebra of g (so that the elements w; are semisimple and commute with 
each other). Furthermore, h = g^. 


Proof. Let y, Ay and Ag for ¢ € A be as previously defined. It has been 
shown that A,?*—-1. In particular A, is semisimple. But if À € G is semi- 
simple it is well known that g4 contains a Cartan subalgebra of g (Se2 e.g. 
[8]). For A= A, the proof is somewhat more direct since Ay, having finite 
order, lies in a maximal compact subgroup of G. But then 4,— Expe for 
some x in a compact form of g. We could then apply §6.1(d)). Let þh be 
a Cartan subalgebra of g contained in g4™. 

Now let b, 1=—1,2,: - -,L, be defined by (8.4.1). Consider the 
decomposition 


L 
5 =) + 2 b: 
Obviously 
L 
g= bn 947 + DEN gi 
(8.4.8) L = 
= > HA g4? 
i=l 
by Lemma 8.1. 


Now let HET: As we have already noted Àẹ == Aytọ for any integer 4. 
Thus A.," reduces to the scalar À4 on the space bi. But then if Ag5@ 1, A,” 
has no non-zero fixed vectors in p; and hence certainly b; N g47==-0. On the 
other hand, if Ag==1, then clearly b; N g47 is the one dimensional subspace 

h-1 : 
spanned by >} A,‘eg. Thus if L, is the number of integers 1, 1+ L, such 


i=0 
that Ay == 1 for all ¢ € D, it follows from (8.4.3) that Lı == dim g4”. In fact, 
since Bb C g47, we then have 


LZ L = dimgt Z1 
and hence in particular LZ 1. 


Now we assert that for any 1, r; N At and T; N A` are both non-empty. 
Indeed assume, without loss, that I, N A` is empty. Then > ¢, in the 
per: 


lexicographical order of H#, must be strictly positive and hence cannot vanish. 
This contradicts Lemma 8.1 and hence the assertion is proved. Now since 
T,AAt and GNA are non-empty, it is clear that there exists a root 
PET; MN A* such that yp E GN A7. That is, each orbit T; contains at least 
one positive root which changes sign under y. But then if we apply Theorem 
8.1 it follows obviously that LT Thus L == L, == dim gå ==]. That is, 
Ag==1 for all € A and g47=-h. Furthermore, if the root vectors eg, $€ A, 


15 
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are normalized so that A,es es, it follows that the vectors i ee ep 
El: 


form a basis of g4. Finally, observe that since L=}, each orbit T; contains 
exactly one positive root which changes sign under y. Q. E. D. 


8.5. Let A, be as in Theorem 8.4. As we have noted in §8.3 the 
eigenvalues of the restriction y of A, to § are the numbers wo”, t== 1, 2,---,1, 
where the m; are the exponents of g. Let m be the B-orthogonal complement 
toh ing. It is clear that m is stable under A,. Theorem 8.4 enables us to 
determine the eigenvalues of Ay on m. 


COROLLARY 8.5. Let A be any extension of the Coxeter-Killing trans- 
formation y and let the root vectors be normalized so that Aeg= eyẹọ for all 
PEA. Let w—eTi/8 and let the roots hi be defined as in Theorem 8.1. 
Define for 11,8," + -,1 3110," +58, 

k-1 
ya Due. 
k=0 


Then yi; is a basis of the B-orthogonal complement m to the Cartan sub- 
algebra h in g and 
Å yti — wy’; 


for all given values of i and j. In particular, the eigenvalues of Ay on m 
are wi, j—0,1,: : -,S8—1, and each eigenvalue occurs with multiplicity I. 


Proof. This is an immediate consequence of Theorem 8.4 which asserts 
that A. on any of the subspaces b; permutes the basal elements e,g,, & == 1, 2, 
- +,s—1, according to the cyclic permutation (1,2,: © -,s). Q. E. D. 


8.6. Upon comparing Corollary 8.5 with Theorem 6.8 the suggestion 
arises that perhaps A, is a principal element of g and that Ÿ is in apposition 
to g47 with respect to Ay. This is in fact the case as Theorem 8.6 states. 

As in Theorem 8.4 write D for the Cartan subalgeba gå. Then since 
all the elements of h are fixed by 4,, there exists an element w € h such that 


A. = Exp w. 


However, such an element w is not unique. We will have to choose w 
correctly in order to prove Theorem 8. 6. 

Let À € G be such that Ab—b. Hereafter, the addition of the symbol 
(~) to previous notation designates the effect of applying the automorphism 
A. Now let Y designate the infinite discrete group of translations in § by 


I 
all vectors of the form té, where the coefficients t; are integers and «, 
1=1 
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i= 1,2, :,1, are defined as in §5.1. It is then easy to prove and well 
known fact that for « and y€ b, Exp riz — Exp ?riy if and only if there 
exists € Y such that c= y. 

For any o€ W and 5€ Y it is obvious that oiu*¢€ Y. It follows that 
if Z is the set of all linear transformations of h of the form 80, 8€ Y, o€ W, 
then Z is a group (a semi-direct product of Y and W). It is well known 
and not difficult to show that for any x,y€ b, Exp ?rix is conjugate by an 
element in N(H), the normalizer of H, to Exp 2riy if and only if there exists 
n € Z such that #yr—y (See [14], Theorem 6, p. 177). 

Consider the action of Z on h#. Let 


(8.6.1) T = {yeh | (ča y) Z0, (Fy) S1 for += 1,2, - +, 1}. 


The set T is called the funadmental simplex of the chamber D. As one 
knows. T has the property that given any y € h* there exists s€ T and n€ Z 
such that ya==y. (See [14], Theorem p. 177 and Theorem 8, p. 180). Asa 
consequence, if we define 


U = |] oT, 
ceW 


then since Z= YW, given any y¢h*, there exists s€ U, 8€ Y such that 
x= y. That is, there exists s€ U such that Exp Iria = Exp 2aty. Now we 
can write Ay == Exp 2riy for some y€ Ñ. However, since the eigenvalues of 
Ay have modulus one it follows that (y,¢) must be real for every ¢€ À. 
Thus y must be contained in bé. But then by what we have just ssen we 
can choose z€ U so that Ay — Exp®?rir. But then € oT for some c€ W. 
Now our choice of A was arbitrary except only that Ah==}. Without loss 
of generality then (modification of A) we can assume that o—1. That is, 
for a suitable choice of A we have 
| Ay == Exp rit 

for some g€ T. 

Now by Theorem 8.4 all eigenvalues of A, are s roots unity. Thus if 
we write 


s — $ (bi/8)é 


it 

then the scalars b; are non-negative integers. But now since (ÿ,x) = i it 
follows from (6.3.1) that 

(8.6.2) D gibi/s S 1. 


4=1 
But we have more information than this. By Theorem 8.4 A, is regular. 
Thus (#,z) cannot be an integer for any p€ A. Thus the strict inequality 
holds in (8.6.2). Furthermore, bj > 0. Hence we conclude 


6,21 
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and 
l 
S > 2 qib. 
l 
But s— 1 = q = J, qi (see (6.3.1)). Hence it follows that b; = 1 for all +. 
i=1 


That is, 
£ = $, é,/s 
or 
T = Lo/S 


But % is a principal regular element of g and 
A, = Exp (Rri/s)%o. 


Thus A, is a principal element of G. In fact Ay == APA. Furthermore, 
since the restriction y of À, to D has « for an eigenvalue, it follows by definition 
(See § 7.3) that § is in apposition to b with respect to Ay. We have proved 


THEOREM 8.6. Let Y be a Cartan subalgebra of g. Let W be the Weyl 
group operating on h and let yEW be a Coxeter-Killing transformation. 
That is, ~== Ea, Ro,’ + °, Rap where om, +=1,2,:-°,1, are simple positive 
roots relative to some lexicographical order in * and Re,€ W are the reflec- 
tions they define. 

Let Ay be any element of the adjoint group G of g which extends y. 
Then A, ts a principal element of G (so that in particular its order is s and 
all such extensions are conjugate to each other). Let b be the set of fixed 
elements of Ay. Then b is a Cartan subalgebra (since principal elements are 
regular) and h is in apposition to h with respect to Ay (see 87.3). 


We derive a number of corollaries. The first is an immediate consequence 
of Theorem 7.3 and Theorem 8. 6. 


COROLLARY 8.6. Let h, and Y, be Cartan subalgebras. Assume that 
bh’, is in apposition to Yı with respect to the principal element PEG. Then 
the restriction of P to Y, defines a Coxeter-Killing transformation of Ya. 
In particular, the restriction of P, to Y 1s a Coxeter-Killing transformation 
(See Theorem 6.7). 


8.7. In §9.2 we obtain a more general result (Theorem 9.2) than 
Corollary 3. 6. 


Taking $2.5(h) into account the next corollary asserts the validity of 
the empirical method found by A. Shapiro for the determination of the 
exponents M 


COROLLARY 8.7. Fori==1,8,: : -,l let ky be as given as in $6.5 and 
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let m; be the exponents of g in non-decreasing order. Then k= m, 
4==21,2,---,8. 

In other words, if dj, i—1,2,: + +,1, are the dimensions of the irreducible 
components of the adjoint representation of a principal TDS on g, then 


IT (+e) 


is the Poincaré polynomial of G. 


Proof. This is an immediate consequence of the theorem of Coleman 
(see § 8.3), Theorem 8.4, Theorem 6.7 and Corollary 8. 6. Q. E. D. 

The proof of Theorem 8.6 yields a characterization of principal elements 
of G. We know that a principal element of G is regular and that its order 
is s. Among all regular elements in G we now show that its order is 
minimal. 


COROLLARY 8.6. Let À € G be regular and let k be its order (possibly œ). 
Then t = s, where s— 1 + q and 7 is the order of the highest root. Further- 
more, k =s tf and only if A is a principal element of G. 


Proof. It suffices to assume the order & of À is finite. Now g4 is a 
Cartan subalgebra. Without loss we may assume this to be §. Since A has 
finite order the eigenvalues of A have modulus 1. Thus we may write 
A = Exp ?rix, where xE Hf. More than this, as argued in the proof of 
Theorem 8.6, by conjugating A, if necessary, we may asume x is contained 
in the fundamental simplex of the chamber D. That is, (x, «) = 0, t= 1,2, 
+ +l, (x y) 1. On the other hand, since A is regular, (2,4) is not 
an integer for any € A so that strict inequalities hold in the inequalities 


l 
just given. Thus we may write s= J, (t;/k)e, where the ¢ are positive 
i=l 


l 
integers and È tiqi <k. But then 
i=l 
i l 
s—1l=Dasdia<k 

| 
which proves sk. Also if k=s then t;—1 for t=-1,2,---,i But in 
such a case A is clearly principal. In fact A = P}. 


9. A theorem on automorphisms and a characterization of cyclic 
elements. | 


1. Let S*(g) be the algebra of all polynomials on g (the symmetric 
algebra over the dual space to g}. We may write S*(g) =>) S*(qg), where 
i kz9 
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S*(q) is a space of homogeneous polynomials of degree k. The group È 
operates on a EF g) by the relation 


(9.1.1) A(F) (x) =F (472), 


where A € G, FE S*(g), zes. Let J*(q) C S*(g) be the algebra of poly- 
nomials which are left fixed by al A€ G and let J*(g) =S*(g) NJ*(g). 
Then it is due to Chevalley that J*(q) is generated by Z algebraically 
independent homogeneous polynomials J;, J= 1,2, -+,ł. Furthermore, if 
IEJ” (g), where p&p St S py then m—m+1. (See [3] and 
also [2].) 

The following lemma is an immediate consequence of this result of 
Chevalley and Corollary 8. 7. 


Lemma 9.1. Let J;,7==1,2,: - :,l, be the invariant polynomials defined 
as above. Then deg l;,—s and degl,<s for all 7 <1. 


Now let J*,(g) be the hyperplane in J*(g) consisting of all polynomials 
in J* (g) with zero constant term. Consider the variety in g formed by the 
zeros of all polynomials in J*,(g). As one might expect, 


THEOREM 9.1. Let «€g. Then F(x) —0 for all FE J*,(q) if and 
only if x is nilpotent. 


Proof. Let FE S%(g) be defined by 
F (y) = trace(ad y)*, 


It is clear that Fy € J*(g). It is also clear that if is not nilpotent F,(x) 40 
for some integer k. Hence to prove Theorem 9.1 it must be shown, con- 
versely, that if « is nilpotent, P(x) —0 for all FE J*(q). Assume then 
that is nilpotent. By Lemma 8.8 there exists y€ g such that [y,2]—c. 
Let À be an arbitrary non-zero real scalar and let A*==ExpaAy. Clearly 
Are == ex. Now let Fe J*(q). Obviously by (9.1.1) 


F(a) = F (Ax) = F (er) = oF (x). 


But e®-41. Thus F(x) —0. This proves Theorem 9.1 since J*(g) is 
generated by homogeneous polynomials. Q. E. D. 


9.2. In the proof of Theorem 9.1 we have seen that if s is nilpotent 
and c is any non-zero scalar, there exists an automorphism À € G such that 
Az==czx. The situation as Theorem 9.2 indicates is entirely different when 
x is not nilpotent. If a is eyclic, it has been shown (see Theorem 6.7) that 
there exists a principle element P € G such that Px == pz, where p is a primitive 


good 
~' 
LS 
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s root of unity. Among all possible relations of the form Az cz, where 
À € G, and x is not nilpotent it will be shown that this is, in a very definite 
way, the critical case. | 


THEOREM 9.2. Assume AEG, zE gand Ax—cx. Assume further that 
zis not nilpotent. Then c is a primitive m-th root of unity for some integer m. 
_ Furthermore, m divides m; + 1 for some exponent m; of g so that in particular 
m<s. Finally, if m ==s, then (1) x is a cyclic element of g and (2) A isa 
principal element of G. Moreover, if D, ts the Carian subalgebra which con- 
tains x (cyclic implies regular), then Yı is stable under À and the restriction 
a of A to D, is a Coxeter-Kulling transformation. 


Proof. Since x is not nilpotent, it follows from Theorem 9.1 that there 
exists 7, 12751, such that J;(a) 0. But 


Ij(a) —1;(4x) =1;(cx) = cl; (2). 


Thus ¢7 — 1. This proves that c is a primitive m-th root of unity, where m 
is an integer which divides p;—m;+1. By Lemma 9.1, m <s. 

Now let S*(b) be the algebra of polynomials on ġ and let J*(h) be the 
subalgebra of all polynomials which are fixed under the action of the Weyl 
group W. Let x: S*(qg) > 8*(h) be the homomorphism defined by restricting 
a polynomial on g to §; then it is a known result of Chevalley that the 
restriction 


(9.2.1) x: J*(g) —J*(b) 


of x to /*(g) defines an isomorphism of /*(g) onto J/*(B). (See [3], SIV; 
&lso [12], Theoréme 2, p. 19-10). 
To prove the remaining part of Theorem 9.2 we shall need 


Lemma 9.2. Let 1;€ J*(g), 7=1,2,- - -,1, be given as in §9.1. Let ` 
yE. Then x and y are conjugate with respect to W if and only if 
Lit) == I;(y) for 7 1,2,--°,6. 

Proof. It is obvious from the definition of W that if v and y are con- 
jugate with respect to W,J;(%}—JI,(y) for j==1,2,---,1. Conversely, 
assume I;(7) =1;(y), 7=1,2,-°-,L Let a,22,- © -,2,, and 91, Ya" * *5 Yr 
be, respectively, the distinct conjugates of and y under W. Assume z is not 
conjugate to y. Then a, yp t= 1,2,:-+,71, J= 1,2,- , 72, represent 7, -+ rz, 
points in §. Since points in are obviously algebraic varieties there exists 
fe S*(§) such that F(z) =0, i= 1,2,---,r1, F(y;) =0, j= 2,---, 12, 
and F(y,)=1. But then if 

F = 2,0 (F), 


se} 
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it follows that FE J*(h), F(y) 340 whereas F(x) —0. But x(J;), j—1,2, 
l, generate J*() (see (9.2.1). Thus there exists j such that 
I,(z) 341,(y). This is a contradiction. Q. E. D. 


Proof of Theorem 9.2 continued. Assume m =s. Then cs = 1 implies 
j=l by Lemma 9.1. Thus we conclude J;(x) =0 for 7=1,2,--+,1—1 
and h(s) 0. 

Now it is well known (e.g. see [9], Theorem 6) that we may write 
T = T, + Le, uniquely, where z, is semi-simple, +, is nilpotent and [2,, z:] — 0. 
By the uniqueness of this decomposition it is clear that Az, == cz, and 
ÁT == 0%, Furthermore, by hypothesis we know that 7,540. Thus if we 
apply the previous argument to the relation Az, = cm, it follows that I; (z) 
— 0 for j= 1,2, : :, 1—1, and I;(2,) 0. 

Now since x, is semi-simple it lies in a Cartan subalgebra. Without loss 
of generality we may assume z, € §. Now let y be the Coxeter-Killing trans- 
formation given as in §8.1. By Corollary 8.6, Theorem 7.3 and Thecrem 6.7 
there exists a cyclic vector z € such that yz == wz. If we apply the argument 
above once more to the relation Áz = œz, where A, is any extension of y, 
it follows that J;(z2) == 0 for j7==1,2,:--,/—1 and [,(z2) 40. But then 
by Lemma 9.2, z, must be conjugate to a scalar multiple of z. Thus x, is 
cyclic. But then x, is regular. Since [2,,2,]=—0 this implies z,¢€§. But 
T is nilpotent. Hence tz =Q orv—2,. Thus x is cyclic. 

Now since the regular vector x € Ņ is an eigenvector of A it follows that 
B is stable under A. Let r€ W be the restriction of A toh. By Lemma 7.1 
w is an eigenvalue of r. Let y€ be the corresponding eigenvector. The 
argument above applied to y proves that y is cyclic and when properly 
normalized there exists e€ W such that oz==y. Now let y: = oyo. Then 
yi is a Coxeter-Killing transformation and y,y—oy. But then rty, leaves 
y fixed. But it is well known that the only element of W which leaves a 
regular element fixed is the identity (see [8]). Thus r is a Coxeter-Killing 
transformation and since À is an extension of +, it follows from Theorem 8.6 
that A is a principal element of G. Q. E. D. 

Observe that Theorem 9.2 is a generalization of Corollary 8.6. 

In [4] an important role is played by a regular eigenvectaor of y. 
It is easy to see (see [4]) that the eigenvalue corresponding to any regular 
eigenvector of y is a primitive s root of unity. By Theorem 9.2 we see that 
all such eigenvectors are cyclic. 

Corollary 9.2 characterizes a Coxeter-Killing transformation among all 
elements in W. 


COROLLARY 9.2. Let a € W be arbitrary and let c be an eigenvalue of o. 


= “x 
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Then c is a primitive m-th root of unity, where m is an integer which divides 
m; + 1 for some exponent m; of g. In particular ms. Moreover, if m =s, 
then o is a Coxeter-Killing transformation and the eigenvector of o corres- 
ponding to c is a cyclic element of g. 


9.3. A corollary of the proof of Theorem 9.2 yields a characterization 
cf cyclic elements in g. 


COROLLARY 9.2. Let I, j—1,%,: > -,1, be the invariant polynomials 
on g given as in 89.1. Let xEg. Then x is cyclic if and only if 


IL; (z) = 0 for j= 1,2, + +,1—1 
and 


L,(x) 0. 


Proof. The proof that the equations above hold when z is cyclic has 
been given in the proof of Theorem 9.2. Assume, conversely, that these 
equations hold. Write 
(9.3.1) T = La + Lo, 


where æ, is semi-simple, #, is nilpotent and [z ta] == 0. (See [9], Theorem 
6). By Theorem 9.1 7,540. Without loss of generality we may assume 
tE H. Consider g7. It is clear that g™ is generated linearly by } and all 
root vectors eg, where (¢,71) —0. It follows easily that g: = c + [g%, g#] 
is a direct sum (see [9], Theorem 7), where c is the center of g%. Further- 
more, [g7, 8%] is semi-simple and tO H. Now 2, € g%.. Write Te = yı + y, 
where y, €c and y:€ [g%,g%]. It follows immediately that y, is a nilpotent 
element of [g^ g7] and hence y, is a nilpotent element of g. (See footnote 3.) 

But z,+y,.€5 is semi-simple. Writing s= (t, + yı) +4. gives a 
second decomposition of the form (9.3.1). By uniqueness y, = 0 and hence 
T, E [g%,g%]. Applying Lemma 3.3 there exists y€ [g%,g%] such that 
[y, t2] =g Of course [y, x1] =0. Thus if A= Exp ày, it is clear that 


Art = T + ee. 


But for any Fe J*(g), F(x) =F (Az). By choosing A such that e is 
arbitrarily close to 0 it follows from continuity that F(s) = F(s). In 
particular, Z;(a:) =0 for 7—1,2,---,/-—-1 and (zı) ~0. But then as 
in the proof of Theorem 9.2 it follows that s, is cyclic. But then z, is 
regular and hence [21,¢72.] —0 implies v€. Since x, is nilpotent this 
implies 7,==0 and hence z= +, is cyclic. Q. E. D. 
Even without knowledge of Corollary 9.2 it is interesting to observe 
that the conditions of that corollary, which singles out 1; is independent 
of the set of generators I; of J*(8) so long as they are homogeneous, alge- 
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braically independent and ordered the way they are. This would not be 
necessarily true if I; was singled out where j <1. 
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As we have noted in the Introduction a proof (see Corollary 8.7) of the procedure 
is a consequence of our main results. The paper [15] is mainly devoted to giving a 
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ON THE CONNECTEDNESS THEOREM IN ALGEBRAIC 
GEOMETRY .* + 


By Wer-Liane CHOW. 


To Zariski on his 60th birthday. 


1. Introduction. The Connectedness Theorem in abstract algebraic 
geometry was first formulated and proved by Zariski [14]; it stems from his 
attempt to prove the Principle of Degeneration over an abstract field and 
actually contains that principle as a special case. The proof of Zariski makes 
extensive use of his theory of holomorphic functions on an algebraic variety ; 
in fact, this latter theory was developed by him specially for this purpose, 
and, as has been pointed out by Zariski himself, it has in a sense the Connec- 
tedness Theorem as its principal application. In view of the fundamental 
importance of the Connectedness Theorem on the one hand and the very 
complicated nature of Zariski’s theory of holomorphic functions on the other, 
it is clearly very desirable to have for this theorem a proof of a simpler and 
more elemetnary nature. Furthermore, in consonance with the recent ten- 
dencies in algebraic geometry toward increasing arithmetic applications, one 
would naturally wish to generalize this theorem to the case of a correspon- 
dence between the rational transforms of arbitrary local domains (the exact 
meaning of this statement will be explained later in §2). In a recent paper 
[4] we have given a very simple proof of such a generalization for a special 
case of the theorem, namely the Principle of Degeneration. In the present 
paper we shall solve the problem completely by giving a simple proof of the 
Connectedness Theorem in just about as general a version as we know how 
to formulate it at this stage of the subject. 

Let È be a Noetherian domain with the quotient field K, and let 8” be 
the projective space of dimension n in the algebraic geometry over a universal 
domain $ which contains the field K. Let p be a prime ideal in À, and denote 
by À the residue field R/p of R over p; generally for any element x in R or a 
polynomial f(Y) in R[Y]—R[Yo, Ya: + °, Ym], where the Y; are indeter- 
minates, we shall denote by Z or F(X) respectively the corresponding element 
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in À or polynomial in R[Y] under the canonical homomorphism of Æ onto À. 
We shall denote by 5* the projective space of dimension n in the algebraic 
geometry over a universal domain A which contains the field À. Let Z be a 
positive r-cycle in S" such that its associated point y = (Yo, Yu ` `s Ym) in 
S" is rational over K. A point » in 8” is said to be a specialization of the 
point y at the prime ideal p if whenever a form f(Y) satisfies the condition 
f(y) ==0, it satisfies also the condition f(y) —0. Since the condition for a 
point to be an associated point is “universal,” every specialization » of y at p 
is the associated point of a positive r-cycle Z (y) in S*, of the same degree as 
Z; we shall say that the cycle Z (y) is a specialization of the cycle Z at p or 
at Ry, where Rp is the quotient ring of R with respect to p. It is easily seen 
that the set of all specializations of y at p is an R-closed subset in $", and it 
follows from this that the union of the supports of all specializations of Z 
at p is also an Ë-closed subset in 8”. Recalling the definition that A is 
analytically irreducible at p if the completion of the local ring Ep is an integral 
domain, we can state the Connectedness Theorem as follows: 


Let R be a Noetherian domain with the quotient field K, and let Z be a 
rational positive cycle over K in 8"; if Z is connected and if p is a prime 
ideal in R such that R is analytically irreducible at p, then union of the 
supports of all the specializations of Z at p ts also connected. 


Apart from the extension to an arbitrary Noetherian domain (instead of 
the coordinate ring of an algebraic variety), the above version of the Con- 
nectedness Theorem coincides in substance with the original formulation of 
Zariski. Now, since the Connectedness Theorem concerns itself essentially 
with the properties of a cycle Z with respect to a prime ideal p in À, there 
will be no loss of generality if we replace the ring À by the quotient ing Ry, 
so that we can assume from the beginning that R is already a local domain. 
Moreover, since the concept of analytic irreducibility involves the completion 
of k, we may just as well assume further that R is itself a complete local 
domain. It turns out that, once put in this strictly local form, the Connected- 
ness Theorem can be generalized to a theorem in the “relative” geometry, 
in a similar way as we have generalized the Principle of Degeneration in [4]. 
This generalization, which we shall call the General Connectedness Theorem, 
can be stated as follows: 


GENERAL CONNECTEDNESS THEOREM. Let R be a complete local domain 
with the quotient field K and the residue field À, and let Z be a rational 
positive cycle over K in S”; tf Z is K-connected, then the union of the supports 
of all the specializations of Z at R is R-connected. 
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We remark that here the topological concepts such as “closed,” “ con- 
nected,” etc., refer to the well-known Zariski topology, in which the closed 
subsets are unions of finite number of algebraic varieties, and the relative 
topological concepts such as “ K-closed,” “K-connected,” etc., refer to the 
relative Zariski topology, in which the closed subsets are unions of finite 
number of complete sets of conjugate varieties over K. The use of these 
topological terminology, though not really necessary, proves to be very con- : 
venient. Although it is really only a trivial observation, we should like to 
point out in this connection that our formulation of the General Connected- 
ness Theorem does not at all imply that the preservation of connectedness 
under specialization, which holds in the absolute Zariski topology, holds also 
in the relative Zariski topology over a given ground field; on the contrary, 
a little reflection shows that it is rather the disconnectedness over a ground 
. field that is preserved under a specialization over the same ground field. 

The General Connectedness Theorem contains two special cases: The 
Special Connectedness Theorem, where the cycle Z consists of a single point, 
so that we are dealing essentially with what corresponds to a birational trans- 
formation in the geometric case, and the Principle of Degeneration, where the 
local demain Æ is a real discrete valuation ring, so that there is a uniquely 
determined specialization of Z at R. Conversely, once we have proved these 
two special cases, we can easily obtain from them the Connectedness ‘Theorem, 
as we shall show later in section 4. However, in order to prove the General 
Connectedness Theorem in its full generality as formulated above, we need 
something more than a simple combination of these two special cases. The 
reason for this is noi difficult to see. For the hypothesis of the General 
Connectedness Theorem provides only the relative connectedness of the cycle 
Z over the complete local domain A, while the application of the Principle of 
Degeneration (in the form formulated in [4]) presupposes that we have 
some information about the relative connectedness of Z over some complete 
real discrete valuation ring dominating À, and it is clear that the relative 
connectedness of a cycle is in general not preserved under such an extension. 
In order to fill this gap, we need a result which says essentially that if a 
eycle Z splits into two disconnected parts over every complete real discrete 
valuation ring dominating À and this is in “continuous” manner, then Z 
cannot be connected over Æ. It turns out that these considerations lead us 
in a natural way to a refinement of the General Connectedness Theorem, which 
we shall call (for reasons which will be apparent) the Extended Principle of 
Degeneration. We shall prove this Extended Principle of Degeneration only 
tor the case of a complete regular local ring; whether this Extend Principle 
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holds for the general case of ‘an arbitrary complete local domain, is a question 
which will not be settled here, although it seems very likely that the answer 
to it is in the affirmative. However, so far as the General Connectedness 
Theorem is concerned, this restriction to regular local rings is not a serious 
point, for a very simple argument (in section 4) shows that the validity of 
this theorem for a regular local ring implies Its validity in the general case. 
On the other hand, this restriction to regular local rings enables us to obtain, 
in case of the Special Ccnnectedness Theorem, yet another refinement, which 
is not generally true without this restriction. We shall say that a point set is 
linearly connected if every two points in the set can be connected by a sequence 
of rational curves in the set. Then we can prove that in the Special Con- 
nectedness Theorem for a regular local ring the set of all specializations is 
not only connected, but also linearly connected. This stronger result, which 
we shall call the Linear Connectedness Theorem, is of fundamental importance 
for the theory of rational equivalence, as we shall show in our forthcoming 
work on the intersection theory of cycles and equivalence classes of cycles. 
Our paper therefore consists of two main results, the Linear Connected- 
ness Theorem and the Extended Principle of Degeneration; the former will 
be proved in section 3 and the latter will be proved in section 5. Our procf 
of the Linear Connectedness Theorem is based on an analysis of the properties 
of the quadratic transforms of a regular local ring, and we shall use in course 
of the proof some of the well-known results on this subject. Looked upon 
from this point of view, our proof is related to the recent proofs of Zariski 
[15] and Murre [10] of the Special Connectedness Theorem for a simple 
point in the geometric case. On the other hand, our proof of the Extended 
Principle of Degeneration is of a quite different nature; although the quadratic 
transforms play also an essential role in this proof, the main idea lies in a 
different direction and is essentially a generalization of the method used in 
our proof of the Principle of Degeneration in [4], which centers on the idea 
of Hensel’s Lemma. Only, as we have to deal now with an entire system of 
specialization cycles at the center, instead of a single cycle, the elementary 
“resultant” method used in [4] proves to be too cumbersome and rather 
inadequate ; instead, we shall draw more heavily on the theory of local rings, 
with the result that we are able not only te prove the more general result, 
but also to gain a better insight into the nature of the problem. Incidentally, 
we should like to point out that the result in [4] is not used in our present 
proof, which in this sense can be said to start from the beginning, while on 
the other hand our recent result on the Local Bertini Theorem [5] plays an 
essential role in the important process of reduction to the case of dimension 2. 
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As to terminology, we shall use here some of the terms in Weil’s well- 
known Foundations of Algebraic Geometry, such as the terms “universal 
domain,” “ variables,” “ indeterminates,” “cycles,” ete., which have now become 
more or less standard; however, we shall not make use of any results in this 
book, so that a knowledge of it is not at all necessary for the understanding 
oï the present paper. On the other hand, we shall assume that the reader 
is familiar with the theory of local rings, which is fundamental for our subject ; 
we shall therefore use freely the basic notions and results in this theory, 
although we endeavor to give explicit references for all results beyond the very 
elementary ones. We shall also use for convenience the topological concepts 
based on the Zariski topology, either absolute or relative to a given ground 
field; the Zariski topology for algebraic varieties is of course involved right 
at the beginning already in the formulation of our problem, but later we 
shall introduce it also for sets of algebraic cycles as well as for sets of valuation 
rings dominating given local domains. Finally, in the last two sections we 
shall assume some knowledge of the theory of associated forms; it is sufficient 
for this purpose to know the properties of the associated forms listed at the 
beginning of $ 4 in our paper [4]. 


2. Rational transforms. We begin by making a few remarks con- 
cerning the projective space S* (or S”) introduced in the preceding section. 
Although it is quite possible for us to work within a given universal domain 
provided we choose it suitably to include all the local rings we shall need 
in the course of our theory, it is nevertheless more convenient and probably 
in a sense also more appropriate to consider S” as the “universal projective 
space” which can be defined as the logical union of all the projective spaces 
of dimension n over all possible universal domains. We remark however that 
we shall never invoke more than a finite number of universal domains at one 
time, so that we are not really involved in any of the logical difficulties usually 
connected with the use of the expression “all” in such a context. Without 
any reference to any universal domains, we can define the universal projective 
space X” by the stipulations that any ordered system of n-+1 elements 
(Zo) 21)" °°» 2n) in any field- (or integral domain), not all zero, defines a 
point z in S”, and that two such systems define the same point in S$" if and 
only if their elements are contained in some one field and are proportional 
to each other in this field; the elements z; are called the (homogeneous) 
coordinates of the point z. We shall say that the point z is rational over a 
field K if the ratios of its coordinates z; are contained in K ; when this is the 
case, we shall always assume (unless stated to the contrary) that the pro- 
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portionality factor has already been so chosen that the coordinates of z are 
all in K. In applying the usual algebro-geometrical operations to the entities 
in this universal projective space S" we must of course see to it that the 
entities involved all belong to some one field, while among the entities 
belonging to different fields only very restricted types of relations can occur. 

On the other hand, the projective space S" remains, as it was before, 
to be the one over a given universal domain A, so that we can now consider 
S" to be contained in the universal projective space 8S”. However, this space 
$% is in a sense the center of our attention, and we shall relate to it various 
entities in $* in the following way. We shall say that a local ring (A, p) 
is attached to A if its residue field R= F/p is identified with a field contained 
in A, whereby the expression “a field in A” is to be understood in the sense 
of Weil’s Foundations (i.e. A has infinite degree of transcendency over À) ; 
the so defined concept of an attached local ring is somewhat more specific 
than that of a local ring by itself, for two local rings which are isomorphic 
but attached to distinct fields in A are to be considered here as different. In 
this paper all the local rings are assumed to be attached to A wm some ways, 
so that we shall not always explicitly mention this fact. Furthermore, if a 
local ring (#,, pı) contains À such that RM p,==p, and if R, is attached to 
A in such a way that the canonical embedding of R/p into R,/p, as abstract 
fields is accompanied by a corresponding embedding of the attached residue 
field of À in A into the attached residue field of R, in A, then we shall say 
that E, dominates R. Ir particular, we shall always assume that the com- 
pletion #* of R is attached to A in such a way that &* dominates F, so that 
they have the same residues field in A. Once a local ring À is attached to A, 
the canonical homomorphism of R onto À will induce (under certain circum- 
stances) a relation between those geometrical entities in S* which are defined 
by means of À and similar entities in 8”, such as the concept of a specializa- 
tion of a cycle at p described in the preceding section. For the sake of com- 
pleteness and clarity, we shall begin here anew and repeat all the definitions. 

Let (F, p) be a local domain of dimension ¢ (attached to A), with the 
quotient field K and the residue field À; for any element a in Æ or a poly- 
nomial F(Y) in RLY] —R[Y¥o, Fi, > -,¥m], we shall denote by & or f(X) 
respectively the corresponding element in È or polynomial in [Y] under the 
canonical homomorphism of R onto B. Let y == (Yo Y° * +, Ym) be a point 
in S” with coordinates in a field containing K, a point n = (10; 71,° © ° ; 7m) 
in S$” is said to be a specialization of y at R, if for every form f(Y) in R[Y] 
the relation f(y) —0 implies the relation f(y) —0. We shall denote by 
F(R) the set of all specializations of y at R, and it is easily seen that ÿ(R) 
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is an R-closed subset in 8”. If (Ri, pı) is a local domain which dominates 
(R,b) and if y is a point which is rational over a field containing R, then 
every specialization of y at R, is also a specialization of y at R, so that ÿ(Æ:) 
is contained in ÿ(R). In case y is the associated point of a positive r-cycle 
Z in §*, then every specialization of y at À is also the associated point of a 
positive r-cycle in 8”, which we shall call a specialization of Z at R; we shall 
denote by Z(R) the set of all specializations of Z at R and denote by | Z(R)| 
the union of the supports of all the cycles in Z(R), and we observe that 
| Z(#)| is an -closed subset in 8”. 

We shall be particularly interested in the case where the point y is 
rational over K, and we shall say in this case that the point y. defines a 
rational transform y(kR) of the local domain R; as we shall see, this notion 
of a rational transform of a local domain plays a fundamental role in our 
theory. The set ¥(#) is then called the center of the rational transform y(R). 
If 7 is any point in ÿ(R), consider the subring 2 (y(R)/n) in K consisting 
of all the elements of the form f(y)/g(y), where f(Y) and g(Y) are forms 
of the same degree in R[Y] and g(7) 40; it is easily seen that 2 (y (R)/n) 
is a local domain with the quotient field K, and that its maximal prime ideal 
p(y (E)/ņ) consists of all the elements f(y)/g(y) with f(n) —0. Since the 
residue field of 2 (y(R)/n) is isomorphic to the field (y) in A, we shall 
attach 2 (y(R)/») to A by identifying the residue field of 2(y(R)/y) with 
Ry), and we shall call the so attached local domain 2 (y(R)/y) the specializa- 
tion ring of the rational transform y(Æ) at » We observe that 2 (y(R)/n) 
evidently dominates the local domain R, and that if y;40 for any one j, then 
2(y(£)/y) contains also the ring R[yo/y;,° - -;¥m/y;|; furthermore, it is 
easily seen that ÿ(Q(y{R)/n)) is the R-variety in S** consisting of all the 
specializations of 7 over À. The point 7 is said to be normal or simple in the 
rational transform y(R) if 2 (y(R)/n) is integrally closed or regular respec- 
tively, and when such is the case, we shall also say that the rational transform 
y(R) is normal or simple at » respectively. We shall say that the rational 
transform y(#) is normal or non-singular if it is normal or simple respec- 
tively at every point in its center ÿ(R). 

The concept of a rational transform y(R) of a local domain FR is a natural 
generalization of the concept of a rational transformation T of an algebraic 
variety V around a given point p of the variety. It belongs to the local 
geometry in the strict sense that one is concerned with what corresponds to 
the behavior of the rational transformation T in the infinitesimal neighborhood 
of p in V, not a finite neighborhood, however small. “For this reason the only 
points on our rational transform y(2) are the points in the center 7(R), which 
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corresponds in the geometric case to the total image T(p) of the point p 
under T. However, we should like to stress here that we are really considering 
the points in ÿ(R) not as points in what corresponds to the image variety 
T(V) of V, but rather as points in what corresponds to the graph of T in 
the product space V X T(V), so that ÿ(R) should be considered as corres- 
ponding to pX T(p), not to T(p); for our definition of the specialization 
` ring Q(y(R)/n) at a point y in Y(R) corresponds to the specialization ring 
of the graph of T at a point in p X T(p), not that of T(V) at a point of 
T(p). The reason for introducing here what corresponds to the graph rather 
than the image is quite easily understood, for the graph of a rational trans- 
formation contains essentially the complete information about the trans- 
formation, while the image is merely its projection on one of the factor spaces 
and hence its introduction is often not necessary, as is the case in our present 
studies. | 

The study of rational transforms is of fundamental importance not only 
for our present purpose, but also for many other problems in abstract local 
geometry. In this section, we shall limit ourselves to stating and proving a 
few basic properties of these transforms, which we shall need later. The 
discerning reader will notice that most of these are merely generalizations to 
arbitrary local domains of some of the elementary properties‘ given in [11] 
for the geometric case, and it is therefore not surprising that we have also 
taken over some of the proofs from that paper. 


Lemma 2.1. If y(R) ts a rational transform of R, then for any two 
points n and q~ in Y(R), A (y(R)/n) contains 2 (y(R)/r’) if and only if xf 
is a specialization of n over À. 


Proof. The condition is evidently sufficient. To prove the necessity, let 
g(Y).be any form in R[F] such that 9(n’) 340, and let F(Y) be a form in 
RLY] of the same degree as g(Y) such that f(y) 0; if 2(y(R)/y) contains 
2 (y(R)/n’), then f(y)/g(y) being an element in 2 (y(R)/y’) must be con- 
tained in 2(y(R)/n). Since f(y) 40, this implies that (7) 40. Since 
this is true for any form g(Y) in R[Y] and since any form in [Y] can be 
obtained as a form g(Y), this shows that 7 is a specialization of ņ over Ê. 

In the special case when the local domain R is a valuation ring, the center 
F(E) of any rational transform y(R) of R consists of a single point; in fact, 
there exists in this case some one y; such that yo/yj;,° * + ,Ym/ÿ; are all con- 
tained in À, and the point (6/93: © *,Ym/Y;) is evidently the only specializa- 
tion of y at R. Furthermore, it is easily seen from the well-known maximality 
properties of a valuation ring that in this case we have 2 (y(R)/ÿ(R)) =R. 
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In the general case of an arbitrary local domain R, we consider a valuation 
ring M in K dominating R; then, for any rational transform y(R) of R, the 
point ÿ(M) is evidently contained in ÿ(R). We shall call this point ÿ(M) 
the center of M in the rational transform y(R). We maintain that M 
dominates 2 (y(R)/ÿ(M)). To see this, let y; be so chosen that the elements 
Yon * `, Ym/ 4; are all in M and hence (M) — (P/T ` `> TaI) ; it F(X) 
is any form of degree d in R[Y], then f(y)/y;* is an element in M, and since 
M dominates R, it is a non-unit in M if and only if f(Yÿ(M))—0. It follows 
easily from this that any element (y)/g(y) — (f(y)/u%)/(9(y)/9##) in 
2 (y(R)/ÿ(M)) is an element in M, and that it is a non-unit in M if and 
only if it is such in 2 (y(R)/ÿ(M)). This result, together with Lemma 2.1, 
gives us almost immediately the following lemma. 


Lemma 2.2. Let y(R) be a rational transform of a local domain B, 
let M be a valuation ring in K which dominates R, and let n be a point m 
G(R); then TM) =x tf and only if M dominates 2 (y(R)/n). 


It is well-known that any local ring in a field K is dominated by some 
valuation ring in K. Applying this to the local ring 2 (y(R)/n), we conclude 
from Lemma 2.2 that given any point y in Y(R) there exists a valuation 
ring M in K dominating R such that y—#ÿ(M}). If we denote by U(E) 
the set of all valuation rings in K dominating R, then the correspondence 
M — G(M) defines a mapping Y (F) onto the center (2) of y(R). We now 
introduce a topology in (AR), called its Zariski topology, by the stipulation 
that a subset in U(E) is said to be closed if it is the inverse image under this 
mapping of a closed subset in Y(R) for some one rational transform y(Æ) 
of R, whereby ÿ(R) is understood to be endowed with its Zariski topology 
(induced by ‘the Zariski topology in 8”). If we consider only the Zariski 
R-topology of ÿ(R) for every y(R), then we obtain the R-topology of Y(R), 
and we have therefore such notions as R-closed, R-connected, etc. That this 
definition. of a closed subset in Y(R) actually defines a topology in Y(R) 
can be easily verified. We observe also that this topology is the least fine 
among all topologies in Y(#) for which the mapping M — ÿ(M) is con- 
tinuous for every rational transform y(R) of R, both in the absolute case 
and in the relative case. . 

In case y is the associated point of a positive cycle Z in 8”, then for 
every valuation ring M in K dominating R we have a specialization cycle 
Z(M) of Z at R, and in this way we can obtain all specializations of Z at R, 
so that we can set Z (R) = {Z(M)| ME Y(R)}. If F(U) is the associated 
form of the cycle Z, then we shall denote the associated form of the 
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specialization cycle Z(M) by Fy(U). We note that both forms F(U) and 
Fy(U) are defined only up to proportionality factors in K and M respectively, 
and that even when F(U) is taken to be a form in M[U], Fyx(U) is not 
necessarily the residue image of F(U) in M[U]; in order to get Fu(U) as 
the residue form of F(U), one has to normalize F(U) by dividing it by one 
of its coefficients which have the lowest value under the valuation of M, 80 
that all coefficients in F(U) be in M but not all non-units. 

Let z= (Zo 23° © *, 4) be a point in S? which is rational over K, and 
consider the rational transform 2(R) ; then we can define a birational corres- 
pondence T between the two rational transforms y(/*) and z(#) as follows: 
Two points 7 and ¢ in ÿ(R) and Z(R) respectively are said to correspond to 
each other under T if there exists a valuation ring M in K dominating E 
such that == F (M) and €==-z(M). In order to avoid possible ambiguities, 
we shall consider the correspondence T as from y(#) to z(#), so that the 
inverse correspondence from z(f) to y(#) will be denoted by T=; if » or 6 
is any point in (R) or 2(R) respectively, then we shall denote by T(n} 
or T-1(£) respectively the set of all points in 2(#) or y (R) which correspond 
to » or € under T or T- respectively. As the reader will readily perceive, 
this definition of a birational correspondence is essentially the same as that 
given in [11]. We shall say that the birational correspondence T is regular 
at a point 7 in ÿ(R), if there exists a point £ in 2(#) corresponding to y 
under T such that 2(y(R)/y) contains 2 (2(R)/£). Finally, we introduce 
the join yoz of the two points y and z, which is defined as the point in 
KHO- whose coordinates are the elements y,2z;, for —0,1,: : -,m, and 
j=0,1,---,1, arranged in some arbitrary (but fixed) order; the rational 
transform y oz(E) is then said to be the join of the rational transforms y (R) 
and 2(R). It is clear that if M is any valuation ring in K dominating R, 
then we have the relation 7o2(M) —y(M)°2z(M); it follows easily from 
this that the birational correspondence between yoz(f#) and y(R) is regular 
at every point in yoz(k). 


LEMMA 2.3. If the birational correspondence T between y(R) and z(R) 
as regular at a point y in y(R), then T(y) consists of exactly one point. 


‘Proof. By definition there exist a point £ in Z(#) and a valuation ring M 
in K dominating R such that y= y(M), == Z(M), and 2(y(R)/n) D 2(2(B)/O. 
According to Lemma 2.2, M dominates both Q(y(R)/n) and 2(2(R)/f); it 
follows that 2(y(R)/y) dominates 2(2(R)/f). If M, is any valuation ring in 
K dominating 2(y(R)/y), then it must also dominate 2(2(R)/£); it follows 
then by Lemma 2.2 again that z(M,) = £, which proves our lemma. 
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LEMMA 2.4. If y(R) is normal at a point y and if T(n) consists of a 
finite number of points, then T is regular at ». 


Proof. It is easily seen that, without affecting the validity of our lemma, 
we can replace z2(R) by another rational transform of À which is in biregular 
correspondence with it; in particular, we can replace z(R) by the rational 
transform defined by a point whose coordinates are the monomials of the 
elements Zo Z° * *,# of a given degree, arranged in some arbitrary order. 
By making such a replacement of 2(R) if necessary, we can therefore obtain 
that if ¢,- - -,¢@ are the points contained in T (y), then none of the co- 
ordinates £%,,---,£@,) vanishes. Then 2(2(8)/£) contains the ring 
Pl2s/2o.° © +, %/%o| for every 1—1,: - -,d, and is in fact the quotient ring 
of R[2,/2,° °°, %:/%0| with respect to the ideal 


gimp (2(B)/O)N Rizzo * *, 21/20]. 


Since each Q(2(R)/é%) is contained in some one valuation ring in 
Y(Q (y(R)/n)), it follows that R[z,/2,+ * +, %/%] is contained in the inter- 
section of all valuation rings in U(2(y(#)/y)). Since y(R) is normal at 
m 2(y(R)/y) coincides with the intersection of all valuation rings in 
%(2(y(R)/n)) and hence contains R[2,/%,° - -,2/% |]. Since q is the 
restriction to R[2,/%,° °°, 1/20] of the maximal ideal in some one valuation 
ring in Y(Q(y(R)/n)), it must contain the ideal 


q==p(y(B)/q) NO Rfa/80" * *, 21/20), 


and since 2 (y(R)/n) contain the quotient ring of R[2:/20,° - *, 21/2] with 
respect to q, it must also contain 2 (z(R)/f). This shows that T is regular 
at the point y. 

We make a digresion here te observe that up to now we have not used 
at all the crucial property of a local domain, that it is Noetherian; in fact, 
all our definitions (except for the definition of a simple point) and results 
up to now hold for any (commutative) integrity domain with the property 
that the set of all non-units is an ideal, i. e., what is sometimes called a quasi- 
local demain. While any deeper study of the rational transforms must of 
course involve the Noetherian or other similar properties, it is nevertheless 
convenient to avail ourselves of the fact that some of the elementary notions 
and results hold for the more general case. This is the justification for 
stating Lemma 2.2 above for any arbitrary valuation ring M, without the 
Noetherian restriction. In this paper we shall only consider rational trans- 
forms of (Noetherian) local domains; however; in considering the valuation 
rings dominating a local domain, we shall not restrict ourselves to the 
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Noetherian ones. Although it is possible in principle to get along without 
using any other valuation rings except those which are discrete and of rank 1, 
as shown by Lemma 2.7 below, it is very desirable to be able to use others 
whenever it turns out to be convenient to do so. We shall meet later occasions 
when it is convenient to use discrete valuation rings of rank 2. 

= From now on the Noetherian property of the local domain À will play 
an essential role. We observe first that by virtue of this Noetherian property 
the local domain R has a finite dimension t, which can be defined either as 
the rank of the maximal prime ideal p or the number of elements in a 
system of parameters. 


Lemma 2.5. If y(R) ws a rational transform of a local domain of 
dimension t, then any point in G(R) has a dimension at most t—1 over È. 
so that the maximum dimension of the algebraic set Y(R) is at most t— 1. 


Proof. Let » be any point in ÿ(Æ), and let M be a valuation ring in 
K dominating 2 (y(R)/n). According to [2], Theorem 1, the residue field 
of M has a dimension at most t--1 over À; hence the residue field (y) 
of 2(y(R)/y) can have a dimension at most t—1 over À, which shows that 
7 has a dimension at most {—1 over È. 


Lemma 2.6. Let y(R) be a rational transform of a local domain of 
dimension t; tf a point y in Y(R) has the dimension t — 1 over À, then there 
are only a finite number of valuation rings in K which dominate 2 (y(B)/n), 
and these valuation rings are real discrete (i.e. regular local domains of 
dimension 1). 


Proof. Since the residue field (n) of 2 (y(R)/n) has the dimension 
t—1 over À, the dimension of 2 (y(R)/y) must be 1; for, if the dimension 
of 2(y(2)/y) were greater than 1, then there would exist a valuation ring 
in K dominating Q(y(R)/n) whose residue field has a positive dimension 
over (4) and hence a dimension greater than {—-1 over À, in contradiction 
to [2], Theorem 1. According to [7], the integral closure R, of 9 (y(R)/n) 
is Noetherian and hence the ideal Bip(y(#)/y) has only a finite number of 
(minimal) prime divisors; furthermore, the quotient ring of R, with respect 
to any one of these prime divisors is a real discrete valuation ring whose 
residue field is a finite algebraic extension of (y). Since any valuation ring 
in K dominating 2 (y(R)/7) must coincide with one of these quotient rings, 
our lemma follows if we observe in addition that since the residue field of 
such a valuation ring is a finite algebraic extension of &(7), there are only a 
finite number of possible ways to embed it as a field extension of R(m) in A. 


a 
$ 
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Lemma 2.7. Let y(R) be a rational transform of an unmixed (== equi- 
dimensional) local domain of dimension t, and let q be any point in y(R); 
then there exists a real discrete valuation ring in K which dominates 
9 (y(R)/n) and whose residue field has the dimension t—1 over R. 


Proof. Without the last condition on the dimension over À this lemma 
holds for any arbitrary local domain Æ (not necessarily unmixed); one has 
only to apply to 2 (y(R)/n) the general result that any local domain in K 
is dominated by a real discrete valuation ring in K, as proved in [1] or [4]. 
Furthermore, a closer look at the proof of this result in [4] shows that the 
residue field of the so obtained real discrete valuation ring has a dimension 
over the residue field R(y) of Q(y(R)/n) which is exactly equal to the 
dimension of 2 (y(R)/n). The last condition in our lemma will then be ful- 
filled if we have the “ dimension formula”: dim(Q(y(R)/n)) + dim (n/B) =t. 
This “dimension formula,” in fact in a somewhat more general form, has 
been proved recently by Nagata [10] under the assumption that Æ satisfies 
tae “second chain condition,” and a previous result of Nagata shows that a 
unmixed local domain always satisfies this “second chain condition.” 


As a corollary to Lemma 2.7, we have the following useful lemma. 


LEMMA 2.8. If E is an analytically irreducible local domain, then 
G(R) —T(R*) for every rational transform y(R) of R. 


Proof. Since R* dominates R, it is clear that 7(R*) C ÿ(R) ; we have 
therefore only to show that every point in ÿ(R) is also a point in ÿ(R*). 
Let y be a point in y (E) and let M be a real discrete valuation ring in K 
which dominates Q(y(Æ)/n) and whose residue field has the dimension t—1 
over À (t being the dimension of R). According to [18], Theorem 2, R is a 
subspace in M, so that the completion R* of R can be embedded in the com- 
pletion M* of M; it is clear that M” dominates both R* and M. It follows 
that y (M*) is a point in Y(R*) and also that Y(M*) — G(M) = n; this shows 
that y is a point in y(R*). 

Before proceeding further, we shall make an observation here which will 
be useful to us also later. Let v= (v,,: : -,w) be a set of independent 
variables over À, and consider the quotient ring R(v) of R[v] with respect 
to the prime ideal Ri v|p; it is easily seen that R(v) is a local domain of 
dimension t, with the quotient field K (v), and that R(v) is normal or regular 
if and only if R is such. Furthermore, if a and b are ideals in R, then we 
have #(v) (aN b) =R(v)an R(v)b and R(v)an R=a, and if q is a pri- 
mary ideal in Æ with the associated prime ideal q’, then R(v) is primary with 
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R(v)g as its associated prime. Finally, the R(v)p-residues 7 = (%,- - -, Gg) 
of v are algebraically independent over À, so that we can attach R(v) to A 
_by identifying the 7 with any set of d independent variables over Æ; therefore, 
R(v) dominates R and its residue field R(Z) is a purely transcendental 
extension of dimension d over R. For proof, we refer to [6], Lemma 14 for 
a part of it, with the remark that the rest of our assertions follows easily 
from it. In many problems these properties will enable us to replace the 
original local domain À by R(v), and such a substitution often turns out to 
be convenient, mainly on account of the fact that the residue field À is thereby 
extended by the adjunction of an arbitrary number of variables and in 
particular made infinite. We shall call Æ(v) the local domain obtained 
from È by the adjunction of the variables v. 

Assume now that À is a complete regular local domain of dimension 
t > 2, and let zı,” - <, æ be the elements in a minimal base for p; then R(v) 
is a regular local domair: of dimension ¢ ard the elements g, >, æ, form 
also a minimal base for its maximal prime ideal R(v)p. Let d= ¢-—2, and 
set ui = (£a + Vitiss)/2, for 1-—1,-++,d; denote by Ke the quotient ring 
of R(v)[u:,- > +, ua] with respect to the prime ideal R(v)[us,-- -uelp. It 
is easily seen that À, is a regular local domain of dimension ¢—d, and that 
the B,b-residues ü= (G, * *,Ua) of u= (ui, * *,Wa) are algebraically 


independent over R(5), so that we can attach À, to by identifying @ with any 


set of d independent variables over (7). The following lemma, which can 
be considered as the local equivalent of the well-known “Theorem of Bertini” 
in algebraic geometry, plays an essential role later in the proof of Theorem 2 
in that it enables us to reduce that theorem to the case t= 2. 


Lemma 2.9. The quotient field K of R ts algebraically closed in the 
quotient field of the completion B, of Ry. 


This lemma is equivalent to the assertion that if a monic polynomial of 
one variable with coefficients in Æ is irreducible over R, then it is also 
irreducible over the completion #,* of kẹ. We can evidently without any 
loss of generality restrict ourselves to the case d==1, the general case 
following then by induction, and for this case the assertion can be proved in 
exactly the same way as the lemma in [5], except that one replaces the 
element c there by the element v= v, and chserves that v satisfies the con- 
dition of being “sufficiencly general” as required there. We therefore refer 
the proof of this lemma to [5]. 


3. Quadratic transforms and linear connectedness theorem. Let 


A 
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(R,p) be a local domain of dimension t, with the quotient field K and the 
residue field À, and let 2,,: - -,@, be elements which form a minimal basis 
for p; if we denote by æ the point (a, ` ',%) in 87, then the rational. 
transform z(R) of R is called the quadratic transform of R. Since any two 
minimal bases for p have the same number of elements and can be obtained 
each from the other by a linear transformation with coefficients in Æ and 
with determinant not in p, the quadratic transform x(k) of R is unique up 
to an everywhere biregular transformation. We shall be mainly interested in 
the case where the local domain Æ is regular, and we recall that in this case 
the number s is equal to the dimension t. In this case, it is well-known 
([1], Lemma 3, and Corollary 1) that &(R) == S'+ and every point in £(R) 
is simple in æ(R) ; furthermore ([2], Lemma 10, or as a special case of the 
dimension formula in [10]), if é is any point in ¢(#) and if ¥ is the dimen- 
sion of 2(a2(R)/é), then + dim(é/R) =t. In case é is a generic point 
of &(R) = 61 over À, then Q(z(£)/Eé) is a real discrete valuaticn ring, 
which (considered without its attachment to A) is the valuation ring of what 
is sometimes called the p-adic valuation of À; we shall call this valuation 
ring the quadratic valuation ring of R. 

Let y(#) be a rational transform of À in 8%, and let y be a point in 
F(R); let Pr) be the homogeneous ideal in RLY] —R[Vo, Ya © +, Fu] 
generated by all forms f(Y) such that f(n) —0, and let h be a positive 
integer such that there exists a basis of this ideal (y) consisting of forms 
of degrees less than A + 1. Let b(Ÿ),: - -,b,(Y) be a basis of the A-module 
of all forms of degree h in $(n), and denote the point (bi (y), - :,b;(y)) 
by b; if we set z==yob, then the rational transform z(/) is called the 
quadratic transform of y(R) centered at n. This definition is analogous to 
the one given in [11], II, §11 (for a monoidal transformation), and by a 
similar argument as given there, we can show that the quadratic transform 
2(R) is up to an everywhere biregular birational correspondence independent 
of the choice of the integer h and the basis b,(Y),- - -,b:(¥), being depen- 
dent only on the point y. Furthermore, it is clear that z(R) remains 
unchanged if we replace the point n by any one of its generic specializations 
over Ř; this shows that the concept of a quadratic transform belongs really 
to the relative geometry. 

Let 7 be the birational correspondence between y(R) and its quadratic 
transform 2(Æ) centered at n. It is clear from the definition z==yob that 
the inverse T1 is everywhere regular in Z(E), and that T itself is regular 
at every point in (E) which is not a specialization of » over À. As to the 
point y itself, we can take any valuation ring M in K dominating 2 (y(R)/n) 
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and get a point 7(M) =7°6(M) in T(7), and in this way we can obtain 
every point in T (y); it follows that Tq) = 49 (y(R)/y)) = ° 6(2 (y(R)/n)). 
Let w,,:::,#, be the elements of a minimal basis for the maximal prime 
ideal in 2 (y(R)/7), and denote by w the point (wi,---,wr) in 874 It is 
easily seen that the coordinates of b, after division by the form y;* if 4,540, 
are linear combinations of the coordinates of w with coefficients in 2 (y(R)/y), 
and vice-versa; therefore, the coordinates of z, after division by the form y#, 
are also linear combinations of the coordinates of yow with coefficients in 
2(y(R)/n), and vice-versa. Since both 


2 (2(R)/2(M) and 2(yow(R)/n° &(M)) 
contain 2(y(R)/y) as a subring, it follows easily from this that 
2 (2(E)/2(H)) = 2 (yow(R)/n0D(M)) ; 


furthermore, going over to the residue field of M, we conclude that the coordi- 
nates of Z(M)—mcob(M) and the coordinates of yow(M) —now(M) are 
linear combinations of each other with coefficients in R(y). This shows that 
the birational correspondence between z(#) and yow(#) is biregular between 
2(Q (y(R)/n)) and yow(Q(y(R)/n)), and that each R(y)-variety in T(n) 
is biregularly, in fact projectively equivalent over R(y) to an R(»)-variety in 


1° @(2(y(B)/n)). 


LemMa 8.1. For any valuation ring M in K dominating 2 (y(R)/n), 
we have the relation Q (2(R)/2(M)) = 2 (w(2 (y(B)/y))/@(M)). 


Proof. Every element in 2(w(Q{y(R)/n))/©(M)) is the quotient 
f(w)/g(w) of two forms of the same degree in w with coefficients in 2(y(R)/n), 
with the condition g(#(M)) 540, while every element in 9(y(R)/») is the 
quotient f’(y)/g'(y) of two forms of the same degree in y with coefficients 
in À, with the condition 9’ (y) +0; it follows that, by multiplying both f(w) 
and g(w) with a suitable power of a coordinate y; or w; such that the i-th 
coordinate of y or the j-th coordinate of (M) does not vanish respectively, 
we can express any element in 2(w(2(y(R)/y))@(M)) as a quotient 
f'(yow)/g" (yow) of two forms of the same degree in yow with coefficients 
in À, with the condition g”{n0@(W))-£<0. This shows that 


2 (w(2(y(R)/n))/i(M)) 


is contained in 2 (yow(R)/now(M))—Q(:(R)/2(M)). In a similar way 
we can show that conversely 2 (:(#)/Z(M)) is also contained in 


2 (w(2 (y( BR) /n))/@ (ML) ). 





2€ 


1 
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If the point y is simple in y(#), then the local ring 2(y(R)/y) is 
regular; it follows then from what we have said before about the quad- 
ratic transform of a regular local ring that (a) D(Q(y(R)/n)) = ST, 
(b) w(Q(y(R)/7)) is simple at every point (M) in (2 (y(#)/y)), and 
(c) if r is the dimension of the local ring 2 (w(2 (y(R)/n))/©(M)), then 
t +- dim (#(M)/R(y)) =r. In view of Lemma 3.1 and the remarks imme- 
diately preceding it, we can conclude in this case that (a) T'(n) consists of a 
single (r — 1)-dimensional variety, defined over (y), and there is a biregular 
birational transformation Y, defined over (4), which maps D(Q(y(R)/n)) 
== §™1 onto T(m); (b) 2(R) is simple at every point z(M) in T(y); and 
(e) +” is also the dimension of the local ring 9 (2(R)/2(M)) and we have the 
relation 7 + dim(2(M)/R(n) ) =r. 

We shall now assume further that the point » (already assumed to be 
simple in y(#)) is contained in a variety Q in ÿ(R) with the following 
properties: (1) © is defined over an extension field A of À such that if o—1 
is the dimension of Q, then we have the equation o + dim (A/B) =t; (2) if 
é is any point in Q, then R(é) contains A; (3) every point in Q is simple 
in y(#); (4) there is a biregular transformation ®, defined over A, which 
maps the projective space §** onto A. Let £ be a generic point of © over A, 
and let €’ be a generic point of T (y) over (y); we shall prove the following 
lemma, which plays an essential part in the proof of Theorem 1 later. 


Lemma 3.2. There exists a linearly connected set T in 2(R) with the 
properties: (1) T contains both T(E) and &, and (2) every point in T is simple 
in 2(R) and has a dimension at least t— 2 over È, and (8) T consists of a 
finite number of rational curves. 


Proof. Since the point » is a specialization of the point £ over #, in fact 
over A, the local ring Q(y(R)/£) is the quotient ring of the local ring 
2 (y(R)/n) with respect to a prime ideal Po which must then necessarily 
be of rank 1 (for 2(y(R)/f) has the dimension 1). The residue ring 
2 (y(&)/y)/Po is then canonicaily isomorphic to a subring in the residue 
field #(€) =A (¢) of 2(y(#)/£) ; in fact, it is easily seen that this subring 
is precisely the specialization ring 9 (£/y,A) in A(¢) of the variety Q at the 
point 7 For the sake of convenience, we shall identify the residue ring 
Q(y(R)/n)/bo with 2 (¿/n, A); this implies in particular that we shall 
identify the residue field of the local ring 2 (y(R)/7)/bo with R(y) —A(y), 
and in this way attach 2 (y(R)/n)/bo to A. Since © is biregularly equiv- 
alent over A to the projective space 8°, and since it is well-known (see [11], 
Lemma 9, p. 541) that the specialization ring over A of $9-1 at any point is a 
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regular local ring whose dimension is equal to o—-1 minus the dimension of 
the point over A, it follows that 2(y(2)/y)/po is a regular local ring of 


dimension o—-1-——dim(/A). Since 2(y(R#)/y) is itself a regular local 


ring, it follows from a well-known result ([3], § III, Proposition 9, p. 705) 
that the basis w,,---,w, of Q(y(R)/n) can be so chosen that p, is the 
principal ideal (w+) generated by the one element w,, and that the canonical 
images w° ', wr- Of Wy, © +, Wr in 2 (y(R)/n)/h coincide with any given 
minimal basis for its maximal prime ideals; furthermore, we have evidently 
the relation dim (n/A) =o — r, and since (y) contains A, it follows that 
dim (y/R) = dim (n/A) + dim(A/R) =t—-7+. Now, let M be the quadratic 
valuation ring of the regular local ring 2(y(R)/y)/po; we shall attach M 
to A in such a way that its residue field M contains (y) and is free with 
respect to R(¢’) over R(y). If we denote by w the point in 87+ (observe that 
by our convention $T1 is contained in 87) with the projective coordinates 
(os, - ‘5 @7r-3,0), then the point o(M) in $7? has the form (àp - -,Ar4,0), 
where À = 1, and À, * *,Ar-1 are independent variable (in A) over A(m). 
Let M be the valuation ring of the composite valuation obtained from the 
valuation of 2 (y(R)/¢) and the valuation of its residue field determined 
. by M, i.e. the ring M consists of all elements in 2(y(R)/£) whose images 
in the residue field are contained in the ring M; we shall attach M to A by 
identifying its residue field with the residue field of M. It is clear that M 
dominates 2 (y(R)/n), so that Z(M) is a point in T(»). Furthermore, it 
follows from the definition of a composite valuation that (M) —«a(M) 
= (Ai, © +, Ars, 0); since R(m 2(M)) = R(y, (M)), the point Z(M) has 
the dimension r— 2 over R(#»), and since E(Z(M)) contains R(n), by the 
relation n = T-1(2(M)), the point Z(M) has the dimension t — 2 + dim(y/À) 
—#— 2 over À. If we denote by I” the line in 87* joining the points #(M) 
and ¥*(é’), then it is easily seen that every point in I” has a dimension at 
least r—~2 over R(»); gcing over to the variety T(n), we obtain a rational 
curve Y(T”) in 7'(y) which contains both Z(M) and 2’, such that every point 
on it has a dimension at least r—2 over (y). Since every point in Y(T”) 
has the point » as its image under the holomorphic rational mapping T4 
(of z(R)) and since dim(y/R) —t—z, it follows that every point in w(T’) 
has a dimension at least 4—-2 over À; furthermore, every point in w(T’}, 
being a point in T(y), is simple in 2(R). This shows that the curve 
Tı == &(I’) has the property (2) in our lemma. 

We set 0— (u: © -,00) = 8*(f) and a= (a - +, %0) =p (7); we 
observe that 2 (£/y, A) is also the specialization ring 2 (6/a, A) in A(6) — A(2) 
of -t at the point «, so that the elements w,,: * -,w;-; form also a basis for 
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the maximal prime ideal in 2 (8/a, A). We shall show below that there exists 
a rational curve I” in $9-1 containing the points @ and a, with the property 
that every point in I” except possibly « has a dimension at least o— 2 over A 
and that the elements w;/w,, += %,° - *,r— 1, considered as function on T”, 
have values at « which are independent variables over A(«). Going over to 
the variety Q, we have a rational curve &(T”’) containing the points £ and y 
such that every point in ®(I’”) except possibly y has a dimension et least 
o—2 over A and hence a dimension at least ¿— 2 over À. Since the values 
Of w/o ==," + -,r—1, on S(T”) at the point y are independent variables 
over A(a) == (y), we can take them to be the elements àz - *, Ar intro- 
duced before; then in the “proper transform” of ®(1”) in yow(E), Le. 
the locus over the defining field of (I~) of the image in ySw(EÆ) of a 
generic point of &(1”), the (unque) point corresponding to y is 7° (AZ). 
Let I, be the “proper transform” of &(1”) in Z(f); it is clear that TF, 
contains the point T(£). Since the correspondence T is biregular at every 
point in (1%) except y, it follows that every point in T outside of T(n) 
has a dimension at least £-—? over À; on the other hand, since the corres- 
pondence between z(#) and yow(R) is biregular at every point in T (y), it 
follows that Z(M) is the (unique) point on T corresponding to y in (TE). 
This shows that T, contains the points Z(M) and T(£), and has the property 
(2) in our lemma. If we set T—T,-+T., then T is clearly linearly con- 
nected and has the properties (1), (2) and (8) in our lemma. 

It remains therefore to prove the existence of the curve I”. For con- 
venience we shall assume that ¢ is a generic point of © over R(x), not- only 
over A; this does not essentially affect our situation, for if T, does not contain 
¢, but contains another generic point x of Q over A, then we can take a line 
Iv” in > joining @ and (y) and replace T by T+ 7((1”)). Also, 
without any loss of generality, we can assume that ĝo = «o =] and that 
Ur," © °, Qo, are independent variables over A; we observe that since @ is a 
generic point of S** over Aa), the elements 6,,: ° *, 0o are independent 
variables over A(@). Finally, we recall that we can choose the basis w,,---,or4 
in any way to suit our convenience; besides, the choice of this basis does not 
matter any way in our present context, for any two such bases can be obtained 
one from the other by a linear transformation with coefficients in 9 (@/a, A) 
and with determinant which is a unit. 


For t==1,- - -,7——1, let o; be an element in A[6,,- + -,6,67,° © - Ooa] 
which on substituting 0i == @,,-- +, Oi. == 14, 0; = ar, ' * +, @o_1 = Go, becomes 
an irreducible polynomial in Aa," *,@j4,@%,°° aoa) Lh] having a; as 


a root. It can be easily shown by induction on the dimension r—1 that 
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the elements 61, * °, wr, form a minimal basis for the maximal prime ideal 
in 2 (6/a,A), this being in fact the proof in [11], Lemma 9. If we denote 
by s; the inseparability index of z; over Aa, © `, Qi Zr,’ ° *,%e-1), then 
we can evidently choose w; so that it involves only the s,-th power of 4. Now, 
by a reordering of the first r—1 coordinates in S$9-1 if necessary, we can 
evidently obtain that the sequence of integers 8,,- * +,S;, has the property 
that if s’,,- - +,8’7,. is another such sequence corresponding to any other 
ordering of the first r—1 coordinates in $7-4, then the last non-vanishing 


number in the sequence Si— Sı, - °,8’71-—Sr. is positive. Then, for. 


j <i<r—1, the inseparability index of a; over Aa, © -, ia, Gus, © y Bis 
Gr,* * *, Go) cannot be less than s; for, if this is not true for one such pair 
of indices t and J, and if we interchange the t-th and the: j-th coordinates, 
then we would obtain a new sequence s’;,- : -,s” 72 such that Si = Suu, 
Sr = Sr- and s;<s;, in contradiction to our choice of the sequence 
Si,' © °,S74. Consider now œ; as a polynomial in one variable 6; (j <1) with 
coefficients in A[61,° + +, O-n Onn * *, 63, 07° * *, 001]; it is clear that in 
our choice of w; we can delete any term whose coefficient vanishes for 4 = q. 
If we delete all such terms from w, then the resulting œ; will involve only 
the s;-th powers of 6;; for, otherwise, if we set 0 — « in every coefficient in e 
(considered as a ‘polynomial in 6;), we would obtain a polynomial in 6; with 
coefficients in Aa," +, Oja May’ °°, Qi, Gr * *, Gox) Which has a; as a 
root and which is not a polynomial in the sth power of 6;, in contradiction 
to the fact that the inseparability index of «; over A(@1,° °°, Oj4,@jay° °°; 
ær,” * *, Ga) cannot be less than s: If we do this for every j < i, we would 


then obtain that w; involves only the s;-th powers of the elements 6,,- ~ -, 6. 


Thus we have shown that the elements w,,- - a can be so chosen that each 
w On substituting 0r = ar, > +, 001 = Ga, becomes a polynomial in the s;-th 
powers of 6,,---, 4; this implies that over an algebraic (purely inseparable) ex- 
tension A’ of A(a), each w: will have the form wi = ¢j(61—%,* + <, 8i — ai)" 
-+ pi where di is a ploynomial with coefficients in A’ and p; is an element in 
A'O *.", 0041] which vanishes for 6;== a7, * +,0c4==Go. Furthermore, 
it is clear that ¢,(0,---,0)==0 and that the coefficient £; of the term 
(G— a) in pb; does not vanish; it follows that there exists a power series 
Wi (O,— Gus > -,6:1.—%4) in b = %,- - > , 93.1 — %, with coefficients in A’ 
such that $:(6:.—1,° ©, Oia — 1, du) =0. 

Let p` ` +, po- be independent variables over A’(@) ; for convenience in 
notation, we set s= 1 and ÿ;—0 for = 7, ‘ -,o—1. We define a curve 
I” in S by the following recursive parametric equations, where Ya,- - -, You 
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denote the (affine) coordinates in 8+ (with Yo=1) and T denotes the 
parameter : 


Y; = č; -}- py (8/80) — y ( F, ptite), Pie Gi-1) + pT, 


for i—1,:-+,o-—1, where the Y¥,,---,¥i: on the right hand side are 
to be substituted by their expressions in the previous equations, and the 
subscript s after the y; indicates that all terms of degrees higher than s 
are to be deleted; furthermore, each v; is to be determined by the condition. 
n= f — u — um + [Fiat +, Yia—ain)slra. It is easily seen that 
T” is a rational curve and contains the points @ (for T = 0) and 6 (for T —1). 
Furthermore, if I” (y) is the point on I” corresponding to any value y 0 
of T, then A’ (u,v) is contained in A’(y,T’(y),v), and since A’ (a,v) has the 
dimension e — 1 over A’(v), it follows that T” (y) must have a dimension 
at least o —— 2 over A’(v). For T ==æ, the corresponding point on IT” has the 
homogeneous coordinates (¥4,° * *,vo-1,0) and hence has the dimension o — 2 
over A’(u). Thus every point on I”, except possibly the point a, has a 
dimension at least o—2 over A. Finally, a simple calculation shows that 
each wp considered as a function on T”, has at the point « a power series 
development in T beginning with the term (Simi+4;)T%, where 8; is an 
element in A’(6,,: + -,6;) ; this shows that the ratios w;/o;, t==2,° + +,7—l1, 
considered as functions on I”, have values at a which are independent variables 
over Aja). This concludes the proof of Lemma 3.2. 


Remark. If c= 2, then © is a rational curve already and the rather 
complicated construction of the curve I” is not necessary. In this case, the 
curve Q can contain only a finite number of fundamental points 7™,: + -,7@ 
for T, and each set 7'(y) is also a rational curve with the property (2). 
It is clear that the set T(Q) consists of the “proper transform” of Q and 
all the curves T'(y),- - - T(n@), and that it is a connected set with the 
properties (2) and (3). | 

Let M be a valuation ring in K dominating k. We start with a rational 
transform y(#) of R, and obtain from it a sequence of rational transforms 
24 (BR) of BR, +=-1,2,- ++, such that each 2 (R) is the quadratic transform 
of z- (R) centered at 2-) (A), whereby we set 2(R)—y(R). We shall 
say that 2(R) is the i-th quadratic transform of y(R) along M. As we 
have observed above, if y(M) is simple in y(#), then z® (M) will also be 
simple in 2“)(#) for every 4; and, in this case, if we denote by t; the dimension 
of 9 (2(R)/2(AL)), then we have the relation t; + dim (z(M)/R(Z(M))) 
==t,,, for every. 1—1,2, - :, while for +=0 we have the relation 
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to + dim(z(M)/R) =t. Since the birational correspondence between z(i-1)(R) 


and z®(R) is everywhere regular in zZ® (R), it follows that R(2(M)) 
contains R(z*)(M)); we obtain therefore by addition the relation 
t; + dim (2(M)/R) = t for every t= 0,1,---. We shall say that the sequence 
a(R) of quadratic transforms of y(R) along M is finite if there exists an index 
à such that t == 1 or equivalently dim(@(M)/R)—-t—1. It is clear that this 
is possible only when the residue field of M has a dimension at least 1-1 over 
R; according to [2], Theorem 1, this implies that M is a real discrete valuation 
ring and that its residue field has exactly the dimension ¢—1 over Ë. It is 


important for our present purpose that the converse of this statement 1s also 


true. 


Lemma 3.3. If M is a real discrete vatuation ring in V(R) such that 
its residue field has the dimension t—1 over Ë, and if y(R) is a rational 
transform of R such that y(M) is simple in y(R), then the sequence of 
quadratic transforms of y(R) along M ts fintie. 


A proof of this lemma is given in [2], Proposition 3. 
We are now ready to prove the Linear Connectedness Theorem. 


THEOREM 1 (Linear Connectedness Theorem). The center Y(R) of a 
rational transform y(R) of a regular local ring R is linearly connected. 


Proof. As before, we denote by t, K, and À the dimension, the quotient 
field, and the residue field respectively of Æ. Consider the quadratic transform 
24 (BR) of R and let T, be the birational correspondence between 24) (R) and 
y (B); if ® is a generic point of 2) (R) over À (observe that 2 (R) == St-1), 
then T, is regular at ¿© and hence 7,(€) is a uniquely determined point 
in ÿ(R), which we shall denote by £ To prove our theorem, it is 
sufficient to show that any point y in Y(R) is linearly connected in 
ÿ(B) to this point é. By Lemma 2.7, there exists a real discrete valuation 
ring M in U(E), with a residue field which has the dimension {-—1 over R, 
such that y(Mf)==y For 1<i<a (the integer a will be determined 
presently), let 2(&) be the (i—1)-th quadratic transform of 24) (R) along 
M, and let T; be the birational correspondence between 2(R) and y(R). 
We set Ti; TT; for 4,7 —1,- - -,a, so that Ti; is the birational corres- 
pondence between 2 (R) and 2 (2) ; we set 1 — 2 (M) for i=1,---,a, 
and take for each i= 2,: - -,a, a generic point £@ of the variety Ty44(7%) 
over R(y*). The integer a is to be taken as the smallest integer such that 
the point 7@ == 2 (M) has the dimension t-——1 ‘over À; by Lemma 3.3, such 
an integer a exists, and since 7 is simple in z® (R), it must be a regular 
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point of T, and we have evidently n == Ta(n®). Furthermore, since 7 has 
the dimension ¢—1 over À, it must have the maximum possible dimension 
over (q) and hence is a generic point of Fesa(y@) over R(E); we 
can therefore take »™ itself as the point 6, which will be convenient for us 
later. We maintain now that there exists a connected set I in 2(R) 
with the following properties: (1) T contains both € and T,,(8&), (2) 
every point in IX is simple in 2(R) and has a dimension at least t—2 
over À, and (3) T™ consists of either a single point or a finite number of 
rational curves. We shall show this by induction on the index 1, beginning 
by setting T® == #4), and, assuming the induction hypothesis that the set T(i-1 
has already been constructed, we shall proceed to contruct the set TG), If 
Tia: has no fundamental points in F9 and hence is biregular everywhere 
in TC-), then the set 74.,(T%-) is evidently connected, has the properties 
(2) and (3), and contains the points 7,4(€) = Tian(Tiin(%)) and 
Tia (CO). Assuming now that Ti; has some fundamental points in 
ré4); we observe that this can occur only if dim(y(f1/R) —t—2, in 
which case T;,, can have only a finite number of fundamental points 
EDD + + ep) in TH), all of dimension ¢—2 over À-(-1), and each set 
Tiit) is a rational curve in 2 (R) which has the property (2). If we 
denote by ©,,- - -, 1,4 the distinct component curves in I), then by 
the Remark after Lemma 3.2 each set T;4,(T;,{”) is connected and has the 
properties (2) and (3), and it will contain the curve Tian) whenever 
T,G-9 contains the point 7), It follows then from an elementary combina- 


, , ¢ 
torial consideration that the set 7;_,,,(1?) == >) 74 4(T,-) is connected, and 
= 


it evidently has the properties (2) and (8), and contains the point 7,,,(€) and 
Tia:(66-9). Now, by Lemma 3.2, there exists a connected set T; in Z® (R) 
which has the. properties (2) and (3) and contains the points £® and 
Tiai(EOY). The set TO = Tia (T0) LT, is then evidently connected 
and has the properties (1), (2), and (8). .- 

For 1a, we obtain a linearly connected set T@ in #(R) which has 
the properties (2). and (3) and which contains the points T,,,(£0) and 
2) (M) = 7 — 40, If T, is regular at every point in TC), then T, induces 
a continuous mapping of T@ into 9(#), so that 7,(T™) is a linearly con- 
nected set; since T,(T@) contains the points £== Ti (©) =7T,(Ti4(€™)) 
and n = Ta(n@) = T,(6@)), our theorem would therefore be proved. Other- 
wise, we proceed as follows. Consider the join yor (A), and let Te be the 
birational correspondence between z2@ and yoz™(R). By Lemma 2.5, there 
exist in. y02® (F) only à finite number of points of dimension t—1 over È 
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such that no two of them are equivalent over # (i.e. specializations of each 
other over À), and by Lemma 2.6, there exist only a finite number of valua- 
tion rings in Y(R) whose centers in y o2% (R) coincide with any one of these 
points, and these valuation rings are all real discrete. There exist therefore 
a finite number of real discrete valuation rings M,,: : +, Ma in U(R) such 
that any valuation ring in Y(R) whose center in yo2@)(F) has the dimension 
t— 1 over À coincides with one of them up to attachments to A. If Te is not 
regular at a point é in I, then 7’,’ also cannot be regular at é; since é is 
simple and hence normal in z® (K), it follows from Lemma 2.4 that Tg (£) 
has at least one component of positive dimension. There exists therefore a 
valuation ring N in U(E) such that 2@ (N) =€ and such that the point 
yoz®(N) has a positive dimension over R(&). Since T> is regular every- 
where, R(yo2@(N)) must contain R(€) as subfield, and since € has the 
dimension #— 2 over À, it follows that y¥oz@(N) has the dimension t-—-1 
over À. From what we have just said, N must coincide up to attachment to 
A with one of the valuation rings M, say Ma, so that z(M,) is equivalent 
to é over À and hence is also simple in 2z(R). Now, let 2(R), for 
a <i<a (the integer a, will be determined presently), be the (1—a)-th 
quadratic transform of 2@(A#) along M,, and let T; be as before the birational 
correspondence between 2) (R) and y (E) ; also as before, we set Ti; = T;*Ti, 
so that Ti; is the birational correspondence between z® (FR) and 20 (R). If 
we set TO = Tiai (rO) = T,,;(T@), then by exactly the same induction 
argument as before we can show that I) is a linearly connected set with 
the properties (2) and (3), and it is evident that T™ contains the points 
P(E) == Ta i(Pra(E)) and 20 (M) = Te iy). By Lemma 8.3, there exists 
a smallest integer a, > a such that the point 2) (M,) has the dimension { —1 
over À, so that T, is regular at Z@)(M,); this determines a. If Te is 
regular at every point in I, then Ta induces a continuous mapping of Tu) 
into ÿ(R) and hence Ta (T@2) is a linearly connected set; since Ta (T) 
contains the points £== 7, (£0) = Ta (Ty4,(€%)) and n== Ta (20 (M) ), this 
would prove our theorem. If Ta is not regular at some one point 4) in T, 
then by the same argument as before we can show that there exists a valuation 
ring N, in Y(R) such that 2) (N,) — € and such that the point yo 2 (N,) 
has the dimension ¢—-1 over À. Since 2(N,) is a point in I, it must 
have the same dimension ¢—2 over À as the point Z% (N); it follows that 
the point z@)(N,) is algebraic over R(Z(N,)), and hence the point 
yo2)(N,) must be algebraic over R(yo2@(N,)). This shows that the 
point y¥oz@(N,) has the dimension {—1 over À, and it follows from what 
we have said before that N, must coincide up to attachments to A with one 
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of the valuation rings Mi, say Ma. We can then proceed in a similar way with 
a(R), T, M, as we did before with 2@(R), T@ M: Thus we proceed 
in this way step by step until, after a finite number ~ of steps, we have 
obtained a rational transform 2(R) of R with the following properties, 
whereby Tr and Ti have similar meanings as before: There exists a linearly 
connected set 1) in Z(E) which-has the properties (2) and (3) and which 
contains the points Ti,r(£®) and 2 (M), and for every M, the point 2 (M;) 
either has the dimension 4——1 over À or is not equivalent over À to a point 
in I), From what we have said above, this implies that Tr is regular at 
every point in I, Therefore Ty induces a continuous mapping of TM 
into F(R), so that Tr(T™) is a linearly connected set; since Tr(T™) 
contains the points £ = T, (40) = Tr (Taur (¢®)) and y=T7(2™(M)), this 
concludes the proof of Theorem 1. 


COROLLARY 1. In case t—2, there exists a finite quadratic transform 
z(R) of R such that the birational correspondence between 2(R) and y(h) 
is regular at every point in 2(R). 


Proof. Since in this case every point in 2(#) must have a dimension 
over À which is either £—1 or £—2—0, it follows from the proof above 
that Tr is regular at every point in Z (R). We can therefore take 2(R) 
to be 2 (R). 


COROLLARY 2. The topological space Y(R) is connected. 


This follows immediately from Theorem 1 and the definition of topology 
in Y(R) given in section 2. 


4, General connectedness theorem and extended principle of Degen- 
eration. We begin by recalling the well-known Hensel’s Lemma: If a splitting 
form F(X) with coefficients in a complete real discrete valuation ring À is 
irreducible over Æ (or over the quotient field K of R, which in this case 
amounts to the same thing), then the residue form F(X), if it does not 
vanish identically, is not the product of two relatively prime forms in R[X]. 
Geometrically, this means that if a positive O-cycle Z is rational and irre- 
ducible over K, then its specialization Z(R) at R is R-connected. Our purpose 
here is to generalize this Hensel’s Lemma to the case where R is an arbitrary 
complete local domain. In a sense something of this nature has already 
been done in the literature; in fact, it is well-known that the Hensel’s Lemma, 
at least in the case of a form of two variables, holds for any complete local 
ring À (see e.g. [6], Theorem 4), for the usual proof of the Hensel’s Lemma 
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for a valuation ring can be carried over without any difficulties to the general 
case. However, this generalization is essentially a trivial one and in reality 
deals only with a highly specialized situation; for the condition that the 
residue form F(X) does not vanish identically, while easily obtainable in case 
of a valuation ring by a suitable choice of the factor of proportionality, imposes 
a very severe restriction on the form F(X) in the general case. Expressed in 
geometrical terms, this condition means that the cycle Z must have a uniquely 
determined specialization at R, so that the set Z(R) consists of only a single 
cycle; while this is always true in case of a valuation ring, it evidently 
represents a severe restriction in the general case. In fact, the fact that Z (R) 
is In general an algebraic set of cycles instead of a single cycle, can be con- 
sidered as the principal new feature in local algebraic geometry which one 
encounters in going over from valuation rings to arbitrary local domains. 
A true generalization of the Hensel’s Lemma should therefore take account of 
this important point, and in lieu of the R-connectedness of a single residue 
cycle, it should supply us with some information about the R-connectedness 
properties of the entire set of cycles Z(R). The General Connectedness 
Theorem, as formulated in $ 1, is a theorem of just such a nature and can 
therefore very appropriately be considered as a generalization of the Hensel’s 
Lemma, or rather, since it deals with cycles of arbitrary dimensions, as a 
generalization of the Principle of Degeneration as formulated and proved in 
[4], which is itself a generalization of the Hensel’s Lemma to cycles of higher 
dimensions while retaining the assumption of a valuation ring. However, it 
is possible to formulate a theorem which is an even truer generalization of the 
Principle of Degeneration in the sense that it deals with the R-connectedness 
properties not of the point set | Z(R)|, but rather of the individual cycles 
in Z(R). This leads us to what we shall call the Extended Principle of 
Degeneration, from which one can easily obtain the General Connectedness 
Theorem as a simple corollary, as we have already mentioned in § 1. 

We shall speak of a continuous system of positive r-cycles in 8" para- 
metrized by a local domain À, if there is a continuous mapping N-> #(N) 
(NE V(R)) of the set Y(H) of all valuation rings in K dominating R into 
the set Z($*) of all positive r-cycles in S" such that for every N the cycle 
= (NV) is rational over thet residue field N of N. We shall denote such a con- 
tinuous system of cycles by the symbols 2(#). The continuity condition here 
in the definition refers to the Zariski R-topologies of both Y(R) and 3(8*) ; 
we recall that the topology of U(E) is defined by means of the system of 
Zariski R-topologies of the centers of all rational transforms of R, as described 
after Lemma 2.2 in section 2, while the topology of Z($*) is that of the 
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(discrete) union of an infinite sequence of spaces, each one of which is the 
set of all positive r-cycles of a given degree in $* and is being endowed with 
its Zariski R-topology by means of the associated points. In particular, this 
implies that if N and N” are two elements in U(#) such that N’ is the quotient 
ring of NV, then &(N) is a specialization of &(N’) over Ë. In terms of the 
associated forms, the continuous system of cycles E(#) can be given by a 
continuous system of forms #r(U) = {by(U)| NE V(R)} such that each 
Py(U) is an associated form and is rational over Ñ, whereby we observe that 
these forms are determined only up to proportionality factors and that 
rationality of a form refers to the ratios of the coefficients. 

Let R, be a local domain dominating À, not necessarily contained in the 
quotient field K of R; since every valuation ring in the quotient field of R, 
dominating R, contracts in K to a valuation ring dominating R, there is defined 
in this way a canonical mapping of U(#,) into V(R), which is easily seen 
to be continuous. If we set E(N) —=E(K NN) for every N in W(R:), then 
the mapping N—"E(N) (NE (R:)) defines evidently a continuous system 
parametrized by Ra, which we shall denote by Æ(X;) and call the subsystem 
of E(A) determined by K. 

We remark that in general the cycles in a continuous system #(Æ) can 
very well have different degrees; in particular, for some N the cycle E(N) 
may have the degree 0, i.e. E(N) is the zero r-cycle. If every cycle in a 
continuous system has the degree 0, so that all of them coincide with the zero. 
r-cycle, then the system is said to be trivial. However, in the important case 
where Y(R) is connected, as is the case with a regular local ring À according 
to Theorem 1, Corollary 2, it can be easily seen that all cycles in a continuous 
system =(#) must have the same degree, so that if for any one N the cycle 
E(N) has the degree 0, then the system =(#) must be trivial. To see this, 
one need only to observe that the set of all positive cycles of a given degree d 
in 8” is a closed subset in Z(8*) and so is the set of all positive cycles in 9" 
of degrees different from d; the inverse images of these two subsets under the 
mapping N— E(N) must then be two disjoint closed subsets in (AR) whose 
union coincides with U(E), and hence one of them must be empty. This 
means that if d is the degree of any one cycle in %(#), then all the other 
cycles in E(#) must have the same degree d. 

If there exist two non-trivial continuous systems of positive r-cycles (R) 
and =” (R) such that we have the equation E(N) = 2’ (N) + =” (N) for every 
N in U(#), then we shall say that the system =(R) splits into the two 
systems € (R) and €” (R), or that the pair (2 (R), 5” (R)) is a splitting of 
A(R). Such a splitting is said to be #-disjoint at a valuation ring N if 
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E’(N) and Z” (N) are R-disjoint, i.e. the supports of &'(N) and 2” (N) are 
disjoint sets in the Zariski R-topology, and it is said to be everywhere R-dis- 
joint or simply R-disjoint if it is R-disjoint at every N in Y(R). In terms 
of the associated forms, a splitting of E(R) can be given by a splitting of the 
system of forms @pg(U) into two systems of forms &’R(U) and @p”(U), so 
that for every V in U(E) we have the equation dy(U) = ’y(U)O"x(U), 
where the symbol = denotes equality up to proportionality factors; and we 
observe that in case r==0, the cycles = (N) and 2” (N) are R-disjoint if and 
only if their associated forms ®’y(U) and ®”’y(U) are relatively &-prime, 
i.e. there does not exist a splitting form in R[U] which has common factors 
with both ®’y(U) and ®”y(U). Finally, a continuous system of cycles is said 
to be R-connected if it does not have any R-disjoint splitting. 

If Z is a positive r-cycle in Sf, rational over K, then the algebraic set 
of cycles Z(R) forms in a natural way a continuous system parametrized by 
R, which we shall also derote by the same symbol Z(#), there being not much 
danger of confusion on this score. In this case, we shall say that the cycle 
Z generates the continuous system Z(R). If the cycle Z is the sum of two 
positive r-cycles Z” and Z”, also rational over K, then it is clear that we 
have the equation Z(N) = 2’ (N) +- Z” (N) for every N in Y(R); hence the 
system Z(R) splits into the two systems 2’(R) and Z”’(R). Thus we see 
that a splitting of the cycle Z induces a splitting of the system Z(R) generated 
by Z. The Extended Principle of Degeneration, which we shall now formulate, 
asserts that conversely every Ë-disjoint splitting of the system Z(R) can be 
obtained in this way. We shall prove this principle here only for the case 
of a complete regular local ring, although it is very likely that it holds 
generally for an arbitrary complete local domain. 


THEOREM 2 (Extended Principle of Degeneration). Let (R,p) be a 
complete regular locai ring, with the quotient field K and the residue field R, 
and let Z be a positive cycle in S*, rational over K ; if Z is K-connected, then 
the continuous system of cycles Z(R) is R-connected. 


The proof of this theorem will be given in the next section. Here we 
shall show how the General Connectedness Theorem can be obtained from it 
by a very simple argument. 


THEOREM 3 (General Connectedness Theorem). Let (R,b) be a com- 
plete local domain, with the quotient field K and the residue field À, and let 
Z be a positive cycle in 8", rational over K; if Z is K-connected, then the 
point set | Z(R)| is R-connected. . 
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Proof. In case R is regular, this theorem follows almost immediately 
from Theorem 2. In fact, if there exist two disjoint R-closed subsets Q’ and 


Q” in & such that | Z(R)| is contained in their union and has non-empty 


- 


intersections with both of them, and if we denote by € (N) and €” (V) the 
restriction of Z(N) in Q and Q” respectively, then we obtain two continuous 
systems € (R) = {2 (N) | NE V(R)} and 2’(R) = {2"(N) | NE VU(E)} 
which are clearly non-trivial, and the equation Z(N) —#{(N) + E(N) 
defines evidently an #-disjoint splitting of the system Z(R) into the two 
systems #(R) and =” (R); it follows then from Theorem 2 that Z cannot be 
K-connected. It remains to show that the general case of an arbitrary com- 
plete local domain can be reduced to this special case. 

According to Cohen [6], Theorem 16, there exists a subring A, in È 
such that À, is a complete regular local ring having the same dimension and 
the same residue field as À, and such that R is a finite module over Fy; this 
implies that K is a finite algebraic extension of the quotient field Ky of Ro. 
Let Z: = Z, Za,° ` -,Z, be the complete set of conjugates of Z over Ko, and 
let Kı =K, Kac cc, Ke and 8, =f, Rot --,R, be the corresponding sets 
of conjugates of K and À respectively over Ko; let K’ be the compositum of 
all K; and let À” be the ring generated by all the &,. .Since À” is a finite 
module over R, and since R, is complete, it follows from [3], JIT, Proposition 
8, that R’ is a complete local domain; since the local rings À; all have the same 
residue field À, we can attach R’ to A by identifying its residue field also 
with À, so that À” dominates all R; as well as Ry. Furthermore, it is easily 
seen that for any valuation ring in K, dominating À,, any extension of it in 
K’ must dominate Æ’; and a similar statement holds also for valuation rings 
in K; dominating R; We set Zy—=3 2, so that Z, is rational over Ko; 


i=l 

since Z is K-connected, it follows that Z, is Ko-connected. In fact, any Ko- 
irreducible component X, in Z, is the sum of the complete set of conjugates 
over K, of a K-irreducible component X in Z, and two such components X, 
and FY, in Z, will certainly meet if the corresponding components X and Y 
in Z meet. It is sufficient to show that | Z(R)| —|Z(R)|; for, since R, is 
a complete regular local domain, | Z)(2o)| must be &-connected by what we 
have just shown above, and hence | Z(R)| must also be R-connected. 

Since every valuation ring in K, dominating A, can be extended to a 
valuation ring in K’ dominating KR’, it follows that Z,(R,) —Z,(R’), and 
since every valuation ring in K; dominating À; can also be extended to a 
valuation ring in K’ dominating R’, it follows that Z,(R;) —Z,(R’). It is 
sufficient to show that | Z(R)| = | Z(R:)| for every i; for then | Z,(R,)| 
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=| Z (R) | = U | Z:(B’)| = U | Z(R:)| =| 2(2) |. To prove this we observe 
| i i 


first that R, contains a coefficient ring k ([6], Theorem 9 and Theorem 11) 
which is also a coefficient ring for every R; and is invariant under the 
isomorphism between # and R; over Eo. Let a and a’ be any two conjugate 
elements over K, in À and À; respectively, and let b be an element in k such 
that b—&G (such an element b exists by the definition of a coefficient ring) ; 
then a—b is in p, and hence by isomorphism a’— 6 is in p; (the maximal 
prime ideal in À;), which show that b =a’. Thus any two conjugate elements 
over K, in R and R; must have the same residue in À. Let y be the associated 
point of Z, and let y’ be the associated point of Z;; if f(Y) and f (Y) are two 
conjugate forms over K, in R[Y] and R;[F] respectively, then by isomor- 
phism we have the relation f(y) — 0 if and only if f(y’) =0, and it follows 
from what we have just shown that the residue forms f(Y) and F(Y) must 
coincide. Since ¥(R) and g(R;) are defined by such residue forms, it follows 
that the two sets ÿ(R) and ÿ(R:) must coincide; hence the two algebraic 
sets of cycles Z (R) and Z,(R;) must coincide, and hence | Z(R)| —|Z;(R;)|. 

We observe here that if we are only concerned with the absolute geometry 
and assume the absolute connectednesss of Z, then it would be sufficient to 
invoke the simpler Principle of Degeneration in [4] instead of Theorem 2; 
only we must then invoke directly the connectedness of Y(Æ), which will also 
be used in the proof of Theorem 2. In fact, in this case Z would be N*- 
connected for every N in U(E), and therefore by that principle Z(N*) = Z(N) 
would be N-connected and hence also R-connected. Then, instead of using 
Theorem 2, we need only to observe in the first part of the above proof that 
since Y(R) is connected, all cycles in each of the systems € (FR) and 2” (R) 
must have the same degree, so that every cycle in Z(#) must split into two 
R-disjoint parts. Of course, since in this case the hypothesis is preserved 
under any extension of the local domain À to another complete local domain 
dominating it, one sees readily that the point set |Z(#)| must in fact be 
absolutely connected. 


We shall conclude this section with a remark on the uniqueness of the type 
of splittings which arise from the Hensel’s Lemma. Let R be a valuation 
ring in a field K, with the residue field À, and let F(X) be a form in R[X]; 
if F(X) — G(X)H(X) is a splitting of F(X) in REX] (or in K[X]) such 
that GR(X) and Hr(X) are relatively prime forms in R[X], then G(X) 
and H(X) are uniquely determined by the forms Gre(X) and Hr(X) up to 
proportionality factors in K. Therefore, if a, b, c are the leading coefficients 
(leading coefficient = coefficient of the term with the lowest “ weight”) in 


Ly 


ba F. 
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F(X), G(X), H(X) respectively, then the additional stipulation of the 
splitting a — bc in À or K determines the forms G(X) and H(X) uniquely. 
For proof, one need only observe that since Gp(X) and Hr(X) are relatively 
prime, G(X) and H(X) must also be relatively prime, and the uniqueness 
of the splitting F(X) — G(X)H(X) then follows from the unique factoriza- 
tion property of the polynomial ring K[X]. It is convenient to express this 
uniqueness by saying that the splitting F(X) — G(X)H(X) is determined 
uniquely by the initial condition (Gr(X), Hr(X) ;b,c). 


5. Proof of Theorem 2. We shall first prove a lemma on a relation 
between a complete regular local ring and the completion of its quadratic 
valuation ring. 

Let (R,p) be a complete regular local ring of dimension ?, with the 
ouotient field K and the residue field À, and let zı,’ : -,æ be the elements 
in a minimal basis for p. We denote by Q a system of representatives of À 
in R; apart from the condition that every element in À is the p-residue of 
exactly one element in Q, the elements in Q can be chosen arbitrarily, but 
for convenience we shall assume that Q contains the elements 0 and 1. We 
denote by Q[z] = Q[z,, "<; z:] the set of all polynomials in z,’ * -,2 
with coefficients in Q, and we shall say that an element in Q[2| is monic if 
the coefficient of the leading term (i.e. the term with the lowest weight, 
each z; being assigned the weight 1) is 1. We denote by Q(x) the set of all 
quotients f(x)/g(x) of two elements in Q[zx] such that g(s) is monic and that 
the polynomials F(T) and ÿ(T) are relatively prime (where T = (T,,: + +, Tẹ) 
is a system of indeterminates), and we shall say that an element f(z) /g(z) 
in Q(z) is homogeneous of degree + if both f(x) and g(s) are forms in x 
and 1==degre of f(x) — degree of g(x). We shall now associate with the 
system of elements T== (T, ° *,æ) a system of independent variables 
x= (%,,-°+,%:) over À in A; then we can associate with each element 
f(z)/g(x) in Q(x) the element f(x/ÿ(x) in the field R(x), which we shall 
call the homogeneous residue of j(x)/g(x). It is easily seen that, by virtue 
of our choice of the elements in Q(t) made above, this association of the 
elements in Q (s) with their homogeneous residues in R(x) is a one-to-one 
mapping of Q(x) onto R(x), which maps the subset Q[z] onto the sub- 
ring R[x}. 


We denote by Q[(a)] the set of all series of the type Ÿ a, where each 
i=0 


term a is a homogeneous element of degree t in Q(x), and we denote by' 
Q[[æ]] the subset in Q[ (zx) ] consisting of all such series in which each term 
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a® is a homogeneous degree t in [a]. Now, since À is a complete regular 
local ring, it can be easily shown that every element a in À can be represented 


o% 
in a unique manner by a series a— >a in Q[[x]], while conversely it is 
į=0 i 


obvious that any series in Q[[æ]] is convergent in the topology of R and 
hence represent an element in R; this shows that we can set R= Q[[2]], and 


we shall say that the series $ a® is the power series development of the element 
i=0 


a (with respect to the given choice of the basis elements æ,,: - :,æ, and the 
system Q), although it is in general not a power series in the usual sense. 
Similarly, if we denote by (MW,q) the p-adic valuation ring of R, then every 
element in the completion M* of M can be represented in a unique manner 
by a series in Q[(x)], while conversely it is also obvious from the definition of 
the p-adic valuation that any series in Q[(x)] is convergent in the topology of 
M and hence represent an element in M*; therefore we can set M*— Q[(x)|, 
and we shall say that the series in Q[(x)] corresponding to an element in M* 
is the power sertes development of this element. 


If a= > a™ is any element in M*, then the first non-zero term a) in 
4208 


the series is called the initial element of a and the number p is called the order 
of a; the homogeneous residue a of a is also called the homogeneous residue 
of a and will be denoted also by a. For elements of order zero in M*, i.e. 
units in M*, the mapping a— a induces an isomorphism between the residue 
field M*/M*q and the subfield in R(x) consisting of all homogeneous elements 
of order zero; we can therefore attach M* to A by identifying M*/M*q with 
this subfield, and we observe that with this attachment of M* the homogeneous 
residue a of any element a of order zero coincides with its residue & modulo 
M*q. Geometrically, we can consider the system æ= (%,,---,%;) as the 
system of homogeneous coordinates of a generic point ¢ over À of the center 
Z(H) of the quadratic transform æ(k) of k, so that we can set R(£) — M/q 
== M*/M%q. However, we stress here that the elements x, are not in (£), 
and that the symbol x denotes the system of č elements (x,,- © -,%;), not the 
point ¢, whose homogeneous coordinates are after all only determined up to 
a proportionality factor. 


If F(X) is a polynomial (or form) in M*[X]—M*[X, Xut - +, Xal, 
then we can consider the power series development F(X) == 5 FO (CX), where 
4-0 


FM (X) is a polynomial (or form) in X with coefficients which are homo- 
geneous elements of degree + in Q(z); the first non-vanishing term FO(X) 


a 
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in this series is then called the initial polynomial (or form) of F(XY, and the 
polynomial (or form) F(X) obtained from F(X) by replacing every 
coefficient in it by its homogeneous residue will be called the homogeneous 
residue polynomial (or form) of F(X) and will be denoted also by F(X). 
it is clear that in case #(X) does not vanish, we have the equation 
F(X) = FO(X) = F(X). 


Let n be a point of dimension t— s over À in the center £(R) of the 
quadratic transform (Æ); without any loss of generality, we can assume that 
qı = 1 and that 941,7 * * , q are independent variables over B. Since #(#) coin- 
cides with the projective space St", there exist s— 1 forms ¢2.(X),- © -s (X) 
in R[X] of the same degree x such that the elements d2(f)/E:"," © +> $s(€) /Es" 
constitute a basis for the maximal prime ideal in the specialization ring 
Q (t/y, À) in R(E) of St at y. If f(X), © +, fs(X) are forms in R[X] such 
that f;(X) —¢,(X), then the elements #,==2, 2’2—=f.(4)/u,*4,- + T 
—f,(x)/z,** constitute a basis for the maximal prime ideal in 2 (a(R) /y). 
_ Since y is a specialization of £ over B, M is the quotient ring of 2 (2(R)/n) with 
respect to the prime ideal 2 (2(#)/n)M q, and since the ideal 9 (a#(R)/y)N q 
must then have the rank 1 and evidently contains the prime ideal generated 
by 2, =a, in 2(z(#)/y), it must coincide with the latter. Furthermore, it 
is easily seen that 2 (x(R)/n)/Q (æ(R)/n)N a is isomorphic to 2 (t/n, À) 
and hence can be identified with the latter, so that M/q == F(Z) is the quotient 
field of Q(x(R)/n)/Q (2(B)/n)N a. 


Consider now the completion (R,,p,) of Q(x(R)/n) and denote by q 
the prime ideal generated by 2’; in À; (note that x’, is also an element of a 
basis for p,); since qa = R,(2(2(R)/n)Nq), it follows that R,/q, is the 
completion of 2 (a(R) /n)/2 (a(R) /y) Ng =Q (t/n, À). Let (M’,4) be the 
quotient ring of A, with respect to qa, which is a real discrete valuation ring. 
Since Jf is the quotient ring of 2 (@(R)/ņ) with respect to 2(2(B)/n) Na 
— Q (x(R)/n)N q’, it can be embedded canonically as a subring in W’, and 
if we attach AY’ to A compatibly with the attachement of M to A, then it is 
clear that W” dominates W. Consider now the completion M’* of M’; it is 
important for our present purpose to observe that the completion M* of M 
can be embedded canonically in Al’* as a subspace. In fact, according to [12], 
Lemma 7, we have the relation R, N q? = R, (2 (s(R})}/n)N at) for every 
positive integer t; it follows that 


2 (a(R) /n)C (MN qi) = 2 (a(R) /n) N (RN qi) 
= 2 (0(B)/4) By (2 (z(R)/n)N gi) =2 (a(R) m) A dt, 
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and hence Mf\q’t==q?. This shows that M’ contains M as a subspace, and 
hence M’* contains M* as a subring. 

Let a— Sat be an element in M*, expressed as a power series with 
aN £0. We want to find the condition that this element a be contained 
in R,; this question makes sense because both M*¥ and E, are subrings in W'*. 
It is evidently sufficient to assume that every element a“) is contained in 
2 (2(R)/n); we shall show that this condition is also necessary. If a is 
contained in R, then a/z,* is also contained in R,; hence the M’*q’-residue 
of a/z;>, being also the q.-residue of a/x,}, is contained in the completion of 
2 (t/y,R). On the other hand, since a/x,* and a /2z, have the same M/’*q’- 
residue, and since the A1’*q’-residue of a /z,, being also the q-residue of 
aN/x.X, is contained in R(L), it follows that the M’*q’-residue of a™/ax, 
must be contained in both Ë(£) and the completion of 2 (£/n, R). Since R(E) 
is the quotient field of 2 (t/n, À), it follows from a well-known property of 
local rings that the M’*q’-residue of a®/x,À must be contained in 2 (£/y, À). 
Since this means thai the q-residue of a™/z,* is contained in 2(f/y. È), 
it follows from the uniqueness of the power series development of a that 
a™ /z,* must be contained in 2(2(R)/n), and hence a itself must be con- 
tained in 2 (z(R)/n). Now since the element a—a® is also an element in 
R:, we can apply the same argument to it as we did to a and conclude that 
a“) must also be contained in 2(2(R)/y). Thus, continuing in this way, 
we conclude that every element a is contained in 2(2(R)/n). 

Since À is the intersection of all the rings 2 (z(R)/") as n runs through 
all points in #(#) (in fact, it is sufficient to consider only point of dimension 
t—2 over À), it follows that an element in M* is in R if and only if it is 
contained in the completion of 2(#(R)/y) for every point 7 (of dimension 
t—-2 over À) in Z(E). We shall state this result as a lemma for later 
reference. 


LEMMA 5.1. An element in M* is in R if and only if it is contained 
in the completion of 2(x(R)/n) for every point n (of dimension t—2 over 
B) in &(R). 

Consider now the canonical mapping of M’* onto M’*/q’* == M’/q’, and 
let M, be the subring in Af’* consisting of all elements whose images under 
this mapping are in #,/q,; it is clear that M, contains q’* as a minimal prime 
ideal, and that M,/q’* = R,/q and M, qu M'Y, In case t= s = 2, the local 
ring £,/q, has the dimension 1 and‘hence is a complete real discrete valuation 
ring ; it follows then that in this case M, is a discrete valuation ring of rank 2, 
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cbtained from the composition of the valuations of M’* and R./q,, and that 
it is complete. This ring M, will be useful to us later; we observe here that 
M, dominates F. 

We proceed now to prove Theorem 2. 


Proof of Theorem 2. We observe first that, just as in the proof of the 
Principle of Degeneration in [4], we can without any loss of generality restrict 
ourselves to the case where Z is K-irreducible. For the condition for the 
supports of two positive cycles to have a common point can be expressed by a 
system of “universal” equations in the coefficients of their associated forms, 
and it is clear that such a condition is always preserved under a specialization. 
If Z is the sum of two positive cycles Z’ and Z”, both rational over K, such that 
their supports meet, then the support of Z (N) and Z”(N) must also meet 
for every N in Y(R), so that Z (N) and Z’(N) cannot be R-disjoint; it 
follows then that any Ë-disjoint splitting of the system Z(R) will induce an 
R-disjcint splitting of at least one of the two systems (R) and Z”(R). 
Thus the validity of our theorem for every K-irreducible positive cycle will 
imply its validity in the general case. 

Next, we show that we can reduce our theorem to the special case where 
Z is a positive 0-cycle. Let u®,, t==1,---,7, j= 0,1,- + -,n, be r(n +1) 
independent variables over K, and set wu — (wl, tt), - + ut), 421, ,r 
(r being the dimension of the cycle Z). The ring R[[u]] of all power series 
in wu, with coefficients in À is easily seen to be a complete regular local ring 
(of dimension ¢-++ r(n + 1), ¢ being the dimension of £), and we can attach 
it to A by identifying the residue field of A[[w]] with #, so that R[[u]] 
dominates À. Let F(U™,U™,--+-,U) be the associated form of Z, and 
consider the form F(UO,u) = F(U,u®,- - -,u™) obtained from it by 
substituting the indeterminates UM,- + -,U™ by u™,- + -, uw; it is clear that 
since F#(U,U@,---,U) is K-irreducible, F(U, u) must be K(u)- 
irreducible. Since the coefficients in F(U,w) are homogeneous of the same 
degree in the variables u®,, it is easily seen that F(U% u) must be irre- 
ducible also over the power series ring K{[u]]; and since K[[u]] is a unique- 
factorization ring, this implies that F(UC),u) is irreducible over the quotient 
field K((u)) of K[[u]], and hence also irreducible over the quotient field 
R((u)) of Rffu]]. The form #(U®,u) therefore determines a positive 
O-cycle Z, in S” which is rational and irreducible over R( (uw) ); and wa observe 
that since Z, is contained in the support of Z, the cycle Z,(N,) must be con- 
tained in the support of the cycle Z(N,) for every valuation ring N, in 
V(RELu]]). If Z(N)—=Q(N) LO'(N) (NEV(R)) is an R-disjoint 
splitting of Z(R), then we denote by 0’,(N,) and Q”,(N,) the restrictions of 
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Za(N;) in |Q’(N;)| and |Q”’(N,)| respectively; the equation Z,(Ni) 
=Q (N1) +07,(Ni) (NE V(R[[u]])) then defines an R-disjoint splitting 
of Z,(Ni), provided it is not trivial for at least one Ny. But this is easily 
seen to be the case when we take for N, the quadratic valuation ring of RL [wu]; 
for in this case 7) (N), t= 1, - -,r, are independent generic points in 8” 
over a field of rationality for Z(N,), and Z,(N,) is simply the intersection 
- cycle of Z(N,) with the linear subspace of dimension n—r defined by the r 
dual hyperplanes of the points &®(N,). Thus the validity of our theorem 
for the 0-cycle Z, implies its validity for the r-cycle Z. 

Finally, we reduce our theorem to the case where the dimension ¢ of Æ 
is equal to 2, whereby we note that the case ¿= 1 (Z being now a 0-cycle) 
reduces essentially to the Hensel’s Lemma. We observe first that it is per- 
missible to replace À by the complete local domain R(v)* obtained from R 
by the adjunction of {2 independent variables v = (w:,° - +, 4-2) over K; 
` for the cycle Z will remain irreducible over K (v), while any R-disjoint splitting 
of Z(R) will induce an #(%)-disjoint splittings of Z(H(v)*) through the 
mapping NONOK of V(E(v)*) into V(R). We can therefore apply 
Lemma 2.9 (taking d—#— 2) and consider the local domain À,* introduced 
there, which is a complete regular local ring of dimension 2; since K is alge- 
braically closed in the quotient field of R,” and Z is irreducible over K, it 
follows that Z is also irreducible over the quotient field of #,*. On the other 
hand, since R,” dominates À, the system Z(R,*) is a subsystem of Z(R); 
it follows that an &-disjoint splitting of Z(R) will induce also such a splitting 
of Z(R,*); which must be of course also #(%,@)-disjoint, using the notation 
in Lemma 2.9. Thus the validity of our theorem for the case r= 0, t= 2, 
will imply its validity in the general case. | 

We therefore have to prove our theorem only for the case where Z is a 
K-irreducible positive O-cycle and Æ is a complete regular local ring of 
dimension 2; we assume that there exists an R-disjoint splitting of the system 
Z(R) and we shall show that the cycle Z must then be reducible over K, in 
contradiction to our hypothesis. In terms of the associated form F(U), 
the given R-disjoint splitting of Z(R) can be expressed by a splitting 
Fy(U) +@y(U)@y(U) of the system of forms FR(U) into two systems 
$r(U) and @r(U) such that y(U) and @y(U) are relatively prime over 
R for every valuation ring N in Y(R), and our theorem will clearly follow 
if we show that there is then a splitting F(U) —G@(U)H(U) in R[U] such 
that Gy(U) = x(U) and Hy(U)=@y(U) for every N in Y(R). Let 
y be the associated point of Z, and consider the rational transform y(R) ; 
since À is a regular local ring of dimension 2, there exists according to 
Theorem 1, Corollary 1, a finite quadratic transform z(f) of a certain order x 
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(along a suitable sequence of valuations) such that the correspondence from 
z(R) to y(R) is everywhere regular. In case r—0, i.e 2(R) =F, the 
enter ÿ(R) is a uniquely determined point and the corresponding form is 
just the residue form F(U); it follows that Fy(U) =F (U) for every N in 
V (#), so that all forms in the system #p(U) are essentially the same. Now, 
there are only a finite number of ways in which the form F(U) can split into 
‘wo factors and the set of all N such that the splitting Fy(U) = @y(U)Oyr(U) 
coincides with a given splitting of F(U} is easily seen to be a closed subset . 
in U(R). Since according to Theorem 1, Corollary 2, the space U(E) is 
connected, it follows that all splittings in the given R-disjoint splitting of the 
“ystem FA(U) must coincide with one single splitting F(U) = &(U)@(U) ; 
“urthermore, since F(U) is rational over À and the splitting is R-disjoint, 
it follows that both 6(U) and @(U) must be rational over À. By Hensel’s 
„emma for the local ‘ring R, there exist forms G(U) and H(U) in R[U] 
such that F(U) = G(U)H(U), G(U) = &(U), and (U) =@(U). This 
oroves our assertion for r—0. We shall prove our assertion in the general 
ase by induction on the order m of 2(R); we therefore assume that our 
assertion has already been proved for the case where y(R) is an everywhere 
regular transform of a finite quadratic transform of R of order less than v. 

It is well-known that R is a unique -factorization ring; for convenience, 
we shall assume that the coefficients in F(U) have been so chosen that they 
are all in À, but without any common factor. Consider the homogeneous 
residue form.F(U) of F(U); since F(U) differs from Fy(U) only by a 
aroportionality factor in R(x) (we recall that M = Q (z(R)/¢) and ¿ is the 
“ont in £(#) with (%,,- + -+,x;) as homogeneous coordinates), the given 
plitting Fu(U) = by(U)Ow(U) induces a splitting F(U) = @(U)@(U) in 
t[x], with @(U)=@y(U) and @(U)=@y(U). We assume now that 
KA) the leading coefficient a in F(U) does not vanish; if we denote by 8 the 
‘uighest common factor (in [x]) of all coefficients in F(U), and choose the 
‘corms (LU) and © (U) (which are each determined up to a proportionality 
actor in #(x)) so that the coefficients of each form are all in R[x] but 
“itkout any common factor, then we have F(U) —8(U)@(U) up to a 
sroportionality factor in Ë, which can be absorbed in 8. If 8 and y are the 
sading coefficients in #(U) and @(U) respectively, we have then a = 887; 
re assume that (B) the elements 8, B, y are relatively prime. The properties 
(A) and (B) assumed here, if not already present, can be easily obtained as 
follows. Let w== (wo, W:,° * *, Wn) be a system of independent variables over 
= consider the complete local ring R(w)*, which is also regular and hag the 





Quension.?, attached to A by identi*ying the elements  —= (io, @1,° * *, Wa) 
system of independent variables over Ë. We apply to F(U) the linear 
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bii 
transformation which leaves U,,- - -,U, invariant but carries U, into Ÿ wi; 
i=0 


and apply to F(U), (U31, @(U) the corresponding transformation whereb. 
U: + +, Un remain invariant but U, is carried into Ÿ @,U,; then the element: 
i=0 
F(T), ®(#@), and @(@) becomes the leading coefficients of the transformer 
forms of F(U), 6(U), and @(U) respectively. It is clear that our problen- 
is invariant under such a linear transformation. Now, it is obvious tha* 
(A) holds for the transformed forms; while as to. (B), we need only to 
observe that any common factor (in R[x]) of all coefficients in F(U) appears 
with the minimum power in F(#) (so that we can assume à to be relatively 
prime to 8 and y), and that since (UV) and @(U) are relatively prime with 
their coefficients determined as indicated above, the elements (©) and'®(i) 
must be relatively prime (so that we can assume B and y to be relatively prime) 
On the other hand, since tke field K is algebraically closed in the quotient fielr 
of R(w)*, any splitting F(U) = G(U)H(U) of F(U) in R(w)*[U] mus 
be already a splitting in R[U], so that the validity of our assertion for R(w)' 
will imply its validity for À. Thus we have shown that we can assume the 
properties (A) and (B) without any loss of generality. 

Let À be the order of F(U} in its power series development as a form 
in M*[U], and let a be the leading coefficient F(U); by (A), the order 
of a must also be A and we have a= «== Pyé, so that À is also the degree of g 
(as a form in ÀÎx]). Let p, v, e be the degrees of 8, y, 8 respectively, so that 
A==pty--e. 

We now invoke a property of the local ring Æ which is dependent on its 
dimension being 2. According to [8], Satz 9 (see item (b) in the proof), 
any splitting of a into relatively prime elements is induced by a corresponding 
splitting of a in Æ. Since B, y, 8 are relatively prime, there exist therefore 
elements b, c, din R such that a = bed, b= B, c =y, d=8 Let $8—8,:--8, 
be the factorization of 3 into powers of distinct prime elements in R[a]: 
there exist then elements d,,--:-+,d, in À such that d = d,:--d,, d,==38,,--- 
d, =, We denote by e; the order of d which is the degree of 8;, so that 
ee Aos -+-+ e We observe that since each 8; is a power of an irreducible 
form in R[x], it determines a point & in &(R), unique up to conjugate: 
over À, which is algebraic over R, so that Q(x(R)/E%) has the dimension 2. 

Let » be a point in (F); following the notations introduced in the 
proof of Lemma 5.1, we shall denote the completion of Q(x(R)/n) by Fi, 
and we observe that R, is now a complete regular local ring of dimension < “4 
(the dimension is equal to 1 if and only if y is a generic point of Z( R) over À 
Let 2’(#,) be the finite quadratic transform of R, along the subsequez 









Fs, 
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= valuations in the definition of z2(R) which dominate Q(xz(Æ)/7), or 
rather the sequence of the extensions of these (real discrete) valuations to R; 
it is easily seen that the correspondence from 2’(R,) to 2(f,) is regular 
feverywhere, from which it follows that the correspondence from 2’(f,) to 

(R,) is also regular everywhere. Since the order of the quadratic transform 

(Rı) is evidently less than +, we can apply our induction hypothesis. We 
ecall that if N is any valuation ring dominating R, then by definition 
by(U) =Szny(U) and @y(U) —©,,,(U), and that r, (U) and @z,(U) 
are subsystems of p(U) and @r(UV) respectively obtained by restricting NV 
to valution rings dominating R,. It is clear that the equation #y(U) 
— @y(U)@y(U), for every N dominating R, defines a splitting of Fr (U) 
into the two systems @p,(U) and @p,(U), which is clearly R-disjoint and 
‘hence also &(y)-disjoint. By induction hypothesis, there exists therefore a 
splitting F(U) =G,(U)H,(U) in R[U] such that Gy(U) generates the 
System dr, (U) and H,(U) generates the system @z,(U). Now, this splitting 
#(U) =G@,(U)Hy(U) in R [U] implies a splitting of the leading coefficient 
a in F(U) into two factors in K=, which we shall now proceed to investigate. 
Without any loss of generality, we can assume for convenience that y, =£# 0, 
as we did in the proof of Lemma 5.1; then all coefficients in F(U) are 
divisible by z, in R,, and since R, is a unique factorization ring, there exist 
positive integers X and A” (X +. A” = À) such that all coefficients in G,(U) are 
‘divisible by z,” and all coefficients in H,(U) are divisible by x”. If we set 
F(T) = (1/2) FU), GU) = (1/21) G_(U), and H°(0) = (1/21) HU), 
then we have evidently the splitting F° (U) = @°(U) H°(U) in Ra[U]. We set 
a = (1/2,)a, b? == (1/2,)#b, 2 = (1/z,)%c, d = (1/a,)¢d, and d = (1/2,)*dy 
then the elements a°, b°, c°, d°, di? are all in R, and a° is the leading coefficient 
in F°(U). The situation divides into two cases, which we shall treat 
‘separately. | 


| (1) The point 7 coincides with one of the points é,: - + ,£(s), say &), 

Jn this case, it is easily seen that the elements b°, c°, d? (i-£j) are all units 

in À; for example, the p,-residue of b° is the value of 8 for x, = 1, Xe == y2/m1; 
which is not zero since 8 and ô; are relatively prime in R{x]. The splitting 

| Æ (U) = G°(U)H°(U) induces therefore a splitting of d,° into two factors 

in À. We maintain that this splitting of d? is induced by a splitting 
d;—=d',d"; in À; in other words, if ¢ and €” are the orders of d’; and d’; 

- respectively, then the given splitting of d; coincides with the splitting 
Tai OP = (3/2) (d4/a,e") up to units in R;. To prove this, it is sufficient to 
how that if e is a prime factor of d;, of order p in M, then e° e/a,’ must 


with? prime element in &,; for we can then apply this argument to every 
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prime factor of d; and obtain a complete factorization of d; in Ai, and ow 
assertion then follows from the unique factorization property of R,. First, 
we note that e° is a prime element in R[v,/z,|; for, if e° splits into twe 
factors in R[z:/æ,], they must be of the form e'/z,” and e”/a,°" with e’ and 
e” in R, and'again the unique factorization property in R shows that we mus’ 
have p= p + p” and hence e = g'e”. Next, since 2(x(R)/y) is the quotien 
ring of R[x/x.] with respect to a prime ideal which contains the element 2’, 
` it follows from a well-known property of quotient ring that e° must remain 
a prime element in Q(æ(R)/n). Now, consider the residue rings R/Re end 
Q(z(R)/n)/Q(2(R)/n)e°; since Q(x(R)/n)o& N R= Rl a,/2,)e° N B= Re, 
we can embed the former canonically in the latter. It is clear that both rings 
are local domains of dimension 1, and that their residue fields can be identified 
with À and &(7) respectively. Since À is complete, R/Re is also complete. 
and since (y) is algebraic over À, it follows ([6], Theorem 8) tha: 
Q(2(B) /y)/Q (2(B) /y) e° is a finite module over R/Re and hence ([3], § IIT. 
Proposition 8) must also be complete. This implies that 


Q (a(B)/9)/Q (a (B) /n) e = E1/Bie”, 
so that &,/R,e° is a local domain; this shows that e° is a prime element in Æ. 
It is clear that since d’;/x,° and d”’;/x,°" coincide up to units in R, with the 
leading coefficients in G°(U) and H°(U) respectively, we can take as the 
respective leading coefficients in the forms G,(U) and H,(U) any multiples 
of d’; and d”; in R which are factors in a splitting of a in À. 


(2) The point y is distinct from the points &,-- -,&*). In this case, 
the form F(U) does not vanish identically at the point y, and hence at least 
one coefficient in F°(U) must be a unit in R; and this implies that also both 
G°(U) and H°(U) must have at least one coefficient which is a unit in Ra. 
I£ we denote by F°0(U), G(U), and H°(T) the respective residue forms in 
R,[U], then we must have F°y(U) = F°(U’), G°y (U) = G(U), and H°y(U) 
= H°(U) for every valuation ring N dominating R,; it follows that @y(U) 
= G(U) and @y(U) = H°(U) for every N dominating R,, and hence in 
particular ba, (U) = G°(U) and Om, (UY = H°(U), where M, is the valua- 
tion ring of rank 2 introduced after Lemma 5.1. On the other hand, since 
M’™ is a quotient ring of Mı, x (U) and @y,(U) are specializations of 
Ow (U) =Oy(U) and ®y.(U) —@w(U) respectively over the specializa- 
tion £-> y over À; it follows that G°(U) and H°(U) are up to proportionality 
factors equal to the forms obtained from @(U) and @(U) respectively by 
setting (x1, %2) == (my). Now, since 8 and y have no common factor in 
R[x], at least one of them does not vanish at the point y. If 8 does not | 
vanish at y, then the leading coefficient in G°(U) does not vanish and hence 


-~ 
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he leading coefficient in G°(U) must be a unit in R,; since in this case the 
lements b and d° are units in Æ, the leading coefficient in H°(U) must be 
qual to c up to a unit in #,. On the other hand, if y does not vanish at y, 
hen the same argument with G°(U) and H°(U) interchanged, shows that 
° and d° are units in R, and that the leading coefficient in G°(U) must be 
qual to b up toa unit in #,. Going over to the forms G,(U) and H,(U), 
re conclude that wec an take as their respective leading coefficients any 
aultiples of 6 and e in À which are factors in a splitting of a in R. 

We set d’=d’,---d’, and = d'i - -d”,, so that we have d= d'd”, 
nd consider the splitting a= bd: ca” in R. We shall now normalize the 
orms Gn(U) and H,(U), for every point y in Z(E), by taking bd’ as the 
ading coefficient in G,(U) and cd” as the leading coefficient in H,y(U). 

_-his choice of the leading coefficients is permissible in view of what we have 
ust shown above. For y= ¢, we obtain a splitting F(U)—G@;(U)H,(U) 
a M*(U]; incidentally, we observe that this is the splitting according to 
fensel’s Lemma with the intial conditions (®@a(U),@y(U) ; bd’, cd”), in the 
2arminology introduced at the end of the section 4. We shall now show that 
(U) =G,(U) and H,(U) —H,(U) for every point y in &(R), in the 
ense that they are the same forms in M’*[U], so that all the splittings 
"(U) =G,(U)H,(U) are in reality one and the same. This will prove our 
heorem. For, then the forms G,(U) and H,;(U) must be both in R[U] 

<ccording to Lemma 5.1 (applied to every coefficient in them); if we set - 

G(U) = Q(U) and H(U) =H,(U), then F(U) = G(U)H(U) is a splitting 
a R[U] and it is clear that Gy(U) =@y(U) and Hy(U) =Oy(Z). for 
every valuation ring N in K dominating Æ. 

+ It remains therefore to show that G,(U) = G,(U) and H,(U) =H,(U), 
OT every point n in (2), whereby we shall use again the notations introduced 
n the proof of Lemma 5.1. Consider the valuation ring M, of rank 2 
ntroduced after Lemma 5.1. It is clear that 


Gru (U) = Gru (U) = ba (U) = by(U) 
ind 
Hwe (U) = Hyu(U) = Ox(U) = Oy (TU) ; 


‘ince Jé’* is a quotient ring of M-, it follows that both G:a, (U) and @a,(U) 
ire specializations of ®y(U) over the specialization £~—>» over Ë, and that 
oth Aran (U) and Ox, (U) are specializations of @(U) over the specializa- 
ion £—>y over À. Since £(#) is a non-singular curve, the specializations of 
oth by (U) and @y(U) over the specialization £— y over À must be unique; 
t follows that Ga (U) =u, (U) and yum (U) =@y,(U). On the other 
nand, ky the inductive hypothesis, we have Gyam, (U) = ®y,(U) and Ëy, u, (U) 
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== ax, (U). This shows that Gg an (U) = Gaa (U) m Aym (U) = Ën (U) 
Recalling that the forms G;(U) and G,(U) have the same leading coefficient 


bd’, 


and that the forms -H,(U) and H,(U) have the same leading coefficient cd”, 


we see that the two ‘splittings F(U) = G(U)A a 2 and F(U).— G,(U)H,(U) 
in M,[U] have the same initial condition 


(Gran (U), Bpa (U) bd, cd”) = (Gaa (U), Bom (U) 508, cd”); 


it follows from the remark at the end of section 4 that G,(U) = Gy(U) and 


Hel 


[1] 


[2] 
[3] 
[4] 


[5] 


U) = H,(U). This concludes the proof of Theorem Q 
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